OTa 3amMevaTesibHas KHUra npeacTaBfaseT coboi BCcecTopoHHee BBeAeHne B CoBpe- AHTTM ﬂ 2aKCOHeH
MeHHOE ONMMNMagHoe nporpaMmmmpoBaHme. OnMMmnuagHoe nNporpaMmMmMpoBaHme
ABNAETCHA NPeKpacHbIM CNOCOBOM N3y4eHNs anropuTMOB, MOCKONLKY NobyXaaeT npo-
eKTNPOoBaTb AENCTBUTENLHO paboTaloLLme anropuTMbl, 3acTaBNsaeT COBEPLUEHCTBO-
BaTh HABbIKM KOANPOBAHMSA 1 OTIAOKN U TPEHMPOBATH TUM MbILLIEHUS, HEOOX0AMMbI

019 peLleHns 3aa4 B yC/TIOBUSAX COPEBHOBaHUSA. B kHUre npnBeaeHo MHOIO NpMeMoB M M n " H
NPOEKTUPOBAHUS aJITOPUTMOB, KOTOPbIE U3BECTHbI OMbITHLIM OIMMMNUAAHNKAM, HO [10
cux nNop o6CyXaannchb NULLIbL Ha PasfINYHbIX CETEBbLIX hopymax 1 B Griorax.

B kHure:

° paeTtcs KpaTkmin 0630p s3blka nporpaMmmMmpoBaHms C++, onmcbiBaeTcs co3gaHune
3P PEKTUBHBLIX ANTOPUTMOB, CNOCOOHLIX BbICTPO 06pabaTtbiBaTh 6onbLINE HAGOPEI
OaHHbIX;

° 06CYXAaK0TCS aNrOpUTMbI COPTUPOBKM U ABOMYHOIO NMOUCKA, a Takke CTPYKTYpbI
[JaHHbIX, UMEeloLLMEeCs B CTaHOapTHoM 6ubnuoteke C++;

° NPUBOAMTCS BBEAEHME B AMHAMNYECKOE NPOrpaMMmNpPoOBaHnE, N3y4aloTCa ane-
MEHTapHbIE aNIfOPUTMbI Ha rpadax;

° paccmaTpuBaloTCsl Takme NPOABUHYTLIE BOMPOCHI, KAk anropuTMbl C NapasniesbHbIM
NPOCMOTPOM pa3psaoB 1 aMopPTM3aLUMOHHBIN aHanna. ObcyxaaeTcs adpdekTnBHasS
06paboTka 3anpoCcoB Mo Auana3oHy MaccuBa;

° OMNUCbLIBAKTCS CNeumann3npoBaHHbIE aNIFOPUTMbI HA AEPEBbLSX N 06CYyXaaloTCs
MaTtemaTnyeckme BOMpOChIl, CyLLLECTBEHHbIE OJ15 ONUMMNAAHOrO NPOrpaMMUpPOBaHNS;

° uccnepyloTcs 6o5ee CNOXHbIE aNrOPUTMBbI Ha rpadax, FreOMETPUYECKUE anrOpUTMbI
1 MeToAbl paboTbl CO CTPOKaMu;

° NpencTaB/eHbl aITOPUTMBbI, B KOTOPLIX UCMOMb3yeTcs naes KeagpaTHoOro KopHs,
1 oNTUMM3aUUSa ANHAMUYECKOTO NPOrpaMMMPOBaHMS.

ﬂpe,qnonaraercn, YTO 4YntTaresib 3HakoM C OCHOBaMu riporpamMmMmunpoBaHus, ogHako
OrbIT NMPOEKTNPOBAaHWSA a/lrOPUTMOB NJ1N y4acTus B OJinMrinaagax Heobs13aTes1eH.

M3paHve cTtaHeT naeanbHbIM CMpPaBOYHbLIM MOCOOBUEM ANA BCeX yMuTaTesieil, uHTe-
PECYIOLLMXCA anropuTMamMin 1 XenatLmx HabpaTbca onbiTa nepen, y4acTueM B co-
pPEeBHOBaHMAX MO NporpamMMmnpoBaHuio. bnarogapsa WMPOKOMY Kpyry OCBeLlaeMbIX
TEeM pPasfMyHO TPYOHOCTU KHUra ByaeT MHTepecHa Kak HayMHaloLmMM, Tak 1 6onee
OMbITHLIM YUTATENAM.

[-p AnTTI JlTaakconeH (Antti Laaksonen) paboTtaeT npernoaaBaresiemM n uccsienoBarenem
B XeJIbCUHKCKOM yHUBepcuTeTe n yHusepcutete Aanto B QuHnaHamm. C 2008 roga sisnisieTcst
OfHUM M3 OpraHn3aTtopoB PUHASHACKON onumnunaas rno nHpopmartvke, a B 2016 roay 6o
HayyHbIM pykoBoauTesiem bantuickov onumnnaasl rno nHopmMmaruke. 5BJsyicsl TPeHePOM U
pykoBoauTenem KkomaHabl PUHASHANN HAa HECKOJIbKUX MEXAYHapOAHbIX COPEBHOBAHUSIX 110
nporpamMmupoBaHuvio, B T. 4. Ha MexxayHapoaHbix onuMmnuagax no nHpopmaruke 2009 n 2016
roaa. imeet o6LUMPHBIV ONbIT pernogaBaHuvsi MPorpPaMMmnpoBaHUsS v aJirOPUTMOB.

MHTepHeT-MarasmH: ISBN 978-5-97060-644-5

www.dmkpress.com @ :
Kuura — noutoit: LUl Sprlnger | | | |
9"785970"606445" >

onHeaodunnnwedaodu soHTELINULIO)

e-mail: orders@alians-kniga.ru

Onrosas npopaxa: M
«AnbAHC-KHUra» | B < =
Ten./dbaxe: [499) 782-3889 3LATEABCTBO
e-mail: books@alians-kniga.ru www.aAMK.p$

Moscow Workshops ICPC group




AHTTK J1laakcoHeH

OnumMnuagHoe
nporpamMMupoBaHue

Hsyquue u yayuuweHue ajiieopummoas
HAa COpeBHOBUHUAX



Guide to Competitive
Programming

Learning and Improving Algorithms
Through Contests

Antti Laaksonen

@ Springer



OnnmnumnapHoe
nporpaMmmMmuvupoBaHue

HsyueHue u yayuuweHue ajiieopummoas
HA COpeBHOBAHUAX

AHTTHU JlaakCOHEH

MockBa, 2018 __j@i



YAK 004.02: 004.424
BBK 22.18
JI12

JI12 Antrtu Jlaakconen

Ommniuasinoe mporpaMmmupoBanue. / mep. ¢ aurt. A. A. Ciounkun — M.:
JIMK IlIpecc, 2018. — 300 c.: u.

ISBN 978-5-97060-644-5

ITa KHUTA TIOMOTaeT MTO3HAKOMUTLCS € OJMMIINAAHBIM ITpoTpaMMupoBanieM. OHa
TMOAPOOHO OTMMCHIBAET, KAK TTPOXOAAT OJUMITAAIB, UTO TPEGYETCS OT yUaCTHUKA, B
4eM WX T[eJTh, KaK K HUM TOTOBUTHCS. [10pOOHO pasobpanbr 6a30Bbie TEMDI, TPIOKH
U QJITOPUTMBL

CriopTuBHOE TTPOTPAMMHIPOBAHNE — 3TO CAMBIH MEePCIeKTUBHBIN NHTEITEKTYalb-
HBIH BUJ CTIOPTA, KOTOPBHI MOKHO Ha3BaTh MaxMaTaMu OyIyIiero. Yike ceifuac
UM YBJIEKAIOTCA JIy4lllhe yMbl IJTAHeTDbl, ¥ YUCJI0 YYaCTHUKOB pacTeT ol OT roja.
Poct nomyssspHoCTH OJUMINAHOTO IPOTPAMMUPOBAHUS TOJOKUTEIHHO BJIUICT
Ha ApyTHe chephl KU3HEAEATENLHOCTH YemoBeka. HaBbIKM OBICTPOTO pereHust
CTOKRHENTIINX 33/1a4 TTOMOTAIOT CETOMHSIIHUM CTYeHTaM B OyayTieM a(hGheKTHBHO
CTIPABJISAITHCS C PEATHLHBIMHU TTPOOIEMAMH Y€T0BEYECTBA.

Vzmanne Gyaer TOME3HO TPeXkKIe BCETO CTY/IEHTaM, HAYMHAIONIM TIPIHUMATD
yyacTue B COPEBHOBAHUAX 110 IIPOrPAMMUPOBAHUIO.

YK 004.02: 004.424
BBK 22.18

Original English language edition published by Springer International Publishing AG.
Copyright © Springer International Publishing AG, part of Springer Nature 2017. All
rights reserved. This edition has been translated and published under licence from Springer
International Publishing AG. Russian-language edition copyright © 2017 by DMK Press. All
rights reserved.

Bce npasa samumiensl. Jliobasg 4acTh 9TOH KHUTW He MOKET ObITH BOCIIPOM3BEACHA B
KaKoii ObI TO HU OBLIO (hopMe U KaKUMU OBl TO HE ObLIO CPEACTBaMU €3 TIMCHbMEHHOTO pa3pe-
HICHUS BJIA/IEJIBIIEB aBTOPCKUX I1PAB.

Marepuait, U3J10;KEHHBIN B TaHHOI KHUTe, MHOTOKPATHO ITpoBepeH. Ho, TockosibKy BeposiT-
HOCTb TEXHUYECKHX OMIUOOK BCE PABHO CYIIECTBYET, U3ATEILCTBO HE MOXKET FapaHTHPOBATD
abCOJIIOTHYI0 TOYHOCTD U TIPABUIILHOCTD MIPUBOAMMbBIX CBeleHUil. B ¢Bs3u ¢ aTuM usmaren-
CTBO HE HECET OTBETCTBEHHOCTH 32 BO3MOKHbIE OLIMOKU, CBSI3aHHBIE C UCIIOJIb30BAHMEM KHUTH.

ISBN 978-3-319-72546-8 (anri.) © Springer International Publishing AG, part of
Springer Nature 2017
ISBN 978-5-97060-644-5 (pyc.) © Odopmienne, mepeBojI HA PYCCKUI SI3BIK,

nsnanue, [IMK Ilpecc, 2018



OrnaBneHue

OT aBTOpa

BcrynutenbHoe cnoBo Anekcess ManeeBa, ocHoBatensi Moscow Workshops ICPC.....
OT3bIB AMUTpUaA lpuwmHa, ocHosatens Mail.Ru Group

bnaropapHocTb OT peaaKkunmn

O73biB Huasa HurmatynnamHa, AByKpaTHOro 4eMn1MoHa Mupa
ACM ICPC 2012 1 2013 ropoB

Mpeaucnosue

Masa 1. BeepeHue

1.1. Y70 Takoe ONMMMNMNALHOE MPOTPAMMMUPOBAHME? ....ververererrerrerrenserssssssssssssssensaeses
1.1.1. CopeBHOBaHMS MO NPOrpaMMMPOBAHUIO
1.1.2. PekoMeHpaUMM XenaLwmMM Noy4acTBOBaTh

1.2. 00 ITOM KHUTE ..eeeeeererrrersesserssessssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssesseses
1.3. COOPHUK 32834 CSES ..ottt s s sssssssssssssssssssses
1.4, LDYTUE PECYPCD wovereveerereervereseseessssesssasessssssssasesssssessssssssasesssnssssasessasssssssesssnssssanesssasssses

Maea 2.TexHuka nporpaMMupoBaHus

2.1, S13bIKOBBIE CPEICTBA w.uvurrrrenreeseessessesssssessssssssssssssssssssssssssssssesssssssssssssessesssssssssssssessessasans
2.1.1. Beoga v BbIBOA
2.1.2.Pabota ¢ yncnamum
2.1.3. CokpauieHue koma

2.2. PEKYPCUBHDBIE QNITOPUTMDL...eurerecvsessesessensssssessssssssssssssssssssssssssssssssssssesssssssssssssessessesans
2.2.1.MNopoxaeHne NoaMHOXeCTB
2.2.2.MNopoxaeHne nepectaHOBOK
2.2.3.Nepebop ¢ BO3BpaTOM

2.3. T10PA3PALHDIE OMEPALMM .ceeererrrrsereereesssssssssssssssssssssssssssssssssssssssesssssssssssssssessessesans

2.3.1.MNopaspaaHble onepaumm
2.3.2.pencraBneHne MHOXeCTB

Maea 3. ¢ ¢eKTMBHOCTDb

3.1. BDEMEHHAS CITONKHOCTD .vuveeeereereesssesensassassessessessesassassssssssssessssassasssssesssssssassessssssssasses
3.1.1.MpaBmna BbluMCSIEHNS
3.1.2.4acTo BCTpEYaOLMECS OLEHKM BPEMEHHOMN CTOKHOCTMU ..oucveeevecrcresresseesensansennens
3.1.3. OueHka 3 dEeKTUBHOCTY.....
3.1.4. DopmanbHble onpeneneHuns

3. 2. TIDMIMEPBccruierisiretesesssssssssiesssssssasssssssssssssssassss s ssssessssassss s sessesssssssassasssssssssassassessassesanses
3.2.1. MakcMManbHas cyMMa nogMacCcMBOB
3.2.2.3apava o aByx dep3ax

Mmaea 4.CopTupoBKa U NOUCK

4. 1. AMTOPUTMbBI COPTUPOBKM ..c.vevertrerecrensensesaesaesssssessessesasssssssssssssassessssessesassessessessssasses

11

13
13

14
15

17

17
18
19

19
21
23

25

25
26
27
30

31
31
32
33

35
37
39

42

42
42
45
46
47

48
48
50

53



6 < Ornasnenune

4.1.1. My3bIpbKOBasi COPTMPOBKaA 54
4.1.2. CopTMpOBKa CAUSIHUEM 55
4.1.3. HWXHAS rpaHULLa BPEMEHHOW CIIOXKHOCTU COPTUPOBKM ..evererreereerersesssesnesssssnsenns 56
4.1.4. CopTMpoBKa NOACYETOM...... 57
4.1.5. CopT1poBKa Ha NpakTuKe... 57
4.2. PeweHune 33034 C MPUMEHEHNEM COPTUPOBKM ....cucveveevereereererssensessesassssessssansanees 60
4.2.1. AnropuTMbl 3aMeTatoLLen NpsiMoi . . . . . . 60
4.2.2. CocTaBneHune pacnucanus... . . . . . . . 61
4.2.3.PaboTbl M CPOKM UCMONHEHUS ........ . . . . . . 62

4.3 IBOMUHDBIM TTOMCK eeeererereeereeereseeeneeeseeesensessessssssessssssssesssssssssssssssssssssssssssssssssssssensnensnensnen 63
4.3.1. Peanu3aums nomcka 63
4.3.2. HaxoxaeHne onTMManbHbIX peLeHuni 65
Maea 5. CTpyKTypbl AAHHBIX 68
5.1, INHAMUUECKME MACCUBDI ouvvevvereerrerrsesssersessssssssssssssssssssssssssssssssssssssssssssssssssssssssssssns 68
5.1.1. BekTopeb! 68
5.1.2. itepatopbl U AMana3oHbI 69
5.1.3. [Ipyrue CTpyKTYypbl AAHHbIX 71

5.2, MHOKECTBA cuuvuvererrersessssssssessssssssssssssssssssssssssssssssssssssssssssssnssssssssssssssssssssssssssssssssssssssssssns 72
5.2.1. MHOXecTBa 1 MyNbTUMHOXECTBA 72
5.2.2. OTobpaxeHus 74
5.2.3.Quepeau C NpMOPUTETOM 75
5.2.4. MHOXeCTBa, OCHOBAHHbIE Ha NOMAUTUKAX 76

5.3, DKCTIEPUMEHTDBI coueerererreereriesseseess s ses s aesassassessessessesassasssssessessesassassassessessesassassessessesassassas 77
5.3.1. CpaBHeHME MHOXECTBA U COPTUPOBKM.... . . . 77
5.3.2. CpaBHeHMWE OTOOpaXKeHMs M MACCUBa...... . . . 78
5.3.3. CpaBHeHME o4epeam C NPUOPUTETOM U MyﬂbTMMHO)KECTBa .................................. 78
Maea 6. iItHamMmuueckoe nporpaMMMpoBaHue 80
6.1. OCHOBHDBIE MOHSITUS c.cevvervrecereesessessssssssessssssssssssssssssssssssssssssssssssssssssssesssssssssssssssssssessessns 80
6.1.1. Korpa »agHbii anropuTt™ He paboTaet 80
6.1.2. HaxoxaeHre onTMManbHOro pelueHus 81
6.1.3. MNoacyeT peweHun 85

6.2. [LPYTUE TIPUMEDDlc....veeeeeeeeereereessssesessssseesssssssssassssssssssssssessssssessssanesssssssssssssssssssessssns 86
6.2.1. Hanbonbluas Bo3pacTatoLLas noanoc/iefoBaTeNlbHOCTb 86
6.2.2.1yTn Ha ceTke 87
6.2.3.3aga4m 0 proK3ake 89
6.2.4. OT nepecTtaHOBOK K NOAMHOXeCTBAM 91
6.2.5. MNoacyeT koNMyecTea 3aMoLLEHUI 92
Maea 7. Anroputmbl Ha rpadgax 95
7.1. OCHOBDBI TEOPUM TPAMOB ...everereerrersersensenssssssssssssssssssssssssssesssssssssssssessesssssssssssssessessesans 95
7.1.1.TepmuHonorus 96
7.1.2.MpenctaBnexue rpada 98

7.2. OOXOM, TPAMA coecvurererrrererisiseersenssssssssssesssssssssssssssssssssssssssssssssssssssssssssessessssssssssessesssssssanss 101



Ornasnenne < 7

7.2. L. TIOUCK B TTTYBOUHY ....eorerrrerieeerseseessesessssessssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssns 101
7.2.2. TIOMCK B LUMPUHY c.ceerrerrrereseessessesssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssss 103

7. 2. 3. TIDUMEHEHMUS c..eeeverrereresreseesassasssesaesass st ss st s s sassassassassasssss s s sessssssssassassassassanes 104

7.3, KPATUAMLLME MYTH ccveecrecreeeereesiessiesssesessessssessssessssesssssssssessssssssssssssessssessssesssssssssssassnes 105
7.3.1. Anroputm bennmaHa-®opga.......... . . . . SR 106
7.3.2. Anroputm [1enKcTpbl .. . . . . . . eerereerrenrennas 108
7.3.3. Anroputm @nonpa-Yopwenna....... . . . . eerereerrenrennas 110

7.4. OpMEHTUPOBAHHBIE AUMKTUYECKUE TPAMDL...ecrerecrerrereeseeraesesssesensaesssessessessesassenss 112
7.4.1. Tononoruyeckas copTMpoBKa 113
7.4.2. InHaMmyeckoe nporpaMMMpoBaHue 114

7.5. TPAMDBI MPEEMHUKOB....ueeteertreestristesstesssesssessssessssssssssssssssssssssesssssssssessssesssssssssssssnes 116
7.5.1. HaxoxaeHne npeeMHUKOB 117
7.5.2. ObHapyxeHMe LUMKIoB 118

7.6. MYHMMAJIbHBIE OCTOBHDBIE LEPEBD ...uvucvertresenseesssssssssssssssasssssssssssssssssssssssessssassanes 119
7.6.1. Anroputm Kpackana 120
7.6.2. CuctemMa HenepeceKatoLWMXcs MHOXECTB 122
7.6.3. Anroputm lMNpuma 124
MmaBa 8. N36paHHble BONPOCbl NPOEKTUPOBAHUSA aNrOpUTMOB 126
8.1. AnropuT™MbI C NapannefibHbiM MPOCMOTPOM PA3PALOB.....cvvveerecrerrerrerrereerensenes 126
8.1.1. PaccTosiHne X3MMuUHra ......... . . . . cereeers ettt saenen 126
8.1.2. TIOACUET MOLCETOK w.ereerrernresresseessessssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssns 128
8.1.3. [IOCTMXKMMOCTD B TPAMAX ..ecvuvverrererirrsanstssssssessssessassassaesassassassessessessssssssassassassassanes 129

8.2. AMOPTUZALMUOHHDBIN QHAMUB.c.cuvrvrerecreressiesaessesssessessesassassassessessessssassessessessssassassens 130
8.2.1. MeTopn OBYX yKasaTenem ...... . . . . . reeeeeeeeeeeeaes 130
8.2.2. banxanwme MeHbLIME NEMEHTHI. . . . . eerrereeerenrennas 132
8.2.3. MMHUMYM B CKOMb3SLLEM OKHE...... . . . . reeeeeeeeeeeeaes 133

8.3. HaxoxXAEeHNE MUHUMASIBHBIX SHAUEHMUM ....ueeeercreressensessssessessessssassssessssssassassens 134
8.3.1. TpOnYHbIM NoUCK 135
8.3.2. Boinyknble GyHKUMK 136
8.3.3. MMHMMM3aALMS CYMM 136
Mmaea 9. 3anpocbl No AuanasoHy. 138
9.1.3anpoChbl K CTATUUECKMUM MACCUBAM ...ouvevereerereereesessessesaesassssessesaesassassessessessssassenss 138
9.1.1. 3anpockl 0 cymMMe 138
9.1.2.3anpocbl 0 MMHUMYME 140

9.2. [IPEBOBUAHDBIE CTPYKTYPD couveurrvrerrreraseesseesessesssesssessessesssessesssssssessesssesssessssssssssessesans 141
9.2.1. [IBOMYHbIE MHAEKCHbIE AEPEBbS 141
9.2.2. lepeBbs 0Tpe3KOB 144
9.2.3. [lononHUTenbHble NpUEMDI 148
Maea 10. AnropuTtMbl Ha AepeBbsxX 151
10.1. DA30BBIE MOHATUS .evevrrerrereesrsissessesssssssssssessssssssssssssssssssssssssssssssesssssssssssssessessessasans 151
10.1.1. O6xon nepesa 152
10.1.2. Bbiuncnenue gnametpa 153



8

< Ornasnenue

Masa 11. MatemaTuka

Maea 12. lononHutenbHble anropuTMbl Ha rpadax

10.1.3. Bce MakcMManbHble MyTu

10.2. 3aNPOCHI K LLEPEBDBSIM .....ooverrerrreeeeersessssssssssssssssssssssssssssssssssssssens

10.2.1. HaxoxaeHune npemkos.......

10.2.2.MopnepeBbsi M NyTH

10.2.3. HauMeHbLne obLme npegkm......

10.2.4. O6beaMHEHME CTPYKTYP AAHHbIX

10.3. 5ONEE CITOXKHBIE MPUEMDL...ucvucvererereerssssssessessesssessssesassassssens

10.3.1. LleHTpounAaHasa oekomMno3unums

10.3.2. PasHoBecHas 0eKOMMO3nLMS

111, TEOPUS UMCEueeereererrriereerneressessessesaesssssessessesassssssesasassassassens
11.1.1. NMpocTble Yncna 1 pasnoxeHUe Ha NPOCTbie MHOXMUTENN

11.1.2. PeweTo dpatocdheHa ........
11.1.3. Anroput™ EBknnga.

11.1.4. Bo3BeaeHue B CTeNEHb MO MOAYNHO......

11.1.5. Teopema diinepa.....
11.1.6. PelneHne ypaBHeHWI B LienbIX YnCnax

11.2. KOMOMHATOPMKA ..ecveverrerereereercsessessesaesssssessessesassessssessesassassassens

11.2.1. BuHOMManbHble KO3DDULMEHTI

11.2.2. Yvmcna KaTtanaHa

11.2.3. BKtoYEeHUEe-UCKoYeHNE
11.2.4.Jlemma bépHcainga

11.2.5. Teopema Kanu

113, MATPULDBLcecvevrtrtrecserstsaesaesaess s sessesassassassessessesassassessessesassassassens

11.3.1. Onepauuu Haf MaTpULaMK

11.3.2. JluHeliHble peKyppeHTHble COOTHOLLEHMS

11.3.3. Tpadbl 1 MaTpuLbl

11.3.4. MeTop ucknouvenus faycca

11,4, BEPOSATHOCTD ..vvveerrectststeseessess s sessesassassassessessesassassessessesassassassens

11.4.1. Onepaunmn c COBbITUSAMMU ..

11.4.2. CnyyaiHble BENUYUHBDIL.......

11.4.3. MapKoBCKME LLeNm..

11.4.4. PaHOOMM3NPOBAHHbIE aNTOPUTMBbI........

LL.5. TEOPUS UTP ettt sesessassassssssessessssassasssssssssassassens

11.5.1. CocTosiHUS Urpsl
11.5.2. rpa Hum

11.5.3. Teopema LUnpara—-TpaHon

12.1. CHUNBHASA CBABHOCTDuureeeeeieeeneeereeesesenessesesssssssssssssssssssesssssssssens

12.1.1. Anroputm Kocapatito
12.1.2. 3apgaua 2-BbINOJHUMOCTH

12.2. TIOSTHBIE MYTH u.eeererrerrrrieeiesaesssesseseesaesssssessessessssassssesssassassassens

12.2.1. 3iinepoBbl NyTH

155

156
156
157
159
162

163
164
164

166

166
166
169
170
172
172
174

175
175
178
180
182
183

184
184
186
188
190

193
194
195
197
199

201
201
203
204

208

208
209
210

212
212



Ornasnexne < 9

12.2.2. TAMUNBTOHOBDI MYTH .eorvrnrerrersresssesessssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssss 215
12.2. 3. TIDUMEHEHUS ..o aesaes s st s s sas s s sassassass st s s ssssessassassassassanes 215
12.3. MAKCUMANBHDIE MOTOKM ..ceuverirvrererenseesessessessessesssessessssssesssessesssssesssessessnesssssssses 217
12.3.1. AnropnT™ @0paa—DaNKEPCOHA ...oveeeerrerrerreesessressessssssessssssssssssssssssssssssssssssssssssns 218
12.3.2. HEMNEPECEKAOLUMECS MYTU ..cereereerneereneeserssssssessssssssssessssssssssssssssssssssssssssssssssssssssssssns 221
12.3.3. MAKCUMAIbHBIE MAPOCOUETAHMS ..eeveverrerrecrecreeseesessasaesassassasses s sessssssssessassessassanes 222
12.3.4.T1oKpbITME NYTAMMU.... ettt sttt bbb saneae 224
12.4. 1epEBbSA MOUCKA B TITYOMHY ..ccereerereereereesiseeresssessssssssessesssssssssssssssssssssssssssssssssssanes 226
12.4.1. IByCBS3HOCTb 227
12.4.2. 3iinepoBbl noarpadel 228
Maea 13. leomeTtpus 230
13.1. TeXHNYECKME CPEACTBA B TEOMETPUM w.ucerveurrereeneereessesesssesssessssssssssesssesssessssssees 230
13.1.1. KomnnekcHble uncna 230
13.1.2. Touku u npsimble 232
13.1.3. TInowaab MHOrOyrosbHMKa 235
13.1.4. MeTpukm 237
13.2. ANropuTMbl Ha OCHOBE 3aMETALLEN MPAMOM...uverecrerrrrerrerseressesessssesaesaesssens 239
13.2.1. Toukn nepeceyeHms 239
13.2.2. 3apava o banxkaniwen nape Touek 240
13.2.3. 3apa4a o Bbinykoi obonouke 241
MmaBa 14. AnroputMmbl paboTbl CO CTPOKaMu 243
14.1. BA3OBDIE METOMLD ..eueuneureureireemenessessesseasesssssssastasessesssssessessessssasessesssssssssessessessssaseanes 243
14.1.1. MNpedukcHoe pepeBo 244
14.1.2. AnHamMmyeckoe nporpaMMMpoBaHue 244
14.2. XELUMPOBAHME CTPOK eucureurereenemsesreeeesseusessessesastssessessssssessessessesastssessesssssssssesssssssassanes 246
14.2.1. NMonnHOMMaNbHOE XeLMPOBaHHE 246
14.2.2. NpnMeHeHus 246
14.2.3. Konnusum n napametpsl 247
14,3, Z-ATITOPUTMucuceeeenrriierierncinsas e ssesssss s sss s s s sassssssssssasesssesssessssssssaseses 249
14.3.1. MocTpoeHue Z-MaccuBsa 249
14.3.2. TlpuMeHeHus 251
14.4. CYDDUKCHDIE MACCHBDL...euveeereereerssnssserssssssssssssnsssssssssssssssssssssssssssssssssssssssssssssssanes 252
14.4.1. MeTop, yaBoeHns npedukca 252
14.4.2.Townck obpasLos 253
14.4.3. LCP-MaccuBbl 254
Maea 15. lononHutenbHble TEMbI 256
15.1. KBaApaTHbIN KOPEHD B ANITOPUTMAX uucuerererrsrsssssssssnssssssssssssssssssssssssssessssssssesns 256
15.1.1. CTpyKTypbl AaHHbIX 256
15.1.2. Moganroputmbl 258
15.1.3. Uenble pa3bueHus 260
15.1.4. Anroputm Mo 262
15.2. /A CHOBA O LEPEBBAX OTPE3BKOB...u.vererrrresrersersssssssssssssssssssssssssssssssssssssssssssssssssessasans 263



10 <« Ornasnexune

15.2.1. JleHnBOE pacnpocTpaHeHue
15.2.2. InHaMnyeckne nepesbs

15.2.3. CTpyKTypbl AaHHbIX B BEPLUMHAX
15.2.4. [iByMepHble aepeBbs

L5, 3. LY UM ottt st bas bbb bbb bbb a bbbt s e san s
15.3.1. PasbueHune u camsHue ....... . . . . . eeerereenas
15.3.2. Peanuzaums... . . . . . . . reeeeeeeeeeeeas
15.3.3. JonofHUTENbHbIE METObI . . . . . eteeeeeeanens

15.4. ONTMMM3AUNSA OUHAMMYECKOTO NMPOTPAMMUPOBAHUS....oucvereereerecrerrerisensaesansens

15.4.1. Tptok c BbINyKI0M 060104KOM
15.4.2. OnTMMM3aLMsa METOAOM «pasfensii U BNacTBym»
15.4.3. OnTumm3aums KHyta

LD D, PABHOE ettt sttt ae e et aen
15.5.1. Bctpeua B cepeamHe
15.5.2. MoacyeT NoAMHOXECTB
15.5.3. [NapannenbHbi A4BOMYHBIA MOUCK
15.5.4. JuHaMmnyeckas CBA3HOCTb.

Mpunoxenue. CBepeHUa U3 MaTeEMaTUKK

DOPMYIIBI CYMM...ccereririeeereesisssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssassassens
MHOIKECTBA c.uceveeeereeecreeeesesaesessssesessessssessssesssesssssssasssssesesassssassesssssssssessssesassessssessssesasssssssesassnes
MaTEMATUUECKAN JTOTUKA ouvereereeeeecesesssssessssssssssessssssssssssssssssssssssssssssssnssssssssssssssssnssns
DY HKLM .eorererrerseeseesessssessessesassassssssessesssssssssssessessssssssssessessssassassassessessessssassassessssessssassanss
TTOTAPUDIMDL ..ttt sttt sss st sst s st ssss s s s s st esassssssssssssesassessssasassnssnsnen
CUCTEMDBI CUMCIIEHUSL ...ecveeveeereereesteeessesssesssesessesssesssessseses s s ssssassesessssnssesassesasassasassasanes

bubnuorpadus

MpeameTHbIN yKa3aTenb

264
267
269
270

271
272
273
275

275
276
278
279

280
281
281
283
284

287

287
289
290
291
291
292

293

295



Ot aBTOpa

I hope this Russian edition of my book will be useful to future competitive
programmers in Russia. I appreciate the competitive programming culture
in Russia, especially the international training camps which are known for
challenging and high-quality problems. Indeed,competitive programming is a
way to learn algorithms together with people from different countries. It does
not matter where you come from — everybody is interested in creating efficient
algorithms, which is the core of computer science.

Antti Laaksonen

S HazIer0Ch, UTO PYCCKOe M3IaHNe Moelt KHUTHY OyIeT Moe3HO OyAyIIM CIIop-
TUBHBIM TIporpammuctam Poccumn. S 11eHI0 pOCCUIICKYIO KYJIbTYpY OMMMITMAI-
HOT'O MIPOrpPaMMMPOBAHMS, @ B 0COOEHHOCTY MEXIYHAPOIHbIE YUeOHbIE KIMIIbI,
KOTOpbIe M3BECTHBI CBOMMM CJIOXKHBIMM M MHTEPeCHbIMU 3amadyamu. Tak criop-
TUBHOE ITPOTrpaMMMpPOBaHMe OObeIMHSIET IOl U3 pa3HbIX CTPaH B U3yUEHUN
anropmuTmMoB. He BakKHO, OTKyZa Bbl, BakKHA Ballla 3aMHTEPECOBAaHHOCTD B CO3/1a-
HUY 3O GeKTUBHBIX aJITOPUTMOB, KOTOPBIE SIBJISIIOTCS OCHOBOV Computer Science.

Anmmu JlaakcoHeH

BctrynutenbHoe cnoeo
Anekces ManeeBa, ocHoBaTens
Moscow Workshops ICPC

[Ipo cmopTuBHOE MporpaMMMpOBaHKe B Poccuy 3HAWOT Maso. A MeXAy Tem
MMEHHO POCCUIICKME KOMaH bl €KeTOLHO BBIUTPBIBAIOT CAMOE TIPECTVOKHOE MU-
pOBOe COpeBHOBaHMe IO MPOrpaMMMPOBAHMIO [IJIs CTYyIeHTOB — International
Collegiate Programming Contest (ICPC). VicTopus yuacTust CTyIeHTOB U3 POC-
CUICKMX BY30B Ha cTapeiinieM yeMmimoHaTe ICPC oTcumMThIBaeTCs € JaJeKOro
1993 roma. B 2000 romy crymeHThl CaHKT-IIeTepOyprcKoro rocyiapcTBEHHOTO
YHUBEpPCUTETa MOKa3aay HeoObIuaiiHbIil IIPOTPecc M BIIEPBbIE CPEIV POCCUII-
CKMX KOMaH[, BBIPBAJINCh B UeMITMOHBI MUpa. C 3TOro roma poccuiickue KOMaH-
IIbI 3aBO€BaIM 32 30/10Tble Mefayn. [Ijisi CpaBHeHMs : CTyoeHThI 13 Kurtast Bcero
13 pa3 ymocTamBaaucCh 30JI0Ta 3a 3TOT MePUO, eBpOomeliCKie y4aCcTHUKN — 11,
CIIIA - Bcero 6. B mupe Hanbosee CMIbHYIO IIOATOTOBKY TEMOHCTPUPYIOT POC-
CUIACKMe, KUTaMCKMe KOMaHabl, CTyAeHTbI U3 A3un u [Tonbiin.

Cekper ycrexa HalIMX KOMaHJ BO MHOTOM OOBSICHSIETCSI YCUIEHHBIMU Tpe-
HMpoBKamu. Ho BaxkHa cucTema, B pamMKaxX KOTOPOI MPOUCXOOUT ITOATOTOB-
Ka. 1 3mecy umeHHO Poccum ynanoch BBICTPOUTH CUJIBHYIO TPEHMPOBOUYHYIO
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CTPYKTYPY IJII OMUMIOMATHBIX TPOTPAMMMCTOB. UeMITMOHOB TOTOBST BeayI/ie
BY3bl CTPaHbI, TEXHUYECKME, U HE TONbKO: YHUBepcuteT UTMO, MOCKOBCKUIA
busuko-rexunueckuit MHCTUTYT, CaHKT-IleTepOyprckmii rocymapcTBeHHbIN
yHUBepcuTeT, MOCKOBCKMIT rOCYJapCTBEHHbIN YHMBePCUTET UM. JIOMOHOCOBA,
Vpanbckuii penepanbHblii yHUBepcuTeT, CapaTOBCKMIT YHUBEPCUTET U .

O6beqMHUBIIVICH BMECTe, KOHCOPIMYM U3 BBINIENIEPEUNCIEHHBIX BY30B
B 2012 romy 3amycTuI IepBblii I100a/IbHBIN TPOEKT M0 MOATOTOBKE CTYIEHTOB
K 4eMIIMOHATYy MO CIIOPTUMBHOMY MPOrpaMMMPOBaHNUI0 Ha Kamnyce MOTU -
Moscow Workshops ICPC. B popmaTte yue6HO-TPeHMPOBOUYHBIX COOPOB CTY-
IEeHTHI PeIralT KOHTEKCThI ¥ pa3dMparoT uX C JIYYIIMMU TpeHepaMu. BaskHast
komroHeHTa Moscow Workshops ICPC - 5To MHTepHal[MOHATbHOCTb. KaMIIbI
OTKPBIBAKOT CBOU IBEPU IJIS1 MOJIOABIX YUYaCTHUKOB BCEro MuUpa, rpejjiaras um
He TOJIbKO YUUTBCS, HO U IyTEIIeCTBOBATh, PACIIMPITh CBOM Kpyro3op. Ha kaxk-
IIOM BOPKIIIOTIE YUaCTHMKY 000TaIialoT CBOM 3HAHMS O IPYTUX CTpaHax — Ioce-
1IAI0T 3KCKYPCUM, 3HAKOMSTCS C MECTHOM KyJIbTYPOI U JIIOAbMMU.

YpoBeHb MOATOTOBKYM BOPKIIIONOB OY€Hb BbICOKMIT. MOXKHO CKa3aTh, UTO Te,
KTO mpoiesn ooyueHe B Moscow Workshops ICPC u ycrenHo mpoiien oTéop
HavanbHbIX 3TanoB ICPC, y>ke mpenCcTaB/ISIIOT 3JIUTY Mypa IIPOTpaMMUPOBAHMSI.
3a aTuMM pebsiTamMu OXOTSTCS KpyIHeliiiye IT-KoMmaHum, OHY MOTyJaroT JTy4d-
IIe IpeajIoskeHus o padore.

B 2016 romy mo obpasoBaTenbHOV (DpaHIIM3e MbI 3aITyCTUIN TPEHUPOBOY-
HbIN Jlarepb B ['pogHo (3anamHas bemopyccus). C Tex mop Mbl OTKPBUIU pPeTy-
JISIpHO gevicTBytonue tomanku B bapcenone (Mcnanwmst) u Komnam (Uagust), a
B 9TOM IOy 3aITyCKaeM BOPKIIOI B OJJTHOM M3 CaMbIX BOCTOYHbBIX TOPOJOB Poc-
cuu — Bo BmamuBocToke. Ha maHHBIN MOMEHT B cOOpax yske MIPUHSIIN yUacTue
KoMaHbl 167 yHUMBepcuTeToB 13 50 crpad EBporbi, A3umn, KOskHOoi 1 CeBepHOT
Amepuku, Appuru u ABctpanuu. B 2016 n 2017 rogax BoceMb 13 ABEHAAIATA
KOMaH/I, 3aBOeBaBIINX Menaiu B puHasme uemmnuonaTa ICPC, mpuHMManm yJac-
THe B TOATOTOBUTENbHBIX coopax Moscow Workshops ICPC. B 2018 rogy mnx
Yo BIpowio — 10 u3 13 MenanmcToB TOTOBWIMCh HA BOPKIIIOMAX.

CriopTMBHOE NIPOTPpaMMMPOBAHME — ITO CAMBbIN MEPCHIEKTUBHBIN MHTEIJIEK-
TyaJIbHBIM BUJ, CIIOPTA, KOTOPBI MOKHO Ha3BaTh IIaxMaTaMy OymyInero. Yske
ceifyac MM YBJIEKAIOTCS JIydIlIiMe yMbl TIJIAHETBI, M YMCI0 YYACTHUKOB PacTeT
rofi OT ropa. PoCcT mMonyasspHOCTY OIMMITMAAHOTO MPOTPAMMUPOBAHNUS TIOJIO-
SKUTEbHO BIMSIET Ha ApyTMe chepbl KU3HeHesITebHOCTY ueaoBeka. HaBbiku
OBICTPOTO perIeHMsI CJIOKHENIINX 3a/1a4 TTOMOTalOT CETOIHSIIITHUM CTYAE€HTaM B
OyIyIIeM CITPaBISIThCS C peaIbHbIMM ITpobGIeMaMy YeIoBeuecTBa KpeaTuBHO U
s dexTMBHO. B X011e copeBHOBaHMIT pebsiTa y4aTCs CIIPaBISTHCS CO CJIOSKHBIMM
MOPAJIbHBIMM U TICMXOJIOTMYECKMMM Harpy3kamMu. 3a 3TO BpeMs Y HUX BbIpa-
6aThIBAeTCSI HABBIK YIIPABJISITh PUCKAMU, Belb, UTOOBI BbIiTH B ¢mHan ICPC,
HY>KHO TIOTPATUTh OKOJIO 5 jieT. He Kaxkmomy 3To cykmeHo. CTpeccoycToiun-
BOCTb ¥ HAIleJIEHHOCTh Ha Pe3y/IbTaT — 3TO Te KaUeCTBa, KOTOPbie HeOOXOIMMbI
TEXHOJIOTMYECKMM TTpeAIIPUHMMATEISIM [IJIsT 3aITyCKa COOCTBEHHBIX ITPOEKTOB.
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Cucrema Moscow Workshops ICPC Taxxke BK/IOUaeT OHJAliH-KYpChl Ha
atdopme Coursera 1 OHJIAH-YeMITMOHAThl Opencup.ru, YTO B COBOKYITHO-
CTY JaeT II0O0MY CTY[IeHTY 13 JIF060r0 yrojika Mmupa, BHe 3aBMCUMOCTY OT IIPU-
HaJIJIEKHOCTY K BEIYIIMM MUPOBBIM YHUBEPCUTETAM, Peasn30BaThCs B 06JIa-
CTM aJITOPUTMOB U IIPOTPAMMUPOBAHMSI.

VBepeHsl, uto nociaenoBaresneii ICPC 6ymer Bce 6Gosblie. Bcex CTymeHTOB,
KOTOpbIe TOPSIT >KejlaHMeM pa3BMBATbLCS B IIPOTPAMMMPOBAHMU U «KOISIT», HE
3aMeyasi XoJia BpeMeHu, MbI kaem Ha KaMmitax Moscow Workshops ICPC u ske-
JlaeM BCeTIa CTPEMUTBCS K pe3yabTaTaM, KOTOpbIe KaXKyTCS HEBO3MOKHBIMMU.

C ysaxceruem, Anexceii Manees,

Jupexmop no mexHoa02u4ecKkomy npeonpuHumamenscmsy MOTH,
ocHosamenb Moscow Workshops ICPC

OT13biB AMuTpua lpuwimnHa,
ocHoBaTtensa Mail.Ru Group

B Momu cTymeHueckme roasl Bcerga 6b710 MHOTO ITPOTPaMMMUPOBAHMS, U ST 4aCTO
y4aCTBOBAJ B Pa3/IMYHbIX OIMMIIMAAAX, HO TOIbKO Tellepb MOHMMAal0, HACKOJIb-
KO MHe TOT[ia He XBaTajo MoJo06HO KHUTKU. BceM, KTO CTPEMUTCS MTOKOPUTH
OJIMMI MeXIYyHAapOAHbIX UEeMITMOHATOB IO MPOrpaMMMPOBAHMIO, OHA TOUHO
MIPUAETCS MO BKYCY M TOMOXET Ha 3TOM HeJerKOM ITyTU HOCTVOKEHMS 11eJN.
MbI B Mail.Ru Group Toske co3maau HeCKOJIbKO YeMITMOHATOB I10 IPOTpaMMU-
POBaHMIO, KOTOPBIE 32 MOCJIeAHME 7 JIeT CTau MOMYJISIPHBI He TONbKO B Poccun,
HO U 1aJIeKo 3a py6eskoM — yke 6osee 20 cTpaH MPMHUMAET yyacTue 1 60sbliie
175 ThICcSTu uemoBeK copeBHOBamMch B Russian Code Cup, VK Cup, Russian Al
Cup, ML BootCamp u ap. YBepeH, UTO 3Ta KHMUTa ITOMOSKET U TeM, KTO coOMpa-
eTCsl IPUHSATD B HUX YUacTye TOKe.

Lmumputi I'puwiuH,
0CHosameJb, coyupedumens u npedcedamens cosema dupekmopos Mail.Ru Group,
OCHosameJlb 8eHUYpHO20 (poHda Grishin Robotics

bnaropapHoCTb OT peaakumu

Pemaxkuus usmartenbcrBa «[IMK-IIpecc» BhIpakaeT OrpOMHYIO 61arogapHOCTD
LlenTpy pasButus UT-obpasoBanus ipu MOCKOBCKOM (hbM3UKO-TEXHNYECKOM
MHCTUTYTE U IMYHO ero pykoBoauTenio Anekcero ManeeBy 1 Mail.Ru Group 3a
MMOMOILb B MOATOTOBKE BBIMTYCKA 3TOM KHUTU U, KOHEUHO, 3a OTVIMYHYIO [IOATO-
TOBKY HAILllMX YEMIIMOHOB M0 MTPOrpaMMUPOBAHUIO.



OT13b1B HUg3a Hurmatynnmua,

ABYKPATHOro 4eMnuoHa Mupa
ACM ICPC 2012 1 2013 ronos

OTa KHUTa TTIOMOTaeT MO3HAKOMUTBCS C OMMMIONAAHBIM IPOrPaMMMUPOBAHUEM.
Ona paccuMTaHa 60JbIlle HA HAUYMHAIOUIUX, JIMOO HEe OUYeHb OMBITHBIX B 3TOM
nese YuTaTeseii, YeM Ha MPOABMHYTHIX. 3/1eCh IMOAPOOHO OMMCAHO, KaK IPO-
XOASIT OJIMMITUA/IBI, UTO TpebyeTcs, B UeM UX Ieib. Paccka3aHo, KaK HYKHO K
HJM TOTOBUTHCS, KaK/e KauecTBa B cebe BrIpabaThIBaTh ¥ KaKye eCTh CII0COObI
TpeHMpoBaThcs. [Togpo6bHO pa3obpaHbl 6a30BbIe TEMBI, TPIOKM U aJITOPUTMBI.
CpenHue 1 CIIOSKHbIE METO/IbI IPETIOIHOCSITCS 6€3 YeTKMX JOKa3aTeabCTB. [Ipu-
CYTCTBYEeT MHOT'O TI0JIE3HBIX OJMMIIMAIHbIX «TPIOKOB», KOTOpble PeaKO BCTpe-
YaloTCs B HAYYHOM JinTeparype. bosbiiasg 4acTe MONYASPHBIX aJITOPUTMOB U
MEeTO/I0B, UCITOJIb3YEMBbIX B pellleHMM 3a/1a4 Ha OMMIIaaax, ymoMsHyTa B 3TOM
KHUTe.

K kaxkmoit TeMe aBTOP MPUIOKUI KOA, Ha si3bike C++, YTO MO3BOJISIET JTydIlle
TTOHSITh OTMIMCAHHOE U YBUIETh CITIOCOOBbI peanm3anyu. ECTh oTmenbHas 171aBa, B
KOTOPO#1 OMMCBHIBAIOTCS T€ KOHCTPYKIMYU U 6ubmmnoreku C++, KOTOpbIe YacTo
MICITO/TB3YIOTCSI HAa OJIMMITMAIAX, Y TOJIBKO Te, KOTOpble HEOOXOIMMBI: OIMCHI-
BaIOTCSI OHM 6e3 TTOIPOOHOCTe 1 GOJBINON TEOPUM, a TOJTLKO HAa TOM YPOBHE,
YTOOBI YMTATETH CMOT MMM BOCITO/Ib30BaThCs. EC/v untarenb xoueT pa3o6paTh-
Cs1 B HUX TTOApOOHee, TO CIeAyeT MOYNTATh JOTIOTHUTEIbHYI0 MHGOPMAIIUIO TT0
SI3BIKY M3 CIIelMaIbHbIX MCTOUHMKOB. KpoMe TOro, onmcaHHbie MHCTPYMEHTHI
si3bika C++ CpaBHMUBAIOTCS Ha MPOTSIKeHUM BCelt KHUTY Ha 3(PDEKTUBHOCTD U
yI0OCTBO MCIOIb30BaHMS Ha OIMMITNA/IAX.

B KHMTe pacKpbIT YHUKAIbHbIV OTBIT YUACTHMKOB U TPEHEPOB OJIMMITMATHO-
ro MporpaMmMUpPOBAHMSI.

[To mpaBwIaM 3TUX COpPeBHOBaHMI B (MHAIaX HeIb3s y4aCTBOBATh Oojee
IBYX pas. 3a 6ojiee yeM COPOKAJIETHIOI MCTOPUIO 3TUX UYEMITMOHATOB BCETO
I1eCTh YeJIOBEK CTajay ABYKPATHbIMM ueMIIMOHaMM Mupa, Bce u3 CaHKT-Ile-
Tepbypra. YerBepo — u3 YauBepcutera UTMO: Tennanuit KoporkeBuy, Husi3z
Hurmatynnus, EBrennii Karyn n Muxann Kesep, u goe — 13 CII6I'Y: Hukonaii
HOypos n Auppeii JlonaTuH.



lMpeaucnosue

OJTa KHUTA 3aJyMaHa Kak cofepkaTeJlbHOe BBefeHNe B COBPeMEeHHOe OMM-
MMagHoe mporpaMmMmupoBaHue. [IpearnonaraeTcs, UTo YNTATENb yKe 3HAKOM C
OCHOBaMM MMPOTPAMMMPOBAHUSI, HO ONBIT MPOEKTUPOBAHUS aATOPUTMOB WU
y4acTusi B COPEBHOBAHMSIX TI0 ITPOTPAaMMMPOBAHMIO He 06s13aTesieH. II0CKObKY
B KHUT€ pacCMaTpUBAETCs MUPOKUI KPYT TeM Pa3HOV CTeneHU TPYAHOCTHU, OHa
OyzeT Iosie3Ha KaK HAUMHAIOIIEH, TaK 1 60siee MCKYIIEHHOM ayaIuTOPUN.

CopeBHOBaHMS TI0 MPOTrPAMMUPOBAHUIO MUMEIOT TOBOJIBHO AOJITYIO UCTOPUIO.
MexcoyHapoousie cmydenueckue onumnuadst no npozpammuposaruro (ICPC) ms
CTY[I€HTOB YHUBEPCUTETOB MPOBOAUINCH V3Ke B 1970-x romax, a mepas Mexc-
OJyHapooHas onumnuada no uH@opmamuke OJjsl yUAIIMXCS CTApIIMX KJIACCOB
cocrosiach B 1989 romy. HeiHe 06a MepOTnpusITHSI CTaaM PETYASIPHBIMU U COOM-
pParOT MHOXXECTBO YYaCTHUKOB CO BCErOo MUpa.

B Hamu gHM onuMnuagHOe MPOrpaMMUPOBaHME MOMYISIPHO KaK HUKOTAA.
BaskHy10 posib B €T0 pacripoctpaHeHun ceirpan VHTepHeT. CyliecTByeT aKTUB-
HOEe CeTeBOe COOOIIEeCTBO YBJIEYEHHBIX ITUM ABVSKEHMEM ITPOTrPaMMMUCTOB,
KaKIYI0 HeJlento TIPOBOASTCS pa3anuHblie COpeBHOBaHMSI. OMHOBpEMEHHO pac-
TeT U TPYAHOCTH 3aAaHuli. TexHuuecKue MmpueMbl, KOTOPbIMMU eIlle HEeCKOIbKO
JIET Ha3aj, BAaeau JIUIIb JTydllive U3 JYUIInX, CTaau CTAaHIAPTHBIMU UHCTPY-
MeHTaMU, U3BECTHBIMU MHOTUM.

CBOMMM KOpHSIMM ONMMMOMAAHOE MPOTPAaMMMUPOBAHNE YXOAUT B HAyYHOE
UCCaeoBaHNue aJiropuTMOB. Ho eciu ydeHbIli MPUBOAUT NOKA3aTeIbCTBO pa-
60TOCITOCOOHOCTY CBOETO AJITOPUTMA, TO OJIMMITMAAHBIN TPOTPAMMUCT peaiu-
3yem aJITOPUTM U TOJIaeT eT0 Ha BXO[I, CUCTEeMbI OLleHMBAHUS Pe3YyAbTaTOB. JTa
CUCTeMa TIPOTOHSIET AJITOPUTM Uepe3 pa3audHble TeCThl, M eC/I BCe OHU TIPO-
XOJISIT, TO pellieHre IPUHUMAETCsI. DTO BasKHbBIN 3JIeMEHT OTMMIOUAIHOTO ITPOo-
rPaMMMPOBaHMS, KOTOPBIN MTO3BOJISIET ABMOMAMuU4ecKu MOTYIUTb YOeIUTeNb-
HbI€ apTYMEHTHI B IT0JIb3Y MPaBMUIBHOCTM aJITOPUTMa. BoobIie, onmmMimagHoe
MpOrpaMMMpPOBaHME CTAJIO OTJIMYHBIM CITOCOO0M M3yUeHMS aITOPUTMOB, T. K.
OT YYaCTHMKA TPeOYeTCsT CIIPOEKTUPOBATh aTOPUTM, KOTOPBIN IeICTBUTENb-
HO paboTaeT, a He OrpPaHMUYMBATHCS HAOPOCKOM Mel, MOXKeT, MPaBUIbHBIX, a
MOXKET, U HeT.

Y onUMMIIMagHOTO MPOTPAaMMUPOBAHUS €CTh ellle OJJHO JOCTOMHCTBO — KOH-
KypCHbIE 3a[1auM 3aCTaBJISIOT AyMaThb. B popmynupoBKkax 3aad He ObIBaeT HU-
KaKoro KyJIbHMYECTBA, B OT/INUYME OT MHOTUX KypCOB MO aJropuTMam, e Bam
MpeAjaralT peliuTh KPacuBYIO 3a7jauy, HO TOJIBKO TOCIeqHee TIpejioskeHNe
3BYUNT, K IpUMepY, Tak: «[Todckaska: ojst penieHns 3agauy MOgubuUImMpyiiTe
anroputm Jleikctpoi». Hy, a manbiie mymaTb 0COG€HHO HEYEro, TOCKOIbKY T10-
XO[I, K pelIeHnI0 y)ke M3BeCTeH. B oimMnuagHOM MpOorpaMMUPOBAaHUM TaK He
6bIBaeT. Y BaC MMeeTCSI MMOTHbI/ KOMIIEKT MHCTPYMEHTOB, a YK KaKUMU U3 HUX
BOCITOTb30BAThCSI, peliaiTe CaMMu.
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PenteHne onMMINMagHbIX 3a/1a4 pa3BMBaeT HABbIKM MPOrPaAMMMUPOBAHUS U
ornaaku. O6BIYHO pellieHMe 3aCIUThIBAETCSI, TOJIbKO €CJIM MPOIIeHbI BCE TeCThI,
M03TOMY ITPOTPAMMMUCT, CTPEMSILMIACS K YCIIeXY, IO/KeH Peain30BbIBATh aJIro-
puTM 6€3 OIIMO0K. ITO YMeHMe BbICOKO IEHUTCS B TPOTPAMMHO MHXXeHepUH,
TaK 4TO HeyAUBUTENbHO, YTO U T-KOMIIaHUY MIPOSIBJISIIOT MHTEPEC K UMM
OTIBIT OJIMMITMAHOTO MTPOTPaMMUPOBAHMSI.

YT0O6BI CTATh XOPOIIMM OJMMITUATHBIM ITPOrPAMMMCTOM, HY3KHO MHOTO Bpe-
MeHM, 3aTO Ha 3TOM ITyTY MOKHO M MHOTOMY HayuMUThCsI. MoKkeTe ObITh yBepe-
HbI, UTO, IOTPATMUB BpeMs Ha UTeHMe ITOI KHUTH, pellleHMe 3a/1au U yyacTue B
pa3IMYHbBIX COPEBHOBAHMSIX, BbI OyjieTe JIyullle MOHMMAaTh, KaK YCTPOEHbI ajiro-
PUTMBI.

Byny papn BamuM OT3bIBaM. Bbl MokeTe mucaTh MHe 1o ajapecy ahslaaks@
cs.helsinki.fi.

sl6nmaromapeH MHOTMM JIIOISIM, TTPUC/IABIIMM OT3bIBbI HA YePHOBBIE PeIaKLIUU
9TOi KHUTKU. OHU OUeHb ITOMOIJIM CHeaTh KHUTY Jyuiie. OTaeapbHOe Cracubo
Muxko dpBactu (Mikko Ervasti), fanne FOuHma (Janne Junnila), SanHe Kokkana
(Janne Kokkala), Tyykka Kopxoneny (Tuukka Korhonen), [TaTpuky Ocrersipmy
(Patric Ostergard) u Poonie Casbmu (Roope Salmi), HamucaBuium moapoOHbIe
peLieH3UM Ha PYKONMUCh. I Takke npusHaTteneH CarimoHy Pucy (Simon Rees) n
Variny Yunepy (Wayne Wheeler) u3 usgarenbctBa Springer 3a IJioq0TBOpHOe
COTPYOHMYECTBO B XOZe MOATOTOBKY KHUTH K MeYaTHu.

AHmmu JlaakcoHeH
XenvcuHku, PuHAAHOUA
Oxmsbps, 2017
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naBa

BeBepeHue

B 3T07J% r/1aBe paccka3bpIBaeTCs, UTO TaKOe OMMMITMAgHOe MPOTpaMMUpOBaHue,
MpeJCTaB/ieH TUIaH KHUTY M OOCY>KIAIOTCSI JOIOJIHUTEeIbHbIe 06pa30oBaTeslb-
HbIe peCcypChl.

B pasgene 1.1 onycaHbl 371IeMeHTbI OIMMITMASHOTO MPOTPaMMMUPOBaHMSI, Tie-
peurcieHbl HeKOTOPbIe MOIyJ/ISIpHbIE COPeBHOBAHMS 110 TPOTPAaMMUPOBAHUIO U
IaHbl PpEKOMEHAALIMM O TOM, KaK TOTOBUTHCSI K CODEBHOBAHMSIM.

B pasgene 1.2 06CysKOaiTCs eI 3TOV KHUTU M paccMaTpuBaeMble B Heit
TeMbl, a TAK’Ke KPaTKO M3JIaraeTcs comepsKaHye KasKI0ii IJIaBbl.

B pasgene 1.3 Mbl MO3HAKOMMMCS €O coOopHMKOM 3amau CSES. Pemenne 3a-
Iay MapaieJIbHO YTEHMIO 3TOV KHUTU — OTJIMYHBIN CITIOCOO HAYYUTHCS OVM-
MMagHOMY MPOTPaMMMPOBAHMIO.

B pasgene 1.4 06CcyskgaloTcst Apyrve KHUTY 0 OIMMITMAHOMY ITPOTpaMMMu-
POBAHMIO ¥ TPOEKTUPOBAHMIO aITOPUTMOB.

1.1. Y7o Takoe onuMnuagHoe nporpaMMmMpoBaHue?

OnumnuagHoe MporpaMMMPOBaHMe COCTOUT U3 IBYX YacTell — MPOeKTUpPOBa-
HMSI QJITOPUTMOB U peajn3alyy aTOPUTMOB.

IIpoekTupoBaHMe aaropmuTmos. [Io cyTu cBoeli, oMMNOMagHOe Mporpam-
MMpPOBaHMe — 3TO NMpUAyMbIBaHME 3(PHEKTUBHBIX AITOPUTMOB pelIeHusT KOp-
PEKTHO TIOCTaBJIEHHBIX BBIUMCAUTENbHBIX 3aAad. s MpoeKTUpOBaHUS aJi-
TOPUTMOB HeOOXOIMMbl HaBBIKM B pellleHMM 3ajau M 3HaHMe MaTeMaTUKN.
3auacTyio pelleHMe TOSIBISIETCS B pe3ybTaTe COUETaHMS XOPOIIO M3BECTHBIX
MEeTOJ0B 1 HOBBIX M.

BakHyto posib B OMMMITMAAHOM MPOrpaMMMPOBAHUM UTPAeT MaTeMaTuKa.
Ha camom pene 4eTKMX rpaHUll MeXIY MPOEKTUPOBAHMEM aJrOPUTMOB U Ma-
TeMaTUKOJi He CyIllecTByeT. DTa KHUTa He TpebyeT ITyO0KOi MaTeMaTu4ecKoi
MOJATOTOBKY. B MpuioXkeHMN, KOTOPOe MOXKHO UCITOMb30BaTh KakK CIIPABOYHUK,
OIMCaHbl HEKOTOPbIE BCTpeUarolyecs B KHUTe MaTeMaTuueckKue TOHSITUST U
MEeTO/Ibl, HAII[pMMep: MHOKeCTBa, MaTeMaTHUuyecKas JIOrMKa 1 QyHKINMN.

Peanuszauus aaropuTMoB. B onuMMnmagHOM MPOrpaMMMUPOBAHUM pellie-
HMe 33Jauy OlLleHMBAeTCs ITyTeM IPOBEPKM peaan30BaHHOIO ajJropuTMa Ha
psine TecToB. [loaTOMy IpUAyMaTh aJlTOPUTM HEIOCTATOYHO, €ro eife HyxK-
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HO KOPPEKTHO Peann3oBaTh, IJiT Yero TpebyeTcss yMeHue mporpaMMMUpPOBaTh.
OnumnuamHoe IIPOrpaMMMpPOBaHME CUJIBHO OTJIMUYAETCS OT TpagulVMOHHOIM
MMPOTPaMMHOI MHKeHepUu: MPorpaMMbl KOPOTKME (HECKOIbKO COTEeH CTPOK —
YK€ peIKOCTb), IMCATh UX HY;KHO OBICTPO, @ COITPOBOKAEHME ITOC/IE COPEBHO-
BaHMS He TpebyeTcs.

B HacTos111€ee BpemMs Ha COPEBHOBAHMUSIX MO MPOTPaMMMPOBAHUIO TOITYJISIP-
Hee Bcero sa3biku C++, Python u Java. Hanmpumep, cpennu 3000 ayumimx ydact-
HUKOB Google Code Jam 2017 79% nucanu Ha C++, 16% — Ha Python u 8% — Ha
Java. MHOTMe cunTaioT C++ caMbIM IMOIXOISIIIM BRIOOPOM /IS OIMMITMAHOTO
nporpaMmmucTa. K ero 1ocToMHCTBaM MOKHO OTHECTY OUeHb BbICOKYIO 3¢ dek-
TUBHOCTbH ¥ TOT (baKT, UTO B CTAHJaPTHOV 6MOIMOTeKe MHOTO Pa3HOOOPa3HbIX
CTPYKTYP JAHHbBIX U aJITOPUTMOB.

Bce mpumepsl B KHUTe HanucaHbl Ha C++, B HUX 4aCTO UCMHOJIb3YIOTCS CTPYK-
TYPbI JAaHHBIX ¥ &JITOPUTMBI U3 CTAHIAPTHO 6Mbmnorekn. Kom oTBevaeT cTaH-
napty C++11, KOTOpbIii pa3pelieH B OOJbIIMHCTBE COBPEMEHHBIX COPEBHOBA-
Huii. Eciu BBI elnle He 3HaeTe C++, caMmoe BpeMs HauaTh ero U3yuyeHue.

1.1.1. CopesHosaHus no npozpaMmuposaHuro

MeskayHapomHas onumIiaza o mudopmartuke (I0I) — exxerogHoe copeBHO-
BaHMe [JIs CTapLIeKIacCHUKOB. OT KaKIO0J CTPaHbI JOIYCKAeTCsl KOMaHIa U3
yeTbIpex yesoBeK. O6bIUHO HabupaeTcst okoo 300 yuacTHMKOB 13 80 cTpaH.

IOl mpoBOOUTCS B TeUeHMe OBYX AHEN. B Kaxkabili JeHb yYaCTHUKAM IIpe-
JlaraeTCs pelnTh TPU TPYAHbIE 3aaul, HA pellleHre OTBOAUTCS IISITh YacCoB.
3amaun pa3douThl Ha MOA3aHauN, 3a KaKAYI0 U3 KOTOPbIX HAUMUCISIIOTCS OaslIbl.
XOTS yYaCTHUKM SIBJISIIOTCSI WIeHAaMM KOMaH[bl, CODEBHYIOTCSI OHM CAMOCTOSI-
TeJIbHO.

Yuactauky [0] oTOMpaloTcs Ha HallMOHAIbHBIX onuMnmaaax. 101 mpeminect-
ByeT MHOXECTBO peruvOHajbHBIX COPEBHOBaHWMI, Harnpumep: bantwmiickas
onummuazga no mHpopmaruke (BOI), LlenTpanbHo-EBpomneiickas onMmmnuaza
no nudopmatuke (CEOI) n AsuaTtcko-TuxooKeaHCKast onMMImMasa mo mHopop-
matuke (APOI).

ICPC (MexxnyHapoaHas CTyieHuecKas OJMMIIMaa rno mporpaMMupOBaHUIO)
MMPOBOANTCS €KeTrOAHO JIJISI CTYAeHTOB YHUBEPCUTETOB. B Kask10i1 KoMaHe TP
yJacTHMKa; B oinume ot 101, cTymeHThl paboTaloT BMeCTe, M KaKI0i KOMaHIe
BbIZIEISIeTCS TOJIbKO OAMH KOMIbIOTEP.

ICPC BK/IIOUYaeT HECKOJIbKO 3TAIllOB, JIyUlllMe KOMaHIbl IPUIIALIAIOTCI Ha
(uHaNMBHBIN 3TAll MMPOBOTO MEePBEHCTBA. XOTS B COPEBHOBAHUM MIPUHUMAIOT
yJacTue ThICSUYM CTYAEeHTOB, KOJIMYECTBO YYaCTHUKOB (hMHala OrpaHUMYEHO!,
ITO3TOMY Ja’ke CaM BBIXO[ B (DMHAJ CUUTAETCS OOBIIMM JOCTVKEHMEM.

Ha copeBHoBanuu ICPC y KOMaH/bI €CTh MSITh YaCOB HA pellleHne MPUMEPHO
IecsiTU aJTOPUTMMUECKUX 3a/1au. PellieH1e 3aCUNTBIBAETCS, TOJIBKO €CJIU TTPOT-

! Tounoe KomMuecTBO yuaCcTHUKOB (MHAJIA OT rofia K rogy Mensiercst. B 2017 romy ux 6b110 133.



1.2.00 310/ KHUre <+ 19

paMMa IIpoIiyia BCe TeCThI U ITOKa3aJja CBOIO 3(1)(1)6KTI/IBHOCTIJ. B xone COpeBHO-
BaHMA YUACTHUKU MOTYT BUOETDb PE3Y/IbTAaThl COIIEPHMUKOB, HO B Ha4aJI€ IIITOI0
yaca tabyo 3aMOPaKMBAETCA, M Pe3YyJIbTAaThbI ITOCIEAHUX ITPDOTOHOB HE BMIHDI.

OnsaiftHOBBIE cOpeBHOBaHMs. CyIeCTByeT TaKske MHOTO OHJIATHOBBIX CO-
pPEBHOBAHMIA, Ky/la IOITyCKAIOTCS BCE sKealolie. B HacTosmmuit MOMeHT Hanbo-
nee aktuBeH caiiT Codeforces, KOTOPBIN OpraHM3yeT KOHKYPCHI TTOUTH KasKAYIO
Henento. OTmeruM Takke caitTbl AtCoder, CodeChef, CS Academy, HackerRank
u Topcoder.

HekoTopble KOMIaHUYM OPTAHM3YIOT OHJIATHOBbIE COPEBHOBAHMUS C OUHBIMU
dunanamu, Hanpumep: Facebook Hacker Cup, Google Code Jam 1 Yandex.Algo-
rithm. PazymeeTcs, KOMIaHUM UCIIOb3YIOT TaK1e COPEBHOBAHMSI [IJIsI TTOmbopa
KaJpOB: IOCTOMHO BBICTYIIUTh B COPEBHOBAHMUM — XOPOIINIi CITIOCOO JO0Ka3aTh
CBOM TaJIAaHThI B TPOTPAaMMMUPOBAHUM.

1.1.2. PekomeHOayuu xenarowum noy4acmeosams

YT0ObI HAYYMUTHCS OIVMITMATHOMY ITPOTPAaMMMUPOBAHNIO, HY’KHO HATIPSKEH-
HO paboTraTh. Ho c1toco60B Mpro6pecTyt MpakKTUIEeCKMi OTIBIT MHOTO, OJTHY JTy4-
11e, Ipyrme xyxe.

Peiast 3aaun, Hy>KHO MUMETb B BUJIY, UTO He TaK BayKHO KOJIUUECMB0 pellleH-
HBIX 3a/1a4, KaK UX Kauecmeo. Bo3HMKaeT coba3H BbIOMPATH KpacUBbIE U JIET-
Kye 3aJ1auM, IPOITYCKasi T€, UYTO KAXKYTCS TPYAHBIMU U TPEOYIOIIMMM KPOITOT/IN-
BOro TpyAa. Ho 4To6bI OTTOUNTH CBOM HABBIKM, HY;KHO OT/IaBATh IIPEAIIOUTEHNE
MMEeHHO 3aJlauaM BTOPOTO TUIIA.

BaskHO 1 TO, YTO GOJBIIMHCTBO OJIVMMITMAIHBIX 3a4a4 PEIlaeTcsl C TTOMOIIIbIO
MPOCTOr0 ¥ KOPOTKOTO aJITOPMUTMa, caMoe TPyaHOe — MPUAyMaTh 3TOT ajro-
puTM. CMBICJT OTMMIIMAHOTO TIPOrPaMMUPOBAHMSI — HE B 3ayYMBAHUM CJIOXK-
HBIX ¥ MaJIOIIOHSITHBIX @JITOPUTMOB, @ B TOM, UTOOBI HAYUMTHCS PeIIaTh TPY/I-
HbI€e 3aa4UM, 00XO/ISICh IIPOCTBIMM CPEACTBAMM.

HakoHell, ecTb Jito[1, IIpe3upalolie peaansalnio aropuTMoB, UM T10OCTaB-
JiSIeT YO0BOIbCTBYE TPOEKTUPOBATH aJITOPUTMBI, a peaan30BbIBaTh UX CKYUHO.
OmHako yMeHMe ObICTPO UM IPaBWIBHO Peaan30BaTh aiTOPUTM — BaKHOE IIpe-
MMYILECTBO, ¥ 3TOT HaBBIK MOAJAETCSI TPeHUPOBKe. byaeT oueHb IJI0X0, eC/In
BbI IIOTPATUTE GOJIBIITYI0 YaCTh OTBEIEHHOIO BpeMeHM Ha HamyMcaHue Koaa U
TTOMCK OIIMOOK, a He Ha 06TyMbIBaHME TOTO, KaK PEIINTh 3a/1a9y.

1.2. 06 aT0OM KHUre

Ipozpamma IOI [15] onpepnensiet, Kakue TeMbl MOTYT MpeajiaraTbcss Ha Mex-
OYHApOIOHbBIX OoNMMMMagax mo uHpopmaruke. iMeHHO 3Ta mporpaMmma crajia
OTIIPAaBHOI TOUKO# mpu orbope maTtepuana. Ho obcyxparoTcs Takxke 6osee
CJIO’KHBIE TeMbl, KOTOpble uckiwueHsl 13 101 (1o cocrosuuio Ha 2017 roxm), HO
MOTYT BCTpPeUYaThbCsl B APYIMX COPeBHOBaHMUSIX. K HMM OTHOCSITCS, Hampumep,
MaKCUMaJbHble IOTOKM, UTPa HUM U CYDPUKCHBIE MAaCCUBBI.
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MHorue TemMbl OJIMMITMAIHOTO ITPOTPAMMMPOBAHMS OOCYKIAIOTCS B CTaH-
IApTHBIX yUeOGHMKAX I10 aJITOPUTMaM, HO eCTh M oTInumst. Harmpumep, BO MHOTMX
KHUTaX peajn3anyst aJTOPUTMOB COPTUPOBKYU ¥ OCHOBHBIX CTPYKTYP JAaHHBIX
paccMaTpuBaeTCsl C Hy/IS, HO Takue 3HaHMS Ha OJMMITMAZEe HeCylleCTBEHHBI,
ITIOTOMY YTO MOXHO T0JIb30BaThCSI CPECTBAMM M3 CTAHIAPTHOM OMOIMOTEKNA.
C Ipyroii CTOpPOHBI, HEKOTOPbIE TEMbI XOPOIIO M3BECTHBI B OJIMMITMATHOM CO-
o0b11ecTBe, HO peaKo BCTPeUarTcs B yueOHMKax. [IpyMepoM MOXKET CITYKUTh
IepeBO OTPE3KOB — CTPYKTYpa JaHHBIX, KOTOPAsl UCIIOIb3YeTCs /I pelieHust
MHOTHUX 3a/1a4 6e3 mpuBjieueHus: 60ee XUTPOYMHBIX aJITOPUTMOB.

OpmHa u3 1eneii 3TOV KHUTU — JOKYMEHMUpo8ams MpueMbl ONMMITUATHOTO
MIpPOrpaMMMPOBaHMsI, KOTOpble 0OBIUHO OOCYKAAIOTCS TOJBKO Ha Gopymax
u B 6;orax. Tam, rme BO3MOKHO, TAIOTCSI CCHIIKM HAa HAY4YHYIO JTUTEPATypy
1o TakuM MetomaM. Ho cenaTh 3T0 MOKHO He BCeraa, IoTOMY 4YTO MHOTMeE
METOJIbl HbIHE CTAJIX YaCTbIO ()0/IbK/I0pA, i HUKTO He 3HAeT MMEHU IepBO-
OTKpPBIBATEJIS.

Kuura opraHusoBaHa cjieqyoumm 06pasom.

e B rnaBe 2 paccMaTpMBalOTCSI CpeACTBa sI3bIiKa ITporpaMMupoBanust C++,
a 3aTeM 00CYKIAIOTCSI peKypCUMBHBIE aJITOPUTMBbI M TIOPA3pSIAHbIE OTe-
panuun.

» InaBa 3 mocssieHa 3GeKTMBHOCTH: KaK CO3[laBaTh aJrOPUTMBI, CIIO-
coOHbIe OBICTPO 06pabaThIBATh OOJbIIME HAOOPHI JAHHBIX.

e B raBe 4 06CY>KIaIOTCS aITOPUTMbI COPTUPOBKY ¥ ABOMYHOTO ITOMCKA C
yIIOPOM Ha UX IIPUMEHeHMe B TPOEKTUPOBAHNUY aJITOPUTMOB.

e B miaBe 5 maetcs 0630p M36paHHBIX CTPYKTYP JAHHBIX B CTAHIAPTHOM
6ubmoreke C++: BEKTOPOB, MHOXKECTB ¥ OTOOpaskeHUIA.

« InaBa 6 mpeacraBisieT co60ii BBeeHNe B OJMH U3 METOIOB IPOEKTU-
pOBaHMs aJTOPUTMOB — IMHAMMUUYECKOe IIporpaMMypoBaHie. 31ech ke
MIPUBOASITCS IIPMMEPbI 3a/1au, KOTOPhI€ MOKHO PEIIUTh STUM METOIOM.

» B m1aBe 7 paccmaTpuBalOTCS 37eMeHTapHble aJrOpUTMbI Ha rpadax, B
T. 4. TIOUCK KpPaTUyaiImx myTei ¥ MMHMMAaIbHbIe OCTOBHbIE 1€ PEBbSI.

« B m1aBe 8 peub MojizeT o 60iee CJI0KHBIX BOITPOCAX ITPOEKTUPOBAHMS aJl-
TOPUTMOB, B YaCTHOCTY 00 aJrOpMUTMax C MapaiebHbIM IPOCMOTPOM
paspsiioB ¥ aMOPTHU3AI[MIOHHOM aHaJIn3e.

o Tema maBel 9 - adderkTuBHASA 06paboTKa 3aIMpPOCOB IO AMaIa30HaAM
MAacCKBa, TAKMX KaK BbIYMCIEHME CYMM 3JIEMEHTOB U HaXOXIeHMe MU-
HMMAaJIbHBIX 3JIEMEHTOB.

e B rmaBe 10 mpepncTaBiieHbl CIieliajibHbIe aJrOPUTMBbI OJIsSI T€peBbEB, B
T. 4. METOZAbI 06PABOTKY 3aITPOCOB K AEPEBY.

» B maBe 11 o6cykmaroTcst pa3mesibl MAaTEMATUKY, YaCTO BCTPEUAOIIecs
B OJIMMIIMAAHOM ITPOrpaMMMUPOBAHUMN.
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¢ B miaBe 12 onuchIBarOTCS OOMOJHUTEIbHbIE AJITOPUTMBbI Ha rpaq)ax, Ha-
InpmMep MMoMcCK KOMIIOHEHT CUJIBHOM CBSI3HOCTU U BbIUMCIEHME MaKCu-
MaJIbHOT'O ITOTOKaA.

e IyaBa 13 mocBsiieHa reomMeTpmyeCcKuMm ajJiropmrmam, B Hell OIMCaHbl
METObI, ITO3BOJISIOIINE YJIO6HO peniaTb reoMeTpmyYeCKme 3aaadn.

» Bmrase 14 paccMaTpuBaIOTCS METO/IbI PAOOTHI CO CTPOKAMM, B T. U. XEII-
poBaHMe, Z-aIropuTm 1 cyHGMUKCHbIE MACCUBBI.

e B rmaBe 15 06CcykmarTcs M36paHHbIe JOTIOJHUTEIbHbIE TeMbI, HAIIPU-
Mep aJIrTOPUTMbI, OCHOBaHHbIE Ha Mee KBaJIPaTHOTO KOPHSI, M ONITUMM-
3a1Msl AMHAMUYECKOTO MPOrpaMMUPOBAHMSL.

1.3. C6opHuK 3apau CSES

B c6opruke 3adau CSES nipencTaBjieHsbl 3agaum AJ1s1 IPAKTUKY B OIMMITMATHOM
MporpaMMupoBaHnu. PacmonokeHbl OHM B TIOPsIIKE BO3pACTaHUSI TPYLHOCTH,
a B 9TOV KHUTe OOCYKHAIOTCS BCe METOMbl, HeOOXOAMMbIe IJISi UX pelieHMUsI.
C60pHMK 33124 AOCTYIIEH I10 afpecy:

https://cses.fi/problemset/.

[TocMoTpUM, KaKk peuInThb MepBylo 3agauy u3 Hero. OHa Ha3biBaeTcst «CTpaH-
HBIV aITOPUTM» U GOPMYIUPYeTCs CJIeAYIOMM 06pa3oMm.

PaccMOTpUM a/irOpUTM, TPMHUMAIOIINMIT Ha BXOME IIeJI0e TOJIOKUTETbHOe
yunciio n. Ecau n 4eTHO, TO aATOPUTM JIeJTUT ero Ha Ba, a eC/Iv HeYeTHO, TO YM-
HOXXaeT Ha Tpu u nipubasssiet 1. Hapumep, 115t n = 3 ronyyaeTcs Cieqyomias
MOC/Ie10BATEIbHOCTD:

3-10-5—-16—-8—>4—2—1.
Bamia 3aaada 3aK/IKIUaeTcCsda B TOM, 4TOOBI IIpoMOaeIMpoOBaTh BBIIIOJIHEHME
9TOTO aJITOpUTMa OJid JII060T0 3a0aHHOTIO n.
Bxopn,
EQVHCTBEeHHAsI CTPOKa, CoIepsKalasi Lie1oe YICIo N.

Boixop,
[TeuaTaeT CTPOKY, COfep>Kallyl0 BCe 3HaUeHMs, BbIUMC/IsIeMble aJITOPUTMOM.

OrpannuyeHus
e1<n<10°
IIpumep
Bxon:

3

Boixon:
3105168421
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Ora rpobsema MMeeT OTHOIIeHMe K 3HAMeHUTOI eunome3e Kosinamua, KOTo-
past yTBepXKIaeT, UTO OMMCAHHbBIN BBIIIE aJITOPUTM 3aBepIIaeTcs IJIsl JII060To
n. JIo cux op oOHa OCTaeTcsl HeJoKa3aHHOM. Ho B 3T0l 3amave Mbl 3HaeM, 4TO
Havya/IbHOE 3HAUeHMe 11 He MpeBbllllaeT MUIIMOHA, YTO CYLIeCTBEHHO yIIpolia-
eT mpobiemy.

9To mpocTasi 3a7aua MOAeIMPOBaHMsI, He Tpebyomias Ny6oKuX pa3sMblIIie-
HMi1. BOT Kak ee MOKHO 6bUTO ObI permmTh Ha C++:

#include <iostream>
using namespace std;

int main() {

int n;

cin >> n;

while (true) {
cout <K n " "
if (n == 1) break;
if (n%2 ==0) n /= 2;
else n = n¥3+1;

}

cout << "\n";

CHauasa sTa mporpamMmma YUTaeT BXOHOE YKCIIO 1, 3aTeM MO e/INPYeT ajiro-
PUTM U ITedaTaeT 3HaueHMe N [Moc/Ie KaXOoro mara. JIerko IpoBepuTh, UTO 3TOT
KOJ, TIpaBMIbHO 00pabaThIBaeT Cy4aii n = 3, IpUBeIeHHbI B GOPMYIMPOBKE
3aJa4n.

Teneps Bpemst omnpasums 310t Kop, B CSES. [I1g kaskgoro Tecta CSES coobia-
eT, IpOJiieH OH MJIM HeT, ¥ OKa3bIBaeT BXO/, O3KMIaeMblil ¥ peayibHbIl BbIXOL,.

ITo pesynbraTam TectupoBanust CSES dhopMupyeT ciemyrommii OT4eT:

test verdict time (s)

#1 ACCEPTED 0.06 / 1.00
#2 ACCEPTED 0.06 / 1.00
#3 ACCEPTED 0.07 / 1.00
#4 ACCEPTED 0.06 / 1.00
#5 ACCEPTED 0.06 / 1.00

#6 TIME LIMIT EXCEEDED _ / 1.0@
#7 TIME LIMIT EXCEEDED _ / 1.0@
#8 WRONG ANSWER 0.07 / 1.00
#9 TIME LIMIT EXCEEDED _ / 1.00
#10  ACCEPTED 0.06 / 1.00
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OJTO 03HAauaeT, UTO HeKOTopble TecThl Hall Koz npouten (ACCEPTED), Ha He-
KOTOpbIX OKa3asncs cauinkoM MmeayieHHbiM (TIME LIMIT EXCEEDED), a B omHOM
cnyvae gan HeBepHbili pesynbraT (WRONG ANSWER). BOT vk neiicTBUTENbHO
HeOoXXMIaHHO!

[TepBbIM He Tipo1ien TecT Ajas h = 138 367. JIokaJibHO IPOrHaB NPOrpamMmy B
3TOM CJTyyae, Mbl yOeIOMMcsl, UTO OHA JeiiCTBUTENbHO paboTaeT monro. Ha ca-
MOM Jiejie OHa BOOOIIe He 3aBepIlaeTcs.

[TpmumHa OUIMOKYM B TOM, UTO B IPOI[ECCe MOJIETMPOBAHMS N MOKET OKa3aTh-
S CJIMIIKOM OOJIBIIIMM, B TOM UMcJie 60JIblile MaKCMMAaIbHOTO 3HAUeHUS, ITPe] -
CTaBMMOTI'O TUIIOM int. YTOOBI pemnuTh MpobaeMy, JOCTATOYHO 3aMEHUTD TUIT
int Ha long long. Torga moay4mTCs TO, YTO HYXKHO:

test verdict time (s)

#1 ACCEPTED 0.05 / 1.00
#) ACCEPTED 0.06 / 1.00
#3 ACCEPTED 0.07 / 1.00
#4 ACCEPTED 0.06 / 1.00
#5 ACCEPTED 0.06 / 1.00
#6 ACCEPTED 0.05 / 1.00
#7 ACCEPTED 0.06 / 1.00
#8 ACCEPTED 0.05 / 1.00
#9 ACCEPTED 0.97 / 1.00

#10  ACCEPTED 0.06 / 1.00

Kak BMIHO M3 3TOrO INpuMepa, Jaxke B OYeHb MTPOCThI€ AJITOPUTMbI MOTYT
BKPaCTbCSI TOHKME OMIMOKN. ONMyMIIMaHOe MpOorpaMMMpPOBaHMe YUUT, Kak TH-
CaThb aJITOPUTMbI, KOTOpbIE e ICTBUTETHBHO PabOTAalOT.

1.4. pyrue pecypcol

[TomMMoO 3TOJ4, y>Ke eCTb U Ipyrye KHUTU 0 ONMMIMAJHOMY IPOrpamMMupo-
BaHuto. [lepBoii 6p11a KHMUra Skiena, Revilla «Programming Challenges» [28],
Boimeaast B 2003 romy. I[To3sske Bbinia kumra Halim, Halim «Competitive Pro-
gramming 3» [14]. O6e opMeHTUPOBaHbI Ha YMUTATENs], He MMEIOLIero OIbITa
OJIMMIIMAAHOTO TPOTPaMMMPOBAHMSI.

Kuura «Looking for a Challenge?» [7] — cOopHMK TPYIHBIX 3a/1a4, Tpef jiaras-
MIMXCSI HAa TIOMbCKUX OMMMIIMALAX, — pacCUMTaHa Ha 6oJiee MOATOTOBIEHHOTO
yuraTens. CaMoe MHTepeCHOe B Hell — O POOHbBIN aHAIN3 PeIIeHUIA.

PasymeeTcsi, 1jis1 TIOATOTOBKY K OAMMIIMAZaM TMOHOMAYT U OOlMe KHUTU
o aaroputmam. Camasi Bceoobemitonias U3 Hux — kaura Cormen, Leiserson,
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Rivest, Stein «Introduction to Algorithms»? [6], KOTOpYI0 Takke Ha3bIBAIOT
npocto CLRS. 3To mpeKpacHbIii UCTOYHMK JIJIS TeX, KTO XOUeT Y3HaTh 000 BCex
IeTayisIX aIrOpUTMa U O3HAKOMUTBCS CO CTPOTUM J10Ka3aTe/IbCTBOM.

B kuure Kleinberg, Tardos «Algorithm Design» [19] ocHOBHOe BHMMaHMe
yIensieTcsl TeXHUKe MTPOeKTUPOBAHMSI AJITOPUTMOB U BO BCEX JIeTaNISIX 00CYyK-
DAI0TCS TaKye TeMbl, KaK MeTOJ, «pa3iesisil ¥ BJIaCTBY», XaJHble aJlTOPUTMBI,
OMHAMMYecKoe MporpaMMMpOBaHMe U BbIUMCIEHME MaKCMMaabHOIO MOTOKA.
Kuura Skiena «The Algorithm Design Manual» [27] — mpakTnieckoe pyKOBOACT-
BO, cofiepskaliiee OOIIMPHBINM KaTaJIOT BBIUMCIUTENbHBIX 3a/1a4 U CITIOCOO0B UX
pelieHus.

2 Tomac X. Kopmen, Yapnw3 H. Jleiizepcon, Ponansd JI. Pusecm, Knuggopd IlImarin. Anroputmsl. IlocTpoeHne
un aHanus. M.: Bunbsimc, 2016.
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TexHUKa nporpaMMUpPOBaHUSA

B 3TO0I1 ™1aBe mpencTaB/ieHbl HEKOTOpbIe cpeAcTBa si3bika C++, TMojie3Hble B
OJIMMITMaJHOM MPOrPaMMMPOBAHNUM, & TaKKe MpUBeIeHbl TIpUMepbl UCIIONb-
30BaHMS PEKYPCUM U TTIOpA3PSAHBIX OTlepaiuii.

B pasgerne 2.1 paccMaTpMBaOTCS M30paHHbIe BOITPOChl C++, BKII0Uas BBOZ, U
BBIBOJI, pabOTY C UMC/IaMM M CIIOCOOBI COKpaIeHNs KOoaa.

Pa3zgen 2.2 mocBsillleH peKypcUMBHBIM ajqropuTMam. CHauajsia Mbl pacCMOT-
PUM D3JIETAaHTHBIN CIIOCOO ITOPOKIEHMSI BCEX TOIMHOXECTB U IlepecTaHo-
BOK MHOXECTBA C IMPUMMeHEHNEeM pPeKypcuu. A 3aTeM C ITIOMOIIbI0 TIepebopa ¢
BO3BPATOM ITOACUNTAEM, CKOTBKMMM CIIOCOOaMM MOYKHO PacCIOIOKUTb 1 dhep-
3eli Ha [IaXMaTHO JOCKe nxn, Tak YTOObI OHY He 6MJM APYT Ipyra.

B pasmene 2.3 06CysKIal0TCS OCHOBBI MOPA3PSIAHBIX OINepaIuii M UX IpuMe-
HeHMe JJis TpeiCTaBJIeHs TTOIMHOKeCTB MHOKEeCTBaA.

2.1. fI3bIKOBble CpencTBa

TunmuHas onMMIIMagHas mporpaMmma Ha C++ ycTpoeHa 110 TaKoMy 00pasiry:

#include <bits/stdc++.h>
using namespace std;

int main() {
// 30€Cb HaxOLMTCH peleHue

Crpoka #include B Hauase MpOrpamMMblI — crienuduKa KOMIUISITOPA g++, OHA
CITY>KUT [IJIS1 BKIIIOUEHMS BCeii CTaHIapTHON 6ubmmoTekn. Takum o6pasom, He
HY’KHO TIO OTJeJTbHOCTY BKJIIOYATh TaKue 6MOIMOTEKN, KaK iostream, vector U
algorithm; Bce OHM aBTOMAaTUYECKM CTAHOBSITCS IOCTYITHBI.

B cTpoke using OOBSBIISETCS, UTO BCe KIACCHl M (DYHKIMM U3 CTaHAAPTHOM
O6MOIMOTEKM MOSKHO MCITO/Ib30BaTh 6€3 yKasaHus IMpocTpaHCcTBa uMeH. He Gynb
using, Hy;KHO ObUIO ObI IMICATh, K IPUMEDPY, std: : cout, a TaK IOCTATOUYHO ITPOCTO
cout.

[T KOMITWJISIIIAM TTPOTPaMMBbl MCIIONb3YeTCs KOMaH1a Buaa:
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g+t -std=ct+1l -02 -Wall test.cpp -0 test

OnHa nmopokmaeT IBOMYHBIN (aiis test M3 McxomHoro daiina test. cpp. ®rarn
03HAYaKT, YTO KOMOWISITOP NOJDKEH cyieqoBaTh cTaHaapty C++11 (-std=c++11),
OTNITUMMU3UPOBATD KO, (-02) 1 BBIBOAUTD MTpeayIpesKaeHNsI 0 BO3MOKHBIX ITPO06-
Jemax (-Wall).

2.1.1. Beoo u ebigo0

B GO/MBIIMHCTBE OMMMITMAIHBIX 3a/1a4 [IJIsI BBOJA M BBIBOAA MCIIOJIb3YIOTCS
CTaHAApTHBIEe MOTOKMU. B C++ cTaHOapTHBIN IMOTOK BBOAA HA3bIBAETCS cin, a
CTaHJAPTHbIN MTOTOK BBIBOMA — cout. MOKHO TakykKe MCI0Ib30BaTh C-QyHKINN,
Hanpumep scanf u printf.

BXOmHBIMM TaHHBIMM [IJISI IIPOTPAMMBbI OOBIYHO SIBJISIFOTCSI UMCJIa U CTPOKMU,
pasjesieHHbIe IMpoberamMmy 1 3HaKaMyM HOBO¥ CTPOKM. VI3 TOTOKa cin OHM UnMTa-
IOTCSI CTIeAYIOIM 00pa3oM:

int a, b;
string x;
cin > a > b > x;

Takoii Kox paboTaeT B MPeAIIONOKEeHUN, UTO /IeMEHThI TTIOTOKA pa3ie/ieHbl
XOTsT ObI OMHMM TTPO6GEIOM MM 3HAKOM HOBOJi CTpOKM. Hammpumep, rpuBegeH-
HbII1 BBIIIIE KO, MOXET MPOUNTATh KaK BXOJHbIE TaHHbIE:

123 456 monkey
TaK ¥ BXOIHbIE TaHHbIE:

123 456
monkey

IToTok cout MCITIOJIb3YyeTCs OJisd BbIBOOA:

int a = 123, b = 456;
string x = "monkey";
cout <K a K" "Kh K" x < "\n";

BBoI 1 BBIBOZ, YaCTO OKAa3bIBAIOTCSl Y3KMMM MeCTaMy MporpaMmbl. YTOObBI
MOBBICUTH 3(PGhEKTMBHOCTh BBOA-BBIBOA, MOKHO TTIOMECTUTh B Ha4asIo Ipo-
rpaMMblI TaKue CTPOKN:

10s::sync_with_stdio(@);
cin.tie(0);

OTMeTMM, YTO 3HAK HOBO¥ CTPOKM "\n" paboTaeT 6bicTpee, uem endl, ITOTO-
My UuTO endl BCerma COMpOBOXKIaeTcst copocom 6ydepa.
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C-byHKuMM scanf u printf — aJibTepHATHBA CTAHIAPTHBIM MOTOKaM C++.
O6BIYHO OHM PAbOTAIOT HEMHOIO OBICTpPee, HO U MCIIONIb30BATh UX CJIOKHEE.
BoT Kak MOXKHO ITPOYMUTATh M3 CTAHAAPTHOTI'O BBO/IA ABA II€JIbIX YMC/IA:

int a, b;
scanf("%d %d", &a, &b);

A BOT KaK X MOYXHO HameyaTaThb:

int a = 123, b = 456;
printf("%d %d\n", a, b);

MHorma mporpaMma JoJ/DKHA TPOUMTATh LIETYI0 BXOIHYIO CTPOKY, ObITh MOKET,
cofiepsKaliyo mpobesbl. DTO MOXKHO CHeIaTh C TOMOIIbI0 QYHKIMM getline:

string s;
getline(cin, s);

Ectu o6bem JAaHHBIX 3apaHee HEeM3BeCTEeH, TO I10JIe3eH TaKOM LIUKII:

while (cin > x) {
/1 «on

OTOT LMKJI YMTAET U3 CTAHZAPTHOTO BBOJA SJIEMEHTHI OMH 3a IPYTUM, ITOKa
BXOJIHbIE JaHHbIE HE 3aKOHYATCS.

B HEKOTOPBIX OMMMIIMATHBIX CUCTEMAX JIJISI BBOJA ¥ BbIBOJA VICIIOIb3YIOTCS
(daiinbl. B TakoM cyuae ecThb IPOCTOE pellleHue: mmucaTh Kof Tak, OyaTo pabo-
Taellb CO CTAHIaPTHBIMM ITIOTOKAaMM, HO B HAYaJIO MPOrPaMMbI OOaBUTh TaKMe
CTPOKM:

freopen("input.txt", "r", stdin);
freopen("output.txt", "w", stdout);

[Tocne storo mporpamMma OymeT umMTaTh AaHHble M3 daiuia «input.txt», a
3aMMChIBATh B Baiti «output.txt».

2.1.2. Paboma c yucnamu

Ienbie uncia. M3 11e/1bIX TUTIOB B OTMMIOMALHOM ITPOTPAaMMMPOBAHUM Yalle
BCEr0 MUCIIONb3YyeTCs int — 32-pa3psiiHbIii TUIT!, TPUHUMAIOIIMIT 3HAUEHUS U3
nuamnasona —2%...25! - 1 (mpubnmsurenbHo -2 - 10°...2 - 10%). Ecau Tumna int He-
IOCTaTOYHO, TO MOKHO B3SITh 64-pa3psaHbilii TMN long long. JlMamasoH ero
3HaueHmit —2...29 - 1 (mpubmmsurenpHo -9 - 10'8...9 - 108).

Huke onipenenena nepemeHHas Tuna long long:

! Hacamom nese CTaHgapT C++He onpenesdeT TOYHbIe pa3MepPbl UMCIOBbIX TUIIOB, d TPAHUIIBI AMAlIa30HOB

3aBUCAT OT IIATGOPMbI ¥ KOMITMIJIATOPA. B 3TOM paszese ykazaHbl pa3Mepsl, C KOTOPHIMH Bbl, BEpOSITHEE
BCEro, BCTPETUTECh B COBPEMEHHBIX CUCTEMAX.
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long long x = 123456789123456789LL;

Cyddukc LL 03HaUaeT, UTO YMCJIO MMEET TUIT Long long.

TunuyHast ommoka Mpy MUCIOAb30BaHUM TUIIA long long BO3HMKAET, KOTAA
re-TO B IIporpaMMe BCTpevaeTcs elne U Tul int. Hampumep, B ciemyromiem
KOJe eCTb TOHKAs OILINOKA:

int a = 123456789;
long long b = a*a;
cout << b << "\n"; // -1757895751

XoTs mepeMeHHast b umeeT THI long long, 06a COMHOKUTEIS B BbIPAKeHUM
a¥a MMEIOT TUII int, MO3TOMY TUI pe3yjbTaTa ToXe int. M3-3a 3TOrO 3Haue-
HJe b OKa3bIBaeTCsI HeBepHbBIM. [Ipo6ieMy MOKHO PelInTh, U3MEHUB THUIT a Ha
long long mau M3MeHMB caMO BbIpaykeHMe Ha (long long)a*a.

OG6BIYHO OMMMMMAIHBIE 3amaun (GOPMYIMPYIOTCS TakK, YTO TUIA long long
noctaTouyHo. Ho Bce ke MOJie3HO 3HATh, UTO KOMITUJISITOP g++ MOJIePKUBaeT
Takke 128-pas3psaHbiii TUII __int128_t ¢ AuaIa3oHOM 3HaueHmii —21%7,..2127 - 1
(mpubnmsutenbHo —10%...10%). OmHAKO 3TOT TUI AOCTYIIEH HE BO BCEX OJIMM-
MMMagHbBIX CUCTEMAX.

Apudmernka mo moayaw. VIHOTIA OTBETOM SIBJISIETCSI OYEHb OOJIbIIOE
Y10, HO JOCTATOYHO BbIBECTU PE3Y/IbTAT <10 MOAYJI0 M», T. €. OCTaTOK OT
IoejeHus: Ha m (Harpumep, «7 1mo moxysto 10°). Vigesi B TOM, UTO Aaxke KOraa
MCTUHHBIN OTBET OYE€Hb BEJIMK, TUTIOB int 1 long long BCe paBHO AOCTATOY-
HO.

OcCTaToK X OT IeyieHust Ha m o6o3HauvaeTcs x mod m. Harpumep, 17 mod 5= 2,
MOCKOJBbKY 17 =3 - 5 + 2. BakHble CBOICTBA OCTATKOB BbIPAsKalOTCSl CJIELYIOIN -
M1 hopmMyIaMu:

(a + b) mod m = (a mod m + b mod m) mod m;
(a = b) mod m = (a mod m — b mod m) mod m;
(a-b) mod m = (amod m - b mod m) mod m.

OTO 3HAYMT, UTO MOKHO OpaTh OCTATOK ITOC/Ie KaskAOoi oreparyu, Io3TOMY
YylCIa HUKOTJA He CTAaHYT CJIMIIKOM OO/TbIIVMMA.
Hamnpumep, cienyromnit Ko BbraucisieT n! (n ¢pakTopua) 1o MOIY/II0 m:

long long x = 1;

for (int 1 = 1; i <=n; it+) {
x = (x*1)%m;

}

cout << x << "\n";

OO6BIYHO MbI XOTHM, YTOOBI OCTATOK Haxommiicsa B auanasode 0..m — 1. Ho
B C++ M B IPYrux SI3bIKaxX OCTATOK OT JleJIeHUs OTPULIATEIbHOTO YlMCia paBeH
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HYJIIO MJI OTpULIATE/IEH. YToO6BI HE BOSHUKAIN OoTpuLaTeJIbHbIe OCTATKN, MOXK-
HO ITOCTYIIMTH CJIeaAYIOIIMM o6pa30M: CHayvajia BbIUMCJINTD OCTATOK, a eC/Iii OH
OoTpunaTejieH, HpI/I6aB]/ITb m:

X = x%m;
if (x < 0) x +=m;

Ho sto crour AgeaTb, TOJIbKO eC/IN B ITPOrpaMMe BCTPpeUYaeTCs OIiepanys BbI-
UNUTaHNA, TaK UTO OCTATOK MOXKET CTaTb OTPpMUILIaTe/IbHbIM.

Yucia ¢ rraBaloniesi ToO4Koii. B 60/bIIMHCTBe OIMMIIMAIHBIX 3344 LIeIbIX
YyCes JOCTaTOYHO, HO MHOTIa BO3HMKAET IMTOTPeOHOCTH B UMC/IaX C IIaBaloIei
TouKOi1. B C++ Hambosee mone3eH 64-pa3psimgHbIi TUIT double, @ B KOMIIMISITOpE
g++ umeetcs pacimyupenme — 80-pa3psaHbIi TUII Long double. Yale Bcero Tumna
double IOCTaTOYHO, HO Long double JaeT 601ee BbICOKYIO TOUHOCTD.

Tpebyemast TOUHOCTH OTBETA OOBIYHO YKa3bIBa€TCS B (POPMY/IMPOBKe 3a/1aUM.
I[Mporre Bcero mjist BbIBOAA OTBETA MCIIONb30BaTh MYHKIMIO printf U yKa3aThb
KOJIMYECTBO JeCSITUYHBIX IMbp B hopMaTHOI cTpoke. Hampumep, ciienyonmit
KOJI, TlevaTaeT 3HaueHue X ¢ 9 nudpamu rmocie 3amsiToii:

printf("%.9f\n", x);

C ucronb30BaHMeM uMcesI C IJIaBalolleil TOYKOol cBsI3aHa OfHAa CJI0XKHOCTD:
HEKOTOpbIe YMc/Ia HEBO3MOKHO TOUHO MPeACTaBUTh B TaKOM opmare, IosTo-
MYy Hen30eXXHbI OIIMOKM OKpyIJieHust. Harpumep, B ciieaymoIiieM Kofe rmojyJa-
eTcsl 3HaueHMe X, HeMHOI'0 MeHblilee 1, Torjaa Kak mpaBu/ibHOe 3HaueHMe PaBHO
B TOUHOCTU 1.

double x = 0.3%3+0.1;
printf("%.20f\n", x); // 0.99999999999999988898

Yncna ¢ y1aBarolleii TOUKOi prCKOBaHHO CpaBHMBATH C IIOMOIIIbIO OII€PATO-
pa ==, IOTOMY UTO MHOIJIa PaBHbIE€ 3HAUEHMSI OKa3bIBAIOTCS Pa3jIMUHbI 13-3a
olIM6OK OKpyIieHus. boree mpaBMIbHO CUMTATh, UYTO [Ba YMCIa PABHbI, €C/IU
Pas3sHOCTb MEKAY HMMM MEHbIIIE ¢, Te ¢ Majo. Harpumep, B cieayoneM Koje
e=10":

if (abs(a-b) < 1le-9) {
// a n b paBHbl

OTMeTUM, UTO XOTSI UMCIIa C TIJIaBaolnei TOUukoit, BOOOIIe rOBOPSI, HE TOUHBI,
He CJIMIITKOM OOJIbIlINe IeJIble YMC/Ia MPeaCTaB/IsSIOTCs TOUHO. Tak, TUIl double
TO3BOJISIET TOYHO MPEeACTAaBUTh BCE 1eJIble YMCIIa, 110 aOCOMIOTHOV BeJIMYMHE He
fosbIIne 2%,
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2.1.3. CokpaweHue kooa

HNmena Tumnos. KiiroueBoe ¢10BO typedef MO3BOISIET COIMTOCTAaBUTD TUITY TaH-
HBIX KOPOTKOe M. Hanpumep, nmMs long long CAUIIKOM IJIMHHOE, IIO3TOMY
MOYKHO OTIpeAe/IUTb [IJIS1 HeTO KOPOTKUIA IICeBAOHUM L1:

typedef long long 11;
ITocse sToro xop

long long a = 123456789;
long long b = 987654321;
cout << a*b << "\n";

MO>XHO HEMHOTI'O COKPATUTb:

Ll a = 123456789;
Ll b = 987654321;
cout << a*b << "\n";

KiroueBoe ¢j1oBO typedef MPUMEHMMO U K 6osiee CJIOKHBIM Tumam. Hampu-
Mep, HMyKe MbI COTIOCTaB/IsSIeM BeKTOPY LIeJIbIX UMces UM vi, a Iape OBYX LeJIbIX
qycea — TUII pi.

typedef vector<int> vi;
typedef pair<int,int> pi;

Makpocsl. Eile oyt c1rmoco6 cokpaTuTh KO, — MaKpochl. MaKpocC TOBOPUT,
YTO OINpeAerneHHble CTPOKM KOha CaenyeT MOgMEeHUTb 40 KoMmmwisiuyn. B C++
MaKpOChI OTIPeJIeJISIIOTCS C TIOMOIIIbIO KJIFOUEBOTo (JIOBa #define.

Harnpumep, Mbl MOXXeM OIpeeNTh ClIeyIoL[ie MaKpOChI:

#define F first
#define S second
#define PB push_back
#define MP make pair

ITocse uero Kop,

v.push_back(make pair(yl,x1));
v.push_back(make pair(y2,x2));
int d = v[i].first+v[i].second;

MO>XHO COKPATUTb OO:

v.PB(MP(y1,x1));
v.PB(MP(y2,x2));
int d = v[i].F+v[i].S;
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V Makpoca MOTYT ObITh MapaMeTphbl, YTO ITO3BOJISIET COKPAIATh LIVKIbI U
IpyTHe CTPYKTYpbl. Harpumep, MOSKHO OIpeie/InTh TaKoi MaKpoC:

#define REP(i,a,b) for (int i = a; i <= b; i++)
ITocse sToro xop,

for (int 1 = 1; 1 <=n; it+) {
search(i);
}

MOXXHO COKPaTUTbh CJIEAYIOIIMM 00pPa30M:

REP(i,1,n) {
search(1i);
}

2.2. PeKypCUBHbIE€ anropuTMbl

Brarogaps pekypcuu 4acTo yaaeTcsl 3JIeTaHTHO peain30BaTh aITOPUTM. B aTom
paszesnie Mbl OGCYIMM PEKYPCUBHBIE aJTOPUTMBbI, KOTOPbIE CUCTEMATUYECKU
nepe6upaioT MoTeHIMaabHble pelieHus 3amauu. CHavyasa pacCMOTPUM IIO-
POXKIEHMeE ITOAMHOKECTB ¥ TIepeCTaHOBOK MHOXKECTBA, a 3aTeM 06¢cyaum Gosee
06IIy10 TEXHUKY Iepe6Gopa ¢ BO3BPATOM.

2.2.1. [TopoxcdeHue noOMHo}Eecms

B kKauecTBe MepBoro MpMMeHEeHNsI PeKYPCUY PaCCMOTPUM MTOPOsKIAEHME BCEX
MMOJIMHOKXECTB MHOXXeCTBA M3 N 37eMeHTOB. Hampumep, MOAMHOXKeCTBaMMU
{1, 2, 3} ssmiores 0, {1}, {2}, {3}, {1, 23, {1, 3}, {2, 3} u {1, 2, 3. Creayomas pe-
KypcuBHas QyHKUMS search reHepupyeT MOAMHOXeCTBa. OYHKIMST MaHUITY-
JIMPYET BEKTOPOM

vector<int> subset;

KOTOPBIN COmEP>KUT 37IeMEHThI MOJMHOXKeCTBa. UTOObI HAYaTh MOUCK, CeAyeT
BbI3BAaTh QYHKIIMIO C TapamMmeTpoM 1.

void search(int k) {

if (k == ntl) {
// 06paboTaTb NOAMHOXECTBO

} else {
// BKMUYNTb K B MOAMHOXECTBO
subset.push_back(k);
search(k+1);
subset.pop_back();
// He BK/JKWYaTb Kk B MOAMHOXECTBO
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search(k+1);

[Tpu BbI30BeE C mapaMeTpoM k GYHKIMS search pelaeT, cJieqyeT v BKII0YaTh
2J7IeMeHT kK B MHOKECTBO MJIM HET, HO B 000X CTyJasx BbI3bIBaeT ceOst ¢ mapa-
MeTpoMm k + 1. Ecin okasbiBaeTcst, UTo k = n + 1, To QyHKIMS TOHMMAET, UTO BCE
2JIeMEeHThI 00PabOTaHbI U IMIOJMHOKECTBO CTeHePUPOBAHO.

Ha puc. 2.1 mokazaHo MOpokAeHNe TTIOAMHOXeCTB npu n = 3. [Ipu Kakaom
BbI30Be (DYHKIMM BbIOMpaeTCs MO0 BEPXHSIS BETBb (k BKJIIFOUAETCS B IIOAMHO-
SKeCTBO), 60 HYDKHSS (k He BK/IIOUAeTCS B TIOJMHOXECTBO).

{1,2,3}
search(3)<

{1,2}
search(2) ay
search(3)< o
search(l) o)
search(3)< o
search(2)

search(3)< ;3}

Puc. 2.1. [lepeBo pekypcuu Npu NopoxaeHUM NOAMHOXECTB MHOXecTBa {1, 2, 3}

2.2.2. [TopoxcdeHue nepecmaHo8oK

Termeppb pacCMOTPUM 3a7iauy O TIOPOKIEHUNM BCEX MTePeCTaHOBOK MHOXECTBA
13 n anemeHTOB. Harpumep, nepecranoBkamu {1, 2, 3} 6ynyr (1, 2, 3), (1, 3, 2),
2,1,3),2,3,1),(3,1,2) 1 (3,2, 1). U cHoBa 1151 pellieHMSI MOKHO IIPMMEHUTD
pekypcuio. Crengyomast GyHKINS MaHUITYIMPYET BEKTOPOM

vector<int> permutation;
KOTOPBIV COAEPKUT MePEeCTaHOBKY, M MAaCCMBOM
bool chosen[n+1];

KOTODBII JJ151 KsKAOTO 7eMeHTa ITOKa3bIBaeT, BK/IIOUEH OH Y)Ke B IIepeCcTaHOBKY
mau HeT. [ToMcK HauMHaeTCs], Koraa 3Ta GYHKIMS BbI3bIBAETCSI 63 TapaMeTpOoB.

void search() {
if (permutation.size() ==n) {
// obpaboTaTb nepecTaHOBKY
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} else {
for (int 1 = 1; 1 <=n; it+) {

if (chosen[i]) continue;
chosen[i] = true;
permutation.push_back(i);
search();
chosen[i] = false;
permutation.pop_back();

[Ipu Kaxkmom BbI30Be (YHKIMS O00aB/SeT HOBBIN 3JIeMEHT B BEKTOD
permutation M 3allOMMHAeT B MaccuBe chosen, 4To oH 6bLT Jmo6aBiieH. Ecian
pasMep permutation OKa3bIBAeTCS paBeH pa3Mepy MHOXKECTBY, TO TeHepUpPyeTCs
repecTaHoOBKa.

OTmMeTuM, 4YTO B CTaHIApPTHOI OuoOmuoreke C++ wmmeercs QYHKUIMS
next_permutation, KOTOPYIO TaKKe MOXXHO MCIOJIb30BAaThb JJISI TTOPOXAEHWUS
repecTaHOBOK. JTOV (QYHKIMU TepenaeTcsl epecTaHOBKa, a OHA MOPOKIaeT
CJIeyIONTYI0 3a Helt B JieKcuKorpaduueckoM ropsiake. Ciaenayroiias rmporpaMmma
repe6upaeT Bce epecTaHOBKY MHOKeCTBa {1, 2, ..., n}:

for (int 1 = 1; 1 <=n; it+) {
permutation.push_back(i);
}

do {
// 0bpaboTaTb nepecTaHoBKY
} while (next_permutation(permutation.begin(), permutation.end()));

2.2.3. [lepebop c so3epamom

Anroputm nepebopa ¢ 8038pamom HauMHAeT PaboOTy C MYCTOTO PeUIeHUsT U
IIar 3a 1aroM pacumpsieT ero. PeKypcMBHO IepeOupaloTcsi Bce BO3MOKHbIE
CITOCOOBI TIOCTPOEHMS PellleHMs.

B KauecTBe IpuMepa pacCMOTPUM 3a7auy O BbIUMCIEHMI KOTMYECTBA CII0CO-
00B paccTaBUTh N ep3eit Ha JOCKe NxNn, TaK YTOObI HMKaKMe ABa He GUIN IPyT
npyra. Tak, Ha puc. 2.2 TIOKa3aHO JBa BO3MOXHbIX PeIleHus s h = 4.

o o
W W
W W
w o

Puc. 2.2. Bo3aMoxHble cnocobbl paccTaHOBKM 4 dep3eit Ha focke 4x4
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3amauy MOXKHO pelIuTh MeTOIOM Iepebopa C BO3BpaTOM, pacCMaTpuUBas
TOPM30HTA/IM OHY 3a ApPyroi. TouHee, HAa KaXKI0i TOPU3OHTAIM MOKHO pas3-
MECTUTb POBHO OZHOro ¢ep3si, Tak 4To6bl OH He oKasaJics Ion 60eM paHee
IOCTaB/IeHHBIX (ep3eit. OuepemHoe pelleHue OyaeT HalileHO, KOrjaa Ha JOCKY
IIOCTaBJIeHbI Bce n depseii.

Hanpumep, Ha puc. 2.3 IT0Ka3aHO HECKOJIbKO YaCTUUHBIX PeIIeHNI, CTeHepy-
POBAHHBIX A/ITOPUTMOM I1epebopa ¢ BO3BpaToM Ipu n = 4. [lepBble Tpu paccra-
HOBKM Ha HIKHEM YPOBHE HeJONYCTUMBI, TOCKOJIBKY Gep3u 6bI0T APYT Apyra.
Ho ueTBepras paccTaHOBKA IOIYCTMMa, 1 €€ MOKHO TOITOJHUTh IO PellleHMus,
IIOCTaBMB Ha JOCKY ellle OBYX ¢epseit. CoenaTh 3TO MOXKHO €IMHCTBEHHbIM
CII0CO6OM.

w w w w
W w w w
w Y W Y
illegal illegal illegal valid

Puc. 2.3. YactnuHble pelueHms 3a4a4M 0 paccTaHOBKe Gep3ent,
rnoJslyYeHHble MeToAoM nepebopa ¢ BO3BPATOM

A.TII‘OpI/ITM MOXXHO peain30BaThb ¢JIeayHoIIMM O6p3.30M:

void search(int y) {

if (y =n) {
count++;
return;

}

for (int x = 0; x < n; x++) {
if (col[x] || diagl[x+y] || diag2[x-y+n-1]) continue;
col[x] = diagl[x+y] = diag2[x-y+n-1] = 1;
search(y+1);
col[x] = diagl[x+y] = diag2[x-y+n-1] = O;
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[Touck HauMHaAeTCsT BbI3OBOM search(0). Pasmep mocku paBeH n, QyHKIMS
MOACYMUTHIBAET KOJIMYECTBO PEIIeHNIT B TepeMeHHO¥ count. B koge npenrona-
raeTcs, YTO TOPU3OHTAIN U BEPTUKAIU NOCKU IMPOHYMepoBaHbl OT 0 1o n — 1.
Bynyuu BbI3BaHa C rmapaMeTpom y, yHKIMS search romeniaeT ¢pep3si Ha TOpu-
30HTAJIb Y ¥ BbI3bIBAET cebs1 ¢ mapameTpom y + 1. Korma y = n, pelieHue HaiiieHO,
[03TOMY 3HaueHue count yBeanuyuBaeTcs Ha 1.

B maccuBe col 3alIOMMHAIOTCS BepTUKAIN, yke 3aHsIThie hep3siMu, a B Mac-
cuBax diagl u diag2 3alIOMMHAIOTCS AMaroHaIu. 3arpelaeTcst CTaBUTh Gep3st
Ha BepTUKajab WM IMaroHajib, B KOTOPOJ yke HaxomuTcst apyroi ¢gepsb. Ha
puc. 2.4 iokazaHa HymMmepauus BepTUKaJIeil U AuaroHaaen Ijist OCKU 4x4.

0|1]2|3 01123 314|516
011213 1121314 2131415
011213 2131415 1121314
011213 314|516 0O|1(2]3
col diagl diag2

Puc. 2.4. Hymepauus MaccMBOB Npu nofcyete KOMOMHaALMI Ha focKe 4x4

[Toka3aHHBI BbIIIE AJITOPUTM ITepedopa ¢ BO3BPAaTOM FOBOPUT, UTO CYLIECT-
ByeT 92 crioco6a pacctaBuThb 8 ep3eit Ha mocke 8x8. C poCcTOM n MOMUCK OBICTPO
3aMe[IJISIeTCsI, ITOCKOJIbKY YMCIIO PellleHNi BO3pacTaeT SKCIIOHEeHIIMaIbHO. Tak,
Ha COBPEMEHHOM KOMIIbIOTEPE TPeOYeTCs] OKOJIO MUHYTbI, YTOOBI BHIUMCIIUATD
KOJIMYECTBO PacCTaHOBOK 16 dep3eii Ha mocke 16x16 — 14 772 512.

Ha camom pmene mo cux mop HeusBecTeH 3¢G(eKTUBHBIN CIIOCOO MoacyeTa
YIMCJIa PacCTaHOBOK dep3eii aj1st 60/MbIINX n. B HacTosIee BpeMst HauboIbIIee
n, AJis KOTOPOTO Pe3y/bTaT M3BECTEH, PaBHO 27: B 9TOM C/Iyvae CyIIeCTBYeT
234 907 967 154 122 528 paccTaHOBOK. JTO 6bUIO ycTaHOBIeHO B 2016 romy
TPYIINOJi MCCIeI0BaTesIeli, UCIIOIb30BaBIINX IJISI PeLIeHNMs KJIacTep KOMIIbIO-
Tepos [25].

2.3.MopaspsapHble onepauunm

B niporpaMmupoBaHuy n-paspsgHoe 1ie0e YMC/I0 XPaHUTCS B BUIe JBOMUHO-
ro uKcia, comepxkaiiero n out. Hampumep, Tun int B C++ 32-pa3psimHblii, T. €.
J000e YneIIo TUIa int comepskuT 32 6ura. Tak, IBOMYHOE ITpeaCTaBIeHMe YMC-
J1a 43 Tua int uMeeT BUL

00000000000000000000000000101011.

BUTHI B 3TOM IpeacTaBIeHMM HYMepYIOTCSI ClipaBa HaneBo. [[peobpasoBanue
JIBOMYHOTO TpefcTaBienus b, ... b,b b, B necaTuaHOe YMCI0 IPOU3BOAUTCS 110

dbopmye
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b2k+...+b,2*+ b 2"+ b, 2"
Hampumep:
1-29+1-25+1-21+1-20=43,

JIBOMYHOE IpeaCTaBIeHye YMc/Ia MOXEeT ObITh CO 3HAKOM U 6e3 3HaKa. OGbIu-
HO VICTIOJIb3YETCS MPeiCTaBIeHe CO 3HaKOM, IT03BOJISIONIee MPeCcTaBUTh I10-
JIOKUTEJIbHBIE ¥ OTPUIIATEIbHbIE UlMC/Ia. N-paspsgHast epeMeHHast Co 3HaKOM
MOKET CcofepsKaTh JII000e 1e10e UMIIOo B AuanasoHe ot —2" ! no 2" - 1. Hampu-
Mep, TiIl int B C++ 3HAKOBBIIf, TO3TOMY IIepeMeHHast TUIIa int MOXKeT coaep-
SKaTh JII0O0e 1ejoe uncio ot —23! go 23! - 1.

ITepBblit pasps B MpeACTaBJIeHN CO 3HAKOM COEePsKUT 3HaK umcia (0 ajis
HeOTPpUIIATEIbHbIX Uces, 1 — [IJis OTpUIATeIbHbIX), a OCTaJbHbIe N — 1 pasps-
OB — aOCOJIIOTHYIO BeJIMUMHY UMc/ia. VICTIob3yeTcst d0noHUmenbHblii Kod, T. e.
IJIST TIOJTYYeHMsI TIPOTUBOIIOIOKHOTO UMC/Ia HY;KHO CHauyaja MHBEPTUPOBATh
BCe ero OMUTHI, a 3aTeM MPUOaBUTD K pesy/abTaTy eauHuIly. Hanpumep, 1Boud-
HOe IIpeACcTaB/eHme uncia —43 Tuia int MMeeT B/,

11111111111111111111111111010101.

[IpencraBiieHne 6e3 3HaKa MO3BOJISIET MMPENCTABUTh TOJBKO HEOTPHUIIATEb-
Hble YlMC/ia, HO BepXHSisS TpaHulla Auara3oHa 6osbliie. n-paspsaHas lepemMeH-
Hast 6e3 3HaKa MOXKET CofepsKaTh Jiroboe 1enoe uncio ot 0 mo 2" - 1. Hampumep,
B C++ mmepeMeHHasl TUIIA unsigned int MOXeT comepsKaTh JIF0O0e 11e/10e YMUCI0
or 0 go 2% - 1.

Mexmy o60MMM TIpeaCTaBJeHNsSIM CYIeCTBYeT CBSI3b: YMCIO CO 3HAKOM —X
paBHO unciay 6e3 3Haka 2" - x. K mpumepy, cienyroiasi mporpaMma roka3bIBaer,
YTO YMCJIO CO 3HAKOM X = —43 paBHO UMy 6e3 3HaKa y = 232 — 43:

int x = -43;

unsigned int y = x;

cout << x << "\n"; // -43

cout <<y << "\n"; // 4294967253

Eciy uncino 6ombliie BepxXHei rpaHMIlbl AOMYCTMMOTO AyMarna3oHa, TO BO3-
HUKaeT TepernoyiHeHMe. B npeacraBieHny CO 3HAKOM UYMCIO0, CAeAyioliee 3a
2m1— 1, paBHO —2"!, a B IIpeqcTraBieHny 6e3 3Haka 3a 2" — 1 aremyer 0. PaccmoT-
PUM CJIEOYIOIIVIA KO,

int x = 2147483647
cout << x << "\n"; // 2147483647
X+,

cout << x << "\n"; // -2147483648
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[TepBOHAUYAIbHO X IPMHMMAET 3HaUeHue 25! — 1. DTo HauboIbIlIee 3HAUYEHNE,
KOTOpOe MOXHO COXPaHUTb B ITepeMeHHO TUIIa int, MO3TOMY C/iefyoiiee 3a
23! — 1 3HaueHMe paBHO —2°%.

2.3.1. Nopa3psioHbie onepayuu

Onepanusa U. PesynpraTom onepauuu M x & y sBIseTCs YUCIO, IBOUUHOE
MpeficTaBlIeHNe KOTOPOro COAEPKUT eAVMHULIBI B TeX MO3ULIMSIX, HA KOTOPBIX B
MpeaCTaBIeHMSIX X U Y HAXOOSTCS enviHuIIbl. Hanpumep, 22 & 26 = 18, ITOCKONIBKY

10110 (22)
& 11010 (26)
= 10010 (18)

C nnomoiipio onepanuy Y1 MOXHO IIPOBEPUTD, SIBSETCS JIM UMC/IO X UETHBIM,
T.K.X & 1 =0, eciut x veTHo, M X & 1 = 1, eciut x HeueTHO. Boob11ie, x Halleslo
nenutcs Ha 2K, ecn x & (28— 1) =0.

Onepauyst UJIN. PesynbraToMm onepaunu MJIH x | y IBJISIeTCS YACIIO, JBOUY-
HOe IIpeJicTaB/eHye KOTOPOIO CONEPXKUT eIMHUIILI B TeX MO3ULNAX, Ha KOTO-
PBIX XOTsI ObI B OTHOM M3 MPEJCTaBAHMI X U Yy HAXOASITCS equHuIbl. Hampu-
Mmep, 22 | 26 = 30, MOCKOIBKY

10110 (22)
| 11010 (26)
= 11110 (30)

Onepanyss UCKJTIOYAIOIIEE WUJIN. PesynbraTom onepatinu MCK/JIKOYAIO-
HIEE WM x " y IBJISIETCSI YMCII0, IBOMYHOE MTPeACTaB/IeHre KOTOPOTO COAEPKUT
€IVHUIIBI B TE€X MO3UIMSIX, HA KOTOPBIX POBHO B OOHOM U3 TIPEICTABIECHUN X U Y
HaxXOIATCsS equHuUIlbl. Hanmpumep, 22 * 26 = 12, TOCKOJIbKY

10110 (22)
11010 (26)
= 01100 (12)

A

Omnepanyst HE. PesynpraTom onepanuu HE ~x SBIISIETCS YUCIIO, B IBOMIHOM
MpeCTaB/IeHMM KOTOPOTO BCe OMTHI X MHBEPTMpPOBaHbI. CripaBeayinBa popmyna
~x = -x — 1, Hanmpumep ~29 = —30. Pe3ynbraT onepauyunu HE Ha 6GUTOBOM yPOBHE
3aBUCUT OT IJIVHBI JBOMYHOTO MPEeICTaBIEHMSI, TOCKOJIbKY MHBEPTUPYIOTCS BCE
6uThl. Hampumep, B cirydae 32-pas3psimHbIX YMCeI TUIIA int MMeeM:

x= 29 00000000000000000000000000011101
~x=-30 11111111111111111111111111100010

IMopaspsagubnii caBur. Omepaiys ITOpPaspsiIHOTO COBUIAa BIE€BO X << Kk
IOIMChIBAET B KOHEII uicia k Hyjeii, a orepanys mopaspsgHoro CaBuUra BIpaBo
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x >> k ynansiet k mocinegHux 6ut. Harpumep, 14 << 2 = 56, MOCKOJIbKY JBOUYHbIE
npeacrasienus 14 u 56 paBHbl coorBeTcTBeHHO 1110 1 111000. AHa/IOTMYHO
49 >>3=6,110TOMY 4TO 49 11 6 B IBOMUYHOM BU/Jie paBHbI cCOOTBeTCTBeHHO 110001
u 110. OTMeTHM, 4TO orepauusi x << k COOTBETCTByeT YMHOXeHUIO X Ha 2K
a x >> k — genenuto x Ha 2¥ ¢ TOWIEOYIOIIMM OKPYIJIEHMEM C HEIOCTATKOM 10
LIeJI0TO.

ButoBbie Macku. bumogoti Mackoli Ha3bIBaeTCsI YMCI0 Buaa 1 << k, comep-
Kallee B MO3ULIMK Kk eqUHUITY, @ BO BCEX OCTaAbHBIX MO3ULIMSAX — HY/IN. Takyio
MAacCKy MOKHO MCIIO/Ib30BaTh IJIs1 BbIZeIeHMs] OOMHOYHBIX OMTOB. B uacTHOCTH,
k-i1 6uT uKcnaa paBeH egVMHUIIE TOTHA U TOJALKO Torma, korma x & (1 << k) He
paBHO HYJI0. B ciepytoiieM pparmeHTe revyataeTcs ABOMYHOE TIpe/icTaB/eHe
ynuciaa X TUIa int:

for (int k = 31; k >= 0; k--) {
if (x&(1<<k)) cout << "1";
else cout << "0";

AHaJIOrMYHBIM 00pa3oM MOXKHO MOAMQUIIMPOBATH OTAEIbHbIE OUTHI UMC-
na. Beipaskenue x | (1 << k) ycraHaBiuBaeT Kk-ii OUT X B eIMHMUILY, BbIpaskeHye
x & ~(1 << k) cbpacbiBaeT k-ii 6UT X B HYJIb, a BeIpaskeHue x ~ (1 << k) uHBepTUPY-
et k-ii ouT x. [lanee BboipaskeHme X & (x — 1) cOpacbIBaeT rocaegHni e IMHUYHbBIN
OUT X B HYJ/Ib, @ BbIpaskeHyre X & —x cOpachIBaeT B HYJIb BCe eAMHUYHbIE OUTHI,
KpoMme TociaenHero. Beipaxkenue x | (x — 1) MuHBepTUpPYeET BCe OUTHI MOCJIE I10-
cJleHero eqMHMYHOr0. HakoHel, TOJTIOKUTeIbHOE UMCIIO X SIBJISIETCSI CTeNIeHbI0
IBOVKM TOTZA M TOMBKO Toraa, Korma x & (x — 1) =0.

[Ipu paboTe c 6UTOBBIMM MacKaMy HY>KHO IIOMHUTD, UTO 1<<k Bcerga Mmeer
Uil int. CaMblii ITPOCTOJ CITOCO6 co3maTh OMTOBYIO MAcKy Tuia long long —
HanucaTh 1LL<<k.

JonomHuTeabHbIe PyHKIMMU. KOMIUISTOp g++ IIpeJjiaraeT Takxke caemaylo-
e GYHKIMK )1 [ofcyeTa OUTOB:

e _ builtin_clz(x): KOIMYECTBO HYJEN B HaUaae JBOMYHOIO TIpeACTaBe-
HUS;

e _ builtin_ctz(X): KOTMYECTBO HYJEN B KOHIIE ABOMYHOTO NPENCTABIEHNS ;

e _ builtin_popcount(x): KOIMYECTBO €OVHUL] B JBOUYHOM IIpeACTaBJie-
HUN;

e _ builtin_parity(x): YeTHOCTb KOJIMYECTBA €OIUHNL] B IBOMYHOM IIpe[ -
CTaBJIEHUMN.

Otn GYHKUMUM UCIIONb3YIOTCS CJIEAYIOMIMM 06pa3soM:

int x = 5328; // 00000000000000000001010011010000
cout << __builtin_clz(x) << "\n"; // 19
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cout << __builtin_ctz(x) << "\n”; // 4
cout << _ builtin_popcount(x) << "\n"; // 5
cout << _ builtin parity(x) << "\n"; // 1

OTmeTuM, UTO JaHHbIe QYHKIMY TOAIePKMBAIOT TOJBKO YMC/Ia TUIIA int, HO
€CTb TaKKe MX BapMaHThI 151 TUIIA long long, MX MMeHa 3aKaHYMBAIOTCS Cyd-
dbukcom 1.

2.3.2. [l[pedcmasneHue MHOXecme

JTto60e mommMHOKecTBO MHOXKecTBa {0, 1, 2, ..., n — 1} MOXXHO MpeaCTaBUTh
n-paspsiTHBIM 1IeJIbIM YMCIOM, B KOTOPOM eIVHMYHbIe OMThI COOTBETCTBYIOT
9JIeMeHTaM, IIPUHAJIeKaIIM ITOAMHOKeCTBY. Takoii criocob ImpeacTaBaeHus
3¢ deKTMBeH, MTOCKOIBbKY IJISI KAKIOT0 37eMeHTa TpebyeTcsl BCero oauH OUT
MaMsITH, @ TEOPETUKO-MHOXEeCTBEHHbIE OIepaly MOXHO peajn30BaTh C I10-
MOII[bIO TIOPa3PSITHbBIX OTlepaliyii.

Hampumep, mOCKONBKY TUIT int 32-paspsaHbIii, YMCIOM TUIIA int MOXHO
MpeaCTaBUTD JitoO60oe MOAMHOXKecTBO MHOXkecTBa {0, 1, 2, ..., 31}. JIBonuHOe
npencraBiieHne MHOXecCTBa {1, 3, 4, 8} umeeT Bup,

00000000000000000000000100011010,

YTO COOTBETCTBYET umciy 28 + 24 + 23 + 21 = 282,

B mokazaHHOM HIKe Kofe 00bsIBJIeHa ITepeMeHHast X TUIIa int, KoTopasi Mo-
>KeT copepskaTh IMOOMHOXeCTBO MHOxecTBa {0, 1, 2, ..., 31}. 3aTeMm B 3TO mop-
MHOXXeCTBO 100aBJISTIOTCST 37IeEMEHTHI 1, 3, 4, 8 U reyaTaeTcst ero pasmep.

int x = 0;

X |= (1L1);
X |= (1K£3);
x |= (1k<4);
X |= (1<8);

cout << __builtin_popcount(x) << "\n"; // 4
[lanee revaTarTCsl BCe 3JIEMEHTDI, IPUHAAJIeXAIle MHOXECTBY:
for (int 1 = 0; 1 < 32; i++) {
if (x&(1<<1)) cout << 1 <" "y
}

// BoiBoguTca: 1 3 4 8

Onepanuy HajJ MHOXecTBaMM. B Ta6m. 2.1 rmokasaHo, Kak peajn3oBaTh
TEeOpPeTUKO-MHOXeCTBeHHbIe oIlepaly ¢ IIOMOIIbIO Mopa3psaHbiX. Tak, ciie-
OYIOLIMIA KOA, CHavaaa KOHCTpyupyeT MHOecTBa x = {1,3,4,8} ny={3, 6, 8, 9},
a 3aTemM MHOXecTBO Z=x Uy ={1,3,4,6, 8, 9}:
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int x = (1<<1)[(1<<3) ] (1<<4) | (1<<8);
int v = (1<<3)[(1<<6)](1<<8) | (1<<9);
int z = x|y;

cout << __builtin_popcount(z) << "\n"; // 6

Tabnuua 2.1. Peannsaums TeOPETUKO-MHOXECTBEHHbIX OMepaLmii C MOMOLLbIO NOPA3PSAHbIX

Onepauus TeopeTnKo-MHOXECTBEHHas 3anucb MopaspspHas 3anucb
MNepeceyenue anb a&b

Ob6vepguHeHue aub alb

[ononHeHune a ~a

PasHocTb a\b a & (~b)

Cnenyromuii Kon epe6upaeT mogMHoOKecTBa MHoxkecTBa {0, 1,...,n - 1}:

for (int b = 0; b < (1Kn); b+t) {
// 06paboTaTb NOAMHOXECTBO b
}

A 3TOT KOJI, TIepe6GupaeT TOIbKO ITOAMHOKECTBA, CoepsKallye POBHO Kk aje-
MEHTOB:

for (int b = @; b < (1<n); b++) {
if (__builtin_popcount(b) == k) {
// 0bpaboTaTb NOAMHOXECTBO b

}
}
HaxkoHel1, cyieqyooimmii Ko, repebupaeT Bce MOJMHOXKECTBa MHOXKECTBA X:
int b = 0;
do {

// 06paboTaTb NOAMHOXECTBO b
} while (b=(b-x)&x);

BbutoBblie MHOXecTBa B C++. B cranmaptHoii 6ubmmoreke C++ mmeercs
CTPYKTypa bitset, COOTBETCTBYIOIIASI MAaCCUBY, BCE 3JIeMEHTbI KOTOPOT'O PaBHBI
0 win 1. Hampumep, ciiemymoommit Kog, co3gaeT 6MToBoe MHOKecTBO 13 10 arte-
MEHTOB:

bitset<10> s;

s[1] = 1;
s[3] = 1;
s[4] = 1;
s[7] = 1;
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cout << s[4] << "\n"; // 1
cout << s[5] << "\n"; // @

@OyYHKIMS count BO3BpallaeT KOJIMYECTBO eIVHUYHBIX OUTOB B OUTOBOM MHO-
>KeCTBe:

cout << s.count() << "\n"; // 4
K 6MTOBBIM MHOKECTBAM TaKKe IIPYMEHVMbI I0Pa3psiTHbIe OTepalim:

bitset<10> a, b;
/...

bitset<10> ¢
bitset<10> d
bitset<10> e

adb;
alb;



naBa

JdPeKTUBHOCTD

O} deKTUBHOCTD AJITOPUTMOB UTPAET LEHTPAJbHYIO POb B OJMMIIMALHOM
MporpaMMMpoOBaHu. B 3Toit r;aBe Mbl 6yeM M3ydaTh CPeNCTBa, YIIPOIIA0-
1ye mpoeKkTupoBanye 3G GeKTUBHBIX AITOPUTMOB.

B pasmene 3.1 BBOAUTCSI MOHSITIE BpeMEHHO CI0XKHOCTM, KOTOPOe IT03BO-
JISIeT OLIEHUTH BpeMsi paboThl a/ITOPUTMA, He peannsys ero. BpeMeHHast CJTOX-
HOCTb OIMCHIBAET, KaK OBICTPO BpeMsI pabOThI aJifOPUTMa yBEIUUYMBAETCS C
pPOCTOM pa3Mepa BXOAHBIX TaHHbIX.

B paspesne 3.2 mpuBeneHbl ABe 3aaui, KOTOPble MOXKHO PEIINTb MHOTUMU
crroco6amu. B 060X CIydasix 1erko CIIpOeKTUPOBAaTh MeIJIeHHbI aJTOPUTM C
TIOJTHBIM I1epebopoM, HO, KaK BBISCHSIETCS, MOKHO CO31aTh ropaso 6oiee 3¢-
(eKTUBHbBIE aJITOPUTMBI.

3.1. BpemeHHas CNOXHOCTb

BpemeHHas c10#HOCMb aNITOPUTMA — 3TO OIleHKA TOT0, CKOJTbKO BpeMeHM OyeT
paboTaTh AITOPUTM TIPU 3aJaHHBIX BXOAHBIX TaHHbBIX. 3HASI BPEMEHHYIO CI0K-
HOCTb, MbI 324aCTYI0 MOKEM CKa3aTh, JOCTATOUHO JIM aJITOPUTM OBICTPBIN AJISI
perieHust 3a1a4u, Aaxke He peayn3ys ero.

Ins onucaHus BpeMEeHHOM CIOXHOCTU mpumeHsieTcss Hotauus O(...), The
MHOTOTOYMEM IIpefcTaBieHa HeKoTopas GyHKius. O6b19HO 6YKBOI h 0603Ha-
yaeTcsl pa3Mep BXOAHBIX JaHHbIX. Hampumep, ecu Ha BXOJ, MOJAETCSI MacCUB
Yycenr, TO N — 3TO pa3Mep MaccuBa, a eCiu CTPOKa, TO N — IJINHA CTPOKM.

3.1.1. [pasuna eviyucneHus

Ecnu xop BK/IIOYaeT TOMBbKO JTMHENHYIO0 MOCIeA0BaTeIbHOCTh KOMAaH/I, KakK, Ha-
npumep, MOKa3aHHbIN HUXKe, TO er0 BpeMeHHasl CJI0KHOCTb paBHa O(1).

att;

)

bt+;

)

Cc = atb;

BpemMeHHas CJIOKHOCTh I[MK/IA OL€HMBAET YMC/IO BBIIIOTHEHHBIX UTEPAINIi.
Hampumep, BpeMeHHas! CJIOKHOCTH CIeAyIoIIero Koga paBHa O(n), MOCKOIbKY



3.1.BpeMeHHas CIOKHOCTb % 43

KOJI, BHYTPM IIMKJIAa BITIONHSETCS n pas. [Ipy 5ToM npepnoiaraeTcsi, YTo MHOTO-
TOYMEM «...» 0003HAUEH KO/l C BpeMeHHOJ CJIOKHOCThIO O(1).

for (int 1 = 1; 1 <=n; it+) {

BpeMeHHasI CJIOKHOCTh CJIEAYIONIEro Koaa paBHa O(n?):

for (int 1 = 1; 1 <=n; it+) {
for (int j = 1; j <=n; j++) {

Boo6itie, eciiu umeeTcst k BIIOSKEHHBIX IIMKJIOB U B K&KIOM LIMK/Ie riepebupa-
eTCs n 3HAYeHMi, TO BpeMeHHasl CJIOSKHOCTh paBHa O(nk).

BpemeHHasl CJIOKHOCTb He CO0OIIaeT, CKOJTbKO TOYHO Pa3 BBITTOIHSIETCS KOT,
BHYTPMU 1IMKJIa, OHA TTIOKA3bIBAeT JIMIIb IMOPSIOK BeIMUNHbBI, UTHOPUPYS TTOCTO-
SIHHbIe MHOXMUTeM. B TipuMepax HIOKe KO BHYTPM LIMKJA BBIIOJHSETCS 31,
n+ 5 u [n/2] pa3, HO BpeMeHHasi CJIOXKHOCTb B KaXKIIOM ciyuae paBHa O(n).

for (int i = 1; 1 <= 3*n; i++) {

for (int i = 1; i <= n+5; i++) {

for (int 1 =1; i <=n; 1 +=2){

C gpyroit CTOpOHbBI, BpeMeHHasl CJI0KHOCTh C/ieAylolero Koga paBsHa O(n?),
MOCKOJIbKY KOJl BHYTPU IIMKJ/IA BBINONIHSIETCs 1 + 2 +... + n = Ya(n? + n) pas.

for (int 1 = 1; 1 <=n; it+) {
for (int j = 1; j <= 1; j++) {

Ec/iu anropuTM COCTOUT M3 HECKOJIbKMX TOC/IeIoBaTeIbHbIX YacTel, TO 06-
111251 BpeMeHHasl CJIO’KHOCTh paBHA MaKCMMYyMY 13 BpeMeHHbBIX CJIOKHOCTe OT-
IeMbHbIX YacTeit, T. e. caMasi MeJjJIeHHasl YacTb SIBJISIeTCS Y3KMM MecToM. Tak,
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CJIeIYIONIMI KOl COCTOUT M3 TPeX uacTeli C BpeMeHHO ¢1oskHOCTbIo O(n), O(n?)
1 O(n). TToaTomy 06111251 BpeMeHHast CJIOKHOCTh paBHa O(n?).

for (int i

}
for (int 1 = 1; 1 <=n; it+) {
for (int j = 1; j <=n; j++) {

1, i<=n; itt) {

}
}
for (int 1 = 1; i <=n; i++) {
}

MHorma BpeMeHHas CJIOXKHOCTb 3aBUCUT OT HECKOIBKUX (PaKTOPOB, TIO3TOMY
dbopmyna BKIIOUaeT HECKOJIbKO MepeMeHHbIX. Hampumep, BpeMeHHasT CIOK-
HOCTbB CIeyIolero Kkoga paBHa O(nm):

for (int 1 = 1; 1 <=n; it+) {
for (int j = 1; j <=m; j++) {

}

BpeMeHHasl CJIOKHOCTh PEKYPCUBHOV (QYHKIMM 3aBUCUT OT TOTO, CKOJTBKO
pa3 OHa BBI3BIBAETCS, M OT BPEMEHHO! CJIOXKHOCTY OFHOTO BbI3oBa. OO6Ias
BpeMeHHasl CJIOKHOCTb paBHA ITPOM3BEIEHNIO TOTO U Ipyroro. PaccMoTpum, K
MpUMeDpy, CJIeAYIOYI0 (PyHKINIO:

void f(int n) {
if (n == 1) return;
f(n-1);

BbI30B f(n) MpUBOAUT K h BbI3oBaM (yHKIINMIA, M BpeMeHHasi CJI0KHOCTD
Kaxkaoro Bei3oBa paBHa O(1), mo3Tomy 00611ast BpeMeHHas CJIOKHOCTh paB-
Ha O(n).

B KauecTBe elle OJHOTO IIpMMepa PacCMOTPUM CJIeIYIOILYI0 QYHKIINIO:

void g(int n) {
if (n == 1) return;
g9(n-1);
g9(n-1);
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YTo mpoucxXoauT, Koraa 3Ta (GyHKIMs BbI3bIBaeTCs € mapamMeTpom n? CHauva-
Jla OHa OyzeT IBakKAbl BbI3BaHA C IapaMeTpoM n—1, 3aTeM yeThIpe pasa C ma-
paMeTpoM n — 2, IOTOM BOCEMb pa3 ¢ mapaMeTpoM n — 3 u T. 1. Boobie, 6ymer
2k BbI30BOB ¢ mapameTrpom n — k,rme k=0, 1, ..., n — 1. Takum o6pasom, o61ias
BpeMeHHas CJIOXKHOCTh paBHa

1+2+4+...+201=2"—1=0(2".

3.1.2. Yacmo ecmpeuyaroujuecs oueHKU 8peMeHHOU CI0HOCMuU

Huke repeuncieHbl 4aCTO BCTPeUaloecs: OlleHKM BpeMeHHO CJI0OKHOCTHU
aJITOPUTMOB.

O(1) Bpemst pabOTbI arOpUTMa C NOCMOSIHHBIM 8peMeHeM He 3aBUCUT OT
pasMepa BXOAHbBIX JaHHBIX. TUIIMUYHBIM IPUMEPOM MOXKET CITY>KUTh SIB-
Hast GopmyIia, 0 KOTOPO¥ BBIUMC/ISIETCS OTBET.

O(log n) B nozapugpmuueckom anropuTMe pasmep BXOOHBIX JAHHBIX Ha
Ka)KJIOM Illare 0ObIYHO YMEHbIIIAeTCs BABOe. Bpems paboThl 3aBUCUT OT
pasMepa BXOAHBIX JIaHHBIX JIOrapu(pMMUUYecKy, NOCKOAbKY log, n — 310
CKOJIBKO pa3 HY)KHO pa3Ae/nThb 1 Ha 2, YTOOBI TONyUNTh 1. OTMETUM, UTO
OCHOBaHMe Jiorapudma BO BpeMeHHOI CJIOKHOCTM He YKa3bIBaeTcsl.

O(Vn) Anroputm ¢ BpeMeHHOI1 cJIoKHOCTbI0 O(Vn) MepneHHee, uem O(log n),
HO 6bIcTpee, uem O(n). CeLyasbHOE CBOMCTBO KBaJpaTHOI'O KOPHS 3a-
KJII0YaeTcsl B TOM, 4To Vn = n/Vn, T. e. n 91leMeHTOB MOXHO Pa3OuTh Ha
O(Vn) nopuuii no O(Vn) sneMeHTOB.

O(n) JlumeliHpili anrOpuTM IepedupaeT BXOIHbIE JaHHbIE ITOCTOSTHHOE YMC-
710 pa3. 3avyacTylo 3TO HaMIydilas BO3MOKHAsI BpeMeHHas CJI0KHOCTb,
MIOTOMY YTO OOBIYHO, UTOOBI MTOMYYUTh OTBET, HEOOXOAMMO 0OPATUTHCS
K KasK0MY 27IeMeHTY XOTs1 Obl OIMH pa3.

O(n log n) Takast BpeMeHHasi CJIO(KHOCTb YaCTO O3HAYAeT, YTO aJITOPUTM
COpPTUPYET BXOJHbIE TaHHbIE, TOCKOIbKY BpeMeHHas! CJIOKHOCTD 3¢ dek-
TUBHBIX aJITOPUTMOB COpTMPOBKYM paBHa O(n log n). Ectb u apyrast Bo3-
MOXHOCTb — B @JITOPUTMeE UCIIONb3YeTCSI CTPYKTYypa AAHHBIX, OJISI KOTO-
poit kaxkaas onepaiys 3anumaet Bpemst O(log n).

O(n?) KsadpamuuHpili anTOPUTM HEPIKO COMEPKUT IBA BJIOKEHHBIX LIMKIIA.
[TepebpaTh BCce mapbl BXOJHBIX 37IEMEHTOB MOKHO 3a BpeMs O(n?).

O(n®) Kybuueckuli anTOPUTM YaCTO COAEPKUT TPU BJIOKEHHBIX IIMKIIA. Bce
TPOVIKM BXOIHBIX 3JIEMEHTOB MOXXHO repebpath 3a Bpems O(n).

O(2") Takast BpeMeHHasl CJI0)KHOCTb HepelKO YKa3bIBaeT Ha TO, YTO ajIro-
pUTM nepebupaeT Bce MOJAMHOKeCTBa MHOXKeCTBa BXOIHbIX JaHHBIX. Ha-
pumep, MOIMHOXeCTBaMy MHOXecTBa {1, 2, 3} asnstorcesa @, {1}, {2}, {3},
{1,2}{1,3}{2,3} n{l, 2, 3}.



46 < [nasa 3.3QdeKTMBHOCTb

O(n!) Takas BpeMeHHas CJI0KHOCTb 4aCTO O3HAayaeT, UTO aJifTOPUTM Iiepe-
O6upaeT Bce IMepeCcTaHOBKM BXOIHBIX 31eMeHTOB. Hampumep, mepecra-
HOBKaMM MHOXecTBa {1, 2, 3} asnstorces (1, 2, 3), (1, 3, 2), (2, 1, 3), (2, 3, 1),
3,1,2)n(3,2,1).

AJITOPUTM Ha3bIBAETCS NONUHOMUAIbHBIM, €CIT €T0 BpeMeHHasl CJI0KHOCTh
He BbIe O(n*), rme k — KOHCTaHTa. Bce puBeIeHHbIE BhIIIIe OLIeHKY BpeMeHHO
a1okHOCTH, KpoMe O(2") u O(n!), monMHoMMaabHbie. Ha rpakTuke KOHCTaHTa k
00BIYHO MaJia, T0O3TOMY MOJMHOMMA/IbHAS BpeMeHHasl CJIOKHOCTb, I'Py00 roBo-
psi, 03HAYAET, UTO AJITOPUTM MOKET 00pabaThIBaTh OOJbINNE BXOAHbIE JaHHbIE.

BONBIIMHCTBO aJITOPUTMOB B 3TOV KHUTe IOJIMHOMMaIbHbIe. OTHAKO CYLIeCT-
BYeT MHOTO BaKHbIX 3aJlay, [Jisi KOTOPbIX MOJMHOMMATbHbIA JITOPUTM HEU3-
BeCTeH, T. €. HUKTO He 3HaeT, KaK pennTh uX 3G PeKTuBHO. BaskHbIM KJ1acCOM
3aJay, IJisi KOTOPBbIX HEM3BECTEH MOJMHOMMAJbHbBIN aIrOPUTM, SIBISIIOTCS
NP-mpyoHvle 3agaun.

3.1.3. OueHka 3¢ppekmusHocmu

BbIunc/iuB BpeMeHHYIO CJIOXKHOCTDb aJITOPUTMA, Mbl MOKEM ellje 10 ero pea-
JIU3aLyUU TPOBEPUTD, OYIET JIM OH JIOCTaTOUHO 3(PGhEKTUBEH IJIsT PEeIIeHNs 3a-
nauy. OTIIpaBHO TOYKOJ JIJISI OLIEHKY SIBJISIETCSI TOT (PAKT, UTO COBPEMEHHBIN
KOMITbIOTEP MOXET BBIIIOJIHUTh HECKOIBKO COTEH MUJUIMOHOB MPOCTBIX Orlepa-
LIV B CEKYHTY.

Hanpumep, mpeamnoaokuM, 4To s 3a4auy YCTaHOBJIEHO BpeMeHHOe orpa-
HUUYeHMe — He 6ojiee OAHOM CEKYHIbI — M UTO pa3Mep BXOAHBIX JAHHBIX PaBeH
n = 10°. Eciu BpeMeHHasl CJIOKHOCTh aJiropuTMa paBHa O(n?), To OH TO/IKeH Oy-
IeT BBITOJIHUTD opsiaka (10°)? = 10'° onepanuii. DTo 3aiiMeT, 110 MeHbIIIel mepe,
HECKOJIbKO AeCSITKOB CEKYyH/I, TO3TOMY TaKOi aJITOPUTM CJIMIIIKOM MeJIJIeHHbII
17151 pemieHus 3agaun. Ho ecyin BpemeHHast cioxXHOCTh paBHa O(n log n), To Ko-
JIMUEeCTBO oIepaiiuii 6yaeT paBHo Bcero 10° log 10° = 1.6 - 10°, Tak UTO aiTOPUTM
rapaHTMPOBAHHO YKJIIbIBAETCSI B OTBEA€HHbIE PAMKMU.

C Ipyroii CTOpOHbBI, 3Hasi pa3Mep BXOAHbIX JAHHBIX, Mbl MOXKEM NONbIMAMuCsl
yrajiaTb BpeMeHHYI0 CJIOKHOCTb aJITOPUTMA, TpeOyeMyIo [IJIst pellieHusI 3a1aumn.
B Ta6s. 3.1 mpuBeneHbl HEKOTOPBIE TT0JIe3HbIe OLIEHKY B MTPEATION0KEeHUN, UTO
BpeMeHHOe OrpaHMuyeHre paBHoO 1 cekyHze.

Hampumep, eciu pasMep BXOOHBIX AaHHBIX 1 = 10°, TO, BEpOSITHO, MOKHO
OXXIAATh, YTO BpeMeHHasl CJIOKHOCTh asiropuTtMma paBHa O(n) wim O(n log n).
O6namanue 3TO¥ MHGOpPMAaIMeN yIIpoIaeT MPOeKTUPOBaHMEe aJIrTOPUTMa, I10-
CKOJIbKY Cpa3y UCKJII0YaeT MOAX0/Ibl, MIPUBOSIIME K aITOPUTMY C Xy1liel Bpe-
MEHHO CJIO(KHOCTBIO.

[Ipy Bcem mpu TOM BaXKHO MOMHUTH, YTO BpeMeHHasl CJIOXKHOCTb — BCEro
UL OlleHKa 3G dEeKTUBHOCTHM, TTOCKOIbKY OHA CKpPbIBA€T MOCTOSTHHbIE MHO-
xutenu. Harpumep, anropuTM ¢ BpeMeHHOV CJIOXKHOCTbIO MOSKET BBITIOTHSTh
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Kak 1/2, Tak 1 5n orepariuii, a 9TO CyIlleCTBEeHHO BIMseT Ha (paKTuuecKkoe Bpemst
paboThI.

Tabnuua 3.1. OueHka BpeMEHHOM C/TIOXKHOCTM MO pa3Mepy BXOAHbIX AAHHbIX

Pasmep BXOAHbIX AaHHbIX OXupaemas BpeMeHHasi C/I0XKHOCTb
n<10 O(n!)

n<20 0(2")

n <500 o(n?)

n <5000 o(n?

n<10¢ O(nlog n) nan O(n)

n BeNKo O(1) nan O(log n)

3.1.4. @opmanbHbie onpedeneHus

Yto 8 delicmeumenvsHocmu 03HAYAIOT CJIOBA «BpeMsl pPabOThI aJIrOPUTMA CO-
crasnsger O(f (n))»? UToO CylIeCTBYIOT TaK/e KOHCTAHThI C U N, 4TO aITOPUTM
BBITIOJTHSIET He Gosiee cf (n) omepariuii pu JI0OBIX BXOAHBIX JaHHBIX pasMepa
n > n,. Takum o6pasom, HoTauyst O JaeT 6epxHION 2paHuly BpeMeHy paboThl
aJropuTMa IpU JOCTATOUYHO 0ObEeMHBIX BXOIHBIX TaHHBIX.

Hampumep, TeXHUYECKM MPaBWIbHO Oy[eT CKa3aTh, YTO BpeMeHHas CIOXK-
HOCTb CJIeIyIolIero aaropurma pasua O(n?).

for (int 1 = 1; i <=n; i++) {

OmHaxko otieHka O(n) Jyuiiie, TO3TOMY 1aBaTh B 9TOM Ciy4ae oleHKy O(n?) —
3HAUMUT BBOJUTH B 3a0/TysKAeHMe YATATENS, T. K. TI0OOI1 YeIoBeK IpeIonaraer,
yTo HOoTalusl O CIY>KUT AJ1S1 TOUHOM OLIeHKM BpeMeHHO CJIO’KHOCTH.

Ha mpakTuke 4acTO NMPUMEHSIOTCS ellle IBa BapuaHTa HoTauuu. byksoir ()
0003HAUAeTCs] HUMCHAS 2paHuya BpeMeHM paboThl anroputma. BpemeHHas
CJIOKHOCTD anropurma pasHa Q(f (n)), e CyleCcTBYIOT KOHCTaHTBI € M 11, — Ta-
K1e, YTO aJITOPUTM BBITIOTHSIET He MeHee cf (n) oTiepaluii Ipy J0bIX BXOIHBIX
JaHHBIX pa3mepa n > n,. Hakonen, 6ykBoii @ 0603Ha4aeTCs MOUHAs 2PAHULA:
BpeMeHHasl CJIOKHOCTh aJropuTMa paBHa O(f (n)), eci OHa OTHOBPEMEHHO
paBHa O(f (n)) u Q(f (n)). Tak, BpeMeHHasl CJI0OKHOCTb IIPMBEAEHHOIO BBIIIIE aJI-
ropuTma ogHOBpeMeHHO paBHa O(n) u Q(n), MO3TOMY OHA TakKKe paBHa @(h).

OnmcaHHass HOTALMS UCIIOAb3YeTCS BO MHOTMX CUTYyallMsiX, @ HE TOJIbKO B
KOHTEKCTe BPEMEHHOV CJIOKHOCTU aJITOPUTMOB. Hampumep, MOXKHO CKa3aThb,
YTO MaccuB comepskuT O(n) 3eMeHTOB WIN UTO aroputm coctout 3 O(log n)
pPayHOOB.
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3.2. MMpumepnl

B aToMm pasmesie Mbl 06CYIMM JIBE 3aJaUy ITPOEKTUPOBAHMS aJITOPUTMOB, KOTO-
pbleé MOXKHO PeIINTh HECKOTbKMMMU crioco6amu. HauHeM ¢ TTPOCTHIX aITOPUT-
MOB C TTOJTHBIM TTePe6opoM, a 3aTeM IMpeayIokuM 6oree s beKTUBHbIE pellle-
HIisI, OCHOBaHHbIE Ha Pa3/IMUHbIX UESX.

3.2.1. MakcumansHas cymma noomaccueos

HYCTb OaH MaCCHMB n 4YMcCeJl; Hallla IiepBasd 3aada 3aKJII4aeTCda B TOM, YTOOBI
BBIUNCIINTD MAKCUMAJ/IbHYH) CYMMY noaMaccueoe, T. €. HaI/I60)'[bH.IYIO BO3MOJXHYIO
CYMMY ITOCJIegO0BaTe/JIbHbIX 3JIEMEHTOB. 3agava HpMO6pETaET MHTEepeC, Koraa B
MacCCHBE BCTPEUaAIOTCA 3JIEMEHTBI C OTPpUIATE/IbHBIMNY 3HAYECHUAMU. Ha puc. 3.1
TOKa3aHbl MacCUB U €ro IMOAMAaCCUB C MaKCUMMaJ/IbHO CYMMOVI.

—112]14|-3|5|2|-5/2

-1 24 |-3[5]|2|-5|2

Puc. 3.1. NoamaccmBoM C MakCMManbHOM CyMMOW
asnsetcs [2,4,-3,5,2]. Ero cymma pasHa 10

PemeHue co CI0KHOCTBIO O(1%). 3ajauy MOKHO PeIlnTh B J106: IepebpaTh
BCe BO3MOKHBIE TTOJIMACCUBbI, BBIUMCIUTh CYMMY JIEMEHTOB B KaskIOM ITOJI-
MaccyBe ¥ 3alIOMHUTb MaKCMMaJIbHYI0 CYMMY. DTOT aJITOPUTM peaan30BaH B
clefyIolleM Koje:

int best = 0;
for (int a = 0; a < n; att) {
for (int b = a; b < n; b++) {
int sum = 0;
for (int k = a; k <= b; k+t+) {
sum += array[k];
}

best = max(best,sum);

}

cout << best << "\n";

B mepeMeHHBIX a U b XpaHSTCS MepBbIi 1 NOCIeTHUIA MHAEKC ITOAMacCuBa, a
B [IepeMEHHYI0 SUm 3alM1CbIBAeTCS CyMMa ero 3J1eMeHTOB. B mepemeHHOl best
XpaHUTCS MaKCMMasbHasl CyMMa, HaliieHHas B Ipoijecce mMpocMoTpa. BpemeH-
Hasl CJIOKHOCTD 3TOTO0 anroputMma paBHa O(n°), MOCKOJIbKY HAJIUIIO TPU BJIOYKEH-
HBIX IIMKJIa, B KOTOPBIX ITepe6MparoTcsl BXOAHbIE TaHHbIE.
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PemieHne co CI0KHOCTBIO O(n?). AITOPUTM JIETKO crenath 6osee addek-
TUBHBIM, VICKIIOUMB OIMH LMK/, [IJIsT 9TOro 6ymeM BBIUMCISTH CYMMY OJIHO-
BpeMeHHO CO CBMIOM IIpaBOTO KOHIIA IMOAMAaccHBa. B pe3yabraTe momyyaeTcs
TaKoOM KOJI,:

int best = 0;

for (int a = 0; a < n; att) {
int sum = 0;
for (int b = a; b < n; btt) {

sum += array[b];
best = max(best,sum);

}

cout << best << "\n";

[Tocne momo6GHOrO M3MeHEeHMsI BpeMeHHasl C(JIO(KHOCTb CTAaHOBUTCSI paBHA
O(n?).

PemieHue co C105KHOCTBbIO O(n). OKa3bIBaeTCs, UTO 3a1aUy MOXKHO PEINUTh
u 3a Bpems O(n), T. €. JOCTATOYHO ¥ OFHOIO IIMKja. Vimes B TOM, UTOObI JJIst
KakKI0il TO3ULIMKM MaCCHBa BBIUMUISTh MaKCMMaJIbHYI0 CYMMY MOJMAacCHBa,
3aKaHUMBAIOIIErocsl B 3TOM mo3uiuu. Torma Jjs mosydeHns OKOHYaTeTbHOTO
OTBeTa JOCTAaTOYHO OyJIeT B3SITh MaKCMMYM M3 STUX CYMM.

PaccmoTpuM Tof3afady HaxoXAeHUs MoAMaccuBa C MaKCUMMaabHOM CyM-
MOJ1, 3aKaHUYMBAaIOIIerocs B 1o3uiinuu k. EcTb 1Be BO3MOKHOCTH:

1. ITommaccuB COCTOUT U3 eAUMHCTBEHHOI'O 3JIeMeHTa B IMO3ULIUU k.

2. TTogMaccuB COCTOMUT M3 IMOJMACCMBA, 3aKaHUYMBAIOIIETOCS B MO3ULINMA
k - 1, 3a KOTOPBIM C/IeAyeT 37IeMEHT B TTO3ULIUM K.

Bo BTOpOM CjTydae, MOCKOIbKY MbI MIIIeM MOJMaCCUB ¢ MaKCMMaIbHO CyM-
MOJi, CyMMa MOJIMacc1Ba, 3aKaHYMBAIOIIErocs B Mo3uuumn k — 1, Takoke JO/DKHA
OBITH MaKCUMMaIbHOM. TakuM 06pa3oM, 3aauy MOXKHO pelnTh 3¢G(PeKTUBHO,
eI BBIYMUISTh CYMMY MaKCMMaabHOTO MOAMACCHBaA AJISI KaXKIOM MO3UIIUN
MoC/IeTHEeTo 37IeMeHTa cjieBa Halpaso.

AnTOopuUTM peanunsyeTcs Caeayrllei mMporpaMMOii:

int best = 0, sum = 0;

for (int k = 0; k < n; k+t) {
sum = max(array[k],sumtarray[k]);
best = max(best,sum);

}

cout << best << "\n";

B sTOM ajfropuUTMe TOTBKO OAMH I[MKII, B KOTOPOM I1epe6GuparoTcsl BXOJHbIE
IaHHbIe, TO3TOMY €ro BpeMeHHasl CJIOKHOCTh paBHa O(n). JIy4ieii CI0KHOCTH
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,ELO6I/ITI)CH HeJIb34, TIOCKOJIbKY J106071 AJITOPUTM pellIeHMsI 3TO 3a4a4¥ TOJKeH
XOTsI ObI OIVH pa3 IIPpOaHaAJIN3NUPOBATDH KaXKIbI JIeMeHT.

CpaBHeHue 3¢ deRTMBHOCTU. HacKOIbKO MPUBEIeHHbIE BBIIIE aJITOPUTMBbI
3¢ dexkTMBHBI HAa TpaKkTUKe? B Ta61. 3.2 MMoKa3aHO BpeMsI BHITIOJTHEHMS STUX aJl-
TOPUTMOB Ha COBPEMEHHOM KOMIThIOTEpe IJIs1 pa3HbIX 3HAUeHM n. B kaxkmom
TecTe BXOAHbIE JaHHbIE TeHEePUPOBATNCH CJTyUaifHbIM 06pa3oM, 1 BpeMsI uTe-
HMSI BXOOHBIX TAHHBIX HE YUUTHIBAIOCH.

CpaBHeHMe TTOKa3bIBAET, UTO BCE AJITOPUTMBbI pabOTAIOT OBICTPO, €CN pas-
Mep BXOJHBIX JAHHBIX MaJjl, HO TI0 Mepe BO3pacTaHMs pasMepa pPacxoskaeHue
BO BpeMeHM CTAaHOBUTCSI OU€Hb 3aMETHBIM. AJITOPUTM CO CIOKHOCTBIO O(n®)
3amemisieTcs, korma n = 10%, a aaroputm co cIoKHOCTbIO O(n?) — mpu n = 10°.
W muiib anropuTM €O CIOKHOCTBI0 O(n) maske camble OOJIbIEe BXOAHbIE JaH-
Hble 06pabaTbIBa€T MITHOBEHHO.

Tabnuua 3.2. CpaBHEHME BPEMEHM BbINOIHEHMS PA3IMYHbIX aITOPUTMOB BbIYMCIEHUS
MaKCMMasibHOM CYMMbl NOAMaCCUMBOB

Pasmep maccuBa n 0o(n®) (c) o(n?) (c) 0O(n) (c)
102 0.0 0.0 0.0
10% 0.1 0.0 0.0
104 >10.0 0.1 0.0
10° >10.0 5.3 0.0
10¢ >10.0 >10.0 0.0
107 >10.0 >10.0 0.0

3.2.2. 3adaua o deyx ¢pep3sax

Cnepytomiast Hala 3agava 6yaeT Takoi: CKOJbKMMM CIT0cO6amMm MOXKHO TI0-
CTaBUTb HA AOCKY nxn d8yx depseit, Tak 4T0ObI OHM He OMIM ApyT apyra. Ha
puc. 3.2 ITOKa3aHo, YTO Ha AOCKe 3x3 3TO MOXKHO chesaTh 8 criocobamu. O60-
3HauMM @(n) KOJMYECTBO PAacCTAaHOBOK HA mocke nxn. Hampumep, q(3) = 8§,
a B Tabs. 3.3 mpuBemeHsl 3HaueHus q(n) oyst 1 < n < 10.

w w w w

w w w
w w w

Puc. 3.2. Bce BO3MOXHbIe CNOCOObI MOCTaBUTb ABYX (ep3en
Ha JOCKY 3%3,TaK 4ToObl OHKU He Bunun apyr apyra
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Ta6nuua 3.3. 3HaueHus g(n): uncno cnocoboB NOCTaBUTL ABYX
dep3eit Ha [OCKY Nxn, Tak 4ToObl OHU He Bunu apyr opyra

Pasmep pocku Yucno paccraHoBoK q(n)
0

0

8

44
140
340
700
1288
2184
3480

| oo N|on|u| N N[N

=
o

KoHeuHO, 3a/1auy MOKHO PeIllUTh MO-IIPOCTOMY: ITepebpaTh BCe BO3MOKHbIE
paccTaHOBKM JIBYX dep3eit 1 MOACUUTATD Te, B KOTOPBIX ep3u He ObIOT APYyT
npyra. BpemeHHast CJIOXKHOCTb Takoro aaroputma O(n?*), TOCKOMbKY MTO3UIINIO
repBoro ¢ep3si MOXKHO BbIOpaTh h? criocobamMu, a 3aTeM ITIOCTaBUTh BTOPOTO
dep3st n? - 1 crrocobamu.

[TOCKOMBKY UMCIO PACCTAHOBOK PacTeT OYeHb OBICTPO, AITOPUTM UX MO CYE-
Ta M0 OAMHOYKe OyaeT paboTaTh CIUIIKOM MeIjIeHHO 1151 60biiux n. Cieno-
BaTeJIbHO, 7151 CO3AaHMsI 3P HEeKTUBHOTO a/ITOPUTMA HY3KHO IMTPUIYMAaTh CITIOCO0
MoZicueTa pacCTaHOBOK 2pynnamu. [To1le3HO OTMETUTD, UTO OUeHb ITPOCTO IO/ -
CUNTATb, CKOJIBKO KJIETOK ObeT omuH dep3b (puc. 3.3). Bo-nmepBbIx, OH Bcerma
6beT n — 1 KJIeTOK 10 TOPU30HTAM 1 h — 1 KJIeTOK 1o BepTuKain. [lanee mmo obe-
UM ayaroHaussMm ¢gepsb 6beT d — 1 KJIeToK, rae d — YMcIo KJIEeTOK Ha AMaroHajn.
C y4eToM BCEro 3TOTO /IS BIUMCIEHMS UYMC/Ia KIeTOK, B KOTOPbie MOXKHO T10-
CTaBUTb BTOPOTO dep3st, Hy>kHO BpeMst O(1), Tak YTO MbI ITOJTyYaeM aJrTOPUTM C
BpEMEHHOJ CJIOKHOCThIO O(n?).

* * *
* @ * *
* * *

*k *

Puc. 3.3. @ep3b 6bET BCE KIETKU, MOMEYEHHbIE 3HAKOM *
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K 3amaue MOXXHO MOJONTY ¥ MO-APYrOMY, ITOMBbITaBIINCh HAWTU PEKYPPEHT-
Hy10 GOpMYITy JIJIsl TIO/iCUeTa PacCTaHOBOK, T. €. OTBETUTH Ha BOMPOC: KaK, 3HasI
q(n), BBIYuCcanTb q(n + 1)?

YTO0OBI ITOYyYUTh PEKYPCUBHOE pellieHre, 00paTM BHMMAaHMe Ha MOCIeIHIe
TOPU3OHTAIb U BEPTUKAJDb TOCKU hxh (pUC. 3.4). BO-TIepBbIX, YMCJIO pacCTaHO-
BOK, B KOTOPBIX Ha TOC/JeqHe TOPU30HTAIM U Ha TOCIelHel BepTUKaIN HeT
depseit, paBHO q(n — 1). Bo-BTOpBIX, 001IIee YMCIO0 MO3UIMIA Gep3st Ha MOCIe]-
Hei TOPU30HTAIN U Ha MOCIeHel BepTuKaau paBHo 2n — 1. Haxogsguuiics B
9TUX MO3ULUIX Pep3b 6beT 3(n — 1) KIIeTOK, T03TOMY i BTOPOro ¢ep3s ocTa-
ercst n? — 3(n — 1) — 1 nmosuumii. HakoHer, cymecrsyet (n — 1)(n — 2) paccra-
HOBOK, B KOTOPbIX 00a (hep3s1 HAXOAATCS Ha IMOCIeIHEel TOPU3OHTAIM WM Ha
rnocjaenHel BepTukaan. II0CKOMIbKY 3TU pacCTaHOBKU MOCYMUTAHBI IBAKIbI, UX
KOJIMYECTBO HAZ0 BbIuecTh. OOBEAMHIB BCE BMECTE, IIOJTyYaeM PEKYPPEHTHYIO
dbopmyny:

qn)=qn-1)+@2n-)(*-3n-1)-1)-(n-1)(n-2)
=qn-D+2(n-1D*n-2)

U BMECTe C Hell pelieHne CoxkHoCTU O(n).

1707 ?

Puc. 3.4. Bo3aMOxHble no3uuum depseit
Ha nocnefHel ropu3oHTaNu U BEpPTUKANK

OpHako ke CylecTBYeT U 3aMKHYTasi hopMyJia Jisl 3TOV QyHKIUN:

(n)_ﬁ_EJrﬁ_ﬁ
1 ) 3 2 3

KOTOPYI0 MOYKHO J10Ka3aTh MO MHIYKLMU, TTOJb3YSICh PEKYPPEHTHO dhopmy-
JIOM. A pa3 Tak, TO 3aa4y MOXXHO pemnTsb 3a Bpems O(1).



naBa

CopTupoBKa U NOUCK

MHorme 3¢ deKTMBHbIE AJITOPUTMbI OCHOBAHbI Ha COPTUPOBKE BXOMHBIX JaH-
HBIX, ITOCKOJIbKY Gyiaroapsi COPTMPOBKe 3aJauy 4acTO MOXKHO PeIIUTb Ipo-
mie. B 3Toit r1aBe 06CysKIAl0TCSI TeOPHSI U MPAKTUKA COPTUPOBKY KaK CpeICTBa
MMPOEKTUPOBAHMS aITOPUTMOB.

B paspmene 4.1 paccMaTpuBaKOTCS TPU BaKHBIX AITOPUTMA COPTUPOBKU: ITy-
3BIPbKOBAS, IMSIHMEM M MIOACYETOM. 3aT€M Mbl HAYUYMMCS UCIIOb30BaTh aJIro-
PUTM COPTMPOBKY, BKIIOUEHHBIN B CTAHIAPTHYIO0 616aM0oTeKy C++.

B pa3sperie 4.2 1mokasaHo, Kak co3/1aBaTh 3 GeKTUBHbIE aJITOPUTMBbI, UCITOTb-
3ysl COPTUPOBKY B KaueCTBe MOAIIporpamMmMbl. Harpumep, UTo6b1 6BICTPO OTpe-
IeJIVTh, SIBJISIIOTCSI JIM BCE 3JIEMEHThI MacCHBa YHUKAIbHBIMU, MOXHO CHavaia
OTCOPTUPOBATh MAaCCUB, & 3aTE€M MPOCTO MTPOBEPUTH Mapbl COCEAHUX IEMEH-
TOB.

B paspesne 4.3 npefcTaBiieH alrOpuUTM JBOMYIHOTO TTIOUCKA — ellle OAVH BaXK-
HbIVi 37IeMeHT MocTpoeHus 3 (PeKTUBHBIX AITOPUTMOB.

4.1. AnropuTMbl COPTUPOBKMU

OcHOBHas 3amaya COPTMPOBKM (POpMYIMpyeTcs: CAeAyoumMM obpa3oM: HaH
MAaCCUB, COIEPsKaINil N 97IEMEHTOB, TPeOYeTCsT pacIONOKUTh 3JIEMEHTHI B TI0-
psimke Bo3pactaHus. Tak, Ha puc. 4.1 n306paskeH MacCUB 10 ¥ ITOCJIe COPTUPOB-
KI.

Mcxop,Hblﬁmaccns|1|3|8|2|9|2|5|6|

OTcopTHpoBaHHbIM Maccue | 1 | 2 | 2 | 3 | 5 | 6 | 8 | 9 |

Puc. 4.1. MaccmB [0 1 nocsie COpTMPOBKM

B aToMm paspesne Mbl pazbepeM HEKOTOPbIe 001eM3BeCTHbIE AITOPUTMBI COP-
TUPOBKM U U3YUMM UX CBOICTBA. JIETKO CITIPOEKTUPOBATH AJITOPUTM COPTUPOB-
KJ C BpeMEHHO CJIOKHOCThI0 O(1?), HO CYIIecTBYIOT 1 60see 3¢ peKTMBHbBIE ajl-
ropuTMbl. OGCYIVB TEOPUIO COPTUPOBKM, MBI TIEpeiaeM K ee IMPaKTUIeCKOMY
MCITOTb30BAaHMIO B ITporpaMmax Ha C++.
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4.1.1. lNy3bipbkosas copmuposka

ITy3bipbK08as cCOpmMuUpPo8Ka — MPOCTOV aITOPUTM C BPEMEHHO CJIOKHOCTBIO
O(n*). OH COCTOUT U3 N PayHI 0B, HA KAXKIOM M3 KOTOPBIX 0OXOISTCS 3IEMEHThI
MaccuBa. Eciiu Ba coceHMX 3/IeMeHTa PacIiooskeHbl He B TOM TOPSIKE, TO
OHM TePeCcTaBIISIIOTCS. Peasn30BaTh aJIrTOPUTM MOXKHO C/IeIYIONMM 06pa3om:

for (int 1 = 0; 1 < n; i++) {
for (int j = 0; j < n-1; j+t) {
if (array[j] > array[j+1]) {
swap(array[j],array[j+1]);
}

[Toce mepBOTO payHia camMblif OOBIION 3JIEMEHT OKasKeTCsSI B IPaBUIbHOM
nosuiiumn. Boobiie, rmociae k payHI0B B IPaBMJIbHBIX MO3UIMSIX OYIYT HAXO-
OUTBCST k caMbIX 60bIINX 371eMeHTOB. CiieoBaTe/bHO, IOC/Ie N PayHI 0B BeCh
MaccuB OyIeT OTCOPTUPOBaH.

Ha puc. 4.2 mokasaH IepBblil payH[, ITy3bIpbKOBOJ COPTMPOBKYU MacCHBa.

1[3)8]2]9]2]5]6
113|2]8]9]2[5]6
%
1[3)2]8]2]9[5]6
S
1[3[2)8|2|5[9]6
S
1[3)2]8]2]5]6]9

Puc. 4.2. lNepBbiit payHA, Ny3blpbKOBOM COPTUPOBKM

[Ty3bIpbKOBasi COPTUPOBKA — IIPUMMeEp aJTOPUTMa COPTUPOBKYU, B KOTOPOM
MepecTaBJISIIOTCST TOJIbKO COCe0HUe 3JTIeMEeHThl MacCuBa. BpeMeHHas CJIOKHOCTb
TaKOTO aJITOPUTMa 006513amesibHo He jryuiiie O(n?), TOTOMY 4TO B XyIIIEM CTydae
noTpebyeTcst BHITTOMHUTD O(n?) mepecTaHOBOK.
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NuBepcumn. [ aHanm3a aiTOPUTMOB COPTUPOBKM TOJIE3HO TTOHSITHE UH-
gepcuu. Tak Ha3bIBaeTCs Mapa MHIEKCOB MaccuBa (d, b) — Takasi, UTo a < b u
array[a] >array[b],T. e. 3eMeHTbI MacCKBa PACIIOIOKEHbI HE B TOM MOPSIAKE, B
KaKoM HY>kHO. Ha puc. 4.3 umeetcst Tpu uuBepcuu: (3, 4), (3,5) u (6, 7).

0O 1 2 3 4 5 6 7
1121263 [5]9]8

Puc. 4.3. B 3tom maccuse Tpu nHsepcun: (3, 4), (3,5) n (6,7)

OT KoMMUecTBa MHBEPCUI 3aBUCUT 00beM pabOThI, KOTOPYIO HYKHO TTpojie-
JIaTh JJi COPTUPOBKM MaccuBa. MacCuB TMOTHOCTbIO OTCOPTMPOBAH, KOTga B
HeM HeT uHBepcuii. C Ipyroi CTOPOHBI, eCJIU 3JIEMEHTBI MacCHBa PACIIONIOKEHbI
B 00paTHOM TOPSIAKE, TO YMCJIO MHBEPCUIT MaKCMMaIbHO ¥ PaBHO

14+24..+(n—1) =@= o),

[lepecTaHOBKA Mapbl COCEOHUX 37I€MEHTOB, PACIIONIOKEHHBIX He TI0 MOPSI[I-
KY, YCTpaHsieT pOBHO OHY MHBepcuio. [loaToMy eciii airopuTMy paspeliaeTcs
MepecTaBIsiTh TOMbKO COCEIHME 3JIEMEHTHI, TO €er0o BpeMeHHasl (JIOKHOCTb He
MOKeT ObITh Jyuiie O(n?).

4.1.2. Copmupoeka cnussHueM

Yrob6nl co3maTh 3(PdEKTUBHBIN aJITOPUTM COPTUPOBKM, TpeOyeTcs Iiepe-
YIOPSIIOUYMBATD JIEMEHTDI, HAXOASIIVECS] B Pa3HbIX YacTsIX MaccuBa. Cymiect-
BYeT HECKOJTbKO TaKMX aJITOPUTMOB, paboTaronux 3a BpemMs O(n log n). OguH 13
HUX — COPTUPOBKA CIMSIHMEM — OCHOBAH Ha PEKYPCUU. DTOT aJITOPUTM COPTH-
pyeT nmogmaccuB array|a ... b] ciepyoumm ob6pasom:

1. Ecnu a=b, He nenaTb HUYETO, TOCKOJIbKY MOAMACCUB, COEPKaLMi1 BCETO
OJIVH 3JIEMEHT, Y>Ke OTCOPTUPOBaH.

BrIunc/inThb Mo3uIMio cpeiHero saemMeHTa: k = |(a + b)/2].

PeKkypCcMBHO OTCOPTMPOBATh MOMACCUB array|a... K].

PeKkypcuBHO OTCOPTUPOBATh MoAMaccuB array[k + 1 ... b].

Cumb OTCOPTUMPOBAHHBIE TIOJMACCUBDI array[d... k] M array[k+ 1...b] B
OTCOPTMPOBaHHbBIN MTOAMACCUB array[d... b].

[ W NN I NS

Ha puc. 4.4 mokaszaHo, Kak COPTUPOBKA CAUSHMEM ITPUMEHSETCSI K MacCUBY
13 BOCbMM 37eMeHTOB. CHavasia MaccuB pa3bMBaeTcsl Ha ABa MMOAMACCHBA U3
yeThIpexX 37IEMEeHTOB. 3aTeM KaKIbIii MaCCUB COPTUPYETCST peKypCcuBHO. U Ha-
KOHelIl, OTCOPTMPOBAaHHbIE MOAMACCUBbI CIMBAIOTCSI, 0Opa3yss OTCOPTUPOBAH-
HBIi MacCUB U3 BOCbMM 3JIEMEHTOB.

CopTtupoBka ciausHueM — 3 (GeKTUBHBIN aITOPUTM, TTOCKOIbKY Ha KaskAOM
are pasmep IoaMacCuBa YMEHbBIIIAeTCs BABOE. A IJIsT CIVSTHUS YK€ OTCOPTHU-
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POBAHHBIX MTOAMACCUBOB JOCTATOUYHO JIMHEITHOTO BpeMeHM. Tak Kak ypoBHel
pexypcuu O(log n), a 06paboTka Ha KKIOM YpoBHe 3aHMMaeT BpeMs O(n), TO
BpeMeHHasl CJIOKHOCTb ajiropuTma paBHa O(n log n).

1(3(6(2(8(2]|5]9

112(2(3|5|/6[8]9

Puc. 4.4. CoptpoBKa Macc1Ba C/IMSHUEM

4.1.3. HuxHaa 2paHuya epeMeHHoli CI0XHOCMU COpmMuUpoeKu

MO3KHO JIM OTCOPTMPOBATh MaccuB ObIcTpee, yeM 3a BpeMs O(n log n)? Oka-
3bIBAETCSI, UYTO HET, €CIM OTPaHUUUTHCS aITOPUTMaMM, OCHOBaHHBIMM Ha CPaB-
HEHUU JIEMEHTOB.

YT06bI JOKA3aTh HIKHIOK I'PAHMITY BPeMEHHOI CJIOKHOCTH, GyemM paccMmar-
pUBaTh COPTUPOBKY KaK IIPOLIECC, B KOTOPOM CpaBHEHME IBYX JIEMEHTOB JaeT
IOTIOJIHUTEebHYI0 MH(pOpMalio o MaccuBe. Ha puc. 4.5 mokasaHo fiepeBo, CO3-
JIlaBaeMoe B XOJle 3TOro Impoiecca.

x<y?

/\

x<y? x<y?

AN AN

x<y? x<y? x<y? x<y?

SN N SN N

Puc. 4.5. Xopa BbINONHEHMS anropuTMa COPTUPOBKM — CpaBHEHME IN1EMEHTOB MAacCMBa

31ech «x < y?» 03Ha4aeT, YTO CPaBHMUBAIOTCS 3JIeMeHThI X U y. Ein x < y, TO
BbIOMpaeTcs JieBasi BETBb JlepeBa, MHaue — rmpasasi. PesyabraTom mpoiiecca siB-
JISIeTCS MHOXKEeCTBO BCeX BO3MOXKHBIX CITOCOOOB PACIIONOKUTD 3JIeMEHThI Mac-
c1Ba, Bcero ux n!. [ToaTomy BeICOTa AepeBa JOKHA ObITh HE MEHbIIIe

log,(n!) =log,(1) +1og,(2) + ... + log,(n).
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YTOO6BI MOTYUYUTH HVKHIOKO OLIEHKY 3TOV CyMMBbI, OCTAaBMM TOJIBKO MOCTeIHIE
1/2 37IeMEeHTOB ¥ 3aMeHMM KaX/blii 13 HUX Ha log,(n/2). DTO maeT oLeHKy

log,(n!) > (n/2) - log,(n/2),

TaK YTO BBICOTA JlepeBa M UMCIO LIAroB aJIflOPUTMA B XyZAIIeM CJydyae pPaBHbI
Q(n log n).

4.1.4. Copmupoeka nooc4emom

Hwxkasis rpanniia Q(n log n) HerpumeHMMa K aaropMTMam, KOTOpbIe He
CpPaBHMBAIOT 3JIEMEHTBhI MACCHBA, & MCIIOMb3YIOT KaKyi-TO APYTyI0 MHbOpMa-
uuio. [IpymMepoM Takoro ajaropuTMa SIBJISIETCS COpMuposKka noocuemom, mpu
KOTOPOV MacCuB copTupyeTcs 3a Bpems O(n) B TIPeAIIONOXKEeHUM, YTO BCE €T0
37IeMeHTHI — 11esible uncna oT 0 mo ¢ u ¢ = O(n).

MpbI 6y1eM 1CIIOb30BaTh BCIIOMOTATEIbHBIN MacCUB, MHIEKChI KOTOPOTO CO-
OTBETCTBYIOT 3JIEMEHTAM MCXOJHOTO MacCuBa. AJITOPUTM OOXOOUT MCXOMHBIN
MacCUB U BBIUMCIISIET, CKOJIBKO Pa3 B HEM BCTpPEYAeTCs KaKAbI smeMeHT. Ha
puc. 4.6 IOKa3aHbl MCXOIHBIM MaCcCUB M COOTBETCTBYIOLLNI €My BCIIOMOraTeslb-
HbIN MaccuB. Hampumep, B mO3UIIMK 3 HAXOOUTCS 3HAUEeHME 2, TOCKOJbKY 3Ha-
YyeHMe 3 BCTpevaeTcsl B MCXOOHOM MaccuBe 2 pasa.

1(3(6[91913|5]9
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Puc. 4.6. CopTMpoBKa Macc1Ba NoACYeToM

[TocTpoeHme BcnoMoraTe/IbHOTO MaccuBa 3anumaet Bpems O(n). [Tocre sto-
ro CO34aTh OTCOPTUPOBAHHBIN MacCUB MOXKHO 3a BpeMsi O(n), TTOCKOIbKY U3
BCIIOMOTaTeJIbHOTO MaCCMBA MOKHO Y3HAThb, CKOJIBKO Pa3 BCTPEUYAETCS KKIbIN
anemMeHT. Takum 06pa3oM, MoOTHAsE BpeMeHHas CJI0OKHOCTb COPTUPOBKU TIOJ-
cueTom paBHa O(n).

CopTupoBKa IOACUETOM — OUYeHb 3(PGhEKTUBHBIN aArTOPUTM, HO TPUMEHUM
OH, TOJIbKO eCJIM KOHCTAHTa € OCTATOYHO MaJia, TaK YTO 3JI€MEeHTbI MCXOLHOTO
MacCuBa MOXKHO MCIO/Ib30BaTh B KAYeCTBE MHIEKCOB BCIIOMOTraTeIbHOTO Mac-
CUBa.

4.1.5. Copmupoeka Ha npakmuke

Ha mpakTuke MOYTM HUKOT/AA HE CTOUT 3aHMMATBCSI peasn3alnyeit JoMopo-
IIEHHOTO aJITOPUTMa COPTUPOBKM, IMOCKOIbKY B CTaHAAPTHBIX OMOIMOTEKax
BCEX COBpPeMEHHbBIX SI3bIKOB ITPOTPaMMMPOBAHMS YyKe MMEIOTCSI OTIMYHbIE pea-
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nu3anyn. [IpyuauH BeIOpaTh 6MOIMOTEUHYIO (PYHKI[MIO MHOTO: OHA HaBePHSIKa
npaBwibHa, 3PdeKTUBHA, 1a K TOMY e ee JIETKO MCI0/Ib30BaTh.

B C++ dyHKIMS sort 3pdeKTMBHO! COPTUPYET COePsKMMOe CTPYKTYPbI 1aH-
HbIX. Hanipumep, B ciemyioiieM pparMeHTe 37ieMeHTbl BEKTOpPa COPTUPYIOTCS B
TOpsIIKE BO3pacTaHMsI:

vector<int> v = {4,2,5,3,5,8,3};
sort(v.begin(),v.end());

[Tocne copTMPOBKM BEKTOp OyaeT uMmeThb BUL [2, 3, 3, 4, 5, 5, 8]. [To ymonua-
HUIO COPTUPOBKA MPOU3BOAUTCS B MOPSIAKE BO3paCTaHMSI, HO MOXXHO OTCOPTH-
pOBaThb U B MOPSIZIKE YObIBAHWSI:

sort(v.rbegin(),v.rend());
OO6BIYHBIT MAaCCUB MOKHO OTCOPTMPOBATH CIEIYIOUIM 00pa3oMm:

int n = 7; // pa3mep maccuBa
int a[] = {4,2,5,3,5,8,3};
sort(a,atn);

A HIKe TTIOKa3aHO, KaK OTCOPTUPOBATH CTPOKY S:

string s = "monkey";
sort(s.begin(), s.end());

[Ton cOpPTMPOBKOI CTPOKM MOHMMAETCS PacoyioskeHre ee CMMBOJIOB B ali-
dasuTHOM MOpsiAKe. Harpumep, cTpoka «monkey» mpeBpainaeTcst B «ekmnoy».

OmnepaTtopsl cpaBHeHMsI. UTOObI QyHKIINS sort paborasa, st TUIIA COPTU-
pPYyeMBbIX TaHHbIX TOJIKEH ObITh OTIpeieieH onepamop cpasHeHus. Bo Bpemsi cop-
TUPOBKM OH OyIeT MCIIOIb30BaThCsl, KOTIAa TpeGyeTcsl OompeaenThb, Kakoi 13
IBYX 3JIEMEHTOB OOJIbIIIe.

B GOJIBIIMHCTBE TUITOB JaHHBIX C++ MMEIOTCSI BCTPOEHHbIE OITepaTOPhI CPaB-
HEHMsI, TaK UTO 3JIEeMEHTHI TAKUX TUIIOB 6YyT COPTUPOBATHCSI aBTOMATUYECKNA.
Yncsia cCOpTUPYIOTCS 110 3HAYEHMSIM, CTPOKM — B JIEKCUKOTpaduyeckoM Mmopsiji-
Ke. [Tapbl COpTUPYIOTCSI CHAayasIa 1o IepBbIM 3JIeMEeHTaM, a eCJIv OHM PaBHbI, TO
10 BTOPBIM:

vector<pair<int,int>> v;
v.push_back({1,53});
v.push_back({2,3});
v.push_back({1,2});
sort(v.begin(), v.end());

// pesynbTar: [(1,2),(1,5),(2,3)]

1

Craupapt C++11 Tpebyer, uTo6bI GyHKIMS SOTt paborana 3a Bpems O(n log n), hakTuueckasi peanusanmsi
3aBUCUT OT KOMITUJISITOPA.
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To4HO TaK xe KOPTEeXNM COPTUPYIOTCA CHadaJia I10 IIEPBbIM 3JIEMEHTAM, B C/Iy-
Yae X COBIIageHNs — I10 BTOPbIM M T. ,11.22

vector<tuple<int,int,int>> v;
v.push_back({2,1,4});
v.push_back({1,5,33});
v.push_back({2,1,3});

sort(v.begin(), v.end());

// pesynbrat: [(1,5,3),(2,1,3),(2,1,4)]

B ompeneneHHbIX MMOIb30BaTeNIeM KJIaccax OllepaTop CpaBHEHMS aBTOMATH-
yecKu He mnosBisieTcsi. Ero ciemyeTt ompenenuTb B Buae (QyHKIMMU operators,
KOTOpasi IpMHMMAaeT B KaueCTBe mapaMeTpa IPYroil 3JeMeHT TOTO Ke TUIIA.
OmnepaTop Jo/I’keH BO3BpalllaTh true, e/ 0ObEKT, OT MMeHM KOTOPOTO OH BbI-
3bIBaeTCs, MeHbllle TTapamMmeTpa, 1 false B IPOTUBHOM C/Iy4yae.

Harmpumep, nokasaHHas HUKe CTPYKTYypa point COOepsKUT KOOPAMHATHI TOU-
K1 x 1 y. OnepaTop cpaBHEeHUSsI OTIpeesieH TaK, UTO TOUKU COPTUPYIOTCS CHava-
Jia [10 KOOpAMHATe X, a B C/Iy4ae COBIIaLeHMs — 10 KOOpAMHATe y.

struct point {
int X, v;
bool operator<(const point &p) {
if (x == p.x) return y < p.y;
else return x < p.x;
}
b

OYHKIUY CpaBHEHMSA. MOXHO TaKKe OIMpPeNe/NnTh BHEIIHIO (QYHKYUW
cpasHeHus Vi mepenaTh ee PyHKIINM sort KaK GYHKIMIO 00paTHOTO BbI3oBa. Ha-
npuMep, cieayoias QyHKINWS CpaBHUBAET CTPOKM CHavasa I1o JJIMHE, a IIPU
COBIIAJIEHUM — B JIEKCUKOTpa(pMUeCKOM MOPSIIKE:

bool comp(string a, string b) {
if (a.size() == b.size()) return a < b;
else return a.size() < b.size();

Tenepb BEKTOP CTPOK MOXXHO OTCOPTMPOBATH CJIEAYIOIINM 06p830M:

sort(v.begin(), v.end(), comp);

2 OTmeTumM, 4TO B HEKOTOPBIX CTAPbIX KOMITMJISATOPAX OIS CO3OaHMsI KOPTEeXa HY>KHO 6BIJIO UCTIOTH30BATh

¢dyukumio make_tuple, a He mpocto ¢urypHsle ckobku (Hampumep, make_tuple(2,1,4) BMecTo
{2,1,4}).
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4.2. PewneHune 3apa4y ¢ npMMeHEHUEM COPTUPOBKMU

BoiBaer, 4To 3ajauy Jierko pemnThb 3a BpeMs O(n%) ¢ MOMOILbIO TIOJTHOTO Tepe-
6opa, HO TaKkoi1 aITOPUTM OyzeT paboTaThb OJIT0, eCIV pa3Mep JaHHBIX BEJMK.
Boob1iie, mpy TpOeKTUPOBAHUM AJITOPUTMOB YaCTO TPeOyeTCst HaliTH ailTOPUTM
C BpeMeHHOJ1 ci1oskHoCTbIo O(n) miu O(n log n) njist 3ampaum, KOTopast TPUBUAJIb-
HO pemaetcs 3a BpeMs O(n?). OnyiH U3 crtoco60B OOUTHCS ITOV eI — MPU-
MEHUTb COPTUPOBKY.

IlomryCTUM, K IIpUMepY, UTO Mbl XOTUM ITIPOBEPUTD, BCE JIM 37IeMEHTbI MacCuBa
YHUKJIbHBI. MOXKHO GbIIO OBI ITPOCTO CPAaBHUTD BCE TIAPhI 3/IEMEHTOB 32 BpeMs
O(n?):

bool ok = true;
for (int 1 = 0; 1 < n; it+) {
for (int j = i+1; j < n; j++) {
if (array[i] == array[j]) ok = false;

OpHako 3aauy MOKHO pelnTh 3a Bpemst O(n log n), eciu cHavyama OTCOPTH-
poBaThb MaccuB. Torga Bce paBHbIE 3JIeMEHTbI OKaXYTCS PSIIOM, TO3TOMY UX
JIerko Haytu 3a Bpems O(n):

bool ok = true;
sort(array, array+n);
for (int 1 = 0; 1 < n-1; i++) {
if (array[i] == array[i+1]) ok = false;

EcTb elle HECKOJBKO MOXOXMUX 3aJa4d, KOTOPbIe TOXEe PEeLIaloTCs 38 BpeMsi
O(n log n), HanipMMep MOACYET UKCIa PA3JIMUHBIX 37IEMEHTOB, HAaXOXIeHue ca-
MOTO 4aCTO BCTPEUAIOILEerocs 3eMeHTa U HaXOXIeHMe IBYX JIeMEHTOB C MU-
HMMAaJIbHOI Pa3HOCTBIO.

4.2.1. Anzopummel 3amemarowieli npamoli

B anroputme 3amematoujeti npsimoli 3agada MOLENIMPYeTcs] KaK MHOKeCTBO
coOBITHIT, 0OpabaThIBAEMBIX B OIIpeIeIeHHOM Iopsiake. ITycTh MMeeTCst pecTo-
paH, 1 Mbl 3HaeM BpeMsI NIPUX0Jia U YXO/ia BCeX KIMEHTOB B TeueHMe AHS. 3a-
JIaya COCTOUT B TOM, UTOOBI HAMTY MaKCMMaIbHOE YMCJIO KIMEeHTOB, HAaXOAB-
INXCS B peCTOPaHe OJHOBPEMEHHO.

Ha puc. 4.7 mokasaH npumep ¢ 4eTbipbMs knveHTamu: A, B, Cu D. B taHHOM
Clyyae MaKCUMaJlbHOE UYMCIO0 OSHOBPEMEHHO TMPUCYTCTBYIOUIUX KIMEHTOB
PaBHO 3: B IPOMEKYTKe MeXAy MPUX0I0M A 1 yXonoMm B.
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Puc. 4.7. lNpumep 3agaum o pectopaHe

s pemieHust 3agauu OygeM CO3/1aBaTh AJIS1 KaKA0TO KJIMEeHTa ABa COObITHS:
MIPUXO[, U YXO/I. 3aTeM OTCOPTUPYEM COOBITHSI TTO0 BpeMeHM 1 06oiimeM ux. Uto-
6bl HAITX MaKCMMa/IbHOE YMCIO KIMEeHTOB, 3aBeJleM CUeTUMK U Oy[emM yBesn-
YMBaATh €r0 3HAUeHMe, KOrga KAMEeHT NMPUXOOUT, M YMeHbIIaTh, KOIJa YXOOUT.
Haubonbiiiee 3HaueHue, MpUMHMUMaeMoe CYETIYMKOM, U OyIeT MICKOMbBIM OTBETOM.

Ha puc. 4.8 moka3aHbl COOBITHS B HalleM mpumepe. KaxkmoMy KIMEHTY CO-
TIOCTaBJIEHO JIBA COOBITUS: «+» 0003HAYAeT IMPUXO, a «—» — yXo/. Halime HHbI
anroputM pabotaet 3a BpeMsi O(n log n), IOTOMYy YTO COPTMPOBKA COOBITHUIL
3aHumMaet Bpemst O(n log n), a samertanue — Bpems O(n).

©O® ® 00O

Puc. 4.8. PelweHwne 3agayun 0 pectopaHe C NpMMeHeHUEM
aNnropuTMa 3aMeTaroLen NpsmMon

4.2.2. CocmasneHue pacnucaHus

MHorme 3aauM MOKHO pPelinThb, OTCOPTMPOBAB BXOAHbIE JAaHHbIE, a 3aTE€M
BOCIIOJIb30BABIINMCh X#AOHOU CTpaTeruei ajs mocTpoeHust pemenns. JKagHbii
aJITOPUTM BCer/a AenaeT BbIO0P, KOTOPbIN KaskeTCss HAVTydIlMM B JAHHbBIN MO-
MEHT, U BIIOC/IEACTBUY He TlepecMaTpUBaeT IMPUHSTbIe paHee pelieHus.

PaccMoTpuMm cedylonyio 3agauy: 1 COObITHI 3aJJaHbl MOMEHTaMM Hauasa
" KOHIIA, TpeOyeTCsT COCTaBUTh paciiicaHue, BKIIOUamoIlee Kak MOKHO O0JIbIIIe
co6erTHii. Tak, Ha puc. 4.9 npuBemeH MpuMep, KOrga ONTUMAIbHOE pelleHue
BKJIIOUAeT IBa COObITHUS.

L]
I
| |
I

Puc. 4.9. lMpumep 3afaum 0 NNaHMPOBaHUM
M ONTUMaNbHOE pelleHue C ABYMS COObITUAMM

B arT0i1 3amaue cCOPTUPOBATh BXOHbIE TaHHbIE MOKHO HECKOTBKMMM CIIOCO-
6amu. [TepBasi cTpaTerusi — OTCOPTUPOBATH COOBITHSI TIO NPOOOJIHUMENILHOCU VI
BBIOMPATDh camble Kopomkue coobiTusi. Ho, Kak BumHo 13 puc. 4.10, Takas cTpa-
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Terus paboraeT He Bcerga. Torma Ha yM MPUXOAUT ApPyTas Uaess — OTCOPTUPO-
BaTh COOBITUS 10 8peMeHU HaUana ¥ BBIOMPATh B KaueCTBe CJIeAYIOIero coobI-
THe, KOTOpOe HauuHaemcs Kak MOKHO paHsuie. HO 1 17151 3TOV CTpaTerny MOsKHO
HaTU KOHTpIpUMep — cM. puc. 4.11.

]
]
]

Puc. 4.10. Bbibrpas kopoTkoe cobbiThe, Mbl CMOXEM BblOpaTb
TONbKO O4HO COBbITUE, XOTS MOXHO Ob110 Obl BbIOpaTh 062 ANMHHBIX COBbLITUS

L]
]

Puc. 4.11. Boibupaa nepsoe cobbiTHe, Mbl HE CMOXeM BbIOpaTh apyrue,
XOTSl MOXHO 6b1710 6bl BbIOPATL ABA APYrMX COObITUS

TpeTbst umes — OTCOPTUPOBATH COOBITUSI TIO 8peMeHU KOHUA Vi BbIOMPATH B
KavecTBe CJIeAYIOIIero CoObITIE, KOTOPOe 3aKaHUu8aemcs: Kak MOKHO paHslue.
OKasbIBAeTCs, UTO ITOT AJITOPUTM 8ce20d TaeT ONTUMAaIbHOe pelreHue. UToObI
IOKa3aThb 9TO, pACCMOTPUM, UTO ITPOM30IIET, eC/i CHauasIa BbIOpaTh COObITHE,
KOTOpOe 3aKaHYMBAETCSI MMO33Ke, YeM COOBITHME, 3aKaHUYMBAIOIIEeCsT IMePBbIM.
Torma uMciIO0 BapMaHTOB BbIOOpA C/IEAYIONMIETO COOBITUSI OKAKETCS HUKAK He
60sbIIIe, UeM ecu ObI MbI ITOC/IEIOBAIN TIPEIOKeHHO cTpaTeruu. CieqoBa-
TebHO, BBIOOP COOBITHMS, 3aKaHUMBAOIIETOCS TI033Ke, HUKOTa He JACT JTyJIile-
'O pelieHusl, v, 3HAUUT, SKaIHbII aJITOPUTM ITPaBUJIEH.

4.2.3. Pabomobi u CpoKu UCnosHeHus

HaxkoHelr, peAIoaokuM, YTO JaHO n paboT U 1Sl KaXKI0i yKa3aHbl TPOJIOJI-
SKUTEIbHOCTD M Kpaliuuii cpok. Haiila 3ajaua — BbIOpaTh ITOPSIIOK BhITTOTHEHNS
paboT. I Kakmoit paboThl HaM HauuciasieTcst d — x 6ajuioB, Toe d — KpaiiHuit
CPOK MCITOJIHEHMS paboThl, @ X — MOMEHT ee (haKTUUEeCKOTO 3aBepIIeHMs.

Kakoe MakcuMaIbHOE UMC/I0 6a/IJIOB Mbl MOKEM 3apab0TaTh?

IIpearnoaosKuM, 4TO 3aJaHbl TaKue PabOThI:

Pa6ora MpopomkurenoHoctb  KpaitHuit cpok

A 4 2
B 3 10
C 2 8
D 4 15
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Ha puc. 4.12 nokasaHO ONTHMMaJIbHOE pacmHyucaHue paboT B 3TOM IIpuMepe.
[Tpu TakoM pacrucanum 3a C HauncIsieTcst 6 6auios, 3a B — 5 6aju1oB, 3a A Ha-
yycnsieTcs —7 6aios, 3a D — 2 6ayuta. IToro — 6 6a/110B.

0 5 10

€ |B A [D

Puc. 4.12. OntumanbHoe pacnucaHue pabot

OKasbIBAeTCs, YTO ONTUMA/IBHOE PellleHre 3a1a4y BOOOIe He 3aBUCUT OT
KpalfHMX CPOKOB, a ITPaBMU/IbHAS KaIHAsI CTPATETrNS 3aK/II0YAETCS B TOM, YTOObI
BBITIOTHSITh PAObOTHI B nopsidke 803pacmarus hpodoaxcumensHocmeti. [leicTBu-
TeIbHO, eCJIM B HEKOTOPOM pellleHMM CHavasia BbITIOMHSIeTCS IJIMHHAs pabora,
a 3a Heli — 60j1ee KOPOTKasl, TO pelieHe MOKHO YIyJIINTh, TOMEHSIB 3T! 1B
paboThI MeCTaMMI.

Ha puc. 4.13 mokasaHsl ABe paboTbl X 1 Y TPOIOIKATENIBHOCTBIO d U b COOT-
BeTCTBEeHHO. VI3Havua/lbHO BhINOHEHMe X 3aliaHMpPOBaHO paHblie Y. Ho, no-
CKOJIBKY a > b, paboThI ciiegyeT MoMeHsTh MecTamu. Terrepb 3a X HAUMUCISIETCS
Ha b 6a/yIoB MeHblIle, a 32 Y — Ha a 6a/uToB GOJbIle, TTO3TOMY OOIIIee YMnciIo
6a/1710B yBenmumBaeTcs Ha a — b > 0. Takum 06pa3om, B ONTMMAIbHOM peIieHnn
KOPOTKMe paboThl BCerma MpeaiecTBYIOT AJIMHHBIM, [TO3TOMY PaboThI ClIeayeT
OTCOPTMPOBATH IO MTPOAODKUTETHBHOCTM.

McxonHbiv nopsgok |X |Y |
v —
a b
MepecTaenenHbii nopsgok |y |X |
—_— g
b a

Puc. 4.13. YnyuweHue pelieHns nytemM nepectaHoBku pabot X u Y

4.3. 1BOUYHDbINA NOUCK

Jl8ouuHbIli NOUCK — 9TO AITOPUTM C BpeMeHHO c1oskHOCThIo O(log n), KOTOPBI,
HampuMep, 1mo3BoseT 3h(GeKTMBHO MPOBEPUTb, BCTPEUAETCS JIM B MacCuBe
3aJlaHHOe 3HaueHue. B aTom paspgesne Mbl CHavyajaa pacCMOTPUM peann3aiuio
IBOMYHOIO IMOMCKA, & 3aTeM IMOCMOTPUM, Kak eJi BOCIIOb30BaThCS [1J1S1 HAXOXK-
JIeHUSI ONITUMAJIbHBIX pellleHMi 3aau.

4.3.1. Peanusauyus noucka

[TycTh JaH OTCOPTUPOBAHHBIV MaCCUB C N 37IeMeHTaMM, M Mbl XOTUM ITPOBe-
pPUTb, BCTpeUaeTcsl i B HeM 3HaueHue X. Mbl 06CyaMMm ABa criocoba peanmnso-
BaTh AJIFTOPUTM JBOMYHOTO TTOMCKA JIJIST peleHus 3TO 3a1aun.
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ITepBbiit MeTon. CaMbIii pacIpoCTpaHEeHHBIN CIIOCO0 peanusaluy JBOUY-
HOTO TTOMCKa HallOMMHaeT IMOUCK CcI0Ba B ¢yioBape®. OnpeneneHo MOHSITHE aK-
TMUBHOI'O IOAMAaCCHBa, KOTOPbIi ITIepBOHAUATIbHO COMIEPKUT BCE 3JIeMEHThI Mac-
cuBa. AJITOPUTM COCTOUT M3 psifia IIaroB, HA KaXXIOM M3 KOTOPBIX AMana3oH
roucka AeanTcs mornosaM. Ha KaxkzioM 1mare rmpoBepsieTcs] CpeqHuil 31eMeHT
aKTMBHOrO IogMaccuBa. Eciy cpemHuii 31eMeHT COBMNAJaeT ¢ MCKOMbBIM 3Ha-
YyeHMeM, TO TOUCK 3aKaHUMBaeTcs. B MpOTMBHOM ciydyae MOUCK PEKYPCUBHO
ITPOAO/IKAETCS B JIEBOI MM IIpaBOJi OJOBMHE MTOAMACCKBA B 3aBUCUMOCTU OT
3HaueHMs cpeaHero snemMeHTa. Ha puc. 4.14 nmoka3aHo, Kak B MacCUMBe UIIETCS
3JIeMeHT CO 3HaueHueM 9.

113|134 (5|5]6[]9]|10|12(12(15
T

Puc. 4.14. TpagMuMoHHas peanmsaums 4BOMYHOIO Nomcka.
Ha kaaoM ware npoBepseTcs CpeaHuit SN1eMEHT aKTUBHOMO MOLMACCHUBA,
M MOMCK NPOLO/MHKAETCS B IEBOM MU B NPaBOM 4acTu

Hiuske mpuBeneHa peann3saliys momcka:

int a =0, b =n-1;
while (a <= b) {
int k = (a+b)/2;
if (array[k] == x) {
// X HaWieH B no3uuMn C MHAEKCOM K

}
if (array[k] < x) a = k+1;
else b = k-1;

B aT01i peann3sauy akTUBHBIN ITOJAMACCUB 3aHMMAET MMO3ULIUU C MHIEKCaMU
B IMaria3oHe a... b, a HauaabHbINM AuamnasoH paseH 0 ... n — 1. Ha kaxkmom 1are

3

HekoTopble 101y, BKIIOYAsl aBTOPa KHUTH, BCe ellle MOMb3YIOTCS IIe9aTHBIMY CI0BapsiMu. JIpyroii mpu-
Mep — TTONCK TereOHHOro HoMepa B [1eYaTHOM Tesle()OHHOM CIIPaBOYHMKE — BBIIVISIAUT ellle Gosiee JpeB-
HUM.
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aJITOPUTM YMEHbIIIAeT pa3Mep MaccuBa BABOE, TaK YTO BpeMeHHas! CJIOKHOCTh
cocrasiset O(log n).

Bropoit meTox. [Ipyroit criocob6 peannsaiuy JBOMYHOTO MOVCKA 3aK/I0Ya-
€TCS B TOM, YTOOBI IIPOCMAaTPUBATh MacCUB C/IeBa HAIIpaBO, COBEPIIAS NPbIHKU.
HauvanbHag mjivMHa MPbDKKA paBHA 1/2, ¥ HA KaKOOM IlIare OHa YMeHbIIaeTCs
BOBOe: n/4, n/8, n/16 u T. O., IOKa, HaKOHeIl, He cTaHeT paBHa 1. Ha Kaxkmom
1iare ouepesHO MPbKOK COBEPIIAETCS MPU YCIOBUM, YTO Mbl HE TPU3EMIIM-
cs 3a mpefeiaMy MacCMBaA MM Ha dJIeMeHTe, 3HaueHMe KOTOPOTO MpeBbIlIaeT
mckomoe. ITocme Bcex MPBIKKOB JIMOO MCKOMBIN 3/IeMeHT OyaeT HalieH, 160
OH 3aBeJIOMO He BCTpeuaeTcsl B MaccuBe. Ha puc. 4.15 1mokasaHo IIpuMeHeHue
3TOTO MeTOZa Ha KOHKPETHOM IIpMUMepe.

1]3]3]4]5]5]6]9]10]12]12]15]

1]3]3]4]5]5]6]9]10]12]12]15]

1]3]3]4]5]5]6]9]10]12]12]15]

l1]3]3]4]5]5]6]9]10]12]12]15]

Puc. 4.15. AnbTepHatMBHag peannsauus 4BOMYHOIO NOMCKA.
Mbl NpocMaTp1BaeM MaccMB C/ieBa HaMpago, NepenpbIrvBas Yepes 3N1eMeHTbl

Huke ripuBeneHa peanmn3anusi:

int k = 0;
for (int b =n/2; b>=1; b /=2) {
while (ktb < n && array[k+b] <= x) k += b;

}
if (array[k] == x) {

// X HaWieH B MO3uUMM C MHAOEKCOM K
}

3nmech mepeMeHHast b COIepsKUT TEKYIITYIO OAMHY TPbDKKA. BpemeHHast cliox-
HOCTb anroputma paBHa O(log n), TOTOMY UTO KOJI, B IIMKJIE while BBITTOHSIETCS
He 60Jj1ee IBYX pas3 IJis KaXKI0ii AJIVMHbI TTPbIKKA.

4.3.2. HaxoxeHue onmuManeHbix peweHuii

[TycTb MbI pelllaeM HEKOTOPYIO 3ajauy, U CyuecTByeT GyHKUMs valid(x),
BO3Bpalllaiolas true, eCaIM X — OJOIYCTUMOE pellleHue, 1 false B IIPOTMBHOM



66 <+ [nasa4.CoptMpoBKa 1 NOMCK

cryyae. Kpome Toro, Mbl 3HaeM, uTo valid(x) paBHO false, Korga x < k, ¥ paBHO
true, Koraa x > k. B Takoii cuTyalMy MOKHO MCIOAb30BaTh JBOMUUHbIN MOMUCK
s 9 PekTUBHOro HaxoKmeHus K.

Wpest B TOM, 4TOOBI C IMOMOIIbIO IBOMYHOIO TMOMCKA HANTU HamubOsbIIee
3HaueHue x, s Kotoporo valid(x) paBHO false. Torma ciepymwolnee 4muciIo
k = x + 1 — HauMeHblllee 3HaUeHMe, 171 KOToporo valid(k) paBHO true. [Tonck
MOXKHO peayin30BaTh CAeAYIOIIM 00pa3oM:

int x = -1;

for (int b=2z; b> 1; b /=2){
while (!valid(x+b)) x += b;

}

int k = x+1;

HavasibHast AyiMHaA MPbDKKA Z TO/DKHA OBITh BepxXHel TpaHulleit OTBeTa, T. €.
JII0OBIM 3HAUYEHMEM, IJIs1 KOTOPOTO TOYHO M3BECTHO, YTO valid(Z) paBHO true.
Anroputm BeI3bIBaeT ¢GyHkinio valid O(log z) pa3s, mosTomMy BpeMsi paboThI
3aBUCUT OT GyHKIMM valid. Tak, eciu 3Ta pyHkIims paboraet Bpems: O(n), TO
CJIOKHOCTD anroputma paBHa O(n log z).

ITpumep. PaccMoTpuM creAyIonIyio 3aavuy: HaM HY>KHO BBITIOTHUTBD K 3a7a-
HWii Ha n MamyHax. Kaxmoii MalmHe i CONOCTaB/IeHo Le/I0e YMUC/IO P, — BpeMs
BBITIOTHEHMST OJHOTO 33/IaHMSI. 3a KaKoe MUHMMAaIbHOe BpeMst MOXXHO 06pabo-
TaThb BCe 3a0aHsI?

Ilycts k = 8, n = 3, a BpemeHa o6paborku p, = 2, p, = 3, p, = 7. B aTOM Ci1y4ae
MMUHMUMaJIbHOe 0011ee BpeMst 06paboTKM paBHO 9, KaK caeAyeT 13 MJlaHa, ToKa-
3aHHOTrO Ha puc. 4.16.

Mauuumna 1 I

MawuHa 2 |

Mawuna3 |} |

Puc. 4.16. OnTumanbHoe nnaHMpoBaHue 06paboTku: MalunHa 1 BbIMoONHsET
yeTblpe 3aaHus, MallMHa 2 — TpU 33[iaHus, MallMHA 3 — OAHO 33aHue

HasoBeM valid(x) GyHKIIMIO, KOTOpasi OpeaessieT, MOKHO Ji 06paboTaTh Bce
3aJaHMs, UCTIONIb3Ys He Oojiee X eqMHUIL BpeMeH!. B HamieM ripumepe valid(9),
OUYeBUIHO, PABHO true, YTO AOKA3bIBAETCS IVIAHOM Ha puc. 4.16. C gpyroii cTo-
poHbI, valid(8) momkHO ObITH paBHO false, TOTOMY UTO MUHMMAaJIbHOE BpeMsI
006paboTKM paBHO 9.

BorumcnuTb 3HaUeHMe valid(x) Jierko, IoTOMY YTO Kaskaasi MalllMHa i MOXeT
BBIIIOJIHUTDH He 6oiiee |x/p,] 3amannii 3a x equuui Bpemenn. CiemoBaTeNbHO,
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ec cyMMa Bcex |X/p,| paBHa k unu 6osblie, TO X — JOIYCTUMOE pelneHue. [la-
Jlee Mbl MOKeM TIPMMEHUTDb JBOUYHBIN MOMUCK, YTOObI HAMTU MMUHMMAIbHOE
3HaueHue X, i1 KOTOporo valid(x) paBHO true.

Hackonbko 3¢ GeKTUBeH MOMYUMBIINIACS aaropuTm? Beruncienme GyHKIUN
valid sanumaet Bpems O(n), mosTomy aaroputm paboraet 3a Bpemst O(n log z),
I Z — BepXHAA rpannua orseTa. OnHO 13 BOSMOXKHBIX 3HAYEHMI Z PaBHO Kp.,
OHO COOTBETCTBYET pellleHNI0, B KOTOPOM BCe 3a[jaHMs BBITIOMHSIET MepBas Ma-
myHa. O4eBUAHO, UTO 3TO AeJiICTBUTENbHO BEPXHSIsI TpaHuIla.
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B 3Toji 1aBe Mbl ITO3HAKOMMMCSI C HaubojIee BaKHBIMM CTPYKTYpaMM JaH-
HBIX 3 CTaHJAPTHOM 6ubamoTeky C++. B omMMIIMagHOM IIPOrpaMMUPOBAHNUNA
Ype3BbIUAfHO BaKHO 3HATh, KAKMe CTPYKTYPhI JaHHBIX MMEIOTCS B CTaHIapT-
HOJ 6MbaMoTeKe U KaK MMM [I0JIb30BaThCA. YacTo 3TO IM03BOJISIET CIKOHOMUTD
MHOTO BpeMeH ! [Py peaansaly aIropuTma.

B pasgesne 5.1 cHavasia OMMChIBA€TCS CTPYKTYPa BEKTOPA, KOTOPBIi 110 CYLIeCT-
BY sBJsIeTCsT 9()PEeKTUBHBIM AMHAMMUYECKMM MacCMBOM. 3aTeM OOCYKIAIOTCs
IBYCTOPOHHME ouepen (IeKu), CTEKU U Ouepei.

B pasgene 5.2 06CY;KIAIOTCSI MHOKECTBA, OTOOpaskeHMst M ouepeit C Ipuo-
PUTETOM. DTU IYHAMMUYECKIME CTPYKTYPbI JaHHbBIX YaCTO SIBJISIIOTCSI CTPOUTE/Ib-
HBbIMM 6JIOKaMM aJITOPUTMOB, ITOCKOJIBKY IO PKUBAIOT 3G (HEKTUBHBIN ITOUCK
¥ OOHOBJICHNE.

B paspere 5.3 mpuBeieHbl HEKOTOPbIE Pe3y/IbTaThl, KaCaIoIIMecs IpaKkThye-
CKO# 9(eKTMBHOCTU CTPYKTYP JaHHBIX. Kak MbI YBUAMM, CYIIECTBYIOT BaK-
HbIe pas3Jnuus B IPOMU3BOIAUTEIbHOCTH, KOTOPbIe HeJb3ss 0GHAPYKUTh, 3HasI
TOJIBKO OLIEHKM BPEeMEHHO CJIOKHOCTH.

5.1. luHaMuuyecKkue Maccusbl

B C++ 06bIKHOBEHHBIE MACCUBBI — 3TO CTPYKTYPhI (DUMKCUPOBAHHOTO pa3Mepa,
T. €. TIOCJIe CO3JIaHMs U3MEHUTD pa3Mep yke Helb3s. Hanpumep, B cJieqyooIemM
(bparmeHTe CO3/1a€TCSI MAaCCUB, COMEPKAIINIA N LIeJTbIX 3HAUEHWIA:

int array[n];

JluHamuueckum Ha3bIBAETCSI MacCUB, pasMep KOTOPOrO MOKHO M3MEHSTh B
IIpo1iecce BIMOIHEeH s ITporpaMMbl. B cranmapTHOI 616amoTeke C++ MmeeTcst
HEeCKOJIbKO IVHAMMUYECKMX MacCMBOB, HO I10JIe3Hee BCEro BeKTOP.

5.1.1. Bekmopebi

Bexmop — 9TO IMHAMMWUYECKMiI MacCUB, KOTOPBIN Mo3BossieT 3 EKTUBHO
n006aBIISITh 97IEMEHThI B KOHIE U YOAISATh TOCAeHME 37eMeHTbl. Harpumep,
B CJIEZYIOLEM KOZIe CO3/IaeTCs IYCTOi BEKTOP, B KOTOPBIi 3aTeM A06aBSIETCSI
TPU 37IEMEHTa:
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vector<int> v;
v.push_back(3); // [3]
v.push_back(2); // [3,2]
v.push_back(5); // [3,2,5]

,HOCTYH K 3JIeMEeHTaM OCYIIEeCTBJ/ISAETCA TakK JKe, KaK B 0OBIYHOM MaCCHUBe:

cout << v[@] << "\n"; // 3
cout << v[1] << "\n"; // 2
cout << v[2] << "\n"; // 5

Ele omyiH €1ioco6 co3aaTh BEKTOP — ITePEeUnCINTD BCE €r0 3JIeMEHTHI:
vector<int> v = {2,4,2,5,1};

MOoXKHO Takyke 3aJaTh YMC/IO 5JIEMEHTOB U X Hada/IbHOe 3HaYeHMe:

vector<int> a(8); // pasmep 8, HayanbHoe 3Ha4eHue 0
vector<int> b(8,2); // pasmep 8, HayanbHoe 3HaueHue 2

®DyHKIMS size BO3BpaIllaeT YMCIO 9JIEMEHTOB BeKTOpa. B ciemyioiiem Kome
MbI 06XOYIM BEKTOP ¥ [Ie4aTaeM ero 3JIeMeHThI:

for (int 1 = 0; i < v.size(); itt+) {
cout << v[i] << "\n";

}

06X0,11 BEKTOpa MOXXHO 34aIIMCaThb M KOpouye:

for (auto x : v) {
cout << x << "\n";

}

@OyHKIMA back BO3BpallaeT TOCAeOHMI 3IeMeHT BeKTopa, a (QYHKINS
pop_back ymansieT MoCaeJHUI 3TeMeHT:

vector<int> v = {2,4,2,5,1};
cout << v.back() << "\n"; // 1
v.pop_back();

cout << v.back() << "\n"; // 5

BeKkTopbl peann30oBaHbl TaK, YTO (PyHKLMM push_back U pop_back B cpemHEM
umerT cinokHocTh O(1). Ha mpakTuke paboTaTh C BEKTOPOM ITOUTU TaK Ke
OBICTPO, KaK C MacCCUMBOM.

5.1.2. Umepamopesi u duanasoHobi

Hmepamopom HasbiBaeTCs MepeMeHHas, KOTopas yKa3blBaeT Ha 3JIeMeHT
CTPYKTYpPbI JaHHBIX. MiTepaTop begin yKa3bIBaeT Ha IEPBbIi JIeMEHT CTPYK-
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TYpbI, @ UTEpaTop end — Ha MO3UIIMIO 3d MOCJIEAHUM 3jeMeHTOM. Hampumep,
B CJTyyae BEKTOpa Vv, COCTOSIIErO 13 BOCbMM 3JIEMEHTOB, CUTYalsi MOXKET BbI-
[JISIIeTh TaK:

[5’2,3’1’2’5’7’1]

7 i
v.begin() v.end()

O6paTuTe BHMMaHME HAa aCMMMETPHUIO UTEPATOPOB: begin() yKasbIBaeT
Ha 3JIeMeHT, MPUHAaAJIeXallnii CTPyKType AaHHbIX, a end() BeleT 3a npedeJisl
CTPYKTYPbI JaHHDBIX.

JluanaszoHom Ha3bIBaeTCS MOC/IeA0BATEIbHOCTb COCEHUX 3/IEMEHTOB CTPYK-
TYpbI JaHHBIX. Yalle BCero auarasoH 3a4aeTcs ¢ IIOMOIIbIO IBYX UTEPATOPOB:
YKa3bIBaIOIIEro Ha MePBbIl 3/IeMEHT U Ha TTO3ULIMIO 3a IOCIeAHUM 3JIeMEeHTOM.
B uacTtHOCTH, UTepaTOphl begin() U end() ONpenensioT nuarnasoH, Cogepskalmnii
BCE JIEMEHTbI CTPYKTYPhI TaHHbIX.

OYHKIMM U3 CTaHAAPTHOM 6Mb6moTeky C++ 00BIYHO MPUMEHSIIOTCS K IMa-
nmasoHam. Tak, B cienytomiem dparMmeHTe cCHayajaa BEeKTOP COPTUPYETCS, 3aTeM
TOPSAAOK €ro 3JIeMEeHTOB MEeHSeTCS Ha MPOTUBOIIONOXKHBIN, 1, HAKOHELI, 3Jie-
MEHTBI IIepeMellnBaloTC B CIy4aiiHOM TOpsAKe.

sort(v.begin(),v.end());
reverse(v.begin(),v.end());
random_shuffle(v.begin(),v.end());

K s/memMeHTy, Ha KOTOPBI yKa3bIBae€T UTEPATOP, MOKHO OOPaTUTHCS, BOC-
MOJIb30BABIIMCH OMTepaToOpoM *. B ciemyromiem Kofe reyataeTcsl epBblii a/e-
MEHT BEKTOpa:

cout << *v.begin() << "\n";

Bonee nonesHblit mpumep: GyHKIMS Lower_bound BO3BpalllaeT UTepaTop Ha
TePBbIN JIEMEHT OTCOPTUPOBAHHOIO AMana3oHa, 3HaueHne KOTOPOTro He MeHb-
we x, a pyHKIMS upper_bound — UTepaTOP Ha IMEPBbII 3JIeMEHT, 3HaueHe KOTO-
poro He 6oJble X:

vector<int> v = {2,3,3,5,7,8,8,8};

auto a = lower_bound(v.begin(),v.end(),5);
auto b = upper_bound(v.begin(),v.end(),5);
cout <K *¥g <« " " *¥p < "\n"; // 57

OtmeTuM, 4TO 3TU QPYHKIIMM TTPABUIBHO PabOTAIOT, TOJBKO €C/IM 3aJaHHbIi
IMarna3oH OTCOPTUPOBAH. B HUX MpUMeHSIeTCSI ABOMYHBIN MOMCK, TAK YTO IJIsT
TOMCKa 3aIlpOIIeHHOro 3/IeMeHTa TpebyeTcs sorapudmmueckoe Bpemsi. Ecim
MCKOMBIN 3JIEMEHT He HalifleH, TO (QYHKIMSI BO3BpAIlaeT UTepaTop Ha IMO3MU-
LIMI0, CTIeAYIONIYIO 3a TTOCJIeHMM 3JIEMEHTOM JIyana3oHa.
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B crangapTtHoii 6ubnoTeke C++ MHOTO ITOJIE3HBIX (PYHKIIMIA, 3aCTyKMBAIO-
X BHMMaHus. Hanipumep, B cienymwoineM ¢hparMeHTe CO30aeTCsl BEKTOP, CO-
Iepskaluii yHUKaabHbIe 3JIeMeHTbI MCXOAHOTO BEeKTOpa B OTCOPTUPOBAHHOM
TopsiIKe:

sort(v.begin(),v.end());
v.erase(unique(v.begin(),v.end()),v.end());

5.1.3. ipyaue cmpykmypbi OGHHbIX

JlsycmopoHHeli ouepedvto (IeKOM) Ha3bIBAeTCSl IMHAMMUYECKIUI MacCUB, TOITYC-
Karomuit 3deKTuBHbIE omepanuy ¢ 00enx cTopoH. Kak 1 BeKTOp, IBYCTOPOH-
HSIST ouepeb IpeaocTaBisieT GyHKIIMM push_back U pop_back, HO BIOOABOK K HUM
dbyHKUMM push_front 1 pop_front. Vcronb3yeTcst OHa CIeAyIOMIM 06pa3om:

deque<int> d;
d.push_back(5); // [5]
d.push_back(2); // [5,2]
d.push_front(3); // [3,5,2]
d.pop_back(); // [3,5]
d.pop_front(); // [5]

Ornepauyu IBYCTOPOHHEN ouepenyn B cpegHeM umMeloT CJIoKHOCTh O(1). Ox-
HAKO TTOCTOSIHHbIE MHOKUTEIN IJIsl HUX OOJbIlle, YeM IJis1 BEKTOPa, I03TOMY
MCITOJIb30BAThb ABYCTOPOHHME OUepea MMEET CMbICI, TOJILKO KOraa TpebyeTcst
BBITIOTHATh KaKye-To AeiCTBYUS Ha 06eMX CTOPOHAX CTPYKTYPBI.

C++ mpepocTaBiisieT TakKe CleLMaau3upoOBaHHbIE CTPYKTYPbI AAHHBIX, 1O
YMOJTYaHUIO OCHOBAaHHbIE Ha IBYCTOPOHHE ouepenu. [Iyisi cmeka OrnpeneneHbl
byHKIMM push U pop, TO3BOJISIIONIVE BCTAB/SATD U YAAISITh 37IeMEHTbI B KOHILIE
CTPYKTYPHI, a Takke (QyHKIMS top, BO3BpAIlaOMas MOCJIeIHNI /IeMeHT 6e3
yaaJIeHNs:

stack<int> s;

s.push(2); // [2]

s.push(5); // [2,5]

cout << s.top() << "\n"; // 5
s.pop(); // [2]

cout << s.top() << "\n"; // 2

B ciyuae ouepedu 3meMeHTbI BCTaBJISIIOTCS B HA4asI0, a YOAJISIIOTCS U3 KOHIIA.
IlJis mocTyma K mepBoMy U IocjiefHeMY 3JieMeHTaM CTyskaT GyHKuuu front u
back.

queue<int> q;
g.push(2); // [2]
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g.push(5); // [2,5]

cout << qg.front() << "\n"; // 2
q.pop(); // [5]

cout << g.back() << "\n"; // 5

5.2. MHOXecTBa

MHo3ecmeom Ha3bIBAETCSI CTPYKTYPA IaHHBIX, B KOTOPOI XpaHUTCSI HAGOD ar1e-
MeHTOB. OCHOBHBbIE OIllepaluy HajJ, MHOKeCTBaMM — BCTaBKa, IMOVICK U yae-
Hue. MHOXXeCTBa peayiM30BaHbl TaK, UTO BCe 3TU orepaiu 3GGeKTUBHBI, YTO
YacTO MO3BOJISIET YAYULINTb BpeMsi pabOThl aITOPUTMOB, B KOTOPBIX MHOKECT-
Ba UCIOTb3YIOTCSI.

5.2.1. MHoxtecmea u MynbmuMHoXecmea

B crangapTHoit 6ubamoreke C++ MMEIOTCS IB€ CTPYKTYPbI, OTHOCSIIMECS K
MHOXXEeCTBaM:

e set OCHOBaHa Ha COAJAHCMPOBAHHOM JBOWYHOM J€peBe IOMCKa, ero
omepanyyu paborarot 3a Bpemst O(log n);
e unordered_set OCHOBaHa Ha xelI-Tabyuile u paboraet B cpemHem! O(1).

O6e cTpykTypbl 3DGEKTUBHBI, M BO MHOTMX CIydasiX roguTtcs jaobas. Ilo-
CKOJIbKY MICIIO/Ib3YIOTCSI OHUM OIMHAKOBO, B IIPUMepPax Mbl OTPaHNUYMMCS TOJIBKO
CTPYKTYPOI1 set.

B mokazaHHOM HIKe KOJie CO3,aeTcsl MHOKECTBO, CofiepsKaliiee 1ieJible Uicia,
" I€MOHCTPUPYIOTCS HEKOTOpbIe ero ornepaiuu. OyHKIUS insert mobaisieT
3J7IeMeHT BO MHOKeCTBO, (PYHKIMSI count BO3BpalliaeT KOJIMYECTBO BXOKAEHM
3J7ieMeHTa BO MHOXeCTBO, a QYHKIIMSI erase YAASIeT 3JIeMeHT U3 MHOKeCTBa.

setint> s;
s.insert(3);
s.insert(2);
s.insert(5);
cout << s.count(3) << "\n"; // 1
cout << s.count(4) << "\n"; // @
s.erase(3);
s.insert(4);
cout << s.count(3) << "\n"; // @
cout << s.count(4) << "\n"; // 1

BaskHBIM CBOJICTBOM MHOKECTB SIBSIETCSI TOT (PAKT, UYTO BCE UX J€MEHTbI
pasnuunsl. CefoBaTenbHO, PyHKLIMS count Bcerga Bo3Bpauaer 0 (eciau ane-
MEHT He MPUHAJIeXUT MHOXeCTBY) Win 1 (ecyiu MpUHAAIEXUT), a QyHKIUS

! B xypmuieMm cyuae BpeMeHHasi CIOKHOCTD onepanuii coctasiser O(n), HO 3TO KpajiHe MaJoBepPOSTHO.
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insert HUKOIOA HE ,U,O6aBJI$IeT 9JIEMEHT BO MHO>XeCTBO, €CJIM OH B HEM YJKe ITpU -
CYTCTBYET. 9TO OEMOHCTPUPYETCA B CJIEAYVIOIIEM (bparMeHTe:

set<int> s;
s.insert(3);
s.insert(3);
s.insert(3);
cout << s.count(3) << "\n"; // 1

MHOKEeCTBO B OCHOBHOM MOKHO MCITOTb30BaTh KaK BEKTOP, OJHAKO TOCTYII
K 2JIEMeHTaM C ITIOMOIIIbI0 orlepaTopa [ ] HeBO3MOKeH. B ciemyroiem Kofe me-
YaTaeTcs KOJIMUECTBO 2JIEMEHTOB BO MHOKECTBE, a 3aTeM 3TU 3JIeMEeHThI Ilepe-
OMparTCs:

cout << s.size() << "\n";
for (auto x : s) {
cout << x << "\n";

OyHKIM find(X) BO3BpalllaeT UTePaTop, YKa3bIBAIOIIMII HA 37IEMEHT CO 3Ha-
YyeHueM X. EiM ke MHOKeCTBO He COOEePXKUT X, TO BO3BpalllaeTCsl UTepaTop
end().

auto it = s.find(x);
if (it == s.end()) {
// X He HaiaeH

YnopsimoueHHbIe MHOXecTBa. OCHOBHOE pa3imuye MeKIy IBYMS CTPYKTY-
pamyu MHOecTBa B C++ — TO, UTO set ynopsidoueHo, a unordered_set He yIIOpsI-
nodeHo. [ToaToMy eIn MOPSIAOK JIEMEHTOB BakKeH, TO CJIEAYET IMOIb30BaThCS
CTPYKTYPOI1 set.

PaccmoTpuMm 3amady O HaXOKIEHMM HaMMEHbIIEro M HauOOoJIbIIero 3Have-
HMIT BO MHOKecTBe. UTOOBI caenaTh 3T0 3 GeKTUBHO, HEOOXOIMMO MUCIIO0JIb30-
BaTb CTPYKTYPY set. [IOCKONIBbKY 371eMEHTbI OTCOPTUPOBAHbI, HAMTY HaMeHb-
1ee 1 HaMboJIbIllee 3HAYEHMST MOKHO CJIEIYIONIMM 00pa3oM:

auto first = s.begin();
auto last = s.end(); last--;
cout << *first << " " << ¥last << "\n";

OTmeTHUM, UTO TTOCKOIbKY end( ) YKa3bIBaeT Ha TTO3ULIMIO, CJIeIYIOIIYIO 3a T0-
CJIEIHUM 3JIEMEHTOM, TO HEOOXOAMMO YMEHBIINTb UTEPATOP HA €AVHMUILY.

B cTpykType set umeroTcst Takke GyHKIUM Lower _bound(x) 1 upper_bound(x),
KOTOpbIE€ BO3BPANIAIOT UTEPATOP HA HAMMEHBIIINI 37IeMEHT MHOXeCTBa, 3Ha-
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yeHMe KOTOPOIO He MeHblle X MU 00Jblie X COOTBETCTBEHHO. EC/IM MCKOMOTO
9JIeMEHTa He CYIeCTBYeT, TO 06e QYHKIMI BO3BpaIaioT end().

cout << *s.lower_bound(x) << "\n";
cout << *s.upper_bound(x) << "\n";

MyJIbTMMHOKECTBA. B oT/inune OT MHOKECTBA, B MYJIbIMUMHOMECME0 OOUH
U TOT K€ 3JIEMEHT MOXXeT BXOAUTbh HECKOIBKO pa3. B C++ MMeEKTCS CTPYKTYPbI
multiset u unordered_multiset, moxoxkue Ha set u unordered_set. B cienmyro-
IeM Kofie B MyJIbTUMHOKECTBO TPy pa3a JobaBJisieTcsl 3HaueHue 5.

multiset<int> s;

s.insert(5);

s.insert(5);

s.insert(5);

cout << s.count(5) << "\n"; // 3

(DYHKI_U/IH erase yaasieT BC€ KOIIMM 3HAYEHUS U3 MYJIbTMMHOXKECTBA.

s.erase(5);
cout << s.count(5) << "\n"; // @

Ecimn Tpe6yeTc51 YOAJIUTD TOJIBKO OOHO 3Ha4Y€HME, TO MOXKHO ITOCTYIIMTD TAK:

s.erase(s.find(5));
cout << s.count(5) << "\n"; // 2

OTMeTuM, 4YTO BO BPEMEHHON CIOKHOCTU (YHKIIMIT count U erase MMeeT-
Cs1 IOTIOJIHUTENbHbBI MHOKUTeNb O(K), Toe k — KOM4ecTBO MOACUYUTHIBAEMbIX
(yZasnsieMbIx) 571eMEeHTOB. B yacTHOCTH, MOACUNTHIBATh KOJIMYECTBO KOINI 3HA-
YeHMS B MYJIbTMMHOXECTBE C ITOMOIIbI0 QYHKINMM count HeagpekmusHo.

5.2.2. OmobpaxceHus

OmoobpaxeHuem Ha3bIBAETCSI MHOXeCTBO, COCTOsIIee M3 Iap KIY-3Haue-
Hue. OToOpakeHe MOXKHO Takke paccMaTpuUBaThb KakK 0000IIeHNe MacCcuBa.
Ecin B 06bIKHOBEHHOM MacCuBe KJIIUaMy CIyKaT Moc/iejoBaTe/IbHbIe 1ieJbie
unucna 0, 1,..., n — 1, rme n — pasamep MaccuBa, TO B OTOOpaKeHUM KIIIOUM MOTYT
VIMETb JIF0OOJ TUII 1 He06I3aTeIbHO JOIKHBI ObITH [10C/Ie00BATeIbHBIMMN.

B cranpgaptHOit 616mmoTeke C++ ecThb IBe CTPYKTYPbl OTOOpaKeHMi, COOT-
BETCTBYIOI[M€ CTPYKTypaM MHOXEeCTB: B OCHOBe map JIeXXUT cOalaHCUPOBaH-
HOe IBOMYHOE JiepeBo CO BpeMeHeM AocTtyta K anemeHTam O(log n), a B ocHOBe
unordered_map — TeEXHMKA XEIIMPOBAHMS CO CPeLHUM BpeMeHeM NOCTYIIa K 3jie-
meHTam O(1).

B cienymoiiem dhparMeHTe co3aeTcs oTo6paxkeHue, KIo4yaMy KOTOPOTO SIB-
JITIOTCSI CTPOKM, @ 3HAUEHUSIMU — LieJIble Umcia:
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map<string,int> m;

m[ "monkey"] = 4;

m["banana"] = 3;

m["harpsichord"] = 9;

cout << m["banana"] << "\n"; // 3

Eciu B 0TOGpaskeHUM HET 3aIMpOILIeHHOTO K/II0ua, TO OH aBTOMAaTUYeCKU J0-
6aBJISIETCS, ¥ MY COIIOCTABJISIETCS 3HAUEHMe 110 yMoT4aHuio. Harpumep, B ciie-
OyIoIIeM KoJie B 0ToOpaskeHue 100aBsieTcs Kiaod «aybabtu» co 3Hauenmem 0.

map<string,int> m;
cout << m["aybabtu"] << "\n"; // ©

@DYHKIIMS count TTIPOBEPSIET, CYIIECTBYET JI KJTI0U B OTOOPasKeHMM!

if (m.count("aybabtu")) {
// KN4 CylWecTByeT

B cnemytoreM Koze 1evaTaioTcsl BCce MMEIOIIecs] B OTOOpaskeHUM KITIOUM U
3HAUEHMUS:

for (auto x : m) {
cout << x.first << " " << x.second << "\n";

5.2.3. Oyepedu ¢ npuopumemom

Ouepeds ¢ npuopumemom — 3To MyJIbTUMHOXECTBO, KOTOPOe TOIepsKMBaeT
BCTaBKYy, a TaKXXe U3BJieueHe U yaaieHue MMHMMaAbHOTO MM MaKCMMaabHO-
ro s7ieMeHTa (B 3aBUCMMOCTH OT TUIIa ouepenn). BctaBka U yaaneHue 3aHMMa-
1oT Bpemst O(log n), a usBneuenne — spemst O(1).

Ouepe[ib C TPUOPUTETOM OOBIYHO OCHOBAHA Ha CTPYKType nupamubl (heap),
TIpeICTaBJISIONIel co00i MBOMYHOE EpPeBO crenuaabHOro Buaa. CTpyKTypa
multiset ¥ Tak IpefoCTaBsIET BCE OMepaliy, KOTOPbIE OTipeie/ieHbl B 0uepean
C IPMOPUTETOM, U fiake O0JIbIlle, HO Y OUepey C IPUOPUTETOM eCTh JOCTOMHCT-
BO — MeHbIlI/e TOCTOSIHHbIE MHOKMUTENIU B OLlEHKE BPEMEHHON CJIOXKHOCTU.
ITosToMy eciiu TpebyeTcst TOIbKO HAMTV MUHMMAIbHBIN MM MaKCMMaIbHBIN
3JIEMEHT, TO JIy4llle UCIO0JIb30BaTh OYepelb C IPUOPUTETOM, & HE MHOXXECTBO
W MYJbTUMHOKECTBO.

[To ymomyaHMIO 371eMEeHTBI ouepeau ¢ IpuopuTeToM B C++ OTCOPTUPOBAHBI B
nopsiike yObIBaHMsI, TaK UTO MOAAEPXKUBAIOTCS MTOUCK U yaleHe Haubosblile-
rO 37IEMEHTA, YTO U MIPOAEMOHCTPUPOBAHO B CIEYIOIIEM KOAE:

priority_queue<int> g;
q.push(3);
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q.push(5);

q.push(7);

q.push(2);

cout << g.top() << "\n"; // 7
q.pop();

cout << g.top() << "\n"; // 5
q.pop();

q.push(6);

cout << g.top() << "\n"; // 6
q.pop();

st co3panus ouepenn C IpMOpPUTETOM, nozmepH(MBanmeﬁ IIOUCK U yaaJie-
HJ€ HaMMEHbIIETo 3JIEMEHTAa, HY>)KHO ITIOCTYIIUTD TaK:

priority_queue<int,vector<int>,greater<int>> q;

5.2.4. MHox)tecmea, 0CHO8AHHbIE HA NOIUMUKAX

KoMmuisTop g++ IpenocTaBiisgeT Takke HEeCKOJIbKO CTPYKTYp JaHHbBIX, HE
BXOJSIIMX B CTAaHAAPTHYIO0 6M6mMoTeky C++. OHM HA3bIBAIOTCS CMPYKMypamu,
0CHO8aHHbIMU Ha noaumukax (policy-based structure). 11 MX MCIIONb30BaHUS
B IIPOrpaMMYy HYKHO BKJIIOUUTh TaKye CTPOKM:

#include <ext/pb_ds/assoc_container.hpp>
using namespace __gnu_pbds;

[Toce 3TOr0O MOXKHO OMpenennTbh CTPYKTYPY OaHHBIX indexed_set, KOTOpas
IOXO3Ka Ha MHOXECTBO, HO JOIyCKaeT MHIEKCUPOBaHNMe KaKk MacCuB. [y 3Ha-
YeHUi1 TUIIa int ornpeneieHe BbIIISANUT TaK:

typedef tree<int,null_type,less<int>, rb_tree_tag,
tree order statistics node update> indexed set;

A co3maeTcss MHOXKEeCTBO TaK:

indexed set s;
s.insert(2);
s.insert(3);
s.insert(7);
s.insert(9);

Oco6eHHOCTb 3TOT0 MHOXKeCTBA COCTOUT B TOM, UTO AOCTYIT MOSKHO OCYIIeCT-
BJISITH T10 MHJIEKCY, KOTOPBIi 371eMeHT MMes Obl B OTCOPTMPOBAHHOM MacCUBe.
OyHKUM find_by_order Bo3BpalllaeT UTepaTOP, YKA3bIBAWOIIMIA HA 3J1eMEHT B
3aJIaHHO ITO3ULINN:
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auto x = s.find_by_order(2);
cout << *x << "\n"; // 7

A byHK1IMS order_of_key BO3BpalllaeT IMO3UIMIO 3aJJaHHOTO 3JIeMeHTa:
cout << s.order_of key(7) << "\n"; // 2

Ecu a7eMeHT OTCYTCTBYET BO MHOKECTBE, TO MbI TIOJTYUMM ITO3UIINIO, B KO-
TOPO¥ OH HaXOAWICS ObI, €C/Tu OBl IPUCYTCTBOBAI:

cout << s.order_of key(6) << "\n"; // 2
cout << s.order_of key(8) << "\n"; // 3

Bpems paboTsl 06enx GyHKIMI Iorapudmmuyeckoe.

5.3. DKcnepuMeHTbl

B aToM paspene MbI MpUBeeM HEKOTOPbIE pPe3y/IbTaThl, Kacalouuecs: npakmu-
ueckoii 3 GeKTMBHOCTY OMMCAHHBIX BbIIIE CTPYKTYP JAaHHBIX. XOTS BpeMeHHast
CJIOKHOCTDb — OTVIMYHBIN MHCTPYMEHT, OHA He BCerga coobIaeT BCIO ITpaBay 06
3¢ beKTUBHOCTH, TTO3TOMY MMeeT CMbIC/I ITPOBECTM 3KCIIEPMMEHTBI C HACTOS-
MIMMY peain3auysiMu M Habopamu JaHHBIX.

5.3.1. CpasHeHue MHO}@ecmea u copmuposKku

MHorue 3a7a4M MOXHO pellluTh, MIPUMEHSIST KAK MHOKEeCTBa, TaK U COPTU-
POBKY. BaskHO ITOHMMATh, UTO AJITOPUTMbI HA OCHOBE COPTUPOBKM OOBIYHO TO-
pasmo 6bICTpee, Taske eCIv 3TO He OUeBMIHO 3 OAHOTO JIMIITh aHA/3a BpeMeH-
HOM CJIO(KHOCTMU.

B kauecTBe mpuMepa pacCMOTPUM 3a[auy O BBIUYUCJIEHUM KOIUYECTBA YHU-
KaJIbHBIX 371IeMEeHTOB BeKTOpa. OTHO 13 BO3MOXKHBIX PEIlIeHUI — TTOMECTUTD BCe
37IeMEHTBI BO MHOKECTBO M BEPHYTh pa3Mep 3TOr0 MHOKeCTBa. [I0CKOMbKy 1o-
PSIAOK 37IEMEHTOB He BaKeH, MOKHO MCIIONb30BaTh KakK set, Tak U unordered_
set. MOXXHO peluTh 3a/1auy U MO-APYroMy: CHauaaa OTCOPTUPOBATh BEKTOD, a
3aTeM 000TH ero 37eMeHThI. [TofcunMTaTh KOMMYECTBO YHMUKATbHBIX JJIeMeH-
TOB OTCOPTMPOBAHHOTO BEKTOPA MPOCTO.

B Tab6:m. 5.1 mpuBemeHbI pe3yabTaThl SKCIIEPUMMEHTA, B KOTOPOM 00a aJropuT-
Ma TeCTMPOBAIMCh HA CJIYYAMHBIX BEKTOpaxX umcen tuna int. OKa3amoch, YTO
aJITOPUTM Ha OCHOBe unordered_set IPMMEPHO B IBa pasa ObICTpee airopuTMa
Ha OCHOBE set, a aJITOPUTM Ha OCHOBE COPTUPOBKM OBICTpee aJroOpUTMa Ha OC-
HOBe set 6osee yeM B 10 pa3. OTMeTuM, UTO BpeMeHHasl CJIOKHOCTh 060MX aJi-
ropuTtmMoB paBHa O(n log n), 1 TeM He MeHee aJITOPUTM Ha OCHOBE COPTUPOBKM
paboraeT ropaszo 6bicTpee. [IpyurHa B TOM, YTO COPTMPOBKA — ITPOCTAst orepa-
1IMs1, TOT/IA KaK COaIaHCMPOBAaHHOE IBOMYHOE epeBO MOMCKa, IPUMeHsIeMoe B
peanusanuu set, — JIOKHAS CTPYKTypa AAHHbBIX.
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Tabnuua 5.1. PEByJ'IbTaTbI JKCNepuUMeHTa No BblYNCNEHMIO KOTMYECTBA YHUKAIbHbIX 3JIEMEH-
TOB BEKTOpa. I'IepBble ABa airoputMa BCTaBNAKT 3/IEMEHTbI BO MHOXECTBO, a nocneaHnn

COPTUPYET BEKTOP, @ 3aTEM NPOCMaTPMUBAET COCEAHNE SNNEMEHTDI

Pa3mep BXOAHbIX AaHHbIX set (c) unordered_set (c) CopTupoBka (c)
106 0.65 0.34 0.11
2108 1.50 0.76 0.18
4108 3.38 1.63 0.33
8-10° 7.57 3.45 0.68
16 - 