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N3 IIPEOMCJIOBUSA K JEBATOMY U3ITAHNWIO

HeBsToe usmanue ABIASIETCA 3HAUNTEILHOM ITepepaboTKo
peabIAYINero BOChMOTO NU3AaHuA. B HeM CyIIleCTBEHHO mepe-
CTPOEHBI 1 IOTIOJTHEeHBI TJIaBbI IepBad 1 Bropas. Kpome Toro,
U3 YKCJia BOIIPOCOB K TIJIaBe IIecToi yOpaHbl HEKOTOPEIE, Kaca-
IoIrecsa XapaKTepoB, B3aMeH 9TOT0 II0J Ha3BaHUEM «Xapak-
Tephl» no0aBjieHa HOBasd, ceIbMasd IJIaBa C BOIIPOCAMHU U UWC-
JIeHHBIEe IIPUMePhbI K Hel.

U. M. Bunozpados



Iaasa 1

TEOPH S JAEJIHMOCTH

§ 1. OcHoBHbIE MOHATHS H TEOPEMBI

a. Teopus uncen 3aHHMaeTCs] H3yYeHHEM CBOHCTB LEJBIX
ypces. LenpiMu Mbl OyzeM HasblBaTh He TOJBKO YHCJA Ha-
TypaJbHOro pfAaa 1, 2, 3, ... (MOJOXKHTENbHBE lieJble), HO
TaKXKe HYJAb W OTpULATeNbHble Leape —1, —2, —3, ...
Tak 94ro, pacno/ioKHB IlleJble YHCAa B BO3PACTAlOILEM IO-
psAKe, NOJNYYHM PSIE, B KOTOPOM PasHOCTb MexJy OOJbLIHM
H MEHBIIHM COCeZHMMH uJieHamu Besjle GYyJeT paBHA efHHHLE.

Kak npaBmso, npH H3JOXKEHHH TEOPETHYECKOTO MaTe-
puaja Mbl OyfieM 00o3HauaTh OYKBAMH TOJBKO [leJbie HHCJA.
Cayyan, xorga 6YKBB MOTYT 0603HAYaTh W He lleJble YHCAA,
eciy TocJefHee He OyjeT fACHO camo 1o ceGe, Mbl Oylem
0c0o060 OrOBapUBATh.

Cymma a-+b, pasHoctTs a—b u npousseleHHe ab AByX
a
)
JeneHHs a Ha b (ecin b He paBHO HYJIO) MOXeT OHITb Kak
UejbM, TaK H He LeJBIM.

LHeJBIX @ H b ABJASIOTCA Takxke uenuiMH. Ho uacTHoe oT

a
3
uesoe, obo3Hayas ero GYKBOIO ¢, uMeeM a=bg, T. e. a npeo-
cmaeasiemes npouseederuem b na yeace. Mbl roBOpUM TOTXA,
uto a desumcs Ha b unu, 4yto b Jeaum a. Ilpu sTom a
HasblBaeM KpamueiM 4yucia b, a b — Jeaumesem ducia a.
To 006cTOATENILCTBO, YTO b sABJAGETCH AEJNHTENEM UYHCIA a,
3anucHBaeTCH Tak: b\ a.

Mpuamepsn. Hveem

21=7.3, 0=9.0, —85=17(—5).

b. B cayuae, xorza uyactHoe OT JejeHHMs a Ha b—

[TosToMy MoxeM ckasath 21 pgeantcss Ha 7, O geaurcs
Ha 9, —85 menurcs wHa 17, mmu: 7 penut 21, 9 geaur 0,
17 pennt —85.



8 TEOPHMS AEJHMOCTH fra. 1

VmeroT MecTo fiBe C/efyIoliHe TEeOpeMbl:

1. Ecau a kpamno m, m kpamuo b, mo a xpamHo b

JelcTBATEABEO, U3 a= ma,, m= bm,, cjlexyeT a=bam,.
Takum ofpasoM, a MpeACTaBAfAeTCH IIpOH3BejeHHeM b Ha
Hesoe 4dCa0 a,/m, W TEM CaMbM JeJHTCHA Ha b.

2. Ecau 6 pasencmee suda k+ 1+ ... +n=p+qg+...+s
OMHOCUMEAbHO 8CEX HAPHO8, KPOMe KaKo20-aubo 00Hozo, u3-
BECIHO, 4MO OHU Kpamuei b, mo u amom 00uH 4seH Kpamen b.

LelcTBATENHHO, ITYCTb TakHM OJHHM ujieHOM OyHeT &.
Hmeem

l=0l,, ..., n=bn,, p=bp,, g=bgq,, ..., s=1bs,,
k=p+qg+...+5—l—... —n=
=b(Pi+qi+ ... Fs—l—...—ny).
Tagkum o6pasoM, k npejcTaB/sercsl NIpOU3BejieHUeM b Ha
uesoe yucao p;+q¢;+ ... +8;—Ili—...—n; U TEeM CaMbIM

Jeautca Ha b.

c. B 3akmoueHne Mbl JOKaxKeM ellle OFHY TeopeMy, KO-
Topasl HaM OyJieT BecbMa HYXKHa B JaJbHeHuieM (Teopema
0 JIeJICHHH C OCTATKOM).

Bceakoe yeace a npedcmasasemcs eOUHCMEEHHbIM CNOCOBOM
C NOMOWBI0 NOAOHCUMENbHO20 Yeroeo b pasercmsom 6uda

a=bg+4r; 0<r<b.

HeficrBaTesbHO, OZHO NpEJCTaBJEHNE YHCAA G PAaBEHCTBOM
TAKOTO BHAA NOJYYHM, B3AB Dg paBHBHIM HaubOJabLIIEMY KpPaT-
HOMY ugcaa b, He npeBocxojsineMy a. Jonyctus xe cy-
IIECTBOBAHHE IPEJCTABJCHHA YHCJA g elie OJJHUM DaBEHCTBOM
TOTO Xe BHAA: a=bg, + ry; 0 < r; < b, ¥ BHIYUTAS NOWIEHHO
3TO IIOCJIeAHEee PABEHCTBO H3 NPEABIAYLIErO, IHOJAYYHM

0=b(9—q)+r—r.. )

Orciona y6epumcst (2, b), uro pasHocts r—r, KpaTha b.
C Zpyro#i CTOpOHBI, Jerkxo BHJAETb, UYTO Ta K€ DAasHOCTb,
KaK DasHOCTb JBYX HEOTPHUATENbHBLIX YHCENI, MEHBbIUHX b,
cama OyZer YMCJIEHHO MeHblue b, YHC/IOM 3Ke, KPAaTHBIM & H
YHCJIEHHO MeHbWuM b, aBasercs Jub yucao 0. TlosTomy
r—r,=0, a orciona u u3 pasencrsa (1) 6yAeT c/IelOBaTH,
yto U g—¢g,=0. Taxum obpasoM, BTOpO€ NpECTaBJEHHE
YUCIa a TOXKJAECTBEHHO NEPBOMY.



§ 21 OBIHMA HARBOJIbIIHA JEJHUTEJD 9

UucIo g HasbIBAETCS HENOAHbIM HACHMHLIM, A UHCHO t —
ocmamkom OT Jnehedust a Ha b. OueBuaHo, uto mpu r =0
MIOHSITHS] «HENOJIHOe YacTHOe» U «4acCTHOe» COBNAJaioT.

IIpumepsn. Ilycts b= 14. Vmeem

177 = 14.1219, 0<9< 14,
—64=14.(—5)+6, 0<6< 14,
154 = 14.11-10, 0=0< 14.

§ 2. O6muii yaubospiinit aeanTeNb

a. B paiapnHefliiem Mbl 6yZeM paccMaTpHBATh JIMIIb HOJIO-
XKHUTEJNbHBIE JeNuTeIH uyucesa. Beakoe uenoe, jensiiee CIHO-
BpeMeHHO Lenble @, b, ..., [, HaswiBaeTcd WX 06wum Oeau-
meaem. Hauboapmnfi us oOWMHX HeJuTeNell HasbIBaeTcH
OOIIHM HauOOJBIIUM [eJHTeJeM: K 0603HAudeTCsl CHMBOJIOM

(@ b, ..., ). Ecm (@, b, ..., )=1, 10 @, b, ..., [
Ha3LIBAIOTCH 63auMHO npocmbimi., Eciam xaxjpoe u3 uucen
a, b, ..., | B3auMHO TPOCTO C KAKJBIM JAPYIHM H3 HHX,
TO @, b, ..., | HaswBawTCs nonapHo npocmuimu. OUeBHIHO,

ypCcJIa NONapHO TPOCTHIE BCETa M B3aHMHO NPOCTHe. B caygae
XKe JBYX UHCeJ I[OHATHSA «IIONApPHO IPOCThie» H «B3aHMHO
IpPOCTHE» COBNAJAIOT.

Ipumepw. Yncaa 6, 10, 15, BBugy (6, 10, 15) =1,—
B3auMHO mpocrtsie. Yucaa 8, 13, 21, Beuzny (8, 13) = (8, 21) =
= (13, 21)=1,— nonapHo npocThe.

b. anee 3afiMeMcs OOMIUMH JeJUTEISMH ABYX YHCe.

1. Ecau a kpamno b, mo cogoxynuocme obuux Oeaume-
el uucenr a u b cognadaem ¢ cosoxynHocmuto Oeaumenet
00no20 b; 6 wacmuocmu (a, b)=b.

IeficTBuTeNbHo, BCSAKHA OOWKHA menurens uucesd a H b
SIBJIeTCs JenuTeNeM M onHoro b. O6parHO, pa3 @ KpaTHO b,
To (1, b, § 1) BcaAgui Aequtenp uyHucha b ABAAETCA TaKkKe
JequTeNIeM YHCIa @, T. €. SABJseTcs oOWHUM JeNHTENeM YH-
cen b u a. Takum o6pa3oM, COBOKYIHOCTb OOUIHX JAeJHTe-
Jefi yuces a W b coBmajgaeT ¢ COBOKYIHOCTBIO AeJHUTeNER
ofHoro b. A Tak kak HauGOJLINHE AedHTeNb uucaa b ecTh
camo b, 10 (@, b)="b.

2. Ecau

a=bg+c,
mo cosokynrnocme 06wux deaumeneil uucear a u b cosnadaem ¢ co-
eokynuocmolo 0bwux Oeaumeneid 4ducer b u ¢; 6 vacmuocmu
(a, by=(b, c).



10 TEOPHS JEJUMOCTH Irn 1

HeficTBUTENbHO, HANMHCAHHOE PABEHCTBO MOKA3LIBAET, UTO
BCAKHY OOMMHA JeJguTeJb uHceJ a H b AeJUT Taxxe U ¢
(2, b, § 1) u, crejgoBareNbHo, ABJASETCH OOUIUM JEJTUTEJIEM
yuces b u ¢. O6paTHO, TO e PABEHCTBO IOKAa3LIBaeT, YTO
BCSIKHH OOWIMI JeauTesb Yuces b U ¢ JeJUT a H, cjaejoBa-
TeJLHO, ABJASETCA OOWHMM JeJuTeaeM uuced a ¥ b. Tarkum
obpasoM, obulHe JeNHTeNN 4yucel a U b CyThb Te Ke, UTO U
obune JendTeNd UYHcea b W ¢; B UACTHOCTH, JOJIKHBI COBIIA-
JaTh H HauOoJbIIME H3 3THUX jeJuTedNed, T.e. (a, b)= (b, c).

Ona pasbickauusag obmero HaubGOAbIIETO JAeJUTENS,
a Takxe JJIA BbIBOJA €ro Ba)XXHEHIIMX CBOHCTB NpUMeEHAeTCS
arzopumm Eexauda. On cocrout B HuxecaenywoueMm. [IycTb
a # b—nonoxuteabHnie uensie u a>b. CoraacHo ¢, § 1
HaXOAHUM DAJ PaBEHCTB

a=bq1+r2, 0<r,; <,
:r2q2+r3, 0<r3<r2:
rz*"'s%'{"rp 0<r4<r3,

(M

. « . . .« . .

r 2_rn lqn 1+rny O<r <rn 1
rn-1—rnqm

3aKAaHYHUBAIOIHACA, KOTJA HoJydaeTcsi HekoTopoe r,,;=0.
[Tocnennee Heusbe:xHO, Tak Kak pag b, r,, t; ... Kak
pAL yOLIBAOUIUX HEJBIX He MOXET colep)kaTb 0GoJjee yeMm b
HOJIOXKHUTENbHBIX,

d. Paccmarpusas pasenctBa (1), uas cBepxy BHU3, yOex-
npaemcs (b), uTo ofliHe JAeMUTeNU YHCEN @ U b ONMHAKOBHL
¢ OOHIMMH JeJUTeNSIMH UYHceJd b W r, J1ajee OAUHAKOBH
¢ OOUIHMH JACIUTENAMH UHCEN 7/, U ry, YHCETA Fy U Iy, ..., UH-
cen r,_, Hr,, HAKOHell (&), C AGJAHTEJNAMH OAHOIO 4HCHA 1,
ABJIALIErocs MOC/AEAHEM He PaBHBIM HYJIIO OCTaTKOM aJjro-
putMa EBkauga. OfHOBpPEMEHHO C S5THM HMeEeM

(@, By=(b, r))=(ry, r))= oo =(r,_1, Ta)="1y

Mnl npuxoauMm K CREAYOIHM pe3yJjbpTaTaM.

1. Cosoxynnocme o6wux Oeaumeneii aucer a u b cosna-
daem ¢ cosokynnocmoio Oeaumeneil ux obujeeo Hau60bLIE20
deaumens

2. Imom 06wul wauborswull Oeaumeny pagern NOCAEOHEMY
He pasHomy Hyato ocmamky aseopumma Eexauda.



§2l OBHIUA HAWBOJBUIUA JAEJHNTEJD 11

[Tpumep. Tlpumenum anroput™ EBKiauga K oTbicKa-
Huo (525, 231). Haxopum (BcrioMorare/ibHble BBIYUCJIEHHS
IIpHBEJIeHHbl CJIeBa)

525231 525=231-2+63,

4621 2 231 = 63-3+442,

231[ 63 63= 42.1+21,
189 3 42= 21.92.

63[ 42

421 T

42[21
42192
»»

3xech IOCHAeAHHE MNONOXKUTENLHEIH OCTaTOK ecThb r,=21.
3naunr, (625, 231)=21.

e. 1. Obosnauas Gyxeows m awboe noaoxcumeabroe uyeaoe,
umeem (am, bm)=(a, b)m.

2. Ob6osnauas Gykeoro & aroboid 0bwuil Oeaumens ducer

b a, b
>=( ) 8 yacmHocmu, uUMeem

) s
a b . 3

<Ta_,~bT , W) = 1, m. e. dacmubte om OeneHus BYX HUCEN
Ha ux obwull nauboaewiutl Oeaumens CYmo UUCAQ B3AUMHO
npocmote.

JlefcTBHTENbHO, YMHOXHB coOTHOLleHHs (1) IousieHHO
Ha m, TOJYYHM HOBBIE COOTHOMIEHHs, TAe BMeCTO a, b,
ryy ..., r, OyAyT crosite am, bm, r,m, ..., r,m. IlosTomy
(am, bmy=r,m u, TaKkuM o0Gpa3oM, BEpHO YyTBepxkjeHHe 1.

[Ipumensnsn yrBepxkieHHe 1, HaXOZHM

(@, b)= (% 5, %5) - (-‘g-, -g-) 8.

Orciofa caenyer yTsepikieHue 2,

f. 1. Ecau (@, b)=1, mo (ac, b)=(c, b).

[encTBUTENBHO, (ac, b) nenuT ac u bc, 3uauut, (1, d)
OHO jmenuT u (ac, bc) BBuay 1, e paBnoe ¢. Ho (ac; b) ne-
JUT U b, M0O3TOMYy OHO genut M (¢, b). O6parHo, (¢, b) Aeaur
ac u b, mostoMy oHo genur u (ac, b). Takum o6pasom,
(ac, b) u (¢, b) B3aUMHO JeNAT APYT APYra H, CIEAOBATENbHO,
paBHbl MexAy co0ol0.

b a
a u b, umeen |,
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2. Ecau (a, by=1 u ac deaumca na b, mo ¢ Geaumcs Ha b.

Het#icreuteanso (1, b), npu ac, geasiemcss Ha b, UMeeM
(ac, b)=>b u u3 1 noayuaeM b={(c, b). A srum (1, b) u
NOKa3biBaeTcs JEJMUMOCTh ¢ Ha b.

3. Ecau rkaxdoe a, a,, ..., @, 63AUMHO NPOCMO C KAX-
ovim by, by, ..., b, mo u npousgedenue a,a,...q, 63QUMHO
npocmo ¢ npoussedenuem byb,...b,.

HeiicTBuTensHO, cOryacHo 1 HaXoRUM

(alaza'S' - Oy, bk) = (azas' c by, bk) =
= (as- . -am, bk): «ae (am, bk)= 1,

U Jajee, nojaras pajd KPaTKOCTH @,0,a,...Q,= A, TOUHO
TaKHM JKe NyTeM BBIBOJHM

(bibaby. . b, A) = (bybs. . .b,, A)=
= (by. . by, A)=...=(b,, A)=1.

§ 3. O6mee HauMeHbllee KpaTioe

a. Besikoe npesoe, KpaTHOe BCeX JAHHBIX 4uCes, Ha3bl-
Baercl UX 06wum kpammusir. HauMeHbIUee MOJOKHTEIbHOE
oflee KpaTHOE HA3RIBACTCH O0OUM HAUMENLIIUM KPAMHbIM,
3zech MBI OyAeM paccMaTpHBaTh TOJAbKO OOlHe KpaTHble
IBYX NOJIOXKHUTENBLHEIX YHCe.

b. Ilycts (a, b)=d, a=da,, b=db, u, cnegoBaTelbHO
2, e, §32), (4, b)=1. Ilycte M-—xaxoe-nu6o obuee
KparHoe uucen a W b, Tak kak M kpartHo a, To M ==k,
rae k—uenoe. Ho M gpatHo u b. Ilostomy

M ﬂ_ alk

BT 6 by
JOJKHO OBITh IEJNBbIM H, caefoBarensHo (2, f, § 2), & nomxHo

genutbess Ha by. [lostomy k=0,f, rpe ¢t —uedoe, npHYeM
ana M nonyuaercs opmydsia

b
M=5pt. (1)

O6parHo, oueBupHo, yto M, npencrasisgeMoe popMyJoi (1)
npu Jo6oM nesoM £, 6yneT o6lHM KPATHBIM a H b, H, TaKuM
o6pasoMm, dopmyaa (1) naer obmuil BHX BceX OOLMX Kpar-
HBIX yucen a U b.
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HaumMmenbluee mosio:xKHTeNbHOE U3 STUX OOWIHX KPATHBHIX,
T. €. ofluee HauMeHblllee KpaTHoe, MoJyuaeM npu f=1.
Ono Gyner
ab

Teneps ¢dopmyay (1) MOXKHO mepemucatb Taki
M=mt. 3

QopMyJibl (3) U (2) NIpUBOAAT K TeOpeMaM.
1. Cosoxynrocme obwux kpamuoix 08yx uucea cognadaem
C COBOKYNHOCMbIO KPAMHbIX UX 061420 HAUMEHbUIE20 KPANHOZO.
2. Imo obwee HaumeHbliee KPAMHGe O08YX HUCEA PABHO UX
npousgederuio, deAeHHOMY HA uX 00wl Haubo bl Desumens.

§ 4. Npocroie yucaa

a, Uncao 1 uMeer TONbKO OZUH HONOXKHUTEJbHBIA JEJIH-
Teslb, WMeHHo 1. B sToM orHomenuu uucio | B psaje Ha-
TYpaJIbHBIX YHCEN CTOHT COBEPIIEHHO 0c060.

Bcaxkoe nenoe, Goabiuee 1, HMeeT He MeHee ABYX AeMHU-
Tesef, UMeHHO | W caMmoro ce0sl; eCJaH 3TUMU JALTUTENSIMH
UCYEPIBIBAIOTCA BCe MOMOKHUTEAbHBIE Ae/HTENH LeJOT0 YHCIa,
TO OHO Ha3smiBaerca npocmeim. llenmoe, Gojbinee 1, uMetomee
KpoMe | W camoro cefsi Apyrue HOJIOXKHUTEJbHBIE NEJHTENH,
Ha3bIBAeTCH COCTABHBIM.

b. Haumenowuil omauunsiti om edunuybt Oeaumens ye-
1020, 60abluee0 eOUHUYbI, ECHb HUCAO NPOCMOe.

JlefAcTBUTENbHO, NYCTh §— HaWMeHbIIHH OTJAHYHHIA OT |
JeJUTeNb Leqoro a, Godabisero 1. Ecau 661 ¢ 6w10 OB CO-
CTaBHLIM, TO OHO HMMeso OBl HEKOTOPHIH AENHTeNb ¢, C YCJIO-
BUeM | < ¢, < g, mnpuueM 9HCIO @, AeIsACh HAa ¢, JOJXKHO
(1, b, § 1) meautsca HA ¢,. A 3TO0 MpOTHBOpEuMJO GH Ha-
1meMy IpejnoJioKeHHI0 OTHOCHTEJNBHO YHUCAa 4.

c. Haumenvuiuti omauunoil om edunuypl deaumens cocmas-
Ho20 wucaa o (coeaacwo b on 6ydem npocmowm) He npeeoc-
xodum Va .

LleficTBHTENBHO, NYCTh ¢ -— 3TOT JAEJHTENb, TOTAA A= qa,,
@, 2> ¢, OTKyjAa, NepeMHOXas W coKpauwasi Ha q,, NOJy4HM
azq, g<Va.

d. [Tpocmeix uucea 6ecKOHEUHO MHOZO.
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CnpaBeginBOCTh 5TOH TeOpeMbl CJeAyeT H3 TOro, d4To
KaKoBbi Obl HH OblIY pAa3JIHUHBIE NPOCTBIE Py, Pa, + -5 Pos
MOXKHO HNOJYYHTb HOBOE IIPOCTOe, CPeAH HUX HE HaXORA-
uieec. TakoBbIM OyAeT NPOCTOH AENHTENb CYMMBL PyDs. - -
...ps + 1, xOTOpHIA Aeas BCIO CyMMY, He MOXeT COBMNAaZaTh
HH C OFHHM H3 TNPOCTHIX Py, Py .-+, Py (2, b, § 1).

e. Jlaa cocrasienuss TaGJHOBI IPOCTHIX YHCeNd, He Inpe-
BOCXOAfHX RaHHOTO Leaoro N, cyuiecTByeT HpoCTOil CIO-
coG, naspiBaeMblil pewemom dpamocghena. OH COCTOUT B CJle-
AYroieM.

BrinuceiBaem umcia

1, 2, ..., N. (1)

[lepBoe Goabliee 1 unco sToro paga ectb 2. OHO Je-
JHTCA TOJBKO HAa | ¥ Ha camoro cebs H, CJef0OBaTesNbHO,
OHO MpOCTOE.

BrluepkuBaem u3 psaga (1) (kak cocraBHBEE) BCe YHCJA,
Kparusle 2, KpoMe camoro 2. IlepBoe cuienyworiee 3a 2 He-
BbIYepKHYTOE 4uCa0 ecTb 3. OHO He gneauTcA Ha 2 (mHAYe
OHO oOKasajgoch Obl BeUepKHYTHIM). CirefoBarenbHo, 3 Ae-
JIMTCSl TOJIbKO Ha | H Ha camoro ce6s, a MOTOMY OHO Takxe 6y-
JleT TPOCTHIM.

BroiuepxuBaem H3 pdAza (1) sce uucna, KpaTHble 3, KpoMe
camoro 3. IlepBoe caemywoinee 3a 3 HeBRIYEDKHYTOE YHCJIO
ects 5. OHO He JequTCs HH Ha 2, HH Ha 3 (UHAuUe OHO
okasanoch Oul BhIUepKHYThIM). CuepoBaresqbHO, b AesuTCA
TOMLKO Ha 1 W Ha camoro ce6s, a MOTOMY OHO TakiKe 6yaer
IPOCTHIM.

Ut 1

Korzia ykasaHHBIM CIOCO60M YK€ BHHEPKHYTH BCe YHCJIA,
KpaTHble NPOCTHIX, MEHBIIHX MNPOCTOTO p, TO BCe HEBbiYepK-
HyThle, MeHbluue p?, GyayT npocreie. leficTBUTEeNBHO, BCAKOE
COCTaBHOE @, MeHbllee p? HaMH YXKe BBIYEDKHYTO, KakK
KpaTHoe ero HauMeHbIIero [POCTOro AEJIHTENA, KOTOPHIK
<Va< p. Orciona caenyer:

1. [Ipucmynas K 6bi4epKuUBaHUI0 KPAamHoix npocmo2o p,
Mo eviuepKusanue caedyem wadunamo ¢ pe.

2. Cocmagaenue mabauypl APOCMbLY HUCEA, HE NPesocxo-
Jawux N, 3aKOH4EHO, KAK MOABKO G6i4ePKHYMbL 608 COCIA8-

Hole Kpammble npocmpix, He npesocxodauux V' N.



§ 51 EANHCTBEHHOCTb PA3JIOJKEHHS 15

§ 5. EXIMHCTBEHHOCTb pPa3JOXeHUs
Ha OPOCTbie COMHOMHTENU

a. Bcakoe yeaoe a uau 63aUMHO npoCcMO € OQHHBIM NpPO-
cmeim P, Uad vce Jeaumcs Ha p.

HeicrBuTenvHo, (a, p), OyRYYH JeJUTe]NeM p, MOMeT
OblTb paBHO MAM 1, uau p. B nepBoM ciayuae a B3auMHO
IpoCTO C p, BO BTOPOM @ JAENHTCS Ha p.

b. Ecau npouseederue Heckorbkux comnorcumeneld 0eaumest
Ha Oantoe npocmoe p, mo, no kpaidued mepe, 00UH U3 CO-
MHOdcumeneld Oeaumcs HA p.

HeficTeuTenbHO (@), KauAblfl COMHOXHTENb HJIH B3aUMHO
OPOCT C p, WIH Ke Jedutcs Ha p. Ecau Gbl Bce COMHOXH-
TeJqu OBJIH B3aUMHO IIPOCTHL C p, TO B HUX NPOH3BEAEHHE
8,1, § 2) 6o Gut B3amMHO mnpocTto ¢ p. [losToMy XoTb
OJHH COMHOXKHTENb JAEJIHTCA HA p.

c. Beakoe yeaoe, Goabuice eOURUYbL, pPA3AG2AEMCS HA NPO-
usgederue NPOCMbLX COMHONMCUmMeEAeE L APUMOM eOUHCMBEHHbIM
cnocobom (ecau 0meaedsCss om nopaodKka CAe008aHUS COMHONCU-
meaetl).

HefictBuTenbHO, MyCTh @ —-lenoe, Goubliee 1; oGo3xHavas
OYKBOIO p; €ro HAaWMEHbIUH#l MpOCTOil JeJuTeNlb, HMeeM
a=p,a,. Bcau a; > 1, vo, ofo3Hauyasi OYKBOW p, €r0 HaH-
MEHBIIHE NMPOCTOHl JeNUTeNb, UMeeM ;= P,a,. Ecan a, > 1,
TO NOAOOHO 3TOMY HAXOJHM G, = pd; U T. A., TOKa He lIpHU-
JeM K KakoMmy-uub6o a,, pasHomy 1. Torpa nonyuuma,_;=p,.
[lepeMHOXHUB BCe HalijieHHble PaBEHCTBA H NPOU3BEAA COKpa-
meHye, OOJYYHM CJefyiollee pasJjoxeHue a Ha MNPOCThie
COMHOKHTEJHU:

a=DPiPaPs- - - Py

JlonycTuM, YTO IS TOro e CaMoro @ CyLIeCTBYeT H
BTOpPOE Pa3IoKeHHEe Ha TPOCThle COMHOXKHTENH d=§,G.q5. - . §;.
Toraa Haiizem

PiP2Ps- - Pn=0q19:93- « - qs.

IlpaBas wacTb 3Toro paseHcTBa geaurcss Ha ¢,. Cirenosa-
TenbHO (b), Mo KpafiHell Mepe OJMH M3 COMHOXMTENEH Jie-
BO{l YacTH [OJDKEH JeJNHThCH Ha ¢,. [lycTb, Hampumep, p,
JeNUTCH Ha ¢, (NMOPANOK CJAeNOBaHHA COMHOXHTeJel B Ha-
LIeM pacnopsiKeHHH); TOria Ha#meM p,=¢, (p, Kpome |
JeNUTCs TOJbKO Ha p,). CoxpaTuB ofe yacTH PaBEHCTBA Ha
P1=@;, TOJAYUHM PyPs.+.Py=qq;- . .q,. [IOBTOPHB NIpexKHHE
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paccyKJeHHs NPHUMEHHTEJbHO K 3TOMY PAaBeHCTBY, MOJYUUM
Pse - Pp=¢s...9s B T.J., IOKA, HAKOHel, B OJHOH 4YacTH
paBeHCTBA, HANpHMED, B JIEBOH He COKPATSTCH BCE COMHO-
*KuTeqH. [JO ONHOBPEMEHHO JOJIKHBI COKDATHTLCS M BCe
COMHOXKHTEJIU IPABOM YaCTH, TAK KaK PABEHCTBO | =¢, ;.. .,
npu G,4yq, .-+, §s, TpeBOCXOASMHX 1, HeBO3MOkHO. TaKHM
o0pa3oM, BTOpOe pa3joXKeHHE Ha IPOCThie COMHOMKHTENH
TOXKJIECTBEHHO NEepBOMY.

d. B pasyoReHHH uHC/a @ HA [POCTHIE COMHOXKHTENH
HEKOTOphle M3 HHX MOIYT nosropAthcs. O6o3Havas 6yKBAMH
Pis Pay -++, Pp DA3JIHUHBIE M3 HUX U OYKBAMU Gy, 0y, « .., 0
KPaTHOCTH MX BXOXJEHHS B 4, NOJYYMM TAK Ha3bIBaeMoe
KQHOHUHMECKOE DA3AOXCEHUe YHCJA d HA COMHOXHTENH

a=pi'pst. .. phk

IIpumep. Kanonuueckoe pasnoxenue uucsaa 588000
Oyzer: 588000 =2%.3.5%.72,

B 3akmioueHue MBI JOKakeM HECKOJBKO TeopeM, Ka-
caIuXCA JeNuTesed YHc/Aa, a TakKe o0ulero HauboJbLIIero
Jejutess ¥ OOIEro HaHMEHbIUEFO KPAaTHOTO HeCKOJbKHX
qHcel.

1. Hyemea=py'ps. . . pLh—Kanonudeckoe pasaonenue wi-
caa a. Tozda 6ce deaumenn 4UCAQ CYMb 6Ce 4UCAQ BUOQ

d=pBphe. . ple; (1)
0<ﬁ1<a1’ 0<52\<<a’29 c vy Ogﬁkgak'

MeiicTButensro, nycth d meaut a. Torpa (b, § 1) a=dg
H, CJNEJOBAaTeJbHO, BCE NPOCTHle JENUTeNd Yucaa d BXOAAT
B KAHOHHUYECKOE pa3JIoXKEHHE YHCJIa @ ¢ NoKaszaTessMu, He
MEHBIIMMH TeX, C KOTOPLIMH OHH BXOAST B KaHOHHYECKOe
pasnoxxenue uucaa d. llostomy d umeer Bug (1).

O6patHo, BcaKoe d Bupa (1) xeaut a.

I[MTpumep. Bee nenurenn uncaa 720 = 2¢-32.5 noayuum,
ecau B Boipawenuu 20:3P:5B: sacraBum p,, [32, Bs HesaBHCHMO
Apyr or xpyra npoGerarb 3Hauenusa PB; =0, 1, 3, 4; B, =
=0, 1, 2; B,=0, 1. [Tosromy ykasaHHble JIeJIHTeJIPI 6yayr:
1, 24 8, 16, 36 12, 24, 48,9, 18, 36, 72, 144, 5, 10, 20,
40, 80, 15, 30, 60, 120, 240, 45, 90, 180, 360, 720.

2. 06wui nauboavuutl Oeaumens HECKOADKUX UUCEA 56-
agemcs  npoussedentiem cmeneneld euda p*, ede p— obuiuii
npocmotl Jeaumens 6cex 3MUX HUCeA, O 06— HAUMEHbWUL U3
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nokasameaeti, ¢ KOMOPbIMU [P 6X00um 6 uX KAHOHUYECKUe
PABAONCEHUSL.

3. Cosokynnocme obwux Oeaumeneti HECKOALKUX HUCEA
cognadaem ¢ cogokynHocmeio Oeaumeneld ux obujec0 HAUbOAb-
uezo Oeaumens.

JleficTBUTEIBHO, NYCTh d — OOLIU{ JeJHTeqb yncen a, . . ., .
Torga wumeror mecto paBeHcTBA BHIA a==da,, ..., [=dl,,
KOTOpHI€ NOKAa3bIBAIOT, YTO: a) BCAKHH MPOCTOH JeauTeNb p
ygcna d JoJKeH OHTL JeJdTesieM H KQOKIOTO H3 YKHCea
a, ..., I, a rakxe uro: b) 3TOT HmesHTENb p NOJIKEH BXO-
JUTb B KAHOHHUYECKOE pasjoxKeHHe YHcia d ¢ NoKasaTeseM,
He NPEBOCXOASIIMM HAUMEHbIIEr0o H3 TeX, ¢ KOTOPHIMH OH
BXOJUT B KAHOHHYECKHE PA3JIOKEHHs uucesa a, ..., [; 00-
patHo, Kaxpuoe d, NOTYHHEHHOE YCJOBHSM ) H b), OUeBHIHO,
ABJAAeTCsl OOIIHM JesauTeseM uucea a, ..., L.

OO uM HanGONbLINM JeJAUTENEM, T, €. HauOOJBUIUM H3
obmux penureneit (a, § 2) sBAsercA TOT M3 MOCJEAHHX,
B KAHOHHMYECKOM pPa3J/IoKeHHH KOTOPOTO MOKasaTend cTere-
Hell NPOCTHIX YHCEJ TOYHO PaBHE HAWMEHBLIMM M3 Tex,
C KaKHMH 5TH HpPOCTHE YHC/JAA BXOAAT B KAHOHHUYECKHE pa3-
JOXKEeHHS quces a, ..., I.

A Beakuil o6uwuit menuTeNb, KaK MMEKIHH B CBOEM Ka-
HOHHYECKOM pas3JIoKeHHH BCe INOKa3aTelH He [PeBOCXOAA-
IIMMH COOTBETCTBYIOIIMX MOKasaTeJefl B KaHOHHYeCKOM pas-
JIO)KEHHH OOIIero HauOoJbilero AeJUTeNs, OyneT AenuTeseM
HOCJIENHETO.

ITpumep. O6mmii HauGOJBIIHA  JenuTeNb  UHCEN
6791400=2%.32.52.7%.11, 178 500 =22.3.5%.7-17, 27 720=
=23.32.5.7-11 paBen 22-3-5.7=420.

4. O6uwee HaumerbLiee KDAMHOE HECKOAOKUX HUCEA ABAACMLA
npoussedenuenm cmeneneli suda p*, 20e p — npocmoii deaumensy
no menblueti mepe 00n020 U3 IMUX 4ucea, a o.— Haubosvuiud
u3 noxkasameanetl, ¢ KOMOPuIMU P 8X00UM 6 UX KAHOHUHECKUE
PA3AONHCEHUS,

5. Obuee HaumeHoluee KPAMHOP HECKOABKUX NORAPHO NPO-
CMblLX 4ucen PABHO UX Npou3ssedenulo.

6. Cosoxkynnocme obwux KpamHolX HECKOAbKUX HUCEA CO8-
nadaem ¢ COBOKYNHOCMbBIO KPAMHHIX UX 00We20 HAUMEHbLIL20
Kpammoeo.

HetictBHTeIBHO, NycTh M—o00iee KpaTHoe yuceaa, ..., [
Torpa umetor MecTo paBeHctsa Buga M=ad', ..., M =1,
KOTOphie TOKA3BBAIOT, UTO: &) BCAKHA NMPOCTOH AGJHTENb p
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KaXJOTO M3 uyucesa &, ..., [ JoJKeH OBITh JeJuTeJEeM H 4H-
cna M, a Takxe uto: h) 3TOT JAEJNHTEAb P AOJKEH BXOJHTH
B KaHOHHYECKoe pa3joxeHue uucjaa M ¢ nokasaresneM, He
MEHBITUM HAHOOJbIIETO M3 TeX, C KOTOPBHIMH OH BXOHHT

B KAaHOHUYECKHE DpasJoKeHHs uucea a, ..., [; o6par:o,
Kaxaoe M, noguMHEHHOe YCJOBUAM a) 4 b), oueBHAHO, fB-
Jsiercsi oOlIMM KParHbIM 4uces @, ..., [

O6wyM HAUMeHbIUHM KPAaTHBIM, T.€. HAUMEHbLIIHM M3
obmnx KpatHelXx (a, § 3), dABaAsgeTcs TO M3 NOCJAELHHX,
B KaHOHHYECKOM pAas/OKEeHHH KOTOPOTO MOKa3aTeJu CTele-
Hel MpOCTBIX YHCEJ TOYHO pAaBHH HAUOOMLIIUM M3 TeX,
C KaKUMHM 3TH IIPOCThle YHCJA BXOASNT B KAHOHUYCCKHC pas-
JIOKEHUS yucea a, ..., l.

B cayuae, xoraa a, ..., [|—nonapHo upocrele H, cJje-
JOBaTeJbHO, KaXKABHA MHOXHTENb BHAA p® KAHOHHYECKOTO
pasnoykeHUus1 obliero HauMeHbINero KParTHOro BXOJHUT B Ka-
HOHHUECKOE pa3JjioKeHHe OJHOrO H TOJNBbKO OJHOTO M3 YHCEH
a, ..., {, obllee HauMeHblllee KPATHOE MOCAERHUX, OUEBH JHO,
PaBHO HX IIPOU3BEJEHHIO.

Besikoe ofiee KpatHoe, Kak HMEIONiee B CBOEM KaHOHHU-
YeCKOM pPa3JIO}KeHHH BCe IOKAa3aTed He MEHBIINMH COOTBeT-
CTBYIOIIM X MOKa3aresell B KAHOHUYECKOM PA3JIOKEHHU OBIIero
HAHMEHbUIero KpaTHOoro, OYAET KpPaTHbIM IMOCHEJHEro.

[Tprumep. Obmee naumenbiiee KpaTHoe uucen 1800 =
= 2%.32.52, 3780=2%.3%.5.7, 8910=2.3%-5-11 paBHO
28.34.52.7.11 = 1247 400.

§ 6. HenpepoiBHbie apoGu

H HX CBf3b C AJrOpuTMOM EBkanga

a. [lycrp o —umo6Goe BemecTBeHHOe yucao. O6o3HauUM
6YKBOW0 ¢, HauboJbllee LeJoe YUCJAO, He IIPeBOCXOXSALLee o,

!
Tlpu nHenesom o uMeeM =Gyt %> 1. Touno Tax
2
Ke NpPH HeueJblX C,, ..., Os_; HMEEM
1
azzqz+a—; > 1,
3
1, 1
as—lzqs—1+a_v OCS> s
s

BBUAY 4Yero noJayyaeMm CJAEAYIOIIee pa3a0xerie & 8 Henpe-
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poisrYy0 Opobb:
A=+ ——7—

' (M

7
Gs-1 ‘1‘&:

b. Ecan «-—uppanuoHanibHOE, TO M BCAKOE o, — Hppa-
LHOHAJAbHOe ([IpH palHOHAJbHOM & BBHAY (1) pauuoHasn-
HbIM OKas3aJoch OBl U &) M YKa3aHHBIH IPOHECC MOMKET ObITh
HEOTPAHUYEHHO NPOJOJKEH,

Ecan ke o — panuoHAZbHOE H, CJEAOBATEIbHO, MOXKET
ObITb TpENCTaBNeHO pALHOHAJBHOH HECOXpaTHMOH HpOGHIO

a o
a=7 C INOJIOKHUTCABHBIM 3HAMeHaAresleM, TO YKasaHHBIU

npouecc Gy/AeT KOHEYEH H MOXKeT ObIThb BEHIIOJHEH C NOMOIIBIO
aaroputva EBkjaupa. [eficTBHTeNbHO, HMeeM:

1

a=0bq,+rs; %=q1+—b—’
3
b 1

b=r,q,+ rs ',—2=q2+—,’2“
3

) T'n—sa 1
Tnes=lp-1qn-11"0 ,: L "_1+’n—1,
n
. Tm—1 __
rn—l rnqnv r'n _qn’
a 1
i 1+q 1
L
) 1
+
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Yucaa ¢q,, ¢,, ..., y4acTBYIOLIHE B PA3JIOKEHHH YHC/IA O
B HENPEepLIBHYIO Ap00b, HAa3bLIBAIOTCS HENOAHbIMU HOCHIHbIMU
(B caydae pallHOHAJNBbHOTO &L 3T0 OYAYT, COrJacHo b, HeNoJHbE
yacTHBlE NOCJENOBaTeJNbHBIX JeseHHil anroputma EBKANAA),
Ipobu xe

1 1
8,=4q., 62=‘h+‘a, ‘Ssqu‘f‘*‘—‘“l—'
l]z‘l‘"z,:

b4

HasBIBAOTCA nodxodauyumu Opobsamu.

c. BecbMa 1mpocToli 3akon etuucaenus nodxo0suiux 0pobed
noJqy4ynM, 3ameTuB, u4ro O, (s > 1) nonyuaercs u3 8,_; 3a-
MeHOl B OyKBEHHOM BBIpDAKEHHH JAjisfi O,_, 4HCJIa (4., YH-

1 .
J0M g1+ — . HelicTBuTesbHO, noJaras pagH eIy -
c s-1F 7 pi , enuHoobpa

§
susi Py=1, Q,=0, MBI MOXeM MOCIEIOBATENbHO TIPEACTa-
BUTb NMOAXOAsiNNe APOOH B CJAeAyIOlleM BHIE (3]eCh paBeH-
CTBO §=—i nuieM, xenaa o6o3naunTh A cumBojoM P,

a B —cHMBOTIOM Q,):
It
S P
i
8 =q1 92 __ Q2‘71+1=42P1+P0 =£g
2 1 g2-1+0 ¢2Q1+Qo Q2
1
- <q2+ﬁ> PrPo  gprr, by
3 ] _ -
<q2+7q_3> Q1+ Qo gsQ:+ Q1 Qs

H T. . U BoOOme npu § > 1

-

__qsps—l + Ps—z_&
65— gs Qs—1+Qs-2 ~ Qs° (2)

Takum ofpasoM, YHCAMTENH H 3HAMEHATENH MORXOAALIHX
ApoGell MBI MOXKEM IoCJeoBaTeJbHO BBIYHCJAATE MO (op-
MyJaMm
Pi=qP,_ 1+ P,_,, 3)
Qs=qsQs-1+ Qs

OTH BHUHCAEHHN YA00HO JenaTh IO CJeRylomeld cxeMme (uBa
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NOCNEAHHX cToq0Ua NHIIEM JHllb B cJqydae, Koraa o — He-
a
COoKparuMas 11p06b C NOJIOKUTEJbHBIM 3HAMEHATEEM ! OC=——) .

b
ds q1 Gz | ... co+ | qn~1| 94n
P 1 qy Py, |...[Ps_g|Pgq| Psg |...[P,_1] @
Qs | 0 1 Qo |-+ |Qs-2|Qs-1| Qs |- |Qu-1| b

[Tpumep. PasnoxuM B HenpepeBHYIO 1po6b HECOKPATH-
Myi0 Apobb 13%?. 31ecy uMeeM

105138 105 1
6y et 1
38] 29 I
291 T 3t—7 -
2979 g
27|73
9] 2
8|4
2| T
2|2
>

H03TOMy YKasaHHasd BBIIIE CXeMa JacT:

7s 2 |1 3 4 2

Pel 1 | 213 11| 47| 105

Qs 0 1 1 4 17 38

d.1. Tpu s >0 umeen P.Q,_,—Q.P,_1=(—1)*.

(=10

2. Illpu s> 1 umeen 63_65‘1:5_(?_—_;'
sW¥ s~
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[eficTBuTeNIbHO, npHHAB o6o3HaueHHe HA,=P,Q,_ ,—
—QPs_y, MBI npu s=1 nonyunm hy=¢q,-0—1-1=—1,
a npu s> | c momoupio pasencts (3) nHaiigeM hy=—h,_;.
Orciopa nonyuum h, = (—1)°. [lonb3ysice ke 3THM paBeH-
CTBOM IIpH § > 1, Jerko Hafijgem

§5.—8 2&_13&—1: hs — (=1*
s s-1 Qs Qs—l Qst-—l Qst—l :

e. [Tycme | <s, a ecau o.— PAYUOHANLHAR HECOKPAMUMAS
a
0pobb 0= C NOAOHCUMEAbHOLM 3HOMEHAMEAEM, MO NYCMb

maxsce s << n. Toeda o aesmcum mexndy O,_, u O, npuvem
Oaunce K O, Hemeau K 8,_,.

JleficTBUTeNIbHO, 3aMEHHB B paBeHCTBe (2) YHCIO g, YHC-
1
JIOM ‘ls"l-;;"‘ , TOJy4YUM
S+1
_ As41P s+ Ps~y

as41Q¢+Qs-1’
g1 Qs + Qs —0s 4 Py—P =0,

Qs (3= 22) @y (4= 222 =0,

OTKyAa yb6exxgaemcs, 4TO IlepBasl H3 pasHOCTeH, CTOALIMX
B CKOOKax, U N0 3HaKy IPOTHBONOJIOXKHA BTOPOH H YHC-

JeHHO (BBHAY Q, > Q,_,) MeHblle mocaeaHei. A stum u 1o-
Ka3blBAIOTCA HAUIM YTBEPKAEHUSA.

Bonpoch Kk raase |

1. Ilycts @ u b—ueasle, He paBHbe OLHOBPEMEHHO HYJIO, H d =
= axo-} by, — HaHMeHbllee NOJIOKHTEAbHOE YHCIO BHAA ax by (x v y —
uessie). Jlokasats, uto d=(a, b). Orcrona BuiBecTH Teopemy 1, d, § 2
4 Teopemsl €, § 2. OG0GWIHTL 5TH BHBOABI, DacCMaTpHBad 4YHCJ/Ia BHAA
ax+by-4 ... 4fu.

2. Ilycte p—npocroe umcno, a M b—uaTypanbHele yHCHa, p Je-
JUT ab. MerojoM MareMaTHUecKod MHAYKUMH (AHAYKUMIO BeCTH MO p)
0Ka3aTh, YTO p NeJHT Jaubo a, ambo b. Orciona BhiBecTH b), ¢) § 5.

8,a. Ilyers (¢, §6) 1 <s, a ecin o= —Z— — HecoKpaTtuMasi ipobb,
TO MyCTb Takke s < n (¢,=20s). JlokasaTb, uTo @ MOXKET NPHOAMKAThCH

. ¢
HECOKpaTHMO#i Apobblo T Goslee TOuHO, 4eM ApoGbio 8, MHUIb B cayuyae
d> Q.
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b. IlycTs BemecTBeHHOe YHC/IO O PA3JOKEHO B HENPEPHLIBHYIO ApOOH,
N —uesoe MONOKUTENbHOE, K— YHCJO €0 JECSTHYHBIX 3HAKOB, N— HAH-

Gonpmee 1enoe ¢ yeaosueM @,=<C N. Hokasats, uto n=<b5k-+1. Has

JIOKa3aTeabCTBa BuipameHus A Qa, @3, Q4. ..., @y CJeAyeT CPaBHHTH
C TeMH, KOTOpble OHHM HMesH Obl, ecsiH Obl BCe ¢ GblIH paBHBI |, H cpas-
HHTL Jjajgee ¢ upcaamu 1, §, &2, ..., €7~1, rae &-—nosoxRUTeNBHBIN

Kopelb ypaBHeHuss E2==§--1.

4. Tlycte Tt==1. Psp pacnoOXeHHHIX B TIOPsAKE BO3pacTaHHsA
PaLHOHAaJIbHBIX HECOKPATHMBIX APOGell ¢ IOJNOKUTENbHHIMU SHAMEHATEAAMH,
HE NPEBOCXOJANMMH T, HasbiBaeTcs padon Dapes, omeedaiouwyus T.

a. Jlokasarb, 4To yacte psina Papes, OTBeyalOUIEro T, COfepKalias
Ipobu o ¢ ycioBueM O<Ca<C1, MOKeT ObITb MOJYYeHa CAeNyIOLIHM

0 1
crnocoGoM: nuieM ApoGH T T Ecin 2<C 7, T0 MeXJY 3THMH APOGSIMH

0+1 1 0 1t 1
BCTaBHM elle JApolb 1+1=7, saTeM B NOMYYEHHOM psiie —, -,
a ¢
MEXAY KaKIbIMH JIBYyMsl COCELHHMH ApoOaMH b—l H -di ¢ hhtdigrn
1 1
a1+¢
——— H T. A. JO TeX MNop, MNOKa 3T0 BO3MOXHO.
by+-dy

BCTaBHM Jpo6b

o - a
HpenBapﬂTeano HAOKa3aTb, 4To JAasd aw6oi napel COCeJHHX zxpoéex —b—

c
u — paaa, IOJIy4yaeMoro YyKasaHHBIM crocofoM, HMeeM ad—bc=—1.

b. Paccmarpusas psp dapes, fiokasats Teopemy: nyctb T == 1, Toraa
BCSIKOE BEIIECTBEHHOE G MOXKHO TPEACTaBHTL B BHje

P8
THor 0<Q<sm (P O=1 18<L.

c. Teopemy Bonpoca b pokasath, noJaszyscs 2, d, § 6.

5, a. JloxasaTh OeCKOHEYHOCTb YHCJHA NPOCTHIX YHcesa BHAa 4m -+ 3.

b. HokasaTe OGeCKOHEYHOCTh YHCJA NMPOCTHIX yHces Buia 6m--5.

6. JloxasaTb GECKOHEYHOCTh UHCJA MPOCTHIX YHCEN, NOACYHTHIBAL
YHCJIO YHCeJ, He ApeBocxXoisiiux N, B KaHOHHUECKOe Pa3JioKeHHe KOTO-
PbIX He BXOASIT NPOCTble UHCJA, OTJIHUHbIE OT p1, P2, .., Pge

7. Mycte  K—uenoe nosnoxutenvuoe. JlokasaTs, UTO B psife HaTy-
PaNbHEIX YHCes HMeeTCH GeCuHCNeHHOe MHOMKEeCTBO ICCJeAoBaTeJbHOCTell

M, M+1, ..., M+K—1, ne coflepxalllHX NpPOCTEIX YHCeJ.
8. JlokazaTb, uTO CpeAM 4YHCeJ, NPEICTAB/IAEMBIX MHOFOUICHOM
agxt4-gxt~14- .. 4a, tHe >0, aq, a;, ..., a;—uesabie U ag > 0,

HMeeTcsl GeCYHCJIEHHOe MHOXECTBO COCTaBHEIX.
9, a. IlokasaTb, 4TO HEOMpeXeJNEHHOMY YpaBHEHHIO

ty?=2%, x>0,y>0, 2>0, (x,y 2)=1 m

YIOBJIETBOPSIIOT T€ H TOJBKO Te CHCTEMB! X, Y, 2, Ile OLHO H3 YHCeJ X
H y uMeer BuA 2uu, Apyroe —Buj 4%-—v? nakosel, z UMeeT BHA u2--u?,
npu stoM 4 > v > 0, (4, v)=1, uv—ueTHoe.

b. MMoab3ysicb Teopemoll Bonpoca a, AOKa3aTb HEPa3PeIMMOCTb B
LEeNBIX TOJOKUTENbHBIX X, Y, 2 ypaBHeHHs x4 y* =22,
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10. NokasaTs Teopemy: eciM ypaBHenHe x® -t gx—14 .., J-a,=0,
rie n >0 4 ay, ..., G,—Ule/ble, HMEET PAIHOHAJBLHHI KOpeHb, TO STOT
KOpeHb——11eJ10€ YHCIO.

11, a. Ilycrs S=—;——|—%+...—}—%; n > 1. JoxasaTe, u4ro S —
HE 1leJIoe.
1 1 1
b. Hycts S—§+§+"'+m’ n > 0. Hokaszatb, uto S —

He neJoe.

12, Ilyete n—uenoe, n > 0. Jokasath, uto BCe KO3(PHUUHEHTH
pasJioeHnst 6uHoma HeioTona (a- 5)” 6yAyT HEUeTHHIMH TOTKA H TOJBKC
TOTJa, KOTAA 7 HMeeT BHJ 2F-—1,

Yucnennsle npuMepnl K raase I

1, a. Tlpumensa aaroputv EBkauna, naifitu (6188, 4709).

b. Ha#ru (81 719, 52003, 33649, 30 107).

2, a. PasnoxuB B HeNPepHIBHYIO Apolb oc:_l—g%IE U COCTaBHB TabJHLy
nopxoxAuwnx ApoGet (c, § 6), maiitu: @) 8y, P) npejpcraBiexne 0. B BHIE,
ykasagHoM B Bolpoce 4, b, cumras v=20.

5391
b. PasjoxuB B nenpepuBHYIO ApoGb %= 757 H COCTaBHB Tabamny

NOAXOAAMME ZpoGeit, Ha#iTu: o) Og, B) mpeicTabienne o B BUIE, YKa-
3aHHOM B Bompoce 4, b, cuuras T=1000.

3. CocraBuTb psg apoGeit Papes (sompoc 4) or 0 go 1, uckioyad 1,
€O 3HaMEHaTe/IAMH, He HPEBOCXOASIMMU 8.

4. CocTaBHTb TAGMHULY NPOCTHX uMces, Menbwnx 100.

5, a. HaliTu xanonnueckoe pasnoxenne uucia 82 798 848.

b. Haiitn xanoHuueckce pasnoxenue uncia 81 057 226 635 000.
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BAXHEAUUE ®YHKUUH B TEOPHH UYHCEJI

§ 1. dynxunu [x] u {x}

a. B mepByio ouepesb MBI pPacCMOTPHM JBe CJeAYIOIHe
GYHKIMHA, ONpefeJIeHHEIE /151 BCEX BElIeCTBEHHbIX 3HAYeHHH Xx:

1. Ileayo uacmp om x, 0GO3HAyaeMyl0 CHMBOJOM [x],
OpPeACTABSAIOILYI0 Co60oI0 HauGoJbIEe Lenoe YHCJI0, He Ipe-
BOCXOAAIIEE X.

2. Hpobuyro uacms om x, 0603HAYAEMYI0 CHMBOJOM {x},
TpeACTaBIAIYIO COG0I0 PASHOCTb X —[X] MEXAY X H Lenoi
4acThlo OT X.

IIpumepH.

[71=7, [2,3]=2, [—4,75]=—b5,
{7}=0, {2,3}=0,3, {—4,75}=0,25.

b. IToxaszameas, ¢ Komopbim Oanunoe npoctioe p 6xooum
8 npousgederue nl, pasen

Bellele o

JleficTBUTENbHO, YHCIO COMHOXKHTENEH NpPOU3BENeHHA nl,
n
KpaTHBIX p, PpaBHO [?], Cpend HHX YHCJIO KpAarHBIX p?

n
PaBHO [?], CpesH TNOCJEIHMX UHCJIO KpaTHBIX p® paBHO

n o
[?], u T. 4 Cymma (1) m pgact uckomblfi NOKasaresb, Tak

KaK KaXJui COMHOMKHTENb NPOH3BeJeHHs nl, KpaTHHA p~,
HO He p™*l, HaMH COCYHTAH TOYHO M pas, KaK KpaTHHH p,
P, p%, ..., HaKoueL, p™.

[Ipumep. Ilokasaresp, ¢ KOTOPHIM 4HCAO 3 BXOAHMT B
apoussegenune 367!, paeeH

5]+ 5]+ (7] + (5] + 3] -
=122 +40+ 13+ 4+ 1 = 180,
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§ 2. MyabTuniiMkaTHBEble GYHKIHH

a. Oynxyus 6(a) HasvBaemMCA MYAMUNAUKAMUBHOL, eCAu
ona ydosremeopsem O08YM CACOYIOWUM YCAOBUAM:

1. Oma ¢ynxyus onpedesena 0an 6cex yeablx noAONCH-
HICABHBIX Q@ U HE DABHA HYMO NO MeHbleld mepe npu O0OHOM
maxom a.

2. Ana a06bixX NOAOKHCUMENbHBIX B3AUMHO NPOCMbIX Q, U Q4
umeem:

0 (a,a,) =0 (ay) 6 (ay).

[Ipumep. Herpyaro Buierp, YToO MYJLTHIAHKATHBHOK
asasiercss QyHKUHSA af, The s—ao0oe BelleCTBEHHOE HJIH
KOMIIJIEKCHOE YHCJIO.

b. Has ecaxoll myremunauxamusnotl ynxyuu 0 (a) umeem
0(1)=1. [JefictBuTesqbHO, nycTh 6(a,) He paBHO HYJIO.
Haxogum

0(a) =0 (a,-1)=0(a) 0 (1), 1=0(l).

c. CpoficTBO 2,2 MyJbTHIJIMKATHBHOK QyHKuuH 0 (a)
pacrpocTpaHdeTcss M Ha caydad k> 2 nNOMapHO NpPOCTHIX
qHCeN ay, Ay, Ay, ..., Q. JEHCTBHTENBHO, HMeeM:

0 (a,0.05. - . a;) =0 (a)) 0 (@,a5. . .ap) =
—0(ay) B(a;) 0 (ay- - ap) = ... =0(a,) 8(a;) 0(ay). - .0 (ap).
B uyacrHoCTH, HaXOAHUM
8 (pTpiepse. . . pir) =0(p1") 8(p3?) 8 (p57)...0(pEx). (1)

d. O6partHo, Mol 6cezda NOCMpoum HEKOMOPY MYA6miu-
naukamuenyro gyuxyuro 0(a), ecau noaosxcus 8 (1)=1 u Ha-
3HAUUE NPOU3BOALHO BHQHeHUus 0aa O (p%), omeeuarowux noao-
KHCUMEAbHOIM  CMENeHsM ApOCmbiX 4ucer, 8 obujem caydae
onpedeaum 3my Qyukyuro pasercmeom (1).

JlefiCTBUTELHO, €CH @ = p}'...p4E*k NPEICTABJEHO B BUJE
npOH3BEI.[eHHﬂ a4, ABYX B3dHUMHO HpOCTbIX qHCEN ay H a,,
TO CHpPaBeiJIUBO TOMAECTBO

8 (a) =0 (a,) 8 (a,),
JeBad 4acTb KOTOPOro ABJAECTCHA npOH3BeﬂeHHeM qHceT

0 (p¥s), oTBevalOmMUX BCeM COMHOXUTESM BHAA Pss UHCIA 4,
a npaBas uacTh HABJIAETCH TeM »Ke NpPOH3BEJCHHEM, HO Das-
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GHTBHIM Ha JBa B3aHMHO IMpPOCTHIX NPOH3BENEHHS, OJHO H3
KOTOpHIX 6 (a,) siBAsieTcs npoussenenuem yncen 8 (p¥s), oTse-
QAKX BCEM COMHOMHTENSIM BUAA pYs WHC/IA d;, APYIOe e

8 (a,) sBasiercs npoussesenuem uuces 0 (p®s), orpeuarommux
BCEM COMHOXKHTESM BUJA p2s UHCAA d,.

TIprMep. MyJsTHIIMKATHBHYIO (YHKIUHIO MOMKHO IO-
cTpouthb, B3sB 0(1)=1 u 6(p*) =2, eciu o> 0. Torga

npu k>0 6ygem umets 0(p3'...pEt)=2% B uactHOCTH,
HaBxeM:

al)=1, 8(2)=2, B8(3) =2,
04)=2, 0(5)=2, 6(6)=4.

e. [Ipoussedenue 8 (a) =0, (@) 9, (a) d8yx myromuniuxamue-
noix ynxyuil 8, (a) u 8, (a) maxace asasemcs myrbmunauxa-
mugnotl Ppynryuei,

HetictButensno, umeeM 06 (1)=06,(1)6, (1)=1.
Kpome Toro, npu (a,, a,) =1 Haxoaum
8 (a1a,) = 6, (a,4,) 6, (2,2,) =6, (a1) 9, (@,) 6, (a) 6, (22} =
=0, (a,) 6, (a)) 6, (a,) 65(a,) =0 (a,) 8 (a,).

HokasanHas TeopeMa ofofulaeTcss U Ha chaydafl Jo6oro
yucna k> 2 MYJbTHINIHKATHBHBIX GYHKUHA

6.(a), 6:(a), 6(), ..., 8,(a).

JIefCTBUTENIbHO, NOJB3YACh €10 NOCJAefoBaTeNbHO, ybe-
IUMCS B MYJIbTHINVIHKATHBHOCTH INPOM3BEJCHHH:

6y (@) 8, (a) 85 (@) = (8, (@) 6, (2)) 8, (),
0, (a) 6, (@) 6, (a) 0, (a) = (81 (2) 6, (a) 6, (2)) 6, (@),

.......... ® ® e <« o ® B s o o & o

6;(2) 6, (a). . .0,_1 (@) O, () = (8, (2) B, (a) . . .61 (2)) B, (a).
f. Iycms 0 (a) —mysvmunauxamusnas GYHKYUL ua =
= p{*. .. Pk — Kanonuueckoe pasioxcerue uucaa a. Tozda, obo-

3HAQYAA  CUMBOAOM 2 CYMMY, pacnpocmpaueﬂnyfo Ha 6ce
d\a
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Oeaumeau d uucaa a, 6ydem umemo

Zed) (146 (py) +0(p) +... +06(p7))..
--(1+6(pk)+6(pk)+...+e(p‘,’:k)).

(B cayuae a=1 npasas wacme cuumaemcs pasrou 1.)

UTobel J0OKa3aTb 3TO TOXKJAECTBO, PACKPOEM CKOOKH B €ro
npaBoil uacTd. Torja mojyyuM cymmy BceX (Ge3 npomyckoB
1 NOBTOPEHHI) cjaraeMblX BHUJA

9(p1‘)e(p2' . B(P > (p pz . -pﬁ");
0<ﬁl<a1y \62<a2! e vy Ogﬁkgak

A 310 (1, e, §5, ra. I) kak pas n GyHer TO, YTO CTOMT
B JIEBOH YacTH TOXKJECTBA.

§ 3. Yucao penuteneii M cymma aeaunteneit

a. 1, Ilpy B(@)=1 (npumep a, § 2) rtoxpectso f, § 2
npumet BUA T (@) = (2, + 1)...(+ 1), THE T (@) —uncao je-
JHTENeH YHcaa a.

[Ipumep. T(720)=1(2¢-3*-5) =4+ 1) 2+ 1)1+ 1)=

2. t(a) —myremunaukamusnas @Gyukyus, 043 Komopot
npu o> 0 umeen T (p*)=a-+41.

O10o caemyer M3 HaljgeHHOH AJA T (a) GOpMYJH H Teo-
pemu d, § 2.

b. 1. Ilpu 0 (a)=a (upumep a, § 2) rToxzmecrso d, §2
npUMeT BUJ

o, +1
S(a) = L N il
pn—1 "7 pp—1 7

rae S (a) —cymma Oeaumenell 4ucia a.
5. 3 2__

Mpumep. S(720)=8 @35 =3=L.2=L. 5= _
= 2418.

2. S (a) —myromunaukamusnas Gyukyus, 041 Komopoil

+1.

npu & >0 umeem S(p"‘)—m‘; ,

310 chaepyeTr W3 naiaendoil L8 S (@) GopMyaE H Teo-
pemu d, § 2.
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§ 4. Pynkuus MéGuyca

a. Pyuxyua Mebuyca— MyrbmuUniuKamueHas QyHKyus,
onpedenennasn pasercmeamu: p(p) =—1, p (p*) =0, ecaua>1.
Hs storo onpepeneHus, B 4acTHOCTH, C/IELYeT, UTO:

o) Ecim B KaHOHHMYECKOM passOXeHHM a=pi...pGk

YHCJA ¢ [0 MeHblIeH Mepe OXMH M3 NOoKasaTejed oy, ..., o,
HPEeBOCXOAMT | (ecau a ZAeMMTCA HAa KBaApaT, OTJAHMYHBIL
oT 1), To umeem p (@) =0.

f) B nporuBHOM cayuae, T.e. B cJyuyae, eC/IH KaHOHHYe-
CKO€ Da3JjIOKeHHe YHCJIa @ HMEET BHR 4= py...D;, HMeeM

b (@)= (— 1.
IIpumeps.
p=1,  p@=—1, p@ =0,
p@)=—1, p®)=1, pd0=1,
p@=—1, pM=—1, pIh)=—I,
p#)=0, w@®=0, pn(12)=0.
b. 1. ITycme 0 (a) —myromuniuxamunas Gynkyus u a =
= pP.. .p;‘k —KAHOHUYeCKOe pasaoscenue ducsa a. Toeda
umeem:

2 w(@0@=(1=0(p)...(1=0(py)

(6 cayuae a=1 npasyro wacme cuumaem pagHoil 1).

HeiictBurenbHo, ¢yakuus 6, (a)=p (a)0 (@), xaxk npous-
BelleHHe MYJbTHIIHKATHBHEIX GYHKOHH w(a) u 0(a), cama
ABJISIETCH MYJbTHIIHKaTUBHON ¢ynknued. [lpumenas k nelt
ToxzecrBo f, § 2 u uMmen B BHAY, 4T0 O, (p)=—0(p) H uTO
0, (p*) =0, ecaiu & > 1, MBI B ybexumMcs B CHpaBeLIHBOCTH
Halllero YTBEPXKJIEHHA.

2. B yactHoctH, noJsaras 0(q)=1, H3 o) moaydum

Zu(d)={ (1), eciu a> 1,

dwa , ecH a=1,

3. Tonaraa xe 9(a)==%, NOJYIHM

ZH‘@ {(1—71:).. (lﬂ_?};)’ ecau a > 1,

1, ecad a=1.
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c. ITycme yeaoim nonoocumensuoim 8=29,, ..., 8, omee-
qarom aobble ewiecmeennbie, UL KomnaexcHsle f= [y, « -y [a-
Toeda, obosnauas cumeorom S’ cymmy swauenull f, omee4aio-
wux sHauenusm 8, pasroim 1, u cumeosrom S, cymmy 3Hade-
Hutl f, omeewarowux 3radenuam 8, kpammwim d, Gydem umems

§'= Zn @S,

20e d npobesaem yesvie NOAOHCUMENbHOIE HUCAQ, Oeifujue Xo-
msa 6ut 00HO 3raderue 8.
HeiicrsutesibHO (2, b), HmeeM

S’ =f1d%51 pd+... +fnd%”u(d)-

Cobupas xe BMecTe YjieHbl C OJHHMU ¥ TeMH e 3HAYeHHAMH d
U BBIHOCA IpPH 3TOM R (d) 32 cKOOKH, B CKOOKax NOJy4HM
CYMMY TeX M TOJbKO TeX 3HaueHHH f, KOTOpble OTBEYawT
3HayeHHSM O, KPaTHEIM d, T.e. KaK pas ¥ NOJyUHM CYMMY Sy.

§ 5. Pynkuusa Jidnepa

a. Pyuxyus Jiirepa ¢ (a) onpedersemcs 0 8CexX LeAblX
noaoMumenssHolx a u npedcmosasem cobow0 4ucao wucea paoa

0, I, ..., a—1, 0]

83AUMHO npocmelx ¢ a.

[Ipumeps.
e()=1, o#H=2,
=1, ¢(®)=4
?@B)=2, ¢@®)=2.
b. 1. Tycmyp

Qg & Q& )
a=p11p22'-'pkk (2
— KaHOHU4ecKkoe pa3aoscenue uucra a. Toeda umeem

w0ma(1—E) (1=L)- (k). o

Ul maxsce
0@ =(pf—p1 ) (P2 —p*7"). . (P =P ) (@)
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B wacmuocmu, Oydem umemeo

@ (P =p*—p*", op)=p—1L (5)
IefictBHTeIbHO, NpUMeHHM TeopeMmy ¢, § 4. Ilpu atom
ydcaa 0 ¥ yucsaa | onpefesaHM TakK: NycTh ¥ npoGeraer
yucaa psaga (1); KakEoMy 3HAYEHHIO X NPHBEXEM B COOTBET-
CTBHE 4MCI0 8= (x, @) u yucao f=1.

Torza S’ obparutca B 4HCHIO 3HaueHuii §=(x, a), pas-
ueix 1, T. e. B ¢(a). A S; o6paTUTCA B YHCJO 3HAYEHHH
8=(x, a), kparueix d. Ho (x, a) moxeT OHITb KpaTHbIM d
JHIb NPH YCAOBHH, 4TO d—jenutenb yucaa a. llpu nanu-
YHH Ke 3TOTO YCJAOBHA S; o6paTHTCsl B YHMCJO 3HAYeHHH X,

a
KpaTHEIX 4, T.e. B . TlosTomy

9@ =2p@d7g,

d\a

OTKYAa (BBHRY 3, b, §4) cienyer dopmyna (3), a u3 nocJueg-
He#l (BBHRY 2)) ciepveT cdopmynaa (4).
IlpumepH.

¢(6m:=60(1—n§>(1—u§><1n-%)==1a
¢ (81) = 81 —27 = 54,
¢(G) =5—1=4.

2. ¢ (a)——my/zbmun/zuxamueuaﬂ pynxyus, 0ia Komopott
npu o >0 umeem @ (p*) = p*— p*~1L.
910 chepyeT U3 (popMy.an (4) u Teopemnt d, § 2.

c. Hmeenm
2o@=
d\a

B cnpasepsnuBocTu 3ToH (opMyJnl yGefHMCH, NPHMEHSS
toxaecrso f, § 2, xoropoe npu 6 (a)= ¢ (a) Raer

Zw@%%l+@@J+ o (7).
..(1+cp(pk)+...+<p(p2‘k)).

Beugy (5) npaBas yacTh OKaxercs paBHOH

I+ @E—=D+... +(P—=pT™)..
.”(-+@r—n+.n+(pﬁ—¢%‘)),
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YTO TNocJe NpUBefeHHS B KaxuAo# 60nbwIoH ckobke nogod-
HBIX YJIEHOB o6paTHTCH B
a, (2
pit. .. pE=a.
[Ipumep. Tlonaras a= 12, Haxogum

p(N+e@+e@B)+oe@)+ o)+ (12)=
=14+14+24201214=19,

Bonpocet k rnape 11

1, a. Ilycrs B unrepBane Q <Cx<< R ¢yrkuus f(x) venpepniBua B
HeoTpHIaTesqbHa. Jlokasarth, uro cymma

> 7wl

Q<x<R

BHIDAaXKaeT YHCJO [eJbIX TOUEK (TOUEK C LeJbIMH KOOPAHHATAMH) MJIOCKOH
obnacti: Q < x<CR, 0 < y<<f(x).

b. Tlyecre P u Q-—nonoxuresbHEE HeUETHHE B3aUMHO INPOCTHE.
Hoxka3satb, uto

> : Loz ]+ Z, [Fv]=5 %5

0<x< 0<y< 4

c. Ilyetb r >0 n T—vuncno Heasx Tovek obaactd x2--y? <K r2,
Jlokasars, uro

T=1+4[r]+8 3, [VP=##]—1 [—’—_—} .
r V2
Ve
d. Tlyerb 7> 0 1 T—uHcAO LeABX TOuek obaactu x > 0, y > 0,
xy << n. Hokasatb, uto

ngo«éﬁ [7]_[1/5]2'

e. PaccMoTpuM MHOTOYTOJIbHHK, BEPINMHEl KOTOPOrO — lieJble TOYKH
H KOHTYp KOTOpOro caMm ceGst He NePeceKaeT M He xacaeres. Ilycrs
S —nuomans MHOTOYIrOJbHHKA H Tzz 8—1, rae cymMmupoBaHHe pac-
NPOCTPaHseTCs Ha BCe LeJbe TOUKH, Jexalie BHYTPH MHOTOYTOJNbHHKA
K Ha ero Koutype, npuuyeM O=1 nas pyyTpeHHHX Touek nm §=0,5 gas
ToYeK KOHTypa. Jlokasats, yto T =S,

2. Ilyers n > 0, m—uenoe, m > 1 u x npo6eraer Le/be NOJOXKH-
TeJbHBIE YHCJA, He Jedslecs HA m-10 CTelleHb LEeJIOTO, MPEBOCXOAs-

wero 1. Hokasath, 4to
m /T
> [ 1/ _x_] ={[n].

x

0<x<




BOMPOCH! K T'JIABE 11 33

3. Ilyctb monoxuTeJbHEE O M 3 TA4KOBHI, 4TO
[ax]; x=1,2, ...; [Byl, y=1,2, ...,

06].')83}’}0'1‘, BMeCTe B3AThle, BCE YHCJAA HATYpaJLHOTO psfa Ges MOBTOpE-
nufi, JloKa3aTb, 4TO 3TO HMEET MeCTO TOrja W TOJbKO TOrLa, Korja o
HppauHOHaJbLHOE, NpHYEM

1 1
E+—ﬁ——l'
4, a. Tlyets [t]=1, ¢=[1] u Xy, Xg, ..., xy—uHcaa 1,2, ..., ¢,
pacnoJIOXKCHHLIE B TaKOM NOpAjKe, 4To0u 4HCIa
0, {ax}, {axg}, ..., {ary}, |

wau He yOwBas. JloxasaTth Teopemy Bonpoca 4, b, ra. I, pacecmarpusas
Pa3HOCTH COCeIHHX UYHCeJ NOCJeAHEro psja.

b. IMycte Ty, Tg, ..., Tp——BellleCTBEHHblE YHCHA, KakKji0e M3 KOTO-
pHIX He MeHblie l; 04, Qg, ..., G — BellecTBeHHble. JlOKa3aTh, 4TO Cyle-
creywoT ueasie &, §a, ..., &, He paBHble ONHOBPEMEHHO HYJIIO, H LeJOe 1,
YAOBJETBOD AIOIHE YCJAOBHAM:

[G1l<<ty, [Eal<to, ..vs 1&pl<<t (B1s Eov ooy Epy =1,
|oqBi+oabe+ .. F o —1| < 1

T1Te ... Tk-
5. TlycTh o — BemtecTseHHOe, ¢—uegoe, ¢ > 0. JlokasaTs, uro

- (2]

6, a. Ilycts @, B, ..., A—BeulectBennnie. Jlokasath, 4o
[at+-B+...+AI =[]+ [B]+ ... Al
b. Ilyers a, b, ..., |—lense noJgoxurtensube, a+ b+ ...+ I=n.

Ipumensist b, § 1, pokaszarb, uyto
n!
atbl ... Ul
€CTh 1leJ0e YHCNO.

7. Ilyers h—uenoe, A > 0, p—npocroe H

—p3+1__1
Ug == p——l

[lpeacraBnsis h B BUAEe B =pPplpm+Pm—1Upm-1+ ... p1ty-+po, TaE
U, —Hanbosbiuee ug, He mpeBocxoisiee h, p,U,, — HauboJbIlee KpaT-
HOE U, He NPEBOCXOAsALIEE R, P14y, 1— HAHGOAbLIEE KPATHOE U,y 1,
He TpeBoCxofsilee  A— pll,, P, -l g — HaHGOMbIICE KPATHOE Uy, _o,
He NMpeBOCXOAsiinee A— p U, — Ppm—iliy—1, B T.H., KOKa3aTb, YTO YHC-
Jla @ ¢ YCJIOBHEM, YTO B KAHOHHUECKOE pasJiolKeHHe al YHCJIO D BXOAHT
C mnoKasaTeJleM f, CYIECTBYIOT TOTAa M TOJbLKO Torja, Korja Bce
Pms» Pm=1>---» P1, Po MeHbLIE p, TIpUYEeM B 3TOM CJyuyae YKas3aHHbie
a CyTb BCe UHCJa BHJA

A= ppup™ - pop_ap™ A .. FP1PPF Do+ 0
rie p’ umeet 3nauenus: 0, 1, ..., p—1.
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8, a. Ilyctb B uutepBase Q <<x<C R ¢ynkuna f(x) HMeeT BTOPYIO
HenpepriBHYO Npox3soaHyto. [losaras

P X)) =5 —{x} a (x) Sp(z')dz,
NoKasarb, UTO
R
> f(X)=Sf(X)dx+p(R)f(R)—p(Q)f(Q)—
Q<x<R b

R

—o (R F (R 0(Q '@+ o0/ (v ax
Q
b. ITyctsh ycioBue BOIpoca @ BLINOJHSETCS NPH CKOJb YTOAHO GOJIb-

mux R, npuueM S | /7 (x) | dx cxopmresi. Jokasats, uto
Q

0

R
> f(x)=0+gf<x)dx+p<R)f( )—0 (R) ' (R S" ) f"(%)dx,
Q<x<R o R

rae C He 3aBMCHT oT R.
c. Eciu B npunuMaeT JMIIb MOJOXKHUTENbHEIE 3HAUEHHS H OTHOILEHHE

I——B—'— ocraercst OTpaHHUYeHHBIM cBepXy, To mumeM A =0 (B), nm A<B.
Ilycrs n—uenoe, n > 1. Joxasare, urto
In(n)y=nlnn—n-+0 (lun).
9, a. Ilycts n=2, B (2, z9) = 2 Inp, rne p npoGeraer npo-
Z<pgz
ctoie uncaa Ilycrs, panee, O (2)=6(z, 0) u npu x > 0.
— 3/,
Y)=0®+0 (Vi)+e(/ x)+...

HokasaTb, uTO
@ 1o (n) =y )+ (5 )+ (5 )+

B) ¥ (n) < 2n,
oK:) <n, —’21->+@ <% %)+e<-’51,—g->+ L=nin2+0(Vn).

b. Ilpn n > 2 pokaszath, urto

Z";—”:anrom

p<n
TAe p npoGeraeT NPOCThle HHCJA.
¢. IlycTb € —TNpOH3BOJbHOE MOJOXHTENbHOE MOCTOsiHHGe. J[OKasath,
YTO B psAe HaTypaJdbHbIX YHceJd CyLleCTBYeT GecuHCJ/IeHHOE MHOXKECTBO
1ap Pn, Pn+41 NPOCTBIX UHCEN C YCNOBHEM ppi1 < pn(l-+€).
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d. Ilyers > 2. Jlokasats, uTo
Ei:c+1n1nn+o 1_)
P Inn/’
p<n

rie p npoberaer mpocTthle yscsia B C He 3aBHCHT OT 7.
e. Ilyete n > 2. Hokasats, uto

11 <1—%>= mlcr?n(l'*'o (Fll_n))

p<n

rie p npoberaer npocThie uHcsa H Cy He 3aBHCHT OT 1

f. ﬁoxasan CYLIeCTBOBaHHE NOCTOSIHHOTO Sy > 2 C YCJOBHEM, 4TO
npu J1o60M LEJOM § > So AJIf §-TO NPOCTOro yucia pg pspa 2, 3,5, ...
HMeeT MEeCTO HepaBeHCTBO

ps < 1,5slns.
g. Hoxasatb, uto
a
—— =0 (Inlna).
o e

10, a. ITycts 6 (2) —dymKUMs myapTHRIHKaTHBHAsA. JloKasaTb, 4TO

01(a) = 2 0 (d)—Takxe (QyHKUHS MYJbTHIIHKATHBHAS.
d\a

b. Tlycts dynkuus 0 (a) onpepefena NS BCeX LEJbIX NMOJOXKHTENb-

HBIX @ H OyHKuHsa P (@) = 2 0(a) — myapTHnAuKaTHBHAsA. JloKasaTh, 4TO
d\a
dynkuua 0 (@) Takxe MyJbTHNIHKATHBHAS.

11, Iycts npu m >0 1, (a) 0603HauaeT YUCJAO pellleHHH Heolpe-
JeJIEHHOTO YDaBHEHHS X1Xg ... X, =a (X1, X2, ..., X,;, HE3aBHCHMO JApYT
OT sipyra npoberaioT Le/bie NOJOMHTEJNLHbE UHCAA); B YaCTHOCTH, Ove-
BHAHO, T (a) =1, 15 (a) =7 (4). Hokasarb, uTO

a. T, (a)— GyHRUAS MYJbTHINIHKAaTHBHAS.

b. Tlycts p—nmnpocroe, =0 u m > 1. Toraa

_+h@t?) ... @t+tm—1)
1-2... (m—1) :

T (P™)

c. Ecan g — MPOH3BOJLHOE NMOJOXHUTEAbHOE NMOCTOAHHOE, TO

im 2@ o,
4> OB
d. 2 T,, (@) BEIpaXKaeT YHCAO PelleHHH HepaBeHCTBA X Xp ... X <l
0<a<sn
B Le/BIX NOJOKHTENBHHX X1, Xg, ..., Xp
12, Tlycts R (5) 0o603HayaeT BEIECTBEHHYIO YacTL YHCJAA S.

fpu R (s) > | monaraem C(S)ZZ;:}- Mycrs m > 0, m—ueace.
n=1
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JloKasaTb, 4TO

13, a. Ilpn R (s) > | nokasartb, uytO

g(s):I_—I 1 1’

rae p npoberaer Bce NMPOCThHE YHCIA,
b. JlokasaTh GeCKOHEYHOCTb YHCJA MPOCTHIX YHCEM, HCXOAs H3 TOTO,

YTO TapMOHMUECKHH psijf— pacxojsimuics.
¢. IloxazaTh GeCKOHEYHOCTb YHCJA NPOCTHIX UKCEJ, HCXOAS M3 TOFO,

2
uro §(2) = -——lmcno HP PaLHOHALHOE.,

14. l'lyC'rb A{@=Inp nas a=p!, rpe p—rnpocroe u [—nemnoe
noNoXKHTedbHOE; A (@)=0 a9 APYFHX IeJHX NOJOXHuTeabHbX a. [lpu
R (s) > 1 pokasatb, uTO

16. ITycrs R (s) > 1. JTokasaTb, uT0

(=)= :

rae p npoderaeT IIPOCTBHIE YHCJIA.
16, a. Ilycte n=1. Ilpumensa ¢, § 4, noxkasats, TT0

- ¥ rafg]-

0<d<gn

n)

b. ITyets M (2, zg) = Z p (a); M (x)=M (x, 0). Nokazarb, 4T0

2p<agz
%) M(n)—l—M( )+M( >+ =1, n>1,
p)M(n, §)+M(’§ )+M(5 6)+ =—1, n>2.

¢. [lyerb n=1, I—uenoe, I > 1, Ty p—uncao Leabix x ¢ ycjo-
pieM 0 < x << n, He JeJAUEXCA Ha [-10 CTENeHb LeJoro, IpeBoCcKoAsie-
ro 1. IMpumensst e, § 4, Aokasarb, uTO

Tea=Y k@ 5]
d=1
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17, a. Ilycte a—uenoce, a > 0, B AT LEJBIX Xy, X3, ..., Xy ONHO-
3Ha4HO onpenenena ¢yukuus f(x). Jokasath, uro
$'=Xr@ S
d\a

rie S’ ob6osnayaer cymMmy 3HayeHmil f(x), pacnpocTpaHeHHYIO Ha 3Haue-
HHMSA ¥, B3aHMHO NpOCThie C g, H Sy—CcyMMy 3HaueHuil f (x), pacnpocrpa-
HEHHYIO Ha 3HaueHHS X, KpaThbe d.

b. Ilycts £ > | 4 3ajaHel CHCTEME

4 ’ [ ” ” " . n )
Xiy X3 ooy Xk5 X1y Xz, eeos XRS5 .o A0, AP, L 1,
KaX[as M3 KOTOPHX COCTOMT H3 LEJHX YHCeJ, He PaBHEIX OJHOBPEMEHHO
uymio. Ilycre nasiee pnisi STHX CHCTEM OZHOSHAYHO OnpejesieHa (QyHKIBS
f (1, %3, ..., xp). Hokasath, 4rO

8= pn(d) Sq,

rie S’ o6osHauaer cymMMy sHaueHHH f (x;, X3, ..., Xp), pacnpoCTPaHeH-
HYIO Ha CHCTEMHl B3aHMHO NPOCTBIX uHceJ, H Sy o603HauaeT CyMMY SHa-
yeHHH [ (xy, Xz, ..., Xy), DACHPOCTPAHEHHYIO Ha CHCTEMH YHCeN, OAHO-
BpeMeHHO KpaTHHX d. Ilpun stom d npoGeraer weible NOJOKHTENbHLE
yucaa.

c. Ilycrs a—uenoe, a > 0, u ana geantenedi § uncaa a OpHOZHAYHO
onpenenesa bynkuus F (8). Monaras

G©®) = D F(@),
d\d
JloKasaTb, 4TO (3aKOH oOpallleHHs YHCJAOBHIX (QyHKuui)

Fa=Yr@a(%).

d\a
d. TlycTh neJanM BOJOXHTETbHBIM
8, 8 ..y Oy
OTBEYAIOT MNlo6ble BeleCTBEHHBIE HJIH KOMIUIEKCHBIC, He DaBHEIE HYJIO!
foo fas ooos o
Hokaszath, uro
P =TIP4 &),
rie P’ o6o3Hayaer npoH3BefeHHE 3HAYeHHA f, OTBEUAIOMUX SHAYEHHSM §,
paBauiM 1, P4 o6o3HauaeT NpOH3BeJeHHe 3HaueHHH f, OTBeHalOMHX 3HA-
dennsM 8, xpaTHeIM d, npHYeM d npoGeraer BCe LeJHe NOJOXKHTE/IbHbIE
9HCJaa, gensmue xotd Obl oxHo 8.
18. Ilycrs a—uenoe, a > 1, O (M) =17 4214 ...+ n7, $,, (a) -
CyMMa m-X cTeneHeli gucen psaja l, 2, ..., a, B3aHMHO NPOCTHX € q;

P1s P2y ..., Pp—BCeE MPOCTHIE JEAHTEJH YHCIA 4.
a. Ilpumenss Teopemy Bompoca 17, a, moKasaTh, 4TO

¥n (@ = X, k@m0, (£).

d\a
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b. Hdokasats, uTo
1 (=5 9(a).

¢. Jokasarb, 4TO
2 —k
Py (@)= (%—’f"("'sl PiP2. - -Pk) ¢ (a).

19. ITyctb 2 > 1, a—ueqoce, a > 0, T ,—uncio YHCEN X C YCIOBHAMH
0<x<z, {x, a)=1, e—nPON3BOJLHOE MOJOXKHTEJbHOE NOCTOSIHHOE,

a. JlokasaTb, 4TO
.= p@| %]

d\a

b. Joxkasats, uro
To=Z ¢ @+0 (a°).

c. Ilyere 2 > 1, 70 (2) —4HCI0 NPOCTHIX UMCEJ, He NPEROCXOMAIMX 2,
a— npon3Be/ieHHe NPOCTHIX WHCed, He mpepocxoiamux V2.
Joxasath, 4To

@=n(VD)—1+ X u@[Z].

d\a
20. Ilycts R (s) > 1, a—nenoe, a > 0. Hokasars, uto

X =ton(i——-),

TZe B JIEBOR YacTH n mpo6eraer lieJbie NOJOXHTEJbHbIE YHCJA, B3aHMHO
HNpocTHEe € @, a B NpPaBofi uacTd p npoGeraer BCE NPOCThi€ JETHTENH
YHCcIa a

21, a. BeposartHocTe P TOro, 4TO £ Le/BIX NOJOMHTEIBHBIX YHCEN
Xy, X2, .. , Xp OYAYT B3aHMHO HPOCTHIMH, ONPeNeJHM KaK IIpefeJ NpH
N — o BepositHocTH Py Toro, uTo 6yayT B3auMHO TPOCTHIME £ UHCEJN
X1, Xa, ..., Xp, K@XAOMY H3 KOTOPBIX HE3aBHCHMO OT OCTAJbHLIX IMpH-
CBOEHO OXHO M3 3HauweHui#t 1, 2, ..., N, npuxHuMaeMbX 33 pPaBHOBO3MOXK-
Hule. [IpuMensisi Teopemy Bompoca 17, b, nokasats, uro P= (L (k)~1.

X

b. Onpegensisi BepoSTHOCT, P HECOKPATHMOCTH ZpoGu v aHaJOTHYHO

TOMY, KaKk B BOIpoce a NpH k=2, 10Ka3aTb, YTO
6
P=—-

2

22, a. Mycrs 7=>2 ® T—uHeno nemHx TOueK (x, ) ¢ B3aHMHO
NPOCTHIMH KOOPJHHATaMH, Jexallux B OGJIacTH x24-y? << r?. Jlogasarn,
470

T=% rr4+0(rinr),
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b. Ilyets r=2 u T-—uncno ueasix Touek (x, ¥, 2) ¢ B3AHMHO Hpo-
CTHIMR KOODJAHHATAaMH, JieXalX B o6aacti x2-+ y2422<< r?. Jokasato,
uTo

4mre
T=‘—3€—(§ +0 (f2).

23, a. Teopemy 2, b, § 4 moxasath, cuuTasi AeJHTeNH YUCIA @, He
Jenswipecs Ha KBajpaT LeJIoro, npesocxoasulero 1, u umeiompe 1, 2, ...
NPOCTHIX HeNHTeNeR.

b. Ilycrs a——uenioe, @ > 1, d xpoGeraer Ae/iuTend yucaa d, UMeEOMYe
He Gojee YeM m NpPOCTbIX ZeauTesefl. JlokasaTb, YTO NpH m ueTHOM
Ep(d);O, a npu m HeuetHoM 2, n(d)<O0.

c. Ilpu ycroBusix TeopeMui ¢, § 4, cuHTas Bce [ HeOTPHUATeJbHBIMH
u 3acTaBnas d npo6erath JMINb YHCAA, HMEOLWIMe He GoJiee YeM /71 TPOCTHIX
Jenutesedl, J0Kas3aTh, YTO

S<Du@ Sy =21 Sq

B 3aBHCHMOCTH OT Toro, OyAeT JH m YeTHBHIM HJH HEUYETHBIM.
d. Takue ke, Kak B BONpOCe €, HEPAaBEHCTBA JOKA3aTh NPH YCJAOBHAX
Bonipoca 17, a, cuuras Bce 3HaueHHs [ (X) HEOTPHLATENbHBIMH, 4 TaKXKe

npa yecjosusx 17, b, cunrast Bce sHaueHHss f (x;, Xz, ..., Xp) HEOTpH-
LaTeLHbIMH,
1
24. Tlycts ¢—mmi060e HOCTOSIHHOE ¢ YCJIoBHSMH 0 < & < T N=38,

r=InN, O0<g<<NI-¢, 0gI<q, (g9, =1, n(N, q, {)—uucio
NPOCTHIX UHCEX ¢ yeaoBuamu: p<s N, p=gqt-}1, rze t—uence. Ioxa-
3aThb, UTO

Nre

(N HN=0Q); A=—r—.
(N, 0, h=0) A=ps
Ilna poxasatenncTBa, nodaras h=r1-95¢  mpocthie uncaa ¢ yKasas-
HBIMH YCJOBHSIMH CJEAYeT pacCMaTpuBaTb KaK YacTHHl cJayuaffl Bcex
YHCeJ ¢ STHMH YCJOBHSIMH B3aHMHO NPOCTHIX C @, Tle 4— NPOU3BeJeHUe
BCEX TMPOCTHX, He NMPeBOCXOASMHX e® u He mensumux g. CielyeT npume-
HHTb TeopeMmy Bompoca 23, d (ycaoBust onpoca 17, a) ¢ yKasaHHBIM a H
m=2{2Inr-41].
25. Tlycte k-—vuetnoe; k > 0, KaHOHMYeCKOe DA3JIOXKeHHe UHCAA @
HMEET BHA @=p;Pg.. P U d mpoGeraeT Ie/HTEJH UHCJA 4 C YCJAOBHEM
0<d<Va. Jlokasars, uto

pr@=0.
d

26. ITycrs k—uenoe, k > 0, d npoGeraer KeJHTENH YHCAA C yCIOBHEM
@ (d) = k. lokazars, uto
Dp@)=0.
d

27. Iloabsysice BoipaxkenneM Mis @ (@), AOKa3aTb GeCKOHEUHOCThH
YHCJA NPOCTHIX YHCEJ.
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28, a. Teopemy ¢, § 5 ZOoKa3aTb, YCTaHOBHMB, YTO UHCJO YHMCEJ PaALA
1, 2, ..., @, MMeIIHX C @ OFHH H TOT Xe OGIHA HauGOJbIUHA HesH-

a
TeJdb 8, PaBHO @ (3

b. BriBectd BripamenHe s @ (a):

@) noap3ysch Teopemoil sompoca 10, b;
f) moawaysce Teopemoit sonpoca 17, c.
29, Ilycty R (s) > 2. Jloxasarts, 4TO

i o (n) §<s—1>
ns s] :

n=1

30. Ilycts n—-ue.noe n>2. JdokasaTh, uTo

L(p =—n2+0(nlnn)

Yucaenunie npumepw k raase [

1, a. Halitm mokasateapb, ¢ KOTOpHIM 5 BXOJHT B KaHOHHYECKOE Das-
noxenune 5258! (cMm. Bompoc 5).

b. HaiiTh KaHOHHuYeckoe pasyoxeHHe umcaa 125!

2, a. Haiitu 7 (5600) u S (5600).

b. Haiitn v (116424) u S (116 424).

3.Ogocmamb Tabruny 3uaueHult GyHkuuu p (@) paascex a=1,2, ..,
o1

4. Hafitn: o) ¢ (5040), P) ¢ (1294 700).

5. CocraBuTb Tabnuuy aHaueHu#t HyHKUMH ¢ (a) pnaBcexa=1,2, ...
.., 50, moabsysicy Tobko QgopMyaoi (5), § b H MYJILTHNAHKATHBHOCTHIO

(i)yﬂmmn ¢ (a).
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CPABHEHHA

§ 1. OcHoBHbIE MOHATHSA

a. Mol 6yneM paccMaTpuBaThb HeJble YHCJIAa B CBA3H
¢ OCTATKaMH OT JeJIeHHS HX Ha AaHHOE HeJIoe MOJOXHTEMb-
HOe m, KOTOPOE Ha30BeM ModyieM.

KaxaoMmy nejsomy 4ydcay OTBe4aer ONpPEeAe/IeHHH 0CTaToOK
oT heseHusA ero Ha m (¢, § 1, ra. I); ecan aByM meseM a
i b OTBeUaeT ONUH H TOT K€ OCTATOK r, TO OHU HA3blBAIOTCS
PABHOOCMAMOUHBIMU TIO MOLYJ/IO M WJW CPABHUMBIMIU TIO MO-
LYo 1.

b. CpaBHUMOCTb YHces a ¥ b MO MOAYJIO M 3aMHCHIBAETCS
TaK:

a=>) (mod m),

YTO YHTaeTCA: a CPAaBHHMO ¢ b MO MOZYJ/IO m.
¢. Cpasuumocme uucer a u b no mMoOya0 m PABHOCUAGHA:
1. Bossoocrocmu npedcmagums a 6 sule a=»b-+mt, 20e
t —yeanoe.
2. Heaumocmu a—b Ha m.
IlefictBUTENBHO, M3 a==b (mod m) cnexyer
a=mg-+r, b=mgi+r; 0<r<m,
OTKYZAa
a—b=m(q—qy), a=b+mt, t=q—qy.
O6patHo, 3 a=>b-+mt, npeacrasassa b B BHJe
b=mgg+r, O0r<m,
BHIBOJHM
a=mqg+r; g=gq1+¢,
T. €,
a==} (mod m).

TMosToMy BepHO yTBepxjieHHe 1.
Hs 1 HenocpeXSTBEHHO cJjelyeT yTBepXiecHHe 2.
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§ 2. CsoficTBa cpaBHeHHi,
nopoGHbIe CBOHCTBAM PABEHCTB

a. [Msa uucra, cpasHumele ¢ mpemsum, CPABHUMbL MeXOY
cobor.

Cnenyer u3 a, § 1.
b. Cpasrernua MO¥CHO noYAeHHO CKaadbl8ams.
JeficTBHTENLHO, NYCTH

a,=b, (modm), a,=b,(modm), ..., a,=b,(modm). (1)
Torma (1, ¢, § 1)

ay=b,+mt;,, a,=b,+mt,, ..., qy=b,+mt, (2
OTKYZAa

atay+ ... Fap=by b4 ... Fbtm (At )
wm (1, ¢, § 1)

a+a,+ ... Fa,=b,+b,-+...-+b,(modm).

Carazaenoe, cmosuee 8 Kakol- b0 4acmu cpasHenus, MONCHO
nepetocums 8 Opyeyr0 Hacmo, NePeMEHU8 3HAK HA 00pamusli.

HeficTBUTENbHO, CKJIAABIBAsA CpaBHeHMe a +b==c (mod m)
C OYeBHAHBIM CpaBHEHHeM — b ==-—b (mod m), nmoJayduMm q =
=c¢—b (mod m).

K ramdoil wacmu cpasrenus moscHo npubosums aoboe
qucA0, Kpamuoe MOOYAS.

HeficTBUTENbHO, CKJAABIBasi cpaBHeHWe a==b (modm)
C OYeBHJHBIM cpaBHenyueM mk==0 (mod m), nonyuum a -+ mk==
=b (mod m).

c. Cpasrenuss MOXCHO NOYACHHO NePeMHONCaAmb.

JleficTBHTETPHO, PACCMOTPHM CHOBa CpaBHEHHS (1) H BbI-
Tekawlue W3 HUX paBeHcTBa (2). [lepeMHOXast mOYJIEHHO
paBeHCcTBa (2), MONYUYHM

a1a2. . .ak=blb2. . .bk+mN,

rae N —uenoe. CremoBatensso (1, ¢, § 1),
a,a,. . .a,=byb,...b, (mod m).

Obe dacmu cpasHenus MOXCHO 6038ecmi 6 0OHY W my dce
cmenens.
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310 caegyer U3 NpPeABIAYLIETO YTBEPKACHHA.

O6e uacmu cpasHeHus MONCHO YMMONCUMb HO O0HO U mo
e yeaoe.

JleficTBUTENBHO, NEPEMHOXKHB CpaBHeHHe a==b (mod m)
C OYEBHAHREIM CpaBHeHHeM k==£k (modm), nonyunMm ak=
== bk (mod m).

d. CeofictBa b u ¢ (cJ0XKeHHe U YMHOXKEHHE CPABHEHHUH)
060061aTes CAeRyOImel TeopeMoH.

Ecau 8 evipavceruu MHO204AEHA C Ueabimu Kouyuen-

mamu S = NAa,, ... oy XY X samenum Ay, .., agr Xas ooy Xp

uucaamit Ba,, ..o, Yi, oo vy Ypo CPABHUMOLMU C NPENCHUMU

no modyaro m, mo Hogoe evipancerue S Oydem cpasHumo
C NPeXcHUM no modyaro m.
JleficTBHTENBHO, H3

Aq,, ...a,=Ba,, .., q, (modm),
X =y, (modm), ..., x,=y,(modm)
HaxomuMm (c)
P =y7 (modm), ..., xik=ykk(modm),

o P o o
Aoy ey %3 Xk =Bo, o y7'...y,* (modm),

OTKYA2, CYMMHDYS$i, NOJYyYHM

n Xy a o
2 A e X R =By, . a, Y7 - Yk (mod m).
Ecau

a=b(modm), a,=b,(modm), ..., a,=b,(modm),

x == x, (mod m),
TO

X axtt 4 Ha,=bxt+bxiT 4. .. 4 b, (mod m).

JTO YTBEPXKAEHHE eCTh YaCTHBHI CJaydall NIpexblAyIuero.

e. Obe uacmu cpasnenus MoxwcHo pasdeiums Ha ux obuyuil
Oeaumend, ecau NOCACOHUL 83AUMHO NPOCT € MOOYAeM.

HeficrButenvHo, u3 a=b(modm), a=ad, b=bd,
(d, m)=1 cnenyer, uro pasHoctb a—b, paBHas (a,—b,)d,
Aenurca Ha m. [lostomy (2, f, § 2, ra. 1) a,—b, menurca
Ha m, T.e. a,==b;(mod m).
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§ 3. JanbHedinine cBOACTBA CpaBHEHHH

a. O6e wacmu cpagHenus U MOOYAb MOJNCHO YMHOMNCUNLL HA
00HO U mo e Yyeaoe.
HeiicrBurenbrHo, U3 a==b (modm) caeayer

a-—.=b+mt, ak = bk -+ mkt

H, ClefoBaTelbHo, ak== bk (mod mk).

b. O6e uacmu cpasrerus u mo0yab MOXNCHO pasdentitnt HA
ao6oil ux obuull deaumens.

JleficTBUTENBHO, TIYCTH

a=b(modm), a=ad, b=0bd, m=md.

ViMeem
a=b+mt, ad=bd+mdt, a,=b,+mt

H, CJIeJOBaTeabHO, @, ==b, (mod m,).

c. Ecau cpasrenue a==b umcem Mecmo no HeCKORLKUM
MOOYAAM, MO OHO UMeerm MeCmo U No MOOYA0, PaBHOMY 06-
WeMy HAUMEHbUEMY KPAMHOMY 3mux modyael.

B camom gnene, us a=b(modm,), a=b(modm,), ...

.., a=b(mod m,) caenyer, 4T0 pa3HOCTb a—b AENUTCA Ha
BCe MOAYJH mMy,nly, ..., M, [losTOMY (6,€,§ 5, ra. 1) ona
LOJIKHA JEMUTbCS U Ha obulee HaMMeHbilee KPaTHOe /1 ITHX
MopyJseH, T. e. a==b (modm).

d. Ecau cpasHeHue umeem mecmo no moOyaro m, mo OHO
umeem mecmo u no modyawo d, pasHomy awbomy Oeaumenrto
qucra m.

B camom pene, u3 a==0b (mod m) caenyer, 4To PasHOCTb
a—b po/mkHA fAenuthesd Ha m; mostoMy (1, b, § 1, ra. I)
OH2 JOJIZKHA JAEJUThCS U Ha JoGoH jgenurtent d 4ucaa m,
T. €. a==b (modd).

e, Ecau 00Ha wacme cpasnenus u modyss Oesamcs HA
Kakoe-aub0 HUCA0, MO U OpYeas HACMb CPABHEHUA OOANCHA
Oeaumscs H@ MO dce 4UCAO.

He#crBurenpio, #3 a=b(modm) crepyer a=b-+mt;
echn @ 4 m KpatHel d, 10 (2, b, § 1, ra. 1) u b pomxwHO
OWTh KDPATHHM d, 9TO H YTBEepXAadoCh.

f. Ecau a=b(mod m), mo (a, m)==(b, m).

HefictButensHo, BBHAY 2, b, § 2, ra. 1 910 paseHCTBO
HenoCpeACTBEHHO cAefyeT U3 a=b-+ mt.
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§ 4. Toanas cucTeMa BbHIYETOB

a. YUucna paBHOOCTaTOYHBIE, MJIH, 4TO TO XK€ CaMmoe,
CP4BHHMBbIE 110 MOJAYJIO 1, 0Gpa3ylOT KAACC YHCEJ IO MO-
Aymo m.

M3 Tagoro onpepeneHus cJaenyer, 4TO BCeM YHCJaM
KJacca OTBeuaeT OJHH U TOT Ke OCTaTOK 7, H MBI NOJdYYHM
BCE 4YHCJa KJacca, ecau B GopMe mg -7 3acTaBUM ¢ IIpo-
Oerarb Bce IeJsible YHCJA.

COOTBETCTBEHHO M pAa3JMYHBIM 3HAYEHHSIM 7 HMeeM m
KJ1aCCoB YHCeJ N0 MOAYJIO M.

b. JlioGoe umcnO KJjacca Ha3bIBACTCA 6bi4eMOM NO MO-
Jyato m TIo OTHOLUEHHIO KO BCEM YHCJaM TOI'0o Xe KJjaacca. Bul-
yeT, moJyuyaeMbif npH ¢=0, paBHBEIH CcaMOMy OCTaTKy /,
HA3bIBACTCS HAUMEHOUIUM HEOMPUUAIMEAbHOIM bLYEMOM.

Briver p, camplil MaJjblii 10 aGCOMOTHON BeJHUHHe, Ha-
3BIBACTCH QOCOMOMHO HAUMEHBUIUM 6bICMOM.

m m
OueBHaHO, Mpu r < - HMeeM p=7, TIPU 7 > o HMeeM

m
p=r—m; HaKOHel, €CJH m UETHOEC H r=?, TO 3a 0

m m m
MOXKHO NPHHATH J060€ U3 ABYX UHCET 5 H o — M= —

o -

B3daB oT Kaxporo kJjacca no OAHOMY BHIYETYy, MOJNYUYHM
NOAHYIO cucmeny evidemos no modyaro m. Hame Bcero B xa-
yecTBe HOJIHOH CHCTEMBI BBIUETOB yHOTPEOJAIOT HAMMEHbIIHe
HeoTpHlaTenpHsle Bouersl O, 1, ..., m—1 uau Takke ab-
COJIIOTHC HAaUMeHBbIIHe BBIYETHI; [IOCACHHHE, KAK 3TO CleAyeT
U3 BBHIUEH3J0XEHHOTO, B CJiyyae HEUYETHOro m HpeAcTas-
JSIOTCH PALOM

m—1 m—1
e =L 01, T

a B C¢Jjayqae 4eTHOro m KaKuM-1ub0 u3 ABYX pALOB

mn m
——-T—*}—l, ey —l, 0, 1, Tt o
m m
— =1L, 0, 1, ..., B

¢, JIobsie m uicen, nONGPHO HECPABHUMbIE NO MOOYAO M,
06pasyom nOAHY CUCMEMY BbIMEMO8 NO MOMY MOOYMO,
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HeficTBUTeNIbHO, OYAYYH HECPaBHUMBI, 3TH YHC/AA TeM
CAMbIM lIPHHAJJIEKAT K pasdHyHbIM KJaccaM, a TaK Kak
HX m, T. €, CTOJBKO K€, CKOJIbKO H KJA4aC(OB, TO B KaXibl#
KJacC HaBEepHO MNONajeT N0 OXHOMY YHCJIY.

d. Ecau (a, m)=1 u x npobecaem noauyw cucmemy 6ol
uemog no modymo m, mo ax-+b, ede b—aoboe yeaoe, mosice
npobeaaem NOAHYIO CUCTIEMY BbIMEMO8 N0 MOOYAD M.

JleficTBHTENBHO, YHCES ax -+ b OyAeT CTOMBLKO Xe, CKOJAbKO
H uyucen x, t.e. m. CorgacHo ¢ ocraercs, C/1eLOBaTeNbLHO,
TOJMLKO MOKA3aTh, YTO Jiofble gBa 4lcaa ax, +b u ax,--b,
OTBEYAloIllHe HeCpPaBHHMBIM X; H X,, OYAyT CaMH HeCPaBHUMb
10 MOJYJIO M.

Ho pomyctus, uto ax,+b=ax,+b (modm), mbl npujem
K CpaBHeHHIO ax,==ax,(mod m), OTKyla, BCJEACTBHE
(@, m)==1, nonyuuM x,= x,(modm), UYTO NPOTHBOPEUHT
NPEeANoNOKEHHIO O HECDABHHMOCTH YHCeN X; H X,.

§ 5. lpuseaennas cucrema BbIYETOB

a. Corsacuo f, § 3 uucaa oOfHOrO M TOrO Xe KJacca Io
MORYJIO /1 HMEIOT ¢ MOZLYJeM OJHH H TOT Xe oOmMH HaH-
6oabwki nennteab. OcoBeHHO BAXKHBI KJaCCHI, 11 KOTOPHIX
3TOT JA€JH1eJIb PABEH €JMHHIlE, T. €. KJAacChl, coJepKauiie
yycsna, B3aHMHO NPOCTHIE C MOAYJEM.

B3sB oOT KaxAOro TaKOro KJacca Mo OLHOMY BLIYETY,
NONYYUM NPUBLOEHHYIO CUCMeMY 6biHemos 1o MoOYao m.
IlpuBenennyio cucreMy BEIYETOB, CJI€LOBATEJNbHO, MOKHO CO-
CTaBUTb H3 YHCENJ MOJHOH CHCTEMbI, B3aUMHO NPOCTHIX € MO-
nyneM. OObIKHODEHHO NPHBENEHHYIO CHCTEMY BLIYETOB BbiAe-
JISTIOT U3 CHCTEMBl HAUMEHBIINX HEOTPHUATEIbHbBIX BHYETOB: 0,
I, ..., m—1. Tak Kak cpei 5TUX UYHCE] UHUCJIO B3aMMHO
NPOCTBIX C M €CcTh ¢ (M), TO YUCJIO YHCeJ [PHBEJEHHOH CH-
CTEMBI, P4BHO KaK M UYHCJO KJacCOB, COJEPMKALIHX 4Mc/a,
B3aMMHO IIPOCTLIE C MOAYyJeM, eCThb ¢ (m1).

[Tpumep. [IpuBeseHHas cucteMa BbIYETOB 110 MOAYJIO 42
6yner

1, 5, 11, 13, 17, 19, 23, 25, 29, 31, 37, 41.
b. Jlobsle ¢ (m) wucea, NONApHO HecpaBHUMbLE 1O MOOY A0 M

U 83aUMHO npocmvie ¢ MOOYAsem, 00pasyom npUeeOeHRYO Cu-
cmemy ebidermos no mooyao m.
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eiicTBHTEIbHO, OYAYYH HECDABHHMBIMH H B3aWMHO MpO-
CTHIMH € MOJAYJIeM, 3TH YHCJIAa TeM CaMbIM HPUHALJIEKAT
K pPasJuUHLIM KJAaccaM, COAEPKalluM 4YHcJa, B3aUMHO NpO-
CThIE C MOZYJeM, a TaK KakK HX ¢ (m), T.e. CTOJbKO Xe,
CKOJILKO M KJIAacCOB YKa3aHHOTO BHjA, TO B KaXJbH KJacc
HaBepHO MONAaJEeT 10 OJHOMY YHCJAY.

c. Ecau (a, m)=1 u x npoGeeaem npugedennyto cucmemy
86i4emo8 no modyato m, mo ax mose npobezaem npusedeHHy0
cucmemy 6uiMemos no mooyao m.

HelictBuTenbHo, yucean ax GYAeT CTOMBKO XKe, CKOJbKO
H uuceJs x, T. e. ¢ (m). CorsacHo b ocraercs, c/eA0BaTENBHO,
TOJBKO NOKAa3aTh, YTO YHCIA @X NO MOXYJIO /1 HeCPaBHHMEI
1 B3auMHO IpocTel ¢ MoayJeM. Ho mepsoe jgoka3zano B d,
§ 4 nns uucen Gogee ofuiero BHAA ax-+b, BTOpoe Xe cje-
Ayet U3 (@, m)=1, (x, m)=1.

§ 6. Teopemnl diepa nu depma
a. [lpu m>1 u (a, m)=1 umeem (meopema Jiirepa):

a® ‘™ =1 (mod m).

HefictBuTenbHO, ecad x npoOeraer NpHBEACHHYIO CHCTEMY
BbHIYETOB

X=0y, Ty ooey ey C=¢(m),
COCTABJNEHHYIO H3 HAWMEHBbIIUX HEeOTPHIATEJbHEIX BBIYETOB,
TO HaWMEHbIHE HEOTPULATE/NbHBIE BBLIUETBL Py, Py - .-, O

yuces ax OGynyr mnpoberatb Ty Xe CHCTeMY, HO PacroJo-

XKEHHYI0, BOOOIIE roBopsi, B MHOM mopsiike (c, § 5).
[lepemnoxkass nousieHHO CpaBHEHHS

ar,=p, (mod m), ar,=p,(modm), ..., ar,=p.(modm),

NONYYHM
A°ryry. . . 7o == P40, . .0, (Mmod m),
OTKYJa, Jiesis 06e 4acT! Ha OPOU3BENEHHE 117 ;...1 == 010...0ps
NOJTYYHM
a==1 (mod m).
b. ITpu p npocmom u a, He Oerswjemcs HQ p, umeem
(meopema Pepma):
aP~1= | (mod p). ()
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Jra TeopeMa fBJAGTCA CJEACTBHEM TeOpeMbl a NpH m=p.
[TocnexHeii TeopeMe MOxkHO npuAaTh 6ogee ynoGHYIO QopMmy.
VmeHnHo, yMHOXaa ofe uyactH cpaBHeHHA (l) Ha a, MOJYYHM
cpaBHeHHE

aP = q (mod p),

CrpaBejJINBOE YK€ IIPH BCeX LEJBIX 4, TaK KaK OHO BEpHO
U NpH a, KpaTHOM p.

Bonpocet Kk raase 1

1, a. Ipexcrasasis uejoe 4uca0 B OGLIYHON JECATHYHOH cHCTeMe
HCHHCJEHHS, BHIBECTH [IPH3HAKH JEJHMOCTH Ha 3, 9, 11.

b. Tpencrasiss uenoe 4nc/no B cHCTEME HCUXCACHAS ¢ OcHOBaKH eM 100,
BLIBECTH NpPH3HAK AesiMMocTH Ha 101.

c. IlpeacraBisisa uenoe 4HCNIO B CHCTEME HCUMCJAEHWS C OCHOBaHHEM
1000, BbiBecTH npusHaku jpeamMoctd Ha 37, 7, 11, 13.

2. Mlyers m > 1, (a, m)=1, b—uenoe, x npoGeraer MmoJaHyw, a §—
NpHBEJIeHHYI0 CHCTEMY BLIYETOB No MonyJaio m. HokasaTb, uro

9 ¥ {3%’3}=%(m—1).

3 1

3, a. Ilyerb m > 0, (@, m)=1, h=0, c—BeltecTBEHHOE,

= (ax-i-lb (x)\'
B )

rae P (x) AAA paccMaTpHBaeMbiXx 3HAYeHHH X NPHHHMaeT 3HaYeHHS C yc-
J0BHeM ¢ << P (x) <<c+h. Iokasars, uTO

1 1

b. ITycte M—unenoe, m > 0, (a, m)=1, A k B—BelllecTBeHHEIe,

A Mim-1

a

A=E+F; §== ZM {Ax+ B}.
X=

Hoxkaaate, yTO

1 1
Is—§m|<m+3.
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c. Ilyete M—unenoce, m > 0, {a, m)=1,
M+m-1

s= Y (.

x=M

rae B Hutepsate M <{x << M4-m—1 dyukumus f(r) MMeeT HempepiB-
Hble NMPOH3BONHHE f' (X) H [” (x), IPHUEM BHIIOJHSIOTCS YCJIOBHS

P=24 3 @m=t 10]<1; <P l<—,
rne .

l<m<t, 1=A%, A=2 k>1.
Hokasarb, uyTo

1 k43

4. ITycTe B pa3/oXeHHM HPPALMOHAJLHOTO YHcda A B HENMpPEpLIBHYIO
Ipo6b Bce HeNOJIHbIE YaCTHLIe OrpaHuyens!, M —uenoe, m—uenoe, m > 0,
B—Bemecreennoe. Jloxa3ath, 4T0

M+m-1

Y {(Ax+B} =—; m4-0 (In m).
x=M

5, a. [Tyets A>2, k==1 u B unrepsare Q<Cx<< R dyHKurs
f{x) HMeer BTOpPYIO HempepsIBHYI NPOH3BOAHYIO, YAOBJIETBODSIOULYIO
YCJIOBH 5IM

<If ) <%

JokazaTb, 494TO

E {f(x)}=-;—(R—Q)+9A; 101 <1,
Q< x<R
1

A=@r (R—Q)In A+-8kA) A 2.

b. Ilyets 0 < 0<<1, Q B R—nenne. IIpr ycnaoBHAX Bompoca a

10Ka3aTh, gto uncao P (0) apobed {f (v)}; x=Q+1,..., R ¢ ycnosnem
0<< {f (x)} < o Bhpaxkaercsa ¢QopmyJaoh

®0)=0(R—Q)+06:24; |0']<].

6, a. TTyete T — 9Hcn0 neabX TOYEK (X, y) 06aacTh ¥2 4y < r? (r=22),
Iokasare, uro

2
T=ur’4-0 (r 3u r) )
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b. [lyctb n—uesoe, n > 2, E—noctosuHas Diepa. MHokasats,
4TO

/1
T+ @+ ...+t =n(nnd2E—1)+0 \n? (In n)z) )

c. [Tpy N =2 u uesoM nosnoxurenabHoM ! J0Ka3aTh, 4TO

T L@ o met, 0

0<agN

Jnsa  pokasatesbcTBa  BOCHOJB3OBATBCS OUEBHJAHBLIM  HEPABEHCTBOM:
T ()<< (4) 7 (v).
d. Ilpu N =>2 n uesom nosoxuresbHOM [ f0Kas3aTh, 4TO

Y C@)'<KN(nNF-L @

0<a< N

7. CHCcTeMy n LieJIHIX TOMOKHTEJbHBIX UYHCeJ, KaKAoe H3 KOTODHIX
TIPe/iCTAaBACHO B CHCTeMe HCYMCJIeHHS C OCHOBaHHeM 2, Ha30BeM IPaBHJIb-
HOH, eC/IH NPH BCAKOM LEJOM HEeOTPHIATeJbHOM S UHCJIO YHCeN, B Nped-
CTaBJleHHe KOTOPHIX BXOAHT 25, GyJeT YeTHHIM, H HeNmpaBHJBHON, ecaH
X0Td OBl PH ONHOM § 3TO YHCJAO OyJeT HEUeTHBIM.

Jlokasarb, YTO HeNMpaBHJBHYIO CHCTEMY NyTeM yMeHbIUCHHS HJM IOJ-
HOT'O H3BATHS HEKOTOPOTO OAHOIO ee WieHAa MOXKHO CAesaTh NPaBHJbHOM,
a NpaBHJbHAsl CHCTEMA OT YMEHBIIEHHs HJIH MOJHOTO H3BSTHSA JMIOGOTo ee
4JeHa JleJIaeTCs HeMPaBHJIbHOM.

8, a. Hokasath, 4TO0 CyMMa

3438~ Ly 1+ .. 351 X0,

TA€ X, Xp—1, -.., X3, Xo HE3aBHCHMO APYT OT JApyra npoGeraior 3Haue-
musi—1, 0, 1, npeacras/iser Bce yHcJaa
H 3n+1_1
—_ ,...,"—'1,0, 1,,H, H='——3—_—_1——,

npuyeM KamJ10e YHCJIO-— eJHHCTBEHHBIM CIIOCOGOM.

b. ITyctb my, mg, ..., myg— NOJOXKHTEIbHBIE TONAPHO TpocThie. [Tosb-
3yach ¢, § 4, noKa3aTb, YTO NOJHYIO CHCTEMY BLIYETOB 1O MOAYJIC
mymg ... My NOJYYHM, 3aCTaBJfAS B CyMMe

Xi+myxg+-mumaxg ... mumg ... my_1xp

YHCTIA Xp, Xgy .. Xp npoﬁera'rb TMOJIHBIE CHCTEMBl BBIYETOB MO MOAYJIAM
my, Mgy, ..., Mp.
9. ﬂyc’rb my, Mg, ..., Mp—TNONAaPHO NPOCTHIE H

myms ... mp=Mymy=Memy=...=Mpmy.
a. IMpamenss ¢, § 4, foka3aTh, 9TO NOJAHYIO CHCTEMY BHYETOB MO
MOAYJIO myms. ..My NOJYYAM, 3aCTaBJISIt B CyMMe
Myxy+Maxg ... - Mpxy

YHCAA X{, X2, ..., Xz NMPOGEraTh NOJHHE CHCTEMH BHUETOB N0 MOAYJIAM
my, Mg, ..., Mp.
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b. IMpumensas b § 5, ra. I u b, § 5, fokasaTb, YTO NpPHBEACHHYIO
CHCTEMY BBIYETOB 1O MOAYJIO MyMlg. ..My TNOJYUHM, 3aCTaBJsAA B CyMMe

Myx;+ Maxa+ ... 4 Mpxy

YHCJA Xy, Xs, ..., Xp NPOOEraTh NpPHBeZEHHBIE CACTEMbl BBIYETOB IO MO-
ﬂy.ﬂﬂM my, Mg, ..., Mg
. JIoxa3aTeJabC1BO TeOpeMbl BOIpoca b IPOBECTH HE3aBHCHMO OT Teo-
peMbI b § 5, r1. Il u Torga ye BLIBECTH NOC/ASAHIOID TEOpPeMYy, Kaxk
CJIeCTBHE TEPBOMl.
d. HaliTh s/ieMeHTapHEIM NyTeM BhipaxceHHe Aas @ (P%) M, NOJB3YsCh
MYJIbTHIIHKATHBHOCTLIO (¢ (@), BHIBECTH H3BeCTHOE BbIpaXeHHe AI4 ¢ ().

10. Ilycte my, my, ..., my—nonapHO NPOCTHe, npesocxofguue 1,
m=nyMmsy...iMg,

a. [lycts xy, X, ..., Xg, x npoGeratoT nossbte, a &, &g, ..., &, § —
TpUBELEHHbBIE CHCTEMBb BbIYETOB 1O MOAYJSIM My, Mg, ..., Mg, M. Joka-

3aTb, 4TO APoGH

!x1 X3
Bt A

COBMAZAIOT ¢ APOGAMH <—I%—} , a Apo6H { &1 + & + + S } cos-

nafanT ¢ ApobsMu {%} .

b. IlycTs 3aiaH MmHorouwrned f(x, ..., w) ¢ UeJBIMH KO3(DHLHEHTAMH
OT 7 HepeMeHHHIX X, ..., w(r=1):
c x%. . .0
Fax, ..., w)= 2 % ...s 8
O ov w0 O
# OycTh

a=Ma -+ ...+ Mpay,

Xgy ..., Ws OpoGeraioT noJHbie, a g, ..., Ws—PHBEIEHHbE CHCTEMbi
BHIUETOB 1IO MOAYJIO myg; X, , @ MPOGErarwoT noJuke, a §, ..., ® —npH-
BeAEHHbIE CHCTEMBI Bbl‘{eTOB "o MORYJIIO /1. Iloxasan. yro Apobu

{ali(x]_, sy wl)_{_” +akf(a\fk, Ceey wk)}

coBmajaleT ¢ ApoBaMH

my ’ my
af(x, fcy w) alf(gl» <ty 0)1) ak/c(gk"“)o)k)
{———m—-—-—},anpo6n {————"T—————i—...—}—'———’;;———
COBMAZaOT ¢ ApPOGSIMH {L—’—)} (o6obuiexne TeopeM BOIpoca a).

11, a. Ilycte m—uenoe, m > 0, a—uenoe, x mnpoBeraeT NOJHYIO
CHCTeMY BBIUETOB 1O MOAYJRo m. JokasaTbh, 4TO

__Jm, ecam a xpatHO m,
0 B MPOTHBHOM caydae,
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b. ITycTh a.—Bemecrsentoe, M —uenoe, P —uenoe P >0. O6osnavas
CHMBOJIOM (1) YHCJIEHHOE 3HAueHHe PASHOCTH MEXAKY O M GRHKaHLuMM
K o LeJIbIM YHCIIOM (paccTosiiie @ A0 Guumkaiiuero Uedoro), 10KasaTh, UTo

M“if:‘l oo | (2 Beeraa,
€ < min (P,————) R = { _1‘
= (@) h \3 npy (o) <5 6

c. [lycts m—uence, m > 1 u dynkuun M (a) u P (a) ana 3naue-
Hufi a=1, 2, ..., m—1 DpHHHUMAIOT lLieJble 3HAYEHHS C YCJIOBHEM
P (a) > 0. Hokaszatb, uTo

a
25—
n 4

e

m-~1{M(a)+P (a)~ |
.
l < 8
a=1

x=M{a)
mlnm,

2

m
S={minm——5 npgm=12,
mlnm—m npu m=060,
12, a. Ilycte m—ueioe, m > 0, § npoferaeT NPHBEEHHYIO CHCTe-
My BBIMETOB 10 MojyJio m. Ilokasatsh, 4TO

- &
u (tﬂ,) — 2 e 25‘[17{—_
3

b. Tloabaysch Teopemoli Bompoca a, AOKa3aTb MEPBYIO M3 TeOpeM ¢,
§ 4, ra. 11 (cM. pemenme Bompoca 28, a, ra. II).
c. Teopemy BOmpoca a BbBECTH, NOJbL3ysich TeopeMolf Bonpoca 17,
a, ra. 1L
d. TTycrs
fle, ..., w)= E Gca, g x%...wb

— MHOTOUWJIEH C LEJbIMH KO3(QHLUHEHTaMH OT r TepeMeHHLIX X, .
woo, @ (r=1), a—nenoe, m—uenaoe, m > 0, x, ..., w npoberawr noJ-
Hele, a E, ..., @ —TpHBejeHHbIE CHCTEeMbl BBIYETOB NO MORLYJIO M.
Bsoaum o6o3Hauedust

af (x, ..., w)

s.,,,,,=2...2e2m m L, Sh a= 22’"
x w 3

Nycrs ganee m=mj...my, TAe my, ..., My-—NONAPHO TPOCTHE, Npe-
Bocxoasmye 1, u nycth m=Mgms,. IonasaTb 9TO

af (g . )

Sﬂhﬂllv' . -Sak,mk = SM1a1+ it Mpayg, m»

’ s ,

Sa.. m""sak. ”‘kst'“‘+"'+Mkak' m
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€. ﬂpn o6o3nauenusx Bompoca d nosaraem

Y=m~ ’ZS,, m "(my=m- ’ES

rZe a npoGeraeT NPUBEJEHHYIO CHCTEMY BBIYETOB MO MOAYJIO 7.
Hoxka3zars, 410
A(my)...A (mp)=A (m), A’ (my)...A" (mp) = A" (m).

13, a. HJokasats, uTo

w(a):ailﬂ<1— 2‘:2’" >

n=0 P =

rie p mpo6eraeT npocThie JeJHTENH UHCAA 4.
b. M3 ToxpecTBa Bompoca a BHIBECTH H3BECTHOE BhIpaXeHHe NS ¢(a).

14. JlokasaTh, 4TO
x-1

.ak
ani 25
T(a)=2 Z % E e *48,
o<x<Va = k=o

rge §=1 nam §=0, B 3aBHCUMOCTH OT TOTrO, ABASETCH JH 4 KBAZPATOM

eJIOr0 YHCJ/a HJIH HET.
15, a. Ilycrs p-—npocroe u Ay, hg, ..., hy—ueasie, JlokasaTe, uto

(hy-+ha—+ ..~ h )P = hE - KD ...+ B (mod p).

b. U3 Teopemel Bompoca a BhiBecTH Teopemy Pepma.
c. M3 Teopemsr Pepma BbiBecTH Teopemy itiepa.

Yucnensnie npuMepn K raase 111

1, a. HafiTd ocraTok oT AesNeHHs
(12371564 34)28 ua 111.

b. Heautca au Ha 10932 yncao 21093 27

2, a. IlpuMenss nmpH3HakH JeJHMOCTH Bompoca 1, HalTH KaHOHHYec-
KOe pasfoxeHHe uHcya 244943325.

b. Hafitu kanonuueckoe pasioxkeHHe umcaa 282321246671737.



I'raga 1V

CPABHEHHA € OJHUM HEHU3BECTHbIM

§ 1. OcHoBHbIE MOHATHA

Haine#t 6mmkafiinefi 3afaueli 6yger H3yueHHe CpaBHEHHI
Takoro obuiero BHAA:

f(x)=0(modm); [(x)=ax"+ax" 1+ ...+a, (1)

Ecau a He jgenuTcst Ha n11, TO A HA3LIBAETCS CHENEHbIO
CPABHEHUS.

Pewume cpasesiue —3Ha4UT HAHTH BCe 3HAUEHHS X, €My
yaoBaeTBopsomue. JIBa cpaBHeHHs, KOTOPLIM YIOBJETBOP AIOT
OfHH U Te K€ 3HAYeHHs1 ¥, HAa3bIBAIOTCS PABHOCHJIbLHBIMH.

Ecau cpasHenuio (1) yZoBjeTBOpSAeT Kakoe-MHOO X = X,
Tto (d, § 2, ra. IIl) Tomy xe cpaBHeHuIO OYAYyT YEOBJET-
BOPSTH W BCE UMCJAA, CPaBHUMBIE ¢ X; IO MOAYMO M
x==x, (mod m). Becb sr0T KJacc umcen cuuraercs 3a 00HO
pewenue. Tlpy TakoM coryamtenun cpasuerue (1) 6ydem umems
CMOABKO pelieHull, CKOAbKO 6bi4emos NOAHOU ClUCHeMbl emy
yOosaemeopaent.

[Tpuwmep. CpaBHeHHIO

¥4+x4+1=0 (mod7)
cpean umcen O, I, 2, 3, 4, 5, 6 noJaHOil cHcTeMbl BBIYETOB

no Mofy/o 7 YIOBJETBOPAIOT JBa YHCJAa: x=2 U x=4.
[TosToMy yKa3aHHOe CpaBHEHHE HMEeT JBa pelleHHus:

x=2(mod7), x=4(mod?7).

§ 2. CpasHenus nepeoil cTeneHu

a. CpaBHeHHe NepBOH CTeNeHU IepeHeceHNeM CBOOGOIHOrO
4jieHa (C oOpaTHEIM 3HAKOM) B MPaBYI0 YacTb MOXHO IIpH-
BECTH K BHAY

ax == b (mod m). H
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b. TlpucTynas K HcCJEIOBAHHIO BONPOCA O UHCHE pejlie-
HUil, MBI CHayasza OrpaHHYHM CpaBHEHHe ycaoBueM (a, m)=1.
CoraacHo § | Hame cpaBHeHHE HMeET CTOJbKO peIleHHi,
CKOJIbKO BHIYETOB MOJHOH CHCTEMBI €My VJOBJETBOpSET.
Ho xorma x mnpoGeraer NOJHYIO CHCTEMY BBIYETOB MO MO-
Ry/Mo m, TO ax mnpoberaer NOJHYI CHCTEMY BHIYETOB
(d, § 4, ra. 1II). ChaemoBaTtesnbHO, HpH OAHOM H TOJALKO
OJHOM 3HAYEHHH X, B3ATOM M3 IOJHOH CHCTEMBI, ax OYyReT
cpaBnumo ¢ b. Hrak, npu (a, m)=1 cpasHenue (1) umeer
OJHO pelleHHe.

c. Ilycts teneps (e, m)=d > 1. Torga, uto6u cpaBHe-
Hue (1) Mmeno pemenus, HeoOxogumo (e, § 3, ra. III),
yTOOHl b JAenusnoch Ha d, WHauye cpaBHeHHe (l) HEBO3MOXKHO
HM Npu Kakom uegoM x. [lpepmomaraa mostomy b kpart-
HbIM d, NOJOXKUM a=a,d, b="5b,d, m=m,d. Torga cpaBHe-
Hye (1) OyJer paBHOCHJBHO TakKoMy (IO COXpalieHHH Ha d):
ayx==b, (modm,), B KOTOpOM Yy¥Xe (a;, m;)=1, u nDoromy
OHO OYACT HMeTb OJHO pelueHHe IO MOAYJIO n1,. IlycTh x,—
HaWMEHbIIMI HEOTPHUIATENbHHl BEIYET 3TOIO peEUIeHHs M0
MOIYJIIO m,, TOTZA BCe 4HCsa x, o6pasyloliiHe 3TO pelleHHe,
Ha#yTcs B BUIE

x == x, (mod m,). (2)

TTo Mopyaio xxe m uucsa (2) o6pasyioT He ONHO pelieHHe, a
6oJ/blle, HMEHHO CTOJILKO PELICHHH, CKOMBKO yucen (2) Hafl-
gercst B page 0, 1, 2, ..., m—1 HaWMeHbIIHX HEOTPUHLA-
TeJIbHBIX BRIUETOB No Mopymo m. Ho cioga nonamyt cue-
Ayolwpe yucaa (2):

X1 xl+m1) x1+2”11v A xl—i" (d_ l)fnlv

T. €. Bcero d uyucea (2); ciepoBaresbHo, cpaBHeHue (1) ume-
eT d pemieHui.

d. Cob6upaa Bce IOKa3aHHOE, NMOJYYaeM TEOPEMY:

Ilycmo (a, m) =d. Cpasrenue ax=>b (mod m) Hes03Mm0%H-
HO, ecau b He Oeaumca na d. ITpu b, kpamuom d, cpasuenue
umeem d pewuenui.

e. O6Gpamasch K pasbiCKAHHIO pelleHHii cpaBHenHs (1),
MBI yKa)eM TOJbKO cnoco0, OCHOBAHHHIH Ha TEOPHH Hempe-
PHBHBIX ApoOefi, MpHYeM JOCTATOYHO OTPaHHUHUTHLCH JIHIIbL
caydaem (a, m) =1.
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Pasnaras B HenpepeiBHYIO ApoGb OTHOUICHHE m:a,

m 1
—=q;+
¢ g3+ !

- 1
+‘7n

M paccMarpuBasi JBe NOCJEeAHHE NOAXOAAIIHE APOGH:
Pyoy  Pu_m
Qr-1’ Qn a’

COTJIaCHO CBOHCTBAM HeNpepuIBHBIX Apobeii (d, § 6, ri1. I) umeem
MQy_y—aP, = (—1)",
aP,_, = (—1)"-1 (mod m),
a-(—1)""tP,_ b==b(mod m).
Hrak, nawe cpaBHeHHE HMeeT pelUeHHe
x=(—1)""*P,_, b (mod m),

AJisi DasbICKaHHS KOTOPOTO JOCTATOYHO BBIYHCAHTDL P, _j
corJacHo crocofy, ykasaHHomy B ¢, § 6, ra. 1.
ITpumep. Pemum cpaBHeHHe

111x =75 (mod 321). 3)

3pecy (111, 321) =3, npuuem 75 xpatno 3. [lostomy cpas-
HeHHe HMEeT TPH DEeLIeHHS.

Hena ob6e yacTH cpaBHEHHA H MOAYJAb Ha 3, MOJYYHM
CpaBHeHHe

37x = 25 (mod 107), (4)
KOTOpOe HaM CJe[yeT cHayasia pewntb. Hmeem
107} 37
74 2
37133
33173 q 2 1 8 4
33| 4
32l“§ P, |1 2 3 |2 |107
411
4 l_4

—
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3HauuT, B jaHHOM chayuyae n=4, P,_, =26, b=25 u
Mbl HMeeM pellieHHe cpaBHeHHH (4) B BuAe

x=—26-25=99 (mod 107).

Orciopa penteHHs cpaBHeHHA (3) NpPEACTABAAIOTCA TaK:
x=99; 994-107; 99+ 2-107 (mod 321),

x=99; 206; 313 (mod 321).

§ 3. Cucrema cpaBHeHUH NepBOI CTeneHH

a. MBI pacCMOTPHM JIHIUB POCTEHIIYIO CHCTEMY CPaBHEHHit

x=b, (mod m,),
x==b, (mod m,),

(1)

C OJHHM HEHM3BeCTHBIM, HO C pasHBIMH H MPUTOM IOHNapHO
TNPOCTHIMH MOLYJ/IfIMH.
b. Pemuts cucremy (1), T. e. HaliTH Bce 3HAYeHHS X, eil
VAOBJIETBOPAIOIIHE, MOXKHO, NPHUMEHSS CJELYIOUIYIO TEOpeMy:
HTycme uwucaa Mg u Mg onpedesenst u3 ycaosuti

mym,. . .my=Mm,, MM;=1 (modmy)

u nycmeo
Xo=MMib, +-MMsb,+ ...+ MMpb,.
Toeda cogokynHocme 3naueruld X, YOO0BACMEOPAIOULX CUCTE-
me (1), onpedeasemca cpasueruem
X == x, (mod mym,...m,). (2)
IleficTBUTEIbHO, BBUAY JNEJMMOCTH Ha mg; Bcex M, or-
JUYHBEIX OT M, npu mobom s=1, 2, ..., £ uMeem
Xo=MMb,=b; (mod m,),
U, cJaejoBaresbHO, cucTeMa (1) paBHOCHJIbHA CHCTEMe
x=x, (mod m,), x=x,(modm,), ..., x=x,(modm,;) (3)
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(r. e. cucreMam (1) u (3) YZOBJIETBODSIOT OHU H Te XKe
sHauyeHus x). Cucreme xe (3), BBHAY Teopem c u d § 3,
ra. 111, yaoBneTBOpHAIOT Te M TONBKO T€ 3HAYEHHS X, KOTO-
pbie yIOBJIETBOPSIIOT CPaBHEHHIO (2).

c. Ecau by, by, ..., b, nesaeucumo Opye om JOpyea npo-
beaarom noAHbIE CUCMEMbL BbIHEMO8 NO MOOYAAM My, My, . . ., M,
mo x, npobe2aem noARY CUCMEeMY 80i4EMO8 O MOOY A0 MMy, . .M.

HefictButennHo, X, npoberaer m,m,. . .m, 3Ha4eHU, BBU-
ay d, § 3, ra. 111, HecpaBHHMBIX NO MORYJIO mm,. ..M.

d. lTpumep. Pemum cucremy

x=b, (mod 4), =b, (mod5), x=b,(mod7).
3nech 4-5-7=35-4=28-5=20-7, npuuyem
35-3=1(mod4), 28-2=1(modb), 20-6=1(mod7).
[losTomy
Xy =35-3b; +28-2b,+ 20-6b, = 105b, + 560, + 120b,

H, CJE€LOBATENbHO, COBOKYNHOCTH 3HAUEHHH X, YHOBJIETBO-
PAHIUX CHUCTEME, MOKET OHITh HNpeacrtasjeHa B BHIE

% = 1056, + 56b, -+ 120, (mod 140).

Tak, nanpumep, COBOKYIMHOCTb 3HAYEHHH X, YHOBJIETBO-
pAIOUKX CACTEME

x=1(mod4), =3 (mod5), x=2(mod7),
OyRer
x=105-1-+456-3+4120-2 = 93 (mod 140),

a COBOKYIIHOCTb 3HAYeHHiH X, YAOBJETBOPSIOWHX CHCTEME
x=3(mod4), x=2(mod5), x=6(mod7),

Oyaer
x=105-34-56-2+4 120-6 = 27 (140).

§ 4. CpabHeHHs M060d CTeneHH MO MPOCTOMY MOAYJHO

a. [lyers p—npoctoe. JlokakeM oOliHe TeOpeMbl, OTHO-
cslUMecs K CPaBHEHHIO BHAA

f(x)=0(modp); f(X)=ax"+ax* '+ ...+a, (1)

b. Cpasrenue suda (1) pasHocUAbLHO CpaBHEHUID CMeneHu
He ebuue p—1.
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JlefictBuTenbHO, menst f(x) Ha XP—x, WMeeM
f(x)=(x?—x) Q (x) + R (x),

re crenens R (x) He Brie p—1. A tak Kak x?—x =0 (mod p),
10 f(X)=R(x)(nodp), oTKyRa u cJaeayeT YyKasaHHAs
Teopema.

c. Ecau cpasnenue (1) umeem Goaee uem n pewenud, mo
ece Kosgppuyuenmer f (x) kpammot p.

HekicrBuTeabHo, nycrb cpaBHeHHe (1) uMeer, mo Kpaii-
Hell Mepe, n | pemenne. O6o3Hauad 6YKBaMH X, X,, ..., X,,
Xp+1 BBIUETHl 3THX pemleHui, MBI MOXeM [ (x) mpeiacTaBuUTh
B BHJE

F)=a(x—x) (x—x) oo (x—%, ) (X—%,_)) (x—1x,)+
b (r—s) (F— ) s (P ) (5 F
Fo(x—x) (x—xp) ... (x—x,_,)+

+k(x_‘x1) (x“‘xz)“"'
+i(x—x)+
+m. 2

IeficTBHTENBHO, NpeoGpa3oBaB pacKpHTHEM CKOGOK Mpo-
M3BeJieH!sl NpaBoOf YacTH B MHOT'OUJICHH!, MBI b BO3bMeM paB-
HBIM K03hHIMEHTY npu x"~! pazHocTd MexAy [ (x) u lep-
BbIM MHOTOW/ICHOM, 3aT€M C BO3bMEM PaBHHIM KO3(QQdHLHUEHTY
Npu X"~? pasHOCTH MexAy [ (¥) W ABYMS NEPBBIMH MHOTO-
uJeHaMH H T. A.

[lonarasa B (2) mocnel0BaTeIbHO X = Xy, Xg, -+ -, X,y Xptq,
y6exxnaemcsi B ToM, uTo Bce m, [, k, ..., ¢, b, a KpaTHH p.
3HauuT, U Bce a, a,, ..., @, KPaTHH KaK CYMMBI UHCeJI,

3 ’ 1 ) n

KPaTHEIX p).
d. [Tpu npocmom p cnpasedauso cpagrerue (meopema Buno-
COHa)

1.2... (p—1)+1==0(mod p). 3)

JlefcTBUTENbHO, €CH p =2, To TeopeMa oueBHAHa. Ecau
xKe p> 2, TO pacCMOTPHM CpaBHeHHE

x—1x—2) ... x—(p—1)—@x"t—1)=0(mod p);
OHO CTeNeHW He Buillle p— 2 H HMeeT p— | pellleHHe, HMEHHQ
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peuleHusi ¢ Buyetamu 1, 2, .. , p—1, CinenoBatenbpHO, NO
TeopeMe € BCe ero Ko3p(PHLHUEHTH KPaTHH p; B YacTHOCTH,
Ha p JeJAHTCA H CBOOOJAHBIH uJ/eH, PaBHBI Kak pa3 JIeBOH
YacTH cpaBHeHHA (3).

[ITpumep. Mmeem 1:2-3-4-5.-6-+1=721 =0 (mod 7).

§ 5. CpaBHenua mo6odi crenenu
M0 COCTABHOMY MOAYJIO

a. Ecau my, my, ..., m, nonapro npocmole, Mo CpasHerue
f(x)=0(modm,m, ... m) Q)

PABHOCUALHO cUCmeme
[ (x) =0 (mod m,),
f(x)=0(modm,), ..., f(x)=0(modm,).
Ipu smom, obosnauasn wepes Ty, T,, ..., T, uucsa pewenuii
0mOenbHbX CPABHEHUIL MO CucmemMbl nO COOMBEMCMBEHHbIM

mooysram u uwepes T —uucao pewenult cpasrenus (1), 6ydem
umems

T='-T1T2 e Tk'

JleficTBHTENILHO, MepBaf YaCTb TEOPEMH CJEAyeT H3 ¢
u d, § 3, ra. IIl. Bropas gacrb cllegyer U3 TOro, 4ro Kax-
noe CpaBHeHHe

f (x) =0 (mod m,) @

BHINOJHAECTCH TOTfa H TONLKO TOTAA, KOTAA BHIMOJHAETCH
oxHo us T, cpaBHeHHH BHAXA

x=b,; (mod my),
rae by mpoberaeT BHIYETH pelleHHH CpaBHeHHR (2), NpuueM
Bo3moxkHO Bcero T,T, ... T, pa3iuuHbXx KOMOHHAUUH BHIA
x=b, (modm,), x=0b,(modm,), ..., x==b,(mod m,),

npusoaAuux (¢, § 3) X pasJHYHEIM KJaccaM IO MOZYJIO
MMy ... M.
IIpumep. CpaBHenue
f(x)=0(mod 35), f(x)=x+2x*+8x+9 3
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PaBHOCHJIBHO CHCTEMe
f(x)=0(mod5), f(x)=0(mod7).

Jlerko yGenumcs (§ 1), uTO mepBoe CpaBHEHHE 3TOH CHCTEMBbI
umeer 2 pewenusi: x=1, 4(modb), BTOpoe Ke cpaBHeHHE
uMeer 3 petlenusi: x=3; 5; 6(mod?7). [TostoMy cpaBHe-
Hue (3) umeer 2-3=16 pewenunsi. UroOW HaliTh 5TH 6 perue-
HUi, Haxo pemwldTh 6 cucTeM BHAa

x=b,(mod5), x=b,(mod7), “4)
KOTODHIE NIOJYYHM, 3aCTaBsis b, npoGeraTsh 3HaueHns b, =1; 4,
a b, npoberarth 3nauenus b,=23; 5; 6. Ho, eeuny

356=7-5=5-7, 7-3=1(modb), 5.3=1(mod7),
COBOKYIHOCTb 3Ha4YeHHH X, yIOBJETBODAWIHX cUcTeMe (4),
npejcrasurcs B Buge (b, § 3)
= 21b; -} 15b, (mod 35).
[Tostomy peluenns cpaBHenusi (3) 6yayT
x==31; 26; 6; 24; 19; 34 (mod 35).

b. Beupy Teopemsl a ucclefoBaHHe W pellleHHe CpaBHe-
HHA

F ()= 0 (mod ppf" . .. p¥)

CBORATCHA K HMCCAENOBAHMIO H peLIeHHIO CPaBHEHHHA BUJA

f (x) =0 (mod p®); ()
3TO Ke INOocJefHee CpaBHEHHe CBOAMTCA BooOLie, KaK MH
cefiyac BBHIICHHM, K CDaBHEHHIO

f (x) =0 (mod p). )

IleficTBUTeIbHO, BCAKOE X, YAOBJETBOPSAIOIIEE CpaBHe-
HUIO (5), HEOGXOMMO JOJIKHO YAOBAETBOPATDL H CpaBHeHMIO (6).
[Tyers
x=x, (mod p)

— Kakoe-1H60 pewenne cpasHenus (6). Torma x=x, - pt;,
Fre f,—uesoe. BcraBiass 3TO 3HaueHHEe X B CpaBHeHHE

f (x) =0 (mod p?)
W pasnaras JeBylo 4Yactb no Qopmyine Tefsopa, Haijem
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(np¥HHMas BO BHHMAaHHE, YTO %f"" (x,) —ueyoe, u orbpa-
CbiBasi UJeHbl, KpaTHble p3)

(6 +phaf' (5) =0 (mod p2), L4 1,7 (x) =0 (mod ).
OrpannyHBasich 34ech cJaydaeM, Korza f'(x,) He genautcs
Ha p, HMeeM OJ[HO pellleHHe:

ty=t;(modp); t,=1t+pt,.
Bripaxkenne e x NpHHEMaeT BHA

X=X+ pti+pt, = x, 1 p*ty;
BCTaBJ/Ifig €ro B CpaBHEHHE

f (x) =0 (mod p?),
NOJNYYHM

f (x5) + p*,f' (x,) =0 (mod p?),

LE8) 4 1’ (x) =0 (mod p).

3zmeco f'{x;) He menuTcs Ha p, TaK Kak

x2Ex1 (mOd p);

' (x) =" (x)) (mod p),

M NOTOMY MoOC/ejHee CpaBHeHHe HMeeT OXHO pelleHHe:

t,=1; (mod p);

t,=t;+ pt,.
Bolpaxenue gl X nNpHHHMaeT BHJ

X=X, + pti+ PPl =X, + Pty

H T. A. TakuM nyTeM no JLaHHOMY peIleHHIO cpaBHeHHs (6)
NOCTeNEeHHO HalJeM CpaBHUMOE ¢ HHM pellleHue cpaBHe-
nusa (b). HUrak, scaxoe pewenue x = x, (mod p) cpasrenus (6)

npu ycaoeuu, umo f'(x,) He Oeaumcs Ha p, dacm odHo peuie-
Hue cpasrerusn (5):

X =Xo + p*ta;
X = x,, (mod p%*).
Mpumep. Pemnm cpaBHenHe
f (x) =0 (mod 27); o
f(x)=x+Tx+4.
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Cpasrenue f (x) =0 (mod 3) nmeer oo perienne x==1 (mod 3);
npu stom [ (1) =2 (mod 3) u, cregoBaTeNbHO, He AEJNHTCA
Ha 3.

Haxonum:

x=143¢,
f()+34f (1)=0(mod9); 3+3¢t-2==0(mod9),
26,4+ 1=0(mod 3), {,=1(mod3), {,=1+3t,,
x=4-49,,
f @) +94,f 4)=0(@mod?27), 18+49¢,-2=0 (mod27),
2t,+2=0(mod3), ¢,=2(mod3), t,=2+3t,,
x =224 27t,.
Takum oGpasom cpaBHeHHe (7) UMeeT OAHO pelleHHe
x =22 (mod 27).

Bompocw k raaee IV

1, a. Ilycts m—uenoe, m > 0, f(x, ..., w)—uestas palUHOHaJbHAS
(yHKUHS ¢ LeJbIMH Ko3pQHLHEHTaMH OT s IepPeMeHHBX X, ..., w (r =1).
Ecau cpasHenHio

fx, ..., w)=0 (mod m) (1

YAOBJETBOpsiel CHCTEMA X==Xg, ..., W=wW,, TOo (0GoblLieHHe ONpezese-
HUs § 1) cHCTeMy KJIacCOB HHCeJ MO MOAYJIO

x=xy(modm), ..., ==w, (mod m)

OyzeM cuHTaTb 3a O/HO peuleHue cpaBHeHus (l).
Ilycty T—uncsio pewenuit cpaseenus (1). Hokasate, yTo

m—1 m—=1 m—1 om; af (x, ..., w)
Tm= 2 Z e m
a=0 x=0 w =0

b. Ipn o6osuauenusix Boppoca a u Bompoca 12, e, ra. 1II aoka-
3ath, 4TO
Tm=m" Z A (mg).

mo\m

c. PaBeHctBO BOMpoca @ TNPHMEHHTb K JOKA3aTeJbCTBY TeOPeMB!
0 YHcJIe pewieHHHl CPaBHeHHs NepBOH CTeleHH.

d. Hlycrs m—uence, m > 0; a, ..., f, g—uenble, HX YHCJIO PaBHO
r41(r>0): d=(a, ..., f, m); T—unucno pemieHui cpaBHeHHS

ax-+ ...+ fw--g=0 (mod m).
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nOJIbSYﬂCb paBeHcTBoM Bonpoca a, AO0KasaTb, 4TO

T mr=1d, ecaum g xpatuo d,
0 B IpPOTHBHOM Cayuae.

e. Teopemy sompoca d JokasaTb, MCXOJS H3 TEOpPEMH O YHcae pe-
meHHA cpasHenHs ax == b (mod m).

2, a. Mlyetb m > 1, (a, m)=1. oxasarh, uTO CpaBHeHHe ax =
e= b (mod m) uMeeT pemeHue X == ba®(™ -1 (mod m).

b. Tlycts p—umpocroe, 0 < a < p. JlokasaTb, YTO CPaBHEHHe QX ==
== b (mod p) uMeeT peienue

= ey =0 (p—2) ... (p—a-+])
x=b(=1et 1-2...a

(mod p).

¢, @) YKa3aThb BO3MOXHO 6oJlee MPOCTOH CMOCOS perieHUsl CpaBHe-
HHS BHAA

2%y = b (mod m); (2, m)=(2, b)=1.
f) Ykasate BosMomHO GoJee NPOCTOR Cmoco$ pelueHHsi CPaBHEHHS

3kx==b (mod m); (3, m)=(3, b)=1.

v) Hycers (@, m)=1, | < a < m. PassuBas crmocobbl, yKasaHHble
B Bonpocax o) H f), HoKazaTb, UTO PasHCKaHHE peINeHHs CPaBHEHHS
ax==b (mod m) MOXeT GLITb NPHBEZEHO K PA3BICKAHHMIO PellleHHH cpaBHe-
Huil Buja b+ mt==0 (mod p), rie p—NpoCTOi JeJUTe]b UHCAA a.

3. Ilyets m—uenoe, m> 1, 1<<v<m, (a, m)=1. loxbayscs
TeopueHl cpaBHeHHH, ]0Ka3aTh CYINECTBOBAHME LEJbIX X H § C YCJIOBHAMH

ax=y(modm), O0<x<t, 0<|y|< LTZ—

4, a. llpu (a, m) =1 GyxeM paccMaTpuBaTH cnmaonuqecxytonpo%%

no MoAyJ/mo m, o6o3Havyamowylo JoGofi BHIYET peleHHs] CpaBHEHUd
ax= b (mod m). [oxasaTe, 4T0 (cpaBHeHHs GepyTcsi 1O MOAYJIIO Mm):

@) Ipu a=aq,, b==1b; umMeem — ==—L.

a o

. b
B) Yucauteab b cumBoamuecKOd APOGH — MOXKHO 3aMEHHTb CPABHU-
a
b
MbIM by, KpaTHbIM Q. Torza cumBosHueckas ApoGb - CPaBHHMa C LebIM

W b
YHCJIOM, NPELCTaBAsIeMbIM 0ObIYHOR ZpoGbio 70 .

b d __bc+tad
et e="

v
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b, @) Tlycrs p—npoctoe, p > 2, a—uenoe, 0 < a < p—1. Hoxa-
3aTh, UTO

(p:l>E(,_1)a (mod p).

B) Ilycrs p—npocroe, p > 2. Hokasars, uto

2r—2 1 1 1
» =l———2——}—§——...-—p—_—l(modp).

5, a. Ilyers d— penutens uhcna @, He jeasmuiics Ha KBajpart le-
JIOTO, NMPEBOCXOAsAUEro |, B Ha NPOCTHE, MEHLLIHE 71, H ®—UUCJIO pas-
JHUYHEIX NPOCThix JesnuTesedl umcaa d. JlokasaTe, uto B psifie

1.2...n, 2.3...(n+1, . ., a(a+1)...(a+n—1) 4]

n*q

YHCeJ, KpaTHux d, Oyner -
b. Ilycts py, ps, ..., pp—pasiaMyHBE NPOCTHIE JEJHTENH YHC/IA 4,

npHYeM HH OJMH H3 HHX He MeHblie YeM n. JlokasaTb, 4TO YHCJIO 4uCe]
psiia (1), B3auMHO npocTeX ¢ a, Gyxer

/
a(l——"-> (1—i>...<1—i).
\ P1 Pa Pr
6. IIycts 1y, .., p—oO6mee  HauMeHbliee  KpaTHOE  YHCeJ

my, Mg, «.., My
a. Hycrs d==(my, my). JorasaTb, 4T0 chCTeMma

x= b, (mod my), x==by (modmy)
paspewmMa TOrJia M TOJbLKO TOTAA, KorAa bgs— by KpaTHO d, npuueM B

cJyuyae paspeldMOCTH COBOKYITHOCTb 3HauyeHHH X, YAOBJIETBOP AKX
3To# CHCTEME, onpeaensieTcss CpaBHeHHEeM BHAA

my Mg
x=1x1,g (mod my g); My g=—=—
b. JlokasaTe, 4TO B caiyuae paspellUMOCTH CHCTEMbI
x =0, (mod my), x= by (mod i), ..., x==>bg (mod my)

COBOKYTNTHOCTb 3HQUeHH# x, el YZOBJACTBOPAICUINX, Onpelenasercst cpaBhe-
HHEM BHJaA
X=Xy 2

p(mod my, g, .. &)

7. Ilyets m—uemoe, m > 1, a u b—ueave,
a, b =ZEWM
m n ?
X

rpe x npoGeraET MPpHUBEJEHHYIO CHCTEMY BBIUE€TOB [10 MOJAYJIO #1, NMPHYEM
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i
ET(mod m) (B cMpicie Bonpoca 4, a). JlokasaTb CJaefyIOIHE CBOA-

a, b
cTBa cHMBOJA | ——— )

a, b
o) (7) — BEUIeCTBEHHOE.

s

a, b b,a
B) (7)—(7)'
a, bh\ _ (ah, b
v) Ilpu (A, m)=1 umeem (—m——)_< — )
8) Ilpu my, my, ..., my NONapHO NPOCTHIX, MOJATAS MyMy. . .My =M,
m=Mgmg, nMeeMm

(gl__l) (g};l>...<zz_k,l>=(M§al+M§a2+...-{—Miak, 1).

my g My m

8. Ilycrs cpaBHeHue
aptr-taxn=14 . 4 a, =0 (mod p)
uMeeT f peIueHHN X ==Xy, Xz, ..., X, (mod p).

JlokasaTb, 4TO

ay = —a,Sy (mod p),

az= a,S; (mod p),

ag == —0,S3 (mod p),

ap = (—1)" 2,S, (mod p),

rae S; ecTb cyMMa Bcex Xxg, S,—CyMMa IpousBefieHdll no ama, Sg—
CcyMMa OpOM3BEleHMIl 1O TPH M T. X.

9, a. Hokasartb Teopemy BuabcoHa, paccMaTpHBas napel x, X' 4Hces
psga 2, 3, ..., p—2, yAOBJIeTBOpSIOUHe yCaoBHIO xx' == | (mod p).

b. Ilycts P—uenoe, P > 1, 1.2.. .(P—1)41=0(mod P). Hoxa-
3aTb, uyTto P —npocroe.

10, a. Ilyers (ay, m)=1. YKasaTb cpaBHeHMe n-ii CTeNeHH CO CTap-

wnM xo3dbuitnenToM 1, paBHOCH/IbHOE CPaBHEHHIO
agx +axt—14- ... 4 a, =0 (mod m).

b. Joxazath, 4T0 HeoGXOZHMOE H JOCTaTOYHOE YCJOBHE TOTO, HTO
cpaBreHne [ (x)==0 (mod p); f (x) =x"-+ax? =14 ... +a, n<<p, uMeer
n pelieHuit, ecTh REJIHMOCTb Ha p BceX Ko3QdHUHEHTOB oCTaTKa OT jene-
HHsg XP—x Ha [ (x).

¢. llyets n—pemurens p—1, n > 1, (A, py=1. JokasaTs, uTo He-
06X0fHMOE H ROCTATOYHOE YCIOBHE PaspellHMOCTH cpaBHeHHs x==A(mod p)

p—-1
ectb A ® =1 (modp), npuueM B CJAydae Da3pelIHMOCTH YyKasaHHOE
CpaBHEHHE HMEET N PelleHHi.

11. Hycrs n—uence, n >0 (A, m)=1, 1 H3BeCTHO OJHO peLICHHE
x == x, (mod m) cpasHenus x" = A (mod m). JlokasaTpb, uT0 BCE PeIUEHHA
STOrO CPaBHEHHS NPEACTAaBATCA NPOH3BEJEHHEM X, Ha BbIUETH DelleHHH
cpaBHeHHst y® =1 (mod m).
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Yucnenusle npuMepnl K raase 1V

1, a. Pemuts cpasrenye 256x == 179 (mod 337).

b. Peuntsh cpaBHenue 1215x == 560 (mod 2755).

2, a. CpaBuenus npuMepos 1,a u I, b pemrnts no cmoco6y Bompo-
ca 2,c.

b. CpaBHenue 1296x = 1105 (mod 2413) pewnTb HO cmocoby Bonpo-
ca 2,c.

3. Haiitu Bce nmapnl x, y, YAOBJAETBOPAIOHIHE HEONpPEEIeHHOMY ypaB-
yenno 47x—111y=89.

4, a. Ykasarh ofliee pemieHue AJs CHCTEMH!

x= by (mod 13), x== b,y (mod17).

Tlonbsyscy aTeM oOwUM peuieHHeM, jasee HafTH TpPH YHCJAA, KOTO-
pHie npH AeseHHH Ha 13 m 17 paBaam 6Ll COOTBETCTBEHHO OCTAaTKH | H
12, 6 1 8, 11 u 4.

b. YkasaTb ofllee pelieHHe JJIS CHCTEMBI

x == by (mod 25), x==by (mod27), x=s by (mod59).

5, a. PemmnTs cucteMy cpaBHenu#t (sompoc 6, a)

x=3(mod 8), x=11(mod20), x=1 (mod 15).
b. PewmuTb cucreMy cpaBHeHHH
x=1(mod3), x=4(modb), ¥x=2(mod7),
x=9(mod11l), x==3(mod 13).
6. Peumith cHcTeMy cpaBHeHui
3x+4y—29=0(mod 143), 2x—9y-84=0 (mod 143).

7, a. KakoMy cpaBHeHHIO CTeNleHH HHXe 5 DaBHOCHJBHO CpaBHEHHe
314 - 418 ] 3121 2411 9L 2x8 1 4x7 - x8 - 3yt - 1% | 4x2 ;- 2=
== 0 (mod 5)?

b. KakoMy cpaBHEHHIO CTeNeHM HHXKe 7 pABHOCHJIBHO CPaBHEHHe
2x17 4 618 - x4 |- Bx12 L 311 L 9510 L 40 L 5x8.1.2x7 1 3x64-4x% {-6x3 -
+4x2+x4-4=0(mod 7)?

8. Kakomy cpaBHeHHIO €O cTapluuM KoabduuuenToM | paBHOCHABHO
cpasHenue (Bompoc 10, a)

70x8 - 78x5 |- 25x% -+ 68x% 4 5242+ 4x - 3 =0 (mod 101)?

9, a. Pemntb cpaBHeHHe

f(x)=0(mod27), f(x)=7x*-}19x4-25,
Hafila cHauala C IOMOLIBIO NPo6 BCe PEILEHHS CPaBHEHHS
f (x) =0 (mod 3).

b. Pemmnts cpasHenne 9x2-+29x-}-62 =0 (mod 64).

10, a. Peuwrnts cpasuerue x®--2x-4-2==0 (mod 125).

b. Pemnts cpasuenne x4 4x3 - 2x2 -+ 2x -} 12 = 0 (mod 625).
11, a. Pewnts cpaBHenue 6x3 --27x% 4 17x+4-20 = (mod 30).
b. Pemntb cpaBHenne 31x%+-57x% 4961 191 ==0 (mod 225).
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CPABHEHUS BTOPOW CTENEHHU

§ 1. O6wue Teopembi

a. /3 cpaBHennii crenedu n > 1 B janbHefiilem OyRyT
paccMaTpHBaThCA JIHIIbL IPOCTEeiline, 3 UMEHHO — 08y4AeHHbLE
CPaBHeHUs'

x*=a(modm); (a, m)=1. ()

Ecau cpaBHenye (1) uMeeT pelueHHsl, TO a Ha3bIBAeTCH
gbtuemom cmeneny n no modyao m. B nporuBHOM caydae a
HA3LIBACTCA HEBLIHEMOM Cmeneny n no modyawo m. B yacr-
HOCTH, TpH 7 =2 BBIYETHl HJH HEBHIYETH Ha3bIBAIOTCH KBa0-
pamusnbing, pUE n= 3 —Kkybudeckumu, npu n =4 — 6buxead-
pamudHoIMUL.

b. B sToit riaBe MBI NOAPOOHO PaccMOTpuUM cJiydyaid n=2
U B 1epPBYIO OyepeAb pACCMOTPHM JABYUJEHHbIE CpaBHEHHs
BTOPOH CTENEHH MO MPOCTOMY HEYeTHOMY MOLYJIO p:

x*=a(modp), (a, p)=1. (2)

c. Ecau a —keaOpamuunblil eeiem no modyao p, mo cpas-
Herue (2) umeem 06a peuierus.

JleficTBUTENBHO, €CJH @ — KBAJApPaTHYHBIA BbIYET, TO CPaB-
HeHue (2) umeer, o KpakiHeil Mepe, OjHO peruenue x==x,(modp).
Ho rorma, BBHRY (—x,)®=x}, TO e cpaBHEHHE HMeET H
BTOpOE DpelleHHe x==—x,(modp) IDro BTOpOEe pelleHHe
OTJIMYHO OT INepBOro, TAaK Kak H3 X;=—x, (modp) wHl
umenu Obl 2x, == 0 (mod p), yro HeBO3MOXKHO, BBHAY (2, p)=
:(xl’ p) = 1

YKa3aHHBIMH JByMSl peUIEHHAMH M MCYEpINBIBAIOTCA BCe
pellleHHsl cpaBHeHHs (2), Tak Xak mociefHee, 6yAyyH Cpas-
HEHHEM BTOpOH cTemeHH, 6ojiee ABYX peIIeHHH HMETb He
Moxert (¢, § 4, ra. IV).
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d. Ipueedenrnan cucmema 6biuenog no MoOYAG P COCMOUM

—1
us p—§— Keaapamuuﬁbtx 8blHemos, CPABHUMbBIX € duciamu

12, 92, ..., (E;;—’)’ (3)
p

—1
u 5 fceaapamutmbtx Hegbluermos.

IleficTBUTE/IbHO, Cpely BHIYETOB MPHBEJEHHOH CHCTEMBI
00 MOAYJIO p KBaAPAaTHYHBIMH BbiY€TAMU HABJSIOTCA T€ H
¥ TOJBKO T€, KOTODHIE CPaBHUMBI C KBajparaMH yuces (Ipu-
BelleHHasl CHCTEMa BLIYETOB)

p—I1 p—1
T Ty st _2) _Iy 1’ 2’"'1__2—y (4)
T. €. ¢ yucaamu (3). Ilpu sTom gucsa (3) Ho MonyJ/o p He
—1
CpaBHHUMBI, TaK Kak U3 KB*=[2(modp), 0 <k < lg”—z— R

c/aef0Bano Obl, uTo cpaBHeHHIO x? = [* (mod p), Bompeku c,
cpenu uucen (4) yIOBJIeTBOPAIOT 4eThipe: X==—I[, —£k, &, [,

§ 2. Cumsoxn Jlexanppa

a. Beesmem B paccMorpenue cumson Jlexandpa (—;-) (-

Taercsi: CHMBOJ @ N0 p; @ HA3bIBAETCSA YHCJIUTENEM, p— 3Ha-
MeHaTeJeM CHMBOJIA). DTOT CHMBOJ ONpefessieTcs A BCeX a,

e jensmuxcs Ha p. OH 3ajaercs paBeHCTBOM (—Z—):l,

ecJia a—KBaI[paTH‘!HbII':I BBIYET TIO MOAYJO p, H DAaBEHCTBOM

a o
(—;) =—1, ecau a— KBaJpaTHYHbLIH HEBBIYET IO MOARYJ/O p.

b. Bouuucnuts cHUMBOJ (p > (¥ TaKUM NyTeM ONpelesuTh,

ABASETCS] @ KBAJPATHUHLIM BLIYETOM WJIH K€ KBajpaTHUHBIM
HEBLIYETOM IO MOAYJIO p) MO3BOJISET CJEAYIOUAS TEeOpeMa
(kpumepuit 3daepa).
IIpu a, He Oersujemcsn Ha p, UMeem
pP=1

a ? = (—;—) (mod p).

[leficTBUTebHO, 1O TeopeMme CDepMa
p—1

aP~1=1(mod p), (a 2 —1>(a 2 +l)50(modp).
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OnuH H TOABKO OAYMH U3 COMHOXKHTeJeH JeBol yacTd focjen-
Hero cpaBHEHHA JenuTcs Ha p (06a COMHOMXKHTENS] HE MOLYT
OJHOBPEMEHHO JeJNHThCH HAa p, B NPOTHBHOM cJy4yae HX pas-
HOCTb 2 nosukHa 6bl1a Obl JenauTbest Ha p). IlosTomMy uMeeT
MECTO OfHO H TOJBKO OJHO U3 CPaBHEHH#
p-1
a ?* =1(mod p), H
p-1

a® =—1(modp). (2)

Ho Bcakuil KBagpaTHUHKIA BEIMET @ YHOBJETBOPAET MpHU
HEKOTOPOM X cpaBHeHHI0 a==x?(mod p) H, CJefoBaTe/bHO,
TAKXKEe MOJYYaeMOMY M3 HETr0 NOWJIEHHbIM BO3BEICHHEM B
p—1

2
BbIUETAMHM H HCUEPIBIBAIOTCS BCe pelleHds cpasHeHus (1),

CTeNeHb cpaBHeHuo (1). Ilpu 3TOM KBajgpaTHYHLIMH

Taxk KaK, OyAyud CpaBHEHHEM CTEHEeHH P ;l , OHO He MOXeT
p—1
2

TlostoMy KBajgpaTHUHbLIE HEBBIYETH! YAOBJETBOPSAIOT CpaB-
HeHHO (2).
ITpumep 1. Umeem

4 = ] (mod 29).

uMeTh GoJee yeM

peleHus.

Tlostomy (—%) =1 ¥ 5 —KBaZipaTHYHLIA BHYUET 10 MOAYJIO

29 (cpaBHenme x?==5(mod 29) uMeer ABa pelleHHs).
Mpumep 2. Hmeem

34 = —1 (mod 29).
TToatomy (—%) =-—1 ¥ 3 —KBajpaTHUHLIH HEBHYET 110 MOAY-

mo 29 (cpaBHeHHe x?==3(mod 29) He HMeeT pelleHHH).
o a
Hanee Mbl BLIBeeM BakHefIliHe CBOHACTBA CUMBOJIA -

¢. Ecau a==a, (mod p), mo (%) = (%) .

1o cBolicTBO clenyetT U3 TOro, 4TO 4HucJia OQHOTO H TOTO
Xe KJjacca 6ynyT ONHOBPEMEHHO KBaJpaTHYHbLIMH BbIYETAMH
HJIH HEBBLIYETAMH.
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d. (%)s 1.

HeiictButenpHo, | =12 1, ciefgoBareqpHo, | —KBagpaTHy-
HBIA BBIYET.

e. (:’—) )T

p
D10 cBOHCTBO caexyer u3 b mpu a=—1,
—1
Tak kak 2 —vueTHoe, ecad p Buja 4m -1, H Heuer-

p]
Hoe, ecaw p Buga 4m-+3, To oTcioga ciaegyer, 4yro —I
ABJISIETCS] KBAJAPATUYHBIM BHIUETOM IO MOAYJIO p, €CJIH D BH-
a 4m -1, u aABAseTcs KBaApPaTHUHBIM HEBHIYETOM IO MOZYJIO
p, eciu p supa 4m-+ 3.

(22)-(3)(3) 3)

JeficTBHTENbHO, HMEEM

p-1 p-1  p-1 p-1
(__ab'p"l)z(ab...l) P=a b ... =

=(5)(2) - (£)man

OTKYyJa H BHITCKAaeT Hallle YTBEPXKACHHE. OTC}OlIa CJIeICTBHE:

) =)

p p/’

T. €. B YUCJUTENE CHMBOJIA MOZKHO 0T6pOCPITb J0608 KBan-
paTH‘[HbIﬁ MHOXHUTENb,

g. UroOrl BHIBECTH JafibHeliine cBoficTBa cuMBOJa Jle-
XKaHJpa, MBI CHayana JOKaxeM HeKOTOPYIO BCOMOraTesbHYIO

dopmyay. IMonaras plz%, PacCMOTPHM CpaBHEHHs

a-1=z¢,r, (mod p),
a-2=z¢g,r,(mod p),

(3)
a-p;=g,r, (mod p),

rae e.r,— abcOJIOTHO HauMEHbIUHH BbUeT 4, 7,—E€ro Mo-
AyJab, TaK 4TO &,=41.
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Yucna a-1, —a-1, a-2, —a 2, ... a-p,, —a p, obpa-
3yIOT NPUBENEHHYID CHCTEMY BLIYETOB 1O MOAYAIO P
(c, §5, ra. I1I); ux abcomoTHO HauMeHbIIHE BHIYETHl CYTh

8f1, —€iF1, 8ofay —Euly, oo, € Tp, —E, 1, . [lOJOKHTEND-
Hble U3 MOCJAENHUX, T. €. Fy, I'y, ..., I'p, LOJKHBI COBNANATh
¢ uucaamu 1, 2, ..., p, (b, § 4, ra. III).

[lepemHoxasn Tenepnb cpaBHeHHs (3) M coKpaliasd Ha
L2 opy=riry .. 1p,

p—-1
NOAYYHM @ * =g, ... ¢, (modp), oTkysa (b) uMeeM

<%> =88 ... Ep. 4)

Jlanee HaxoxuM

an] [ ax ax | ax ax

Zax ) _ 2[—] 2{— —of] 4 [od

[ P RS i p [l

qTO 6y]leT YeTHBIM HJIH HEUeTHbIM, B 3aBHCHMOCTH OT TOTIO,
6ylerT J¥ HaWMEHBIUM{ HEOTPUUATENBHBIH BLIUET YHCAA ax

1
MeHbllle WJIU 6oJibliie T PT. e 6yner i g, = 1 uau g, = —1,

OTciona, OYeBHJIHO,

gx:(_l)[u;k]

b

W notomy M3 (4) HaxoguMm

g™

Ilpepnonaras a HeyeTHbIM, INpeob6pa3yeMm IOCHefHee pa-
BeHcTBo. MMeeMm (a -+ p—ueTHoe)

4a+p a+tp
(2)~(252)~(55)-(F)-

Slees] e

_—_(_1)"=1 =(__1)X=1 x

1
X

p
=1
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OTKYyJHa

Nz

ax pi—-1
[T] + 7y

()3)-en™

dopmyna (5) H ecTb Ta, KOTOPYIO MBI MMeJH B BHAY JOKa-
3arb. OHa TIO3BOJIMT HaM BHIBECTH ellle [Ba BRXKHEHIIHX
cBOMCTBa cHMBoJa Jlexaugpa.

2 oL
(2=
Cnenyer u3 dopmyan (5) mpu a=1,

Ho p moxHo npencraButh B Buge p = 8m s, rae s—ORHO

u3 uncen 1, 3, 5, 7. Tlpu stom (8—”1——‘—_—5—)2;1—:8m’+2ms+

3
+%, yTo GyneT YeTHRIM NpH s=1 u npus=7 ubyjer

HeueTHBIM npH s=3 u s=>5. [lostromy 2 Gygmer KBagpaTHu-
HBIM BEIYETOM [0 MOAYIO p, ecad p epuja 8m-+ 1 uau BHjAa
8m-+47, u OyZer KBajpaTHYHBIM HEBHLIYETOM IO MOAYJIO p,
ecau p Buga 8m-+3 wam Bupa 8m--b.

i. Ecau p u g—npocmole Hedemrsle, mo (BAKOH 83aAUM-
HOCHU K8AOPAMUYHBLY BbI4EMO8)

q s
$)-c ).

<p> =1 q
p—1
2
Korja oba umcsaa p u g O6yAyT BuUaa 4m -3, U YETHBIM,
ecIH XOTh ONHO M3 3THX uKces Gyger Buia 4m--1, To yxa-

3aHHOe CBOHCTBO MOXKHO (GOpPMYJHPOBATh TakK:
Ecnu o6a yucna p u ¢ Buga 4m-+3, 1o

(1) - <£) )
p q/)’
€CJIH K€ XOTb ORHO H3 HMX Buaa 4m-+1, ToO

(5)=(5)-

Tak xak

—1
-q—2~ OylIeT HEUETHHIM JIHIllb B cJyuae,
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Ins nokasartejbcTBa 3aMeTuM, uTo BBHAY h dopMyna (5)
NPHHHMaET BHJ

S
(=" . (6)

—1
Tlonaras Temeph - 5—=¢1, PACCMOTPHM p,q, NIap uncer,

MOJIYYaeMbIX, KOrJa B BBIPAXKEHHUAX ¢X, pYy UYHCIA X H Y
HE33aBHCHMO JIpYT OT Jpyra NpoGeramoT CHCTEMH 3HaYeHHH

x=1, 2: ceey Prs yzl, 2) MRS ] ql'

Huxrorpa He Moxer GHITH ¢X = py, NOTOMY YTO M3 3TOrU
paBeHCTBa cJiefoBajio Obl, YTO py KpaTtHO ¢, UYTO BBUAY
(p, ¢)=(y, 9)=1 (rak xax 0 < y < q) nepoamoxuo. [losto-
MY MBI MOXeM MOJOXHTL p,¢,=S,+S,, rae S,—uucio
nap ¢ gx< py u S,—uucjo mnap ¢ py < gx.

OueBunHO, S; €CTh TaKkXke YHCJIO Tap ¢ x < —g y (3TOMYy
He IPOTHBODEYHUT HEPABEHCTBO X < p,;, TAK KaK H3 —;iy < g

ciaegyer [ﬁ y] < [—;1] =p,). losromy

q
5= 54

y=1

AnanoruyHEM nyTeM yGemHMcs, UTO
5.=3, 54
2—x=1 P .
Ho Torma pasenctso (6) maer mam

(5= (3)=m

() (5) =(=1perse=(=rpe,

103TOMY

OTKyAa ¥ CAECAYET OTMEUCHHOE CBOHCTBO.
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§ 3. Cumsoa SlkoGu

a. [lonesnniM o6o0uieHHeM CHMBOJA JlexkaHJpa sIBAsSETCA
cumeos fxobu. Ilycte P —HeyeTHOoe, GoJiblliee €RUHHUIBI, H
P=pp, ... p,—pasjloKeHHE €ro Ha NPOCThie COMHOKHTEIH
(cpepu HHX MoryT ObITh M paBHble). ITycrs, nanee, (a, P)=1.

Toraa cHMBOM SIKOGH (= ) ONpeAe/sieTcst PaBEHCTBOM
D p p

(7)=() ) (50)-

M3BecTHBIE CBOHACTBA CHMBOJIA Jlemamzpa AaloT BO3BMOXHOCTDb
YCTaHOBHTb @HaJIOrHYHbIC CBOHCTBA H JJIsT CHMBOJIa SIkobu.

b. Ecau a=a, (mod P), mo (—%) = (%) .
HeficrBuTensHo,
(F)=G) ) ) =3 (5) - (3)-(3):
HOTOMY 4YTO @, OyAy4Yd CPaBHUMO C @, 10 MoAyato P, 6yner

CPaBHHMO C @; H IO MOAYJASM Py, Ps, -.., Py, KOTODHIE
ABJAIOTCA ACJHTEAAMU P,

e ()=1.

B camoMm peue,

B)-GI () - ()
4 ()=

Yrobbl y6eguTbCA B 3TOM, 3aMETHM, UTO

(__PTI) - <%) <:p—21) T <—> =(— 1)1712 - +£2;_'3‘+...+ p;-l;
HO (1)
P_l=p1pz...pr_1=

2 2

<1+2”1 >(1+2p2 1) (1+2p’ 1) —1
= : -

=P12—1+P2;1+ +Pr +2N
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BBHAY uero H3 ¢opmy.asl (1) BHIBOZHM
P-1

()=
e (#50) = (£) (£)-(£)-
JeACTBHTENBHO,
(abl.a..l) _ (ab’.];.l>- ) <abprl> —
=)&) 5 E)E)--G):

cofHpasi CHMBOJIBL C OAHHAKOBHIMU UHCJUTENSIMU, MBI U I10-
Jy4uM yreepikjaeMoe cBoiictBo. OTCIOAa CJIeACTBHE:

) =(%)-

9 P21
i. (—17):(—1) :
JlefACTBHTENBHO,
pi-1  pi-1 PE=1
3= ()T
P \pi)\p) " "\p, ’
(2)
HO
PZ—"I_pfpgu-Pr—I -
8 8 -
2 2 2
— 1 — 1 — 1
<‘+8p18 )(“fgpzs )"'(‘+8pr8 >—'
= 8 =
2 2 2
pi—1 —1 —1 .
=+ Pt e,
BBUAY 4Yero u3 GopMynbl (2) BEIBOZUM

9 P2—1
8
(F)=n
) g. Ecau P u Q—noaoscumensrple HevemHbie B83QUMHO
npocmeste, Mo

Q-1

-1 Q-2
#)-c0F (G)
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HeiictButensuo, nycts Q=4q,q,...q, €CTb pasjoxenue Q
Ha TPOCTBIE COMHOMKHTENH (CPEAH HHX ONATH-TAKH MOTYT
OblTh paBHHIE). lMeem

(7)=(5) ) -<%>= 111151511(2—2%
$ 3

= (— 157 8=

Q
o=
o
?lbi—-l
o
/.—\
lm
@ [Q
~_
I

Ho, nomo6uo Tomy, kak B d, naxopum

r s
P—1| NP Q—1 ~ gp—1
Pl lelion, 4o 5 "
a=1 =1
BBUJY 4Y€ro MNocjefHAs gopMmyna Jaer
P-1 0-1

(#)-n T ),

h. PaccmarpuBasn cumBoJg JlexxaHnpa Kak 4acTHBIN caydai
cumBosia SIKO6GH 1 N0Jb3YACH CBOHCTBAMH NOCJEIHEr0, MOXKHO
BEI9HCJUTL CHMBOJ Jlexaujapa ObICTpee, HeM ¢ IIOMOLIBIO
TeopeMsl b, § 2.

ITpumep. Y3naeM, CKOJIBKO DeIleHHH HMEeT CpaBHEHHe

x2 =219 (mod 383).

Fmeem (npumeHsisi IOCJefoBaTeJbHO CBoHCTBa ¢, b, caen-
creue e, g, b, e, f, g, b, d):
_(fL>_
219
2

219 383 164\
(383> (219> <2—19> -
-—(3) =)= —(a) (7)-
- 41 a,) " 1)\41,—~
7 41 —1 I
—(#7)-—F)-—(=)-
CJIeIOBATEJbHO, pacCMOTPEHHOE CpDaBHEHHE HMEET JBa pe-
mIeHud.
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§ 4. Cayqait cocraBHOro MOAYJs

a. J/IByu/eHHBIE CpaBHEHHS BTOPOH CTENeHH MO COCTaB-
HOMY MOJAYJIO HCCJEAYIOTCH ¥ DElaloTCs COIVIACHO OOMIIMM
ykasauusm § 5, ra. IV,

b. CHayana pacCMOTpPUM CpaBHeHHe

®=a(modp*; a>0, (a, p)=1, H)

rie p—TNpOCTOE HeyeTHOeE.
[Tonarasi f(x)=x*-—a, Gyzem umers ' (x)=2x, u ecau
x==x,(mod p) eCTb perleHHe CPABHEHHA

x*=a(mod p), 2

To BBUARY (@, p)=1 Takxke (x,, p)=1, a Tak Kak p—He-
yerHoe, 10 (2x,, py=1, T.e. [’ (¥,) He jenurcsa Ha p. [lo-
3TOMY K pasbiCKaHHIO peIleHHH cpaBHEHHs (1) MOXKHO IpH-
MeHUTb paccyxjeHus b, § 5, ria. IV, npuuem Kaxkioe
pelienne CpaBHeHHS (2) gacT OAHO pelleHue cpaBHeHHs (1).
13 cka3aHHOro BEIBOJHMM, 4YTO

Cpasnenue (1) umeem 08a peuwlerun ual e Hu 00HO20,
8 3asucumocmu om mozo, 6ydem AU HUCAO @ K6AOPAMULUHLIM
GOIMEMOM UL DCE HEBOIMEmOM N0 MOOYAO P.

¢. Jlanee pacCMOTPHM CpaBHEHHE

¥=a(mod2%; a>0, (aq 2)=1. 3)

3nech [’ (x;) = 2x; ZesquTca Ha 2, M NOTOMY paccyxjeHusi b,
§ 5, ra. IV HenpuMeHUMbI; OHH JOJIKHBI ObITb BHAOM3MEHEHbI
CJERYIOMUM 06pa3oM:

d. Ecau cpaBuenne (3) paspemumo, To BBUAY (@, 2)=1
umeeM (x, 2)=1; caepoparensto (h, § 2), x*—1 genurca
Ha 8. IlostoMy, npuBoAa cpaBHeHHe (3) K BHAY

(x*—1) 4+ 1 = a (mod 2%),

y6exgaeMcs, 4TO JJ/Isi PaspeliuMOCTH 3TOrO CPABHEHHS He-
00X0AHMO

a=1(mod4) mpu a=2; a==1(mod8) npu o>=3.(4)

e. B cnyuasx, korza ycaosus (4) He HapyllUeHH!, pac-
CMOTPHM BOIPOC O Pa3bICKAHHHU peIleHuil W HX 4HCIe.

HOasa cayyaes a <3 BBuAy d CpaBHEHHIO YIOBJETBOPAIOT
BCe HeueTHole uucsaa, [lostomy cpaBHeHue x%2=a (mod 2)
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HMeeT OHO peleHHue: ¥ = 1 (mod 2), cpaBHeHHe x2 = a(mod 4)
HMeeT JiBa perleHHd: x == |; 3 (mod 4), cpaBHen¥e x?==a (mod 8§)
MMeeT YeThIpe pelleHHs: )CE 1; 3; 5; 7(mod 8).

Inst paccMoTpeHus chiyuaeB a=4, 5, ... BCe HeYeTHbIe
YHCJ1a T10J1€3H0 0O bEXHHUTD B JBe apUPMETHUECKHE IIPOTPECCHH:
x=4 (144¢,) (5)

(144t,=1(mod4); —1—4f;=—1=23(mod4)).
[MocMoTpuM, Kakue u3 yncen (5) yIOBJETBOPSIOT CPABHEHHIO
x*=aqa (mod 16). Haxozum

(14+4t) =a(mod 16), #,="27" (mod 2),

=13+ 2,,
x==(144¢,+8,) =2 (x,+8¢,).
[TocMoTpHM, KakHe H3 INOC/IeJHHX YHCEJ YAOBJETBOPHAIOT
cpaBHeHHIO x?==q (mod 32). Haxoaum
(x,+8t) =a(mod 32), {,=t;+2f,, x=(x,+ 16¢;),

u T. 5. Takum nyrem yGexauMcsi, uTo IpH Jo6oM o > 3
3HAYeHHsl X, YAOBJETBOPAIOUINE CPABHEHUIO (3), IPeACTaBATCSH

B BHJE
Xx=d (Xq+2%7,).
OTH 3HayeHUA ¥ OOpAa3ylOT ueThipe pas3/JHUYHHIX peIIeHHs
cpaBHeHHA (3)
X=Xy, Xoq+2%71 — Xy, — Xg—2%"1 (mod 2%)
(mo Moxymo 4 1Ba nepBHIX CPaBHHMBL C 1, a ABa mOCJAEeIHHX

CPaBHHMHI ¢ — 1).
ITpumep. CpaBHeHne

x* = 57 (mod 64) (6)
BBHAY 57 = | (mod 8) umeeT uerhipe pemenus. [Ipeacrasass
x B Bufe x= = (1 4 4f;), Haxopum
(1 4 4¢,)? =57 (mod 16), 8¢,==>56 (mod 16),
ty=1(mod2), t,=1-+2¢{, x=4(5-18%),
(5 + 8¢,)? =57 (mod 32), 5-16¢, = 32 (mod 32),
t,=0(mod2), ¢,=2¢, x=+(+16%),
(5 -+ 16¢,)? =57 (mod 64), 5-32f, = 32 (mod 64),
t,=1(mod2), t,=1424, x= (214 32%).
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[Tostomy peuenus cpasrenus (6) 6yayrt:
x=+21; -4 53(mod64).

f. M3 ¢, d u e caenyer:
g cpasrenus
xt=qa(mod2%); (a, 2)=1

Heobxo0umbimu yeaosuamu paspewustocmu 6ydym: a=1 (mod 4)
npu =2, a==1(mod8) npu a>3. Ecau smu yecroeus He
Hapyuiensl, wucao pewenui 6ydem: | npua =1, 2 npua=2;
4 npu o= 3.

g. Ma b, f wus a, §5, ra. IV caegyer:

Haa cpagnenus obuwezo euda

xt=a(modm); m=2%pT'ps* ... pik; (a, m)=1
HeobX00uMbLMU YCAOBUAMY paspewumocmy 6ydyn:
a=1(mod4) npu a=2, a=1(mod8) npu o >3,

B)- ()=t ()

Ecau ru o0no us smux ycrosull He mapyuieHo, 4ucA0 petie-
nuil 6ydem: 2% npu a=0 u npu a=1; 2! npu a=2;
2k+2 pnoy o = 3.

Bonpocel kK raase V

Bykroio p ajeck Bcerga 0603HauaeM NPOCTOE HEYETHOE YHCJO.
1. Ilokaz2aTb, 4TO pa3biCKaHHe PEeLieHHH CPABHEHHUs! BHAA

ax?*4-bx4-c=0 (mod m), (2a, m)=1

CBOJIMTCS! K Pa3biCKaHMIO peileHHH cpaBHeHHS Bupa x% == ¢ (mod m).
2, a. Tosb3ysice b, § 2, Hafitu peweHus cpasueHds (B CAydYae eTo
BO3MOKHOCTH)

x%2=q(mod p); p=4m+3.
b. Tlonbsysick b 1 h, § 2, ykazaTe cnoco6 pasbiCKaHHS peLUCHHR
CPaBHEHHH BHIA
x?=aqa(mod p); p=8m-+5.
€. YKasaTb BO3MOXHO GoJice NMpocToR cHocoG PasbiCKaHHS PelueHHR
CpaBHeHu} BHJA
=a(modp), p=8m-1
B CJyyae, KOTAa H3BECTeH HeKOTOpbifl KBaJpaTHuHLIA HesbiueT N no mo-
LYJA0 p.
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d. Toawsyscs Teopemofi Busibcona, A0Ka3aTh, UTO PelUEHHs Cpas-
HCHH T

x4 1=0(modp); p=4dm--1
6ynyT
x=+1-2...2m (mod p).
3, a. Jloxaszath, uTo cpasHeHHe

x4+ 1==0 (mod p) hH
pA3pelluMO TOIMa H TOJBKO TOrfa, KOrAa p HMeeT BHA 4m - 1; cpaBHeHHe

x2-+2==0 (mod p) (2)
paspeliiMo TOrAa M TOJIbLKO TOria, Korja p HMeeT Buj 8m--1 uan
8m-}-3, cpaBHenue

x?4-3 =0 (mod p) (3)
paspeludMo TOTAa H TOJMbKO TOTAa, KOTAa p HMeeT Buj 6m-+ 1.

b. oxasaTh GeCKOHEYHOCTH uucaa NPOCTHIX YMCesa BHAa 4m--1.

¢. JokasaTs GeCKOHEUHOCTb YHCJA NPOCTHIX uHMCes Buaa 6m-- 1.

4. Tlycrs, pasGusas umenma 1, 2, ..., p—1 Ha nBe COBOKYMHOCTH,
BTOPasl H3 KOTOPLIX CONEPMHT He MeHee ONHOTO UHCJa, HMeeM: NIPOH3Be-
JleHHE JIBYX YHCeJ OJHOH COBOKYNHOCTH CPaBHHMO NO MOLYJHO p € YHC-
JIOM TIepBOH COBOKYMHOCTH, @ NPOM3BefeHHe JABYX YHCeJ PasiHUHBIX CO-
BOKYIIHOCTeH CPaBHUMO MO MOAYJK p C UYHCIOM BTOPOH COBOKYIHOCTH.
JloxasaTh, 4To 9TO OYZET TOIZA H TOJLKO TOTAZ, KOUAa MepBas COBOKYM-
HOCTb COCTOMT M3 KBaJADATHUHLIX BHIYETOB, @ BTOPASi— M3 KBAAPATHYHBIX
HEBBIYETOB IO MOAYJIO P.

5, a. BuiBecTn TeopHIO cpaBHeHHH BHAa

x?=q(mod p%); (a, p)=1,

NpejACcTaBJAs ¢ W X B CHCTeME MCUHCJEHHS C OCHOBAHHEM p.
b. BeiBecTH Teopuio cpaBHeHHll BHAa

% ==qa(mod 2%); (a, 2)=1.

UPeACTaBJAS @ H X B CHCTeMe HCUHCJIEHHS] ¢ OCHOBaHHeM 2.
6. okasaTh, 4TO peuleHHs CpaBHEHHS

¥ =g (mod p%); (a, p)=1
6ynyt x ==+ PQ’ (mod p%), rme
p etV %t~V a*
= 5 ,

0o VD~ ~ VD"
2V a '
2=a(mod p), QQ’=1 (mod p%).

7. YxasaTh Croco6 pemeHus cpaBHeHHs x?== | (mod m), OCHOBaH-
Hulif Ha TOM OGCTOATENILCTBE, UTO YKasaHHOe CpaBHelie DPABHOCHJIBHO
TakoMy: (x—1) (x 1) == 0 (mod m).

8. Tlycts <%>:0 npu (a, p)=rp.
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a. Hpu (k, p)=1 noxasats, uro
p~1

3 ("("—M) S

x=0
b. IlycTs kamaoe B3 uwucesa € M 1) HMeeT OAHO H3 3Hauenudl X1,

T —uucno nap x, x+1, rae x=1,2, ..., p—2, ¢ yciaosuem <%> =g,

(f%l-) =m. Jokasarts, yTo

1 —1
c. Hyers (&, p)=1,

LR ().

IJle X H y npo6eraioT BO3DPACTAOUINe HOCJAEAORATENBHOCTH, COCTABJCHHBIE
COOTBETCTBEHHO H3 X M Y BHIYETOB MOJHON CHCTeMbl 1o MOXyJo p. Jloka-

3aTh, uTO
|S] <V XYp.

J1s nokasaTeJbCTBA CJefyeT BOCHOJB30BATBCS HEPABEHCTBOM
xy+k\ 2
S?c X E E <—“—
P
X

y
d. Tlycts Q—muenoe, 1 < Q < p,

p-1 Q-1
szz S sx=2 (x z).
x=0 z2=0 P

a) Hokasate, uto S=(p—Q) Q.

B) Ilycts A—mocrossnoe; 0 < A < 1. JHokasats, yto yucae T uucea
paga x=0, I, ..., p—1, 14 XOTOpPHX HE€ BHINOJHAETCS YCJIOBHE
Sy << Q0:5+0.5h | yropnersopsier yenosuio T << pQ—».

) Mycrs M—uenoe, Q=[V 7], 0 < M, M+2Q < p. Jokasars,
4T B psije

M, M1, ..., M+20—1

HMeeTCsl KBaXDaTHUHBIH HeBHIYET IO MOAYJIO p.
9, a. JlokasaTh, 4TO YHUCJO NpeJCTABJEHHH uenoro m > 1 B BHAe

m=x+y% (t, g)=1, x>0, y>0 )

PaBHO WHCAY PeINEHHH CpaBHeHHS
224-1=0 (mod m). 2)
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Jlas JoKa3aTesbCTBa, NMOJTOXKHB T= } m, BOCNOJb30BATHCS NPEXCTaB-
2
JIeHHeM a:—ﬂT corjacHo Teopeme ponpoca 4, b, ra. I, u paccmorpers

cpaBHEHHe, TIoJyuyaeMoe MOWIEHHbLIM yMHOXeHHeM (2) Ha Q2.
b. Ilycte a—opno u3 uucen 2 H 3. JlokasaTh, YTO YHCJIO IIPEACTaB-
JeHHE MPOCTOro p ¢ YCJIOBHEM p > & B BHAe

p=x*+4ay?, x>0, y>0 3
PaBHO MOJIOBHHE HHCJA PeHIeHHIl CDAaBHEHHS
224+ a=0 (mod p). “4)
c. Ilycts p umeer sup 4m--1, (R, p)=1,
p-1
x (x2F k&
SE=Y, (_(_ﬂ‘_).) .
x=0 p

JloxasaTb, 4TO
o) S (k)—ueTHOe uHCJIO.

B) S(kﬂ):(%) S (k).

Ilpu (—r—>=l, (—n—)z—l MeeM
y) Ip R 7 H

p=(350) +(zsm)".

10. Hycte D—uesioe TONOMUTENBHOE, He sIBJIsIOlleecst KBaZpaTOM
gesoro yucaa. JlokasaTb, 4YTO:
a. Ecau 1pw RaHHOM uesioM k ypaBHEHHIO

x2—Dy*=k
YEOBJETBOPSIOT JBE Naphi HeAbIX X=X, Yy=y; ¥ X=Xg, § = Ya, TO yPaB-
HEHHIO
X2—DY2=F2

yAoBJeTBOpSIOT Ueasie X, Y, onmpeaenseMble paBeHCTBOM (3HaK + BH-
6upaeTcs NPOU3BOJILHO)

X+YVD=(x4+9VD) (xa + vV’ D),
b. ¥Ypaenenue (ypaszenne Ilenns)
x2—Dy?=1 1

PaspeiuuMo B HEJBX HOJOXKHTENbHBIX X, Y.
¢. Ecnu xy, yo—napa nosoxHUTENbHBIX X, ¥ C HAHMeHBIIHNM X (HJH,

UYTO PAaBHOCH/JBHO, C HAHMeHbUIHM x+y]/D), yAoBJaeTBOpsIOULAsl ypaB-
HeHHIo (1), TO Bce Napbl MNOJOXHTEJNbHBIX X, Y, YAOBJETBODSIOUIHE STOMY
YPaBHEHHIO, ONDeeJsIOTCA PaBeHCTBOM

x+yV D=(xo+5¥VD); r=12 ... 2
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11, Iyers m > 2, (a, m)=1,

a. Hokasate, 4o
ISe,m|=Vm, ecmn m=1] (mod?2),
|Sa,m|=0, ecsiH m= 2 (mod 4),
|Sa,m|=V 2m, ecam m=0 (mod 4).

b. Ilyets (A, p)=1, M # Q—ueame, 0 < M < M+ Q< p.
a) Ilpr moGom wenoM g foKasaTb, uTo

p-1 Ax?+ax
=Vr.

2 27U
x=0
B) Hpu p > 60, nosmbsysicb Teopemoll Bonmpoca @), JOKa3aTh, YTO
M4+Q=1 go A
) P
e
x=M
y) Iyets My u Qo—uennie, 0 < My < My4-Qo<<p u T 0603Ha-
yaer uyucsio uncea Ax% x=M, M1, ... +Q~—1, cpaBHHMBIX IO

MOLYJIIO p C uHcaaMH psaa My, My+1, ,.”, M-+ Q—1. Jlonasars,
4go npu p > 60 umeem
=220y T n g 01 < 1.
8) Nycers (g, p)=1. HoxasaTsb, uTO
Pl o 2
Sa-PZZ (”Z‘)e e
x=1

€) M3 Teopemsl Bonmpoca 11, a cueayer, uto [Se, pi= V p. To xe
CaMoe J0KasaTh, HCNOJb3YS NMPeACTaBJeHHE Sg, , PABEHCTBOM Bompoca 0).

n) Ilyets (a, p)=1. Hdoxkasats, 4To npH ReKOTOPOM O ¢ yCJOBHEM
|01=1, ue saBHcsameM OT a, UMeeM

(5) =
p) eV

%) [lombsysics TeopeMoit Bompoca 8), KoKas3aTb, 4TO

M+Q-1
~ X —_
2‘ <——> < }/plnp.
x=M p
A) Hycts R—uncio KBafpaTHUHLIX BHUYeTOB, a N — 4HCAO KBajpa-
THUHBIX HeBhueToB B page M, M1, ..., M4+ Q—1. HoxasaTs, uTo

R=TI)—Q+—2—V77]17/), N:-{]FQ——%VE]H;). [0 < I
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1) BuiBectu dopmynn sonpoca A), paccmatprBas cymmy

p~1 p-l M+Q-1 M+ Q-1 2ma(x—om)
X Ol o

2 2 2 ~—le

a=0 a=1 = = (p)

= = x=M y=M

v) Homssyscs Teopemoir Bompoca 8), mpn p > 60, Q=[6} 7]
AOKasaTh, uT0 B page M, M1, ..., M+ Q—1 umeercs xpagpaTnuHEk
HEBLIYET IO MOAYJIO p.

Ynenenunle npumepw K raase V

1, a. Cpean BhiYeTOB TpHBENEHHON CHCTEMbI IO MoayJo 23 ykasarb
KB3JPaTHYHbIE BLIMETHI.

b. Cpean BHIUETOB NpUBEAEHHON CHCTEMEI 110 mopyso 37 ykasalb
KBaJADaTHUHbIC HEBLIYCTHI.

2, a. Ilpumensa b, § 2 ykasats uucio pemenni cpaBHeHufl

o) x*==3 (mod 31); B) x*=2 (mod 31).

b. ¥xaszare uncno pemenmit cpapmenuii:

o) x*=05 (mod 73); B} x* =3 (mod 73).

3,a. Buuncaas cumsosn SIkoGH, ykasath 4mcio peluennil cpabHeHHi

@) x*==226 (mod 563); B) x®= 429 (mod 563).

b. ¥xasaTe uucao pewenuii cpaBHeHMi:

o) x*==38766 (mod 5987); B) x%= 3149 (mod 5987).

4, a. Ilpumensas cnocoGel Bonpocos 2, a; 2, b; 2, ¢, PeluTs CPaBHEHUS

o) x*=5 (mod 19); PB) x2=05 (mod 29); ) x?==2 (mod 97).

b. Pemurs cpaBuenus:

o x? =2 (mod 311); B) x*= 3 (mod 277); y) xZ=11 (mod 353).

5, a. Peuth cpaBHenne x®= 59 (mod 125) cnocobamu a) b, § 4;
B) sonpoca 5, a; y) sonpoca 6.

b. Pemmrs cpabrenue x2 =91 (mod 243).

6, a. Peunts cpaBuenne x2= 41 (mod 64) cnocoGamu:

a) d, § 4, B) Bonpoca 5, b.

b. Pemuts cpapnenue x2= 145 (mod 256).



I'arasa VI

HEPBOOBPA3HDIE KOPHH W HHJAEKCHI

§ 1. OGmue Teopemsi

a. Ilpu (@, m) =1 cyecTBYIOT NOJIOKHTEJbHEIE } C YCJIO0-
BueM a¥ = | (mod m), Hanpumep (TeopeMa Dilepa) y == @ (m).
Haumenpuiee H3 HHX HAasBIBACTCA: NOKA3AMEAb, KOMOPOMY
Q npunadaexHcum no Mooyao m.

b. Ecau a no molyawo m npuxadiexcum nokasamearo 8,
mo wucaa l=a’, a', ..., a®~! no modyao m HecpagHuMbL.

HeficTBuTtenabio, M3 af=a*(modm), 0 <Ck <I< 8 cae-
RoBano 6wl a'~#==1 (modm); 0<I[—£k <8, yro nporuso-
PeYUT ompexeseHHo 0.

c. Ecau a no moOyao m npunadaexcum nokasamesto O,

mo a'=a" (modm) moeda u monsko mozda, Koeda
y=1" (mod 0); 6 uacmuocmu (npu y'=0), a¥= 1 (mod m)
moeda u moabko mozada, koeda y Oeaumcsa na &

[eicTBUTENIBHO, NYCTh 7 U r;— HAaHMEHblINE HEOTPHULA-
TeJbHbE BLHIYETBl YHCEN Y H ' 1O MOAYMO §; Toraa mNpH
HEKOTOPBIX ¢ U ¢, nmeeM y=0q+r, y' =8¢, +r,. Orciona
u u3 a®=1(modm) cregyer

a¥= (a®)? o’ = a’" (mod m),
a¥V’' = (a%% a" = a" (mod m).

[Tostomy a¥=a" (modm) TOorza M TOJBKO TOrjA, KOIAa
a’=a"(modm), 1. e. (b), xorpa r=r;.

d. Ilycts a mo Moay/o m npUHAAJIEKHUT MoKasaTesio §.
Torpa u3 ¢ (y'=0) u u3 a* =1 (modm) caexyer, uro
¢ (m) penutca Ha 6. Takum oGpasom, nokasameau, KOmMopoim
wucaa npunadaescam no modyaio m, cyme Oeaumeau ¢ (m).
HauGoubiunii U3 sTHX Jenurened ectb camo ¢ (m). Yucaa,
NpHHaJIeXKauue IOKasaTemo ¢ (M) (eC/H TaKHe CYLIEeCTBYIOT),
Ha3bIBAIOTCS NEPEOOOPASHLIMU KOPHAMU NO MOOYAO m.
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2. IlepBooGpa3sHbie KOPHH MO MOAYJIsSIM p* u 2p*
Y p P

a. Ilycte p—rmpocroe HeweTHoe n o > 1. JloKaxkeM cy-
1IeCTBOBAHHE NepBooOPasHEIX KOPHeH o MoayasM p* u 2p%,

b. Ecau x no modysro m npuxadaescum nokasamenro ab,
mo x® npunadiexcum nokasamesro b.

JeficTBUTENEHO, NYCTb X¢ NPHHALJIEKUT NOKa3aTesio 9§,
Toraa (x%)°=1 (mod m), orkyra x**=1 (modm); caeno-
BaTeJbHO (¢, § 1), ab nenurcs wa ab, T. e. & menutcs Ha b.
C apyroii cToponH, x**=1 (mod m), oTkyza (x¢)*=1 (mod m);
cnepoBatenbHo (¢, § 1), b neautca Ha 8. Tlostomy &=0b.

c. Ecau x no modyaro m npunaliexcum nokasameso a,
a y— nokasamearo b, npusen (a, by=1, mo xy npunadrexcum
noxasameanto ab.

JeficTBUTENbHO, NYCTh XY NPHHAMJNERMT NMOKAasarTemo o,
Torna (xy)® =1 (mod m). Orcona x*%y?® =1 (mod m) u (c, § 1)
x%® =1 (mod m). Toatomy (c, § 1) b8 neantcst Ha @, ¥ BBUAY
(b, a)=10 nenutcs Ha a. Tak xke HaxoxuM, uto § menurcs
Ha b. lensice e Ha a u Ha b, BBUNY (@, b)=198 xemurcs
H Ha ab. C apyro#t croponnl, u3 (xy)®® =1 (mod m) cnegyer
(c, § 1), uto ab nenurcs ua S. Ilostomy 8= ab.

d. Cywecmeyrom nepeoobpasmvie KOpHU hnO MOOYAO P.

HeficTBATENBHO, NYCTH

8, 6, ...,8, 4]
— BCe pa3JiMuHble N0KAa3aTesH, KOTOPEIM N0 MORYJIO p TpH-
Hagnexar uucna 1, 2, ..., (p—1). [lycTb T—obluee Hau-

MeHblllee KpPaTHOE 3THX NOoKasaTesel H
o (e4 (04
T=¢;'q; .. -G,k

— ero KaHOHHYecKoe pasioxenne. KaAslli MHOXKHTeNb g5 s

3TOTO PasJIOXKeHHs JAEJIHT 1O MeHbllel Mepe ofHO uucjo O
pazna (1), KoTopoe, cJeloOBaTeIbHO, MOXKET ObITb NMpPEACTaB-

JIEHO B BHIE: 6j=aq:°S. ITyets &;,—omHo u3 umcen psaa
1, 2, ..., p—1, npuuagnexamux noxaszaremo 6;. Co-
ryacHo b umcno m;==§9 npuHanNexuT NOKas3aTeso g2s, co-
TJIaCHO ¢ NPOU3BENEHHE g=11),...17, NPHHALJIEKHT TNOKa-
3aTemo ¢7'gs’...qt=1. Ilostomy (d, § 1) T—jenurens
p—1.
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Ho nockonbky guena (1) pgenst v, Bce 1, 2, p—1
ABJAITCA pelleHHusMH (¢, § 1) cpaBHeHHSA X = l(mod p);
nosTomy, corsacuo ¢, § 4, ra. IV, 6ynem umers p—1 <.
CnenoBsarte/ibHO, ’L'=p—l Hu g——rxepBoo6pa3Hbu°1 KOpeHb.

e. [Tycmo g — nepsoobpasnpiii kKopers no modyao p. Moxcro
ykazame [ ¢ ycaosuem, wmo u, onpedessemoe pPABEHCMBOM
(g-+pt)r~t=1-+pu, He Oeaumca na p. Coomeemcmsyrouee
g+ pt bydem nepsoobpasusim KopHem no modyawo p* npu
arobom o > 1.

JelcTBUTENLHO, HMEeM

gﬂ—lz 1 +pT07 (2)
(@-+pty=t=1+4p(To—gr~*+pT)=1+pu,

TAe, ONHOBDEMEHHO ¢ f, u npoberaer MOJHYIO CHCTEMY BHI-
ueToB no Mopynio p. [lostoMy MoxHO ykaszaTe { ¢ ycJao-
BHEM, uTO « He nenutca Ha p. Ilpu TakoMm ¢ u3 (2) BEIBOAKM

(g-+ptyr?=V = (14 pu)? =14 p*u,,

(g+pt)”” == +p us, 3)

(g+pt)”°‘ - l’—H—p U,

riae BCe Uy, Ui, ..., U, TAKKe He Jedsitca Ha p. I1ycTh
g+ pt MPHHALIEKHT IOKASATIMIO § mo monymo p Torga
mweeM (g -+ pt)® =1 (mod p%), OTKYAA, B YACTHOCTH, HAXOAUM
g%=1 (mod p). HoaTomy (c, § 1) & nemurcss Ha p—1 wu,
Oyayuu (d, § 1) neautenem yucaa ¢ (p%) = p®-t (p— 1), Ko/MKHO
uMeTh BHA & =p"~(p—1), rae r—oano ua gucen 1, ..., a.
A Tax xax paBeHcTBa (2) H (3) MOKa3HBAIOT, YTO CPABHEHHE

(@+pt)P" "t P=D =1 (mod p*)

BepHO MpH r=ao U HeBepHo npH r <<a, 10 (d, § 1) 8 =
=p°°‘1(p—l)=cp(p°‘) H g pt—nepBooOpasHblii KOpPeHb
o Mopymo p*.

f. lycme a =1 u g— nepecobpasnsiil Kopeus no modyato
p*. Heuemmuoe g, u3 4ucea g u g-+ p* 6ydem nepeoolpasrem
KOpHeM no modyaro 2p*,

HeiictButenvHo, @ (p*) u @ (2p%) paBHB Mex1y cobowo
(umeem ¢ (2p%) =9 (2) ¢ (p*) = ¢ (p*)); HX oblLiee 3HaUEHHE
o6o3HayuM OykBoto c¢. [lanee Jserko y6eaumcsi, 4TO Cpas-
HeHHA gfi==1(mod p*) n gj=1(mod 2p%*) MoOryT BHINOJ-
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HSITHCA JIHILIb OJHOBpeMeHHO (gf—1 genurcs Ha 2). A rtaxk
KaK g,—NepBooOpasHblii KOpEeHb MO MOAYMO p* H mepsoe
cpaBieHHe BepHO MNpH fr=¢ H HeBepHO Ipu r < c, TO TeM
CcaMBIM M BTOpOE€ CpPaBHEHHE BEPHO NpPH /= U HEBEPHO NpPH
r<c ¥ g,—IHepBoo6pa3Hbii KOPeHb MO MOAYJO 2p%,

§ 3. Pasvickanue nepsooGpasHbIX KOpHei
no mopynam p* u 2p*

IlepsooGpasnbie KOpHH MO MOAYJASAM p* U 2p%, rie p —
MpOCTOE HEUETHOE U & = 1, MOKHO PasEHICKHBATH, NMOJAB3YACH
caepyomen obuedl TeopeMoi:

[lyeme c=@(m) u G, Gy, .., Gp— PABAUHHBIE NPOCTILIE
Odeaumenu uucaa ¢. [as moeo umobbl 4ucio g, 83GUMHO NpPO-
cmoe ¢ m, 6bia0 nepeoob pasHbiM KOPHEM no modyar m, Hec6-
xo0umo u docmamodno, umobsl 3Mo g He YOOBACMBOPAAO HU
OOHOMY U3 CPABHEHUL

[4

= 1(modm), ..., g% =1 (modm).
(1)

JeficTBuTeNbHO, ecnd g—nepBoobpasHblil KOpeHb, TO
TEM C4MBIM OHO NpPHHAMJIEXKHT [OKA3aTeNIIO ¢ H, CJeloBa-
TeJbHO, HW OJHOMY H3 cpaBHeHuH (1) ygoBJeTBOpSTL He
MOXeET.

OG6paTHo, ZONYCTHM, YTO g He YIOBJETBOpSIET HU OJHOMY
u3 cpasHenu#t (l). Ecau Obl mokasartesb 8, KOTOpOMY NpH-
HaJJIeXKUT g, OKasaljcs MeHblle ¢, To, o603Hayass GYKBOO ¢

¢ ¢
g1 q2

g=1(modm), g

c
MBI HMeJH OBl -+ =qu,

OAHMH M3 NPOCTHIX AeNHTEJelH T 5

[

%zéu, g7 =1 (mod p), YTO HPOTHBOPEUYHT HALIEMY JOHY-
LieHHo. 3Hayut, 0=¢ U g-—1epBoOOPa3HLIil KOpeHb.

[Mpumep 1. [lycte m=41. Hmeem ¢ (41) =40=2%.5,
40 40
€=8, —2—=20. CaefoBaTesIbHO, IJs1 TOrO uTOOB YHCJO g,
He jensmeecs Ha 41, 6bLIO NEpPBOOCPA3HBIM KOPHEM IO MO-
aymo 41, neo0XoaUMO U JOCTATOYHO, 4TOOBI STO g HE YHOB-
JIETBOPAJIO HH OJHOMY H3 CpaBHEHHH

gt==1 (mod4l), g2»°=1 (mod4l). (2)
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Ho, ucnnithiBas uncaa 2, 3, 4, ..., HaxoauM (1o MoxyJo 41)
28=10, 38=1, 48=18, b58=18, 68=10,
230 =1, 420=1], BH¥=], 20 = 40,

Orciona BupuM, yro uyuciaa 2, 3, 4, 5—He nepBooGpasHble
KOpHH, TaK KaK KaxXJoe U3 HHUX YJOBJETBOpSET, 1o Kpaih-
Hel Mepe, OfHOMY u3 cpaBHeHu#l (2). Uncio 6—rmnepBoob-
pasHBIA KOpeHb, TaK KaK OHO He YAOBJETBOPAET HHU OJHOMY
U3 cpaBHeHHH (2).

IHpumep 2. Ilyctb m=1681=412. [lepBoob6pasHHlii
KOpeHb U 3ech MOXHO ObLIO OBl HafiTH, NOJL3yACH OOMIEH
teopemoii. Ho Mbl Haliem ero mpoine, IpuUMeHsisi TEOpEMY e,
§ 2. 3naa yxe (nmpumep 1), 4To nepBooGpasHLIl KOPEHb NO
Mopyao 41 ecTp 6, HaxonuMm

64 =1 441 (34410),
(6+418)40 =141 (3+411—6%¢+41T) =1 +4lu.

Utobul 1 He jesmock Ha 41, pocraroudo B3ats ¢ =0. Ilo-
3TOMYy B KayecTBe IepBOOOPa3HOT0 KOPHA No Mopymo 1681
MOXKHO B3fIThb 4WHCHIO 6--41-0=06.

[Ipumep 3. Ilycrb m==3362=2.1681. [lepooGpasHbiit
KOPEHb M 3JeChb MOXKHO OBIIO Obl HaliTH, NOJb3YSACh oOmeH
teopeMo#i. Ho Mmbl HafifeM ero npoude, npuMeHasa teopemy f,
§ 2. 3Has yxe (npumep 2), uTo nepBooGpasHbil KOpPeHb IO
mofymo 1681 ects 6, B KayecTBe MepBOOOPASHOIO KOPHSA HO
Moxpy.To 3362 MOXKHO B3AITh HEUETHOe M3 uhcesa 6, 61681,
T. €. yhcgao 1687.

§ 4. Huaexcel no moayasm p* u 2p«

a. Ilyctb p-——mnpocroe HeweTHoe, o >>1; m—oOZHO H3
ydces p* u 2p*; c=¢(m), g—nepsoobpasubiili KOpeHb IO
MOAYJIO m.

b. Ecau vy npobecaem HAuMEHbULLE HEOMPULAMEALHYIE Bbl-
gemot v=0, 1, ..., c—1 no modymo ¢, mo g¥ npobezaem
NPUBEOEHHYIO Ccucmemy Bbl4emo8 no modyao m.

HefictButenbHo, g¥ npoberaeT ¢ uhceJsl, B3aUMHO IPOCTHIX
¢ m, U BBHAY b, § 1, He CpaBHUMBIX IO MOAYJIO M.

c. Oas uucen a, B3auMMHO NPOCTHIX C /M, BBeleM IIOHA-
THEe 00 HHJACKCe, PeACTaBJdIollee aHaJIOrHI0 HOHATHIO O JIO-
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rapudme; MpH 5ToM TNepBOOGPasHHl KODEHb HIpaeT poJb,
aHAJIOTMUHYIO POJIM OCHOBaHHA JorapudMoB.
Ecau

a=g" (mod m)

(cuntaeM y=>=0), To y HasbBaeTC UHOEKCOM HUCAQ & NO
Mmo0ya0 m npu ocrosaruy g U 0603HaYaeTCs CHMBOJIOM P =
= inda (tounee, y=ind,a).

BBnny b Bcakoe a, B3AHMHO MPOCTOE C /1, HMEET HEeKO-
TOpHI €JUHCTBEHHBI MHAEKC §’ CpPenH uucen psna

v=0,1, ..., c—1.

3Hasg y’, MBI MOXKEM yKasaTh M BCE HHJIEKCH YHCIA &;
cornacHo ¢, § 1 sto 6ynyT Bce HeoTpHILATeNbHBIE YHCJA
KJacca

y=19 (modc).

HenocpencTBenno 13 gaHHOTO 3/€Ch ONPENeNeHUs HHAEKCA
ClenyeT, YTO YuCJa C JAaHHBIM HHAEKCOM Yy 06pasyioT KJjacc
YHceJ 1O MOAYJIO 11,

d. Hmeenm

indab...l=inda+indb-...+ind ! (modc)

u, 8 wacmuocmu,
ind a® =n ind a (mod ¢).

JleficTBUTEILHO,
a=g"de (mod m), b= g"d® (modm), ..., =g (modm),

OTKYyJa, nepeMHOoxkKafd, HaXoIuM

ab.. .lEgind a+ind b+...+ind ! (mod m)

Cneposatensio, inda--indb+ ... 4+ ind/—onue U3 HHIEK-
coB mpousBenenus ab...l.

e. Beuay npakTuHyecKo# NOMB3bl HHIEKCOB A5 KaXIOro
npocToro MoAyJas p (pasyMmeercsi, He CJMIIKOM GOJbBIIOrO)
coCTaBsieHbl mabauys undexcog. Dto 1Be TaOGJIHILI, OfHA —
IS HaXOXJEHHWs HHAEKCA MO YHCIY, Apyras— JJIsi HaXOXK-
JNeHUA 4Yucaa 1o HHAeKcy. TabaHubl cojep:KaT HaHMEHbLIHe
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HEOTpHIaTe/IbHble BbiYeThl YHCes (NPHBEJEHHAsh CHCTeMa)
H HX HaHMeHbIIMX MHIEKCOB (IOJIHAf CHCTeMa) COOTBET-
CTBEHHO 10 MOJAYJAM p U c=¢ (p)=p—1.

IIpumep. locTpouM ykasanusie TabAHLB JAA MOAYJA
p=41. Brume 6b10 mokasano (mpuMep 1, § 3), uTo mepso-
o6pasHLIM KOpHeM o Moaymwo 41 6yner g= 6; ero Mel NpH-
MeM 33 OCHOBaHHe HMHAeKcoB. Haxonum (cpaBHeHHs GepyTcs
no mopvawo 41):

6= 1 68 =10 6¥=18 6%=16 6%=237
Bl= 6 6° =19 67=26 6*=14 6%=17
6* =36 6%=32 6¥%=33 6= 2 6%=20
63 =11 61=28 69=34 6*"=12 6%=238

6" =25 6%= 4 6%*=40 62°=31 63°=23
65 =27 6¥=24 62'=35 62=22 6%=15
65 =239 6M=2] 62= 5 6= 9 6%= 8
67=29 6%5=33 62%=30 6%=13 6%= 7

HO3TOMY yKasauHble TaGJuuel GyAyT

p=41, p—1=2%.5, g=6

Nioj112/314(516[7]8]9 Ii0}11213]45{6|78(9

0 0] 26] 15] 12} 22| 1] 39| 38130 off 1§ 6|36f11}25{2739] 2¢|10]19

1) 8 3}27|31f25] 37| 24| 33| 16{ 9 1]32] 28} 4] 24| 21} 3[18; 26/33[34

21134] 14]29{ 36! 13] 417 Bi 11} 7 2140{ 35| 5| 30 16|14 2! 12131{22

2 231 28] 10| 18| 19| 21] 2|32{35]| 6 31 9] 13137| 17| 20{38|23| 15| 8| 7
20

3mech HOMep CTPOKH YKAasblBaeT UUCJO JECATKOB, HOMep
cToabua—uuCa0 egVHHI yucaa (MHAekca). B rpade, obuwei
YKa3aHHEIM CTpPOKE€ U CTOJOLY, [IOMEHlaeTcss COOTBETCTBY-
IOIHMA HHAEKC (YHCJIO).

Hanpumep, ind 25 wnaiizem B rpade nepsoit TaGauLBL,
ofles cTpoKe C HOMepoM 2 U cTosabuy ¢ HOMEpoM 5, T. e.
ind 25 =4. Yucyo, uuaekc «oroporo 33, HaligeM B rpage
BTOPOH Tabauuel, ofmed CTpoke ¢ HOMEpoM 3 H CToJ6Ly
c HoMepoM 3, T.e. 33=ind 17.
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§ 5. Caepcrsus npenbiayniei Teopuu

a. Ilyctb p—npocroe HeueTHoe; o >1, m—ogHO H3
gnucen p®, 2p%, HAKOHeW, ¢= @ (m).

b. ITyemo (n, ¢)=d; mozda:

1. Cpasnenue

x*==a(mod m); (a, m)=1 1)

paspewumo (U mem CamolM @ eCb 8bl4em CMeneni n no Mo-
Oyamo m) moeda u moasko mozda, xoeda ind a kpamen d.
B cayuae paspewumocmu cpasrente umeem d peutenuil.
2. B npusedenHoil cucmeme 6o14emo8 no modyaro m 4ucao

c
sbldernos cmenesu n ecmo ik

HefictBATENIbHO, cpaBHeHHe (1) paBHOCHJIBHO TAKOMY:
nind x = ind a (mod ¢), V)

KOTOpOe paspeiluMo TOFa M TOJbKO TOTZa, Korga inda
kparen d (d, § 2, ra. 1V).

B caygae paspemrnMocTH cpaBHeHHs (2) HailimeM d we-
CPaBHUMEIX [0 MOAYJO ¢ 3HaueHWH gns ind x; uM oTeeyaer d
HECPaBHHMEIX IO MOJY/MIC M 3HAuYeHUH [ x.

Takum ofpasoMm, BepHO yTBepXKiaeHHe 1.

Cpemn wucen 0, 1, ..., ¢c—1, aBasomuxcd HaWMEHb-
MIAMH MHAEKCAMH BLIYETOB NPHUBEJEHHOH CHCTEMBI MO MoO-

AYJIO m, uUMeercsd % kpatuox d. [TosToMy BepHO yTBepXK-
Ienue 2,
Mpumep 1. [Ina cpaBHeHus

3 =23 (mod 41) 3)

umeeM (8, 40)=38, npuuem ind23=36 wue pneaurcsa Ha 8.
[Tostomy cpaBHenue (3) Hepaspelrumo.
I[Tpumep 2. llns cpaBHeHHSA

x'* = 37 (mod 41) )

umeem (12, 40) =4, npuuem ind 37 =32 gmenurca Ha 4. [To-
3TOMy cpasHeHHe (4) paspemiuMo, NpHYeM 5TO CpPaBHEHHe

HMeeT 4 pemieHHA. YKa3aHHLIE pelleHHS HaleM c/IeRyIouluM
o6pasoM.
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CpaBHenne (4) paBHOCHJIBHO TaKHM:
12ind x =32 (mod 40), ind x =6 (mod 10).

Orciona aas ind x naiigeMm 4 HecpaBHUMBIX 10 MOAyJo 40
3HAYEHUS:
indx=6, 16, 26, 36,

COOTBETCTBEHHO YeMy HaifieM 4 pemeHus cpasHeHus (4)
x=39; 18; 2; 23 (mod 41).
Mpumep 3. Yucna
1, 4, 10, 16, 18, 23, 25, 31, 37, 40, %)

HHIEKCHl KOTOPBIX KpaTHH 4, cyTb Bce OHKBaJpaTHUHBIC
BHIYETHl (HJIM TaKXKe BCE BHIUETHI M000f cremeHu n=—4, 12,

28, ..., rae (n, 40)=4), umetouryecss cpeau HAHMEHBIIHX
MOJIOKHUTEIbHEIX BEIYETOB 1o MogyJIio 41. Hucso uncen psaga (5)
ectb 10= ‘349 .

¢. C yreepxnaenueM b, 1 TecHo cBsi3aHO cregylomee.
Yucao a ecmo eoiem cmenedu n no mModymo m moeoda
u moasko moezda, Kozoa

4

a? =1 (mod’'m). (6)
He#icrButensHo, yeaopue ind a== 0 (mod d) paBHOCHIBHO
TaKOMY: % inda==0 (modc). IlocnegHee e pPaBHOCHJBLHO

ycaosuio (6).

Tlpumep. B Teopeme § 3 HeBO3MOXKHOCTB CpaBHEHHSH
L4

g9 =1(modm) paBHOCHJBHA YCJOBHIO, YTO g-— HEBHIUET

CTeNeHH ¢ MO MOZYMO m. B uacTHOCTH, HEBO3MOXKHOCTH
[

cpaBHeHud g2 =1 (mod m) paBHOCUJIbLHA YCJOBHIO, UTO g —

KBaJApaTHYHHIA HEBBIUET NOo Mopymo m (cp. b, § 2, ra. V).

d.1. Tokasamess 8, xomopomy a npunadiexcum no mo-

. c
Oyaro m, onpedessemcs pasercmeonm (ind a, c)=—6—; 8 4acm-

HOCMU, NPUHAOACHHOCML G K HUCAY NepeoobpasHbly KOpHell
no modyato m onpedeasemcs pasercmeom (inda, c)=1.

2. B npusedennoll cucmese goidemog no MOOYAO M HUCAO
qucen, npunadsexcowux noxasamento 8, ecmo ¢ (8); 8 wacm-
HOoCmu, 4ucao nepeoobpasreix Kopreld ecmb ¢ (C).
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JlelicTBUTENBHO, 8 €cTh HaUMEHbIIUI NENUTENb € C YCJIO-
sieM a®==1 (mod m). 310 yC/IOBHE PABHOCHILHO

8ind a=0 (mod¢),
HITH
inda=0 <mod ﬁ) .

3HauuT, 6 —HaHUMEHbUIME JEJUTEND C, PH KOTOpOM & ° peaur
. c .
ind a, orciona 3-——-Hau6onbmuu neauTesb ¢, Aeaamui ind g,

c .
T. €. §=(md a, ¢). [Tosromy BepHO yTBEpHKAeHHE 1.
Cpegn uncea 0, 1, ..., ¢c—1, gBAAOIWHXCA HAaUMEHb-
IIAMH HHAEKCaMH BBIYETOB NpPHUBEACHHOH CHCTEMBI IO MO-

c c
AYyJar0 m, KparTHbIMHA 5 SABJAAKOTCA HYHUCAA BHAA E-y, rjpe

y=0, 1, ..., 6—1. ¥Ycaosue <~§—y, c)=g— PaBHOCHJIBHO
yeaoBuio (y, 8)=1; mocnexneMy ygoBiersopsier ¢ (8) 3Ha-
yeHu#l y. [losToMy BepHO yTBepxkjeHue 2.

Ilpumep 1. B npusefenHoft cucTeMe BHIYETOB HO MO-
Ayaio 41 uucaamu, npuHAIIEXKAUIAMU noxasaTemo 10, as-

JAIOTCH 4HCJaa a ¢ yeaosueM (ind a, 40)~-6=4 T. €. yucjaa
4, 23, 25, 31.

Yucao sTHX uncea ectb 4= (10).

ITpuMmep 2. B npusefeHHOH cucTeMe BBLIYETOB IO MO-
Ayao 41 nepBoo6pasHBIMH KODHAMHM SIBJASIOTCH 4HUCAa a
¢ ycaosueM (inda, 40)=1, T.e. uyucaa

6, 7, 11, 12, 13, 15, 17, 19, 22, 24, 26, 28, 29, 30, 34, 35.

Hucso sTHX nepBooGpasHBIX KopHeh ecTs 16 = ¢ (40).

§ 6. HHpgekcn mo mopyawo 2%

a. [lna momyaa 2 mpegplayuiast TEOpHs 3aMeHsieTcsl He-
CKONbKO 00Jiee CJIOXKHOM.

b. IIyete a=1. Torga 2*=2. lmeem ¢ (2)=1. Ilepso-
of6pasHeiM KOpHeM N0 Mopfyaio 2 Oyzer, Hampumep, l=
=—1(mod 2). Uncno 1°= (—1)* =1 obpasyer npuBeseHHYIO
CHCTEMY BBIYETOB IO MOAYJIO 2.
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c. Ilyers a=2. Torga 2%=4. lmeem ¢ (4) = 2. [lepso-
00pa3HbIM KODHeM no Mojymo 4 Gyper, manpumep, 3=
=—1(mod4). Hucna (—1)°=1, (—1)*=23(mod4) obpa-
3YIOT HOPHUBEAEHHYIO CHCTEMY BBIUETOB IO MOAYJIO 4.

d. Ilyers a«>=3. Torma 2% >8. Hmeem ¢ (2%) =271
Herpyano Bugers, yto nepBooOpasHbBIX KOPHEH B TOM Cay-
yae HeT; 6oJiee TOYHO: NOKA3aTeNb, KOTOPOMY INIDIHAAJEXKUT

0O MOZYMO 2% HedeTHOE YHUCJIO X, HE TNPEBOCXOAUT 2%~ 2% =
1 o
= 5 ¢ (2%). IleficTBHTeNIbHO, HMeeM

xt= 18,
Xt =1 164,,

X% 2 | 2% =1 (mod 29,

Ilpn sTom uyMcaa, npuHHAgIexaliHe nokasaremo 2%72
cymectBytor. Takum uuenom Gyger, Hanpumep, 5. [eficr-
BHTEJILHO,

5=144,
52=1-48-+16,
54=1-+16432u,,
5277 = 1 Q0L ooy o
OTKYAa BUAHM, UTO HU OJHA M3 CTeleHel b!, 52, 54 ..., 52%7?
He cpaBguMa ¢ | mo momymo 2%.
Herpyaso BupgeTh, YTO yHCAa JBYX CJERAYIOIUX CTPOK:
59, 5t,
_50r _—517

AL -2
, 52 1

- b
. BT
o0pasyloT NPHBEREHHYIO CHCTEMY BLIYETOB MO MORYJ/O 2%,
HeficTBUTENBHO, YHCJIO 3THX 4YHcea Oygper 2-2%-23=¢ (2%);
qyucsaa KaxJoH OTAENLHO B3SITOH CTPOKH Mexny cobofl mno
moxy/mo 2% HecpasHHMH (b, § 1); HaroHeL, yncia BepxHeH
CTPOKH HeCpaBHUMEBI ¢ YHCJHaMH HHIKHEH, TaK KaK IepBble
no moxyaio 4 cpasHuMsl ¢ 1, a BTopele ¢ —I.
e. Jus ynoOcTBa najsHeHIIMX HCCaeJOBaHUIl MBI Bbipa-
suM pesyabtaTel b, ¢, d B Oojee exuHooGpasHofl dopwme,
kKoTopasi OyAeT npHrogHa H B caydae o =0.
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Hycme
c=1, c¢=1, ecau o0=0, wum a=1;
c=2, ¢,=2%"2 ecau o>=2

(maxum obpasom ece2da cc, = (2%)), u nycms y u 7y, Hesu-
sucumo Opye om Opyea npobeeatom HAUMeHbULLE HEOMPULQ-
meabHble 8bl4embl

v=0, ..., ¢c—1; ,=0, ..., ¢,—1

no modyaam ¢ u c¢,. Toeda (—1)¥5Y¥e npobezaem npugeden-
HYW cucmemy seldemos no sodyaw 2%,
f. Cpasrerue

(—1)75% = (—1)v'5%(mod 2%) (1)
uMeem mecmo mo20a w moasko moada, Kozda
p=7"(modc), 7v,==7;(modc,).

Heficrurenpro, npu o =0 Teopema oueBHpHa. [losromy
npegnonoxuM, uro o > 0. [lycts HaHMeHbHe HeoTpHUa-
TeJbHBIE BBIUETHl [0 MOLYJSIM € H ¢, AJs UHCET Y H 7y,
OYRYT r W r,, a A1a uyucesx y M yg OyAyT r' u r;. BBuay c,
§ 1 (—1 npunagnexur noxasateMi0 ¢, a 5 NPHUHAJJIEKHT
NOKA3aTeso ¢,), cpaBHeHHe (1) HMEeT MecTo TOrfa M TOJIbLKO

toraa, xorga (—1)75% == (—1)"" 5" (mod 2%), 1. e. (BBHULY €)
KOrjga r=r’, ry=r.
g. Ecmu
a = (—1)¥ 5% (mod 2%),

TO CHCTEMA Yy, Y, HA3BIBAETCH CUCMEMOLl UHOEKCO8 4ucra a
no modyao 2%,

BBuny e Bcskoe a, B3auMHO mpocToe ¢ 2% (T. e. Heyer-
HOE), HMeeT €JHHCTBEHHYIO CHCTeMY HHNEKCOB Y, Y5 Cpeau
CCo=@ (2%) nmap 3pauyenu# y, y,, YKa3aHHBIX B €.

3Hast cucreMy y’, v, Mbl MOXKEM yKa3aTh M BCE CHCTEMBI
HHAEKCOB 4mcsaa @, corsacHo f 3T0 GyAyT BCe Hapel v, Yo,
COCTaBJICHHBIE M3 HEOTpPHIATEAbHBIX YHCEJ KJAcCoB

y=vy' (modc), 7v,=7v,(modc,).
HenocpegcrBento M3 JaHHOTO 3h€Ch ONpeleNeHus CH-

CTEMbl MHAEKCOB CJERYeT, 4TO YHC/IAa C JaHHOH CHCTeMO#H
HHIEKCOB 7, y, 06pasyloT KJacc YHCeN N0 MORymo 2%.
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h. Hnlexcot npousgedenus CcpasHumvl no mooyaam ¢ w c,
c cymmamu uHOeKco8 comroxcumenet.
JleficTBUTEABLHO, OYCTb 7 (@), Yo(a); -+-3 v (), Yol()) —
CHCTeMBbl MHJEKCOB uHcesa a, ..., [. MMeem
a...l= (__l)v(an—. etV DBV @+ e (D)

CaepoBaTennho, Y@+ ...+v(1), Yo@-+ ... +v())—
MHAEKCH NpoH3BeleHus a...l.

§ 7. Unpekch no joGoMy COCTaBHOMY MOJYJIIO

a. [lyets m =2%pfipga. . . pyk— KAHOHHUECKOE pa3Jioxe-
nue uucaa m. IlycTb jgajee ¢ M ¢, UMEIOT 3HAYEHHA, YKa-
sanubie B e, § 6; ;=0 (pYs); g,— HauUMeHbUHil NepBOOS-

pasHHIl KOpeHb 110 MOZYJIO po<.

b. Ecau
— (—1)? 5% (mod 2%), 1
a= g\ (mod p%), ..., a==git(mod p}*), (1)
TO CHCTEMA Y, Yo» Vi» - - -» Vi HasblBaeTCa cucmemoil unoer-

€08 4uCAQ A 1O MOOYAO M.

M3 Takoro onpeaejeHus CcJepyer, 4TO Yy, Y,—CHCTeMa
MHEKCOB 4HCJa @ MO MOAYJMO 2%, a vy, ..., Yp— HHACKCH
gyena @ Mo MOAyAsM pl, ..., pyk. Tlostomy (g, § 6; c,
§ 4) BCsIKOE @, B3aUMHO NIPOCTOE C /1 (T€M CaMbIM OHO B3aUMHO
NPOCTOE M CO BCEMH 2% pH, ..., pfk), HMEeT eINHCTBeH-
HYI0 CHCTEMY HHIEKCOB Yy Yor Vis +-+» Vi CPERH CCoCy. - . Cp =
= @ (m) CHCTEM Y, Yo, V1, --+» Vi KOTOPHIE NOJYyYHM, 3a-
CTaBAASA Y, Yo Vi» -+ +» Y HE3ABHCHMO Jpyr OT Apyra mnpo-
GeraTh HaWUMEHbILHE HEOTPHIATEJbHbE BBIYETH IO MOAYJIAM
C, Coy Cy, -y Cp, @ BCE CHCTEMBI HHIEKCOB HHCTA a CYThb
BCE CHCTEMBI ¥, Yo V1» +++» Vi, COCTABJICHHbIE M3 HEOTPH-
mateJbHBIX YUCEJ KJACCOB

y=yi(modc), y,="1,(modc,),
=71 (mode¢y), ..., V==V (M0OdCy).

Unena @ ¢ AaHHOH CHCTEMOH HHIEKCOB ¥, Vo» Y1» +-+» Ve
MOTYT OBITh HalJEHBl MyTeM peLIeHHA CHCTEMBI (1), a cie-
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nosateabHo (b, § 3, ra. 1V), ofOpasywor Knaacc uucen no
MOLYJIO m.

c. Tak Kak HHAEKCBl Y, Vo» Vi» --+» Vp YHCAZ @ NO
MOZAYJIO 11 ABJSIOTCS HHAEKCaMH ero COOTBETCTBEHHO 10 MOAY-

asaM 2%, p¥s, ..., ppk, TO BepHa Teopema:

HHOexcor npousgedents CpagHumbl 1o MOOYAAM €, C,,
Ciy, +++y Cp C CYMMAMU UHOCKCOE COMHONCUMEACH.

d. Myerb 1= (2%) npp <2 w "c-——-;—(p(Q"‘) npu o > 2

H nycTh h—oblee HaHMEHblIIee KPATHOE YHCEN T, Cy, ..., Cp.
[Ipu BCAKOM a, B3aWMHO INIPOCTOM C m, cpaBHeHHe afi=]

BEPHO IO BceM MOZyJaaM 2%, pf, ..., ppk, 3HAuUHT, 3TO

CpaBHEHHE BEpPHO M IO MOZyMo m. [losToMy a He MOXKeT
ObITb NEePBOOGPA3HEIM KODHEM 10 MOAYJIO M B TeX CAydafx,
korga h < ¢ (m). Ho nociiegHee uMeeT MecTo NpH o > 2, IpH
k> 1, ataxxkenpua =2, k=1, lostomy gas m > 1 nepBooG-
pasHbie KOPHH MOTYT CYLIECTBOBATH JIUWb B CAy4Yasx m=24,
p¥, 2p¥. Ho Kak pas AJa 3THX CJIydaeB CYIIeCTBOBaHHE
nepeooGpasHEIX KOpHeH OuJIO Jokasano Bouue (§§ 6, 2).
[Nostomy

Bee caynau, kozda cywecmsyrom nepecobpastsie KOpHU NoO
mo0ymo m, npesocxodawemy 1, cymo

m=2, 4, p*, 2p°.

e. Tabauny HMHAGKCOB MOXHO COCTaBHTb U s Jio6Oro
OEJOT0 MHOJOXKHTENBHOrO 1, BHIHCRBAA COOTBETCTBCHHO
KaXJOMY YHCJy NpHBEAEHHONA CHCTEMEI BRIYETOB IO MOZYJIO /71
OTBEYalOllIHe STOMY YHCJY 3HAYEHA A HHAEKCOB Y, Vo, P1» + - +» Tk
(MOMIHBIE CHCTEMBI BBIYETOB MO MOAYAAM C, Co, Cyy «- ., Cp)e

Iipumep 1. Tlocrpoum Tabauny HHAEKCOB 110 MOZYJIIO 8.
3nech uMeeM c=2, ¢,=22"2=2 u a5 Kaxjoro uucaa N
[pUBEACHHON CHCTEMBbI BHIYETOB 10 MOAYJO 8 OYyHEM HMeTb
N = (—1)?5% (mod 8), rae y pasHO ogHOMy u3 ymces 0, 1
(NO/THaaA CHCTeMa BBIYETOB HO MOAYJIO C) ¥ Y, PaBHO OJHOMY
U3 uncea O, 1 (monuasi CHCTEMA BBIUETOB IO MOAYJIO Cp).
Haxonum

(—)y=1, (—=)=—1,
50 =1 B =5,
—5% =7 (mod 8), —5t=3 (mod 8).
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[TosTomy Tabauna wHuEexcor 1o Moayao 8 Oyaer

v | 3 I 5 ] 7
v | o | 1 | o | 1
v | 0 | 1 I 1] oo

ITpumep 2. Tloctpoum Ttabauny HHAEKCOB MO MO-
aymo 40. 3pech umeeM 40=8.5, npuueM s KaxAOro
ypcna N npuBefeHHON CHCTEMBI BBIYETOB Mo Mopyso 40 Mbl
3HAUYEHHs HHAEKCOB Yy H 7y, HallJeM B Tabjulle MHJEKCOB IO
Moxy/mo 8 mpumepa 1, a 3HaueHus HHAeKca Y, HalgeMm B Tal-
JIMLEe WHAEKCOB NO MOAYMO 5, T. e. B TabJjauue

1\”1’2 3|4
3

'YJIO'I

| 2

B pesynbraTe moJAyduM CJeAyoOlylo TaObAdly HHAEKCOB MO
Mopyio 40:

N | 3 | 7 | 9 il o137 | 19
v oo |1 1 | oo 1 o | o | 1
w | o | 1 o | o 1 t | o 1
wl o] 3|1 2 0 3 1 2

N 21 23 27 29 31 33 37 39

v | o 1 i 0 1 o | o 1
vo | 1] 0|1 1 0 0 1 0
w |l o l 3 1 2 0 3 1 2

[pumep 3. MMoctponum TabauLy HHAEKCOB MO MOAYJO 9
M Tabauny uHAekcoB 1o moaymo 18. 3pech nmeeM ¢ (9) =
= 6=2-3. Yucso 5 Gyaer nepBoo6GpasHbIM KOPHEM I10 MO-
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AyJao 9, TaK KaK OHO HE€ YJOBJIETBOPAET HH OJHOMY H3 Cpag-
8 6

HeHHIl 52 == | (mod 9), 53=1(mod9). [lpu sTOM HMeeMm
(cpaBHeHHs GepyTcs N0 MoAyJ 9):

50=1, 51=5, 5'=7, 5 =8, 5t=4, 5 =2,

CnenoBatenbHo, TabJidila HHASGKCOB 110 MOAYA 9 6yper

N112|4‘5‘78
\710]5’4lll2}3

A Ttabayna uHAEKcoB 1O MoAymo 18 Gyzer

N 1 5 7 It 13 | 17

vyl oto ol o] ofo

w0 1 2 5 4| 3

Mpumep 4. [Nocrpoum TabauLy HHAEKCOB IO MOAYJIIO 21.
3mech umeeM 21 =3-7, u ana Kaxjgoro uncjaa N npuBejeH-
HOH cHCTeMBl BBIUETOB IO MOAYJIO 21 MBI 3HAUE€HHE HHJEKCA
v, HalifieM B TabJuHe HHAEKCOB MO MOAYJI0 3, T. €. B TabJHIle

N 1 2

Y1 0 1

a 3HAueHWe HHIEKCa 7y, HaljeM B TabaHIEe HUHICKCOB IO MO-
Iymo 7, T. e. B Tabauue

N 1 2 3 4 5 6

vl o] 2|t ] 4] 5|3

B pesyasrate mojgy4yuMm caenywomyio TaGJIHIYy HHAEKCOB IO
Monymo 21:

N1 241581011131617 19 | 20

1| O 1 0]1 1 0 110410 1 0 1

y2l 0 245|001 ]4}3|2]|1]5]3
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Bonpocw k raase VI

Byksolo p 3necs Bcerna o6o3HauaeM HPOCTOE HeUeTHOE YHCJO.

1, a. Ilyere a—uenoe, a > 1. [okasaTh, uTO NpPOCTHE HeyeTHHIE
AeJauTeNH uucna a?—1 peasT a—1 uam HMelor BHL 2px -+ 1.

b. Ilycts a—uenoe, a > 1. IloxasaTb, 4TO NpocThHe HeueTHbIE JeJH-
TeAd uucnaa aP -1 peasat a-+1 wam umetor Bui 2px-4-1.

e. Jokasarb GecKOHEYHOCTb 4YHCJa NPOCTHBIX uHcea Buzpa 2px—+1.

d. Iycrs n—uenoe, n > 0. HokasaTb, YTO NPOCThie JEJHTENH HHCIA
22" 1 1 umelor R 28+1x 1.

2. Ilyers a—uenoe, a > 1, n—uence, n > 0. Jokasats, uto
@ (a*—1) xpaTHO 1.

3, a. Ilycts n—uence, n > 1. M3 gncen 1, 2, ..., n Ipu HeueTHOM
n ofpasyem NepecTaHOBKH
1, 3,5 ..., n—2,n,n—1,n—3, ..., 4, 2;
1,5,9, ...,7,3

B T. ., a TIpH YeTHOM 1 06pasyeM IepeCTAHOBKH

1,3,5, ... n—1,n,n—-2, ..., 4, 2;
1,59, ...,7, 3

u T. 4. JlokasaTh, 4TO k-5 OmepauHs JaeT HCXOAHBI psj TOTAa H TOABKO
Torga, xorga 2% = 41 (mod 2n—1).

b, IIyetv n—uenoe, n > 1, m—uenoe, m > 1. Bygem cumrars
gucia 1, 2, ..., n B npsAMoM mopsage or 1 Jo n, natee B o6paTHOM
MOPSIKE OT M 10 2, 3aTeM OMNATh B NPSMOM nol%suu(e ot 1 mo n, Ranaee
onaTh B ofpaTHOM mopsiike oT n Jo 2 H 7. 4. llpm rakom cuere Brimm-
ceiBaeM gncaa l-e, (m--1)-e, (2m--1)-e 7 T. I., Noka He MOJYYHM N UH-
ces. C 3THM HOBHIM DSAOM 7l 4HCeJ IOBTOPHM TY JKe ONepalHio # T. 1.
Jokasatb, 9To k-1 OHepalns JaeT HCXORHHE Psii TOrGAa H TOJBKO
TOTAa, KOTAa

mF= 41 (mod 2n—1).

4. Ilpn m=p reopemy 2, d, § 5 nokasaTs, paccMaTpuBas cpaBue-
mne x8=1 (mod p) (sonpoc 10, ¢, ra. IV) u npumenss e, § 4, ra. I1.

5, a. JloxkasaTb, uTO TepBOOOpa3HLil KOPEHb MPOCTOTO YHCJia BHJA
2n 41, n>1, ectp 3.

b. Joxa3aTb, 4TO nepBooGpasHHl KOpeHb NPOCTOTO UHCJa BHAA
2p--1 npu p Buga 4n-+1 ectv 2, 2 npu p BuAa 4n-+3 ectp —2.

c. Jlokasath, uyTO nepBooGPasHHl KOPeHb NPOCTOTO YHCJa BHAA
4p-+1 ectp 2.

d. HokasaTe, uTo NepBOOGpasHhHfi KOPeHb NPOCTOTO YHCAA BHAA

2?1—!
2)1
6, a. o) Ilycte n—ueace, n=0, S=I174+224 .. f+(p—1)"

ecTsh 3.

2°p+1 mpu n>1 n p>
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JlokaszaTb, 4TO

=—1 (modp), ecrm n kpatHo p—1,
S =0 (mod p) B NPOTHBHOM Clyuae.

B) Ilpu obosnauenusnx sonpocos 9, ¢, ra. V pokasaTs, 4yTo

p—1

S(l)=— pfl (mod p).

4

b. Teopemy Buancora aoxasath, npumensiz b, § 4.

7. Ilycrs g ¥ gy —nepsooGpaskble KOPHA N0 MOAYJO p, & ind, g, ==
== | (mod p—1). Ilpu (@, p)==1 noxasats, uro:

ind, a=aind, a(mod p—1).
8 Hycte m> 1, (2, m)=1.
o) IMyers

axy

TUL e

m=-1m-1
S=2 Newnwe ™ ;
x=0 y=0
m~1 m-1
MlEwpep=X, X inypr=Y.
x=0 y=0

Jokasats, ut0 } S| << VY XY,

7
f) Mycrs Z ofo3HayaeT CyMMHPOBaHMe, pacHPOCTPaHEHHOe Ha

$
yucaa § psga 0, 1, ..., m—1, B3aumMHo npoctsle ¢ m. Ilyets n—
neJsioe, nmpeBocxofsiee 1, u

. ax®
27T

S=>X'e ™

x

Hokasats, uaro |S|<<K Vm, rae K—uncao pelleHuit CpaBHEHHS
x*==1 (mod m).

&€
y) Myers m=2%pT'...p, ¥ —xkanoHuueckoe pasnoxeHwe uHcIa M.
Hoxasate, 4to ykasannoe B onpoce P) umcao K pemenuit cpaBHEHHS
x7==1(mod m) He npeBocXoxHT 2%+l ¥ 4yro B CAYYae MOCTOSHHOIO 7t
uveeM =0 (m8), rie e—nNpOU3BOJBHOE MOJIOKHTENLHOE MOCTOSIHHOE.

9, a. Ilycts  {(a, p)=(b, p)=1, n—uenoce, oranunoe ot I,
Inj=n, 0<m<p,

”n
- . ax'+bx
1 gpi 8% *+9X

P
S=Z‘e
X

=1
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JoKa3aTb, 4TO

b. Oyers (@, p)=1, n—neace, |nl=n;, 0<ny<p, Mu Q@
nesbe, 0 < M < M+-Q < p. pu p > 60 gokasars, uTO

n
M+Q‘-1 arpy 2%
e p
a=M

1 3
3 T

<—§~n1 p*inp.

c. Hyets (g, p)=1, M, un Q,—uemie, 0 < M, < Mg+Qo<p,

M u Q—ueane, 0 < M < M4-Q << p, n—uenoe, [n] =n, 0 <n < p,
T 0603HauaeT YHCIO YHCel psaja ax’, x= M, Mo+1, ..., Mo+ Qo—1,
CPaBHHMBIX IO MORYJMO p C uucaaMu psga M, M+1, ... . M4+Q—1.
Hoxkasats, uto npi p > 60 Oynem umeTsh
1 3
=29 402 /7 05 (np o<1
P 21

YucaeHHbie npuMmeps! K raase Vi

1, a. Haittu (nyreM Bo3MOXHC GoJiee NPOCTHIX BBIYHCJIEHHH) HOKa-
3aTesb, KOTOPOMY APHHAAJEXHT 7 1O MOAYMO 43.

b. Haiitu noxasaTennb, KOTOpOMY TPHHAEJIERKHT 5 1O moayawo [08.

2, a. Hafitu nepsoo6pasusie Kopiu mo MoayJasaM 17, 289, 578.

b. Halitu nepsooGpasubie XopHu 1o mopyasm 23, 529, 1058

c. Hality naumenbiunit neppoo6pasublii kopeHb IO Moaymio 242,

3, a. CocraBuTh TaGauUbl HHAEKCOB MO MOmymwo 17.

b. CocraButs TalAHUBI MHAEKCOB NO MOAYJMO 23.

4, a. Halitn neppoo6pasHblfi KopeHb N0 MOAYMIO 71, NpHMEHsA
yKasanue npumepa ¢, § 5.

b. Hafitu nepBooGpassmil xopesys no moaysaio 191,

5, a. Tloabsysico Tabuuuefi HHUEKCOB, YKa3aTh YHCJIO peileHHil
(paBHeHui:

a) x%0=79(mod 97), P) x% =17 (mod 97), y) x'®= 46 (mod 97).

b. ¥Yxasats uncao peweHui cpasHeHHH

a) 3x12 =3l (mod 41), B} 7x7==11 (mod 41), y) 5x3% = 37 (mod 41).

6, a. Iloansysicy Tabiuilell MHJEKCOB, PElIUTb CPaBHEHHS

a) x%2==159 (mod 67), B) x*%==17 (mod 67), y) x°%== 14 (mod 67).

b. Pewmnts cpaBHenust

a) 23x5 = 15 (mod 73), B) 37x% = 69 (mod 73),

y) 44x%! =53 (mod 73).

7, a. Iloabsysico Teopemoit ¢, § 5, onpegesuts uHCIO perieHHH
CpaBHeHHH

a) x8 =2 (mod 37), B) x1¥==10 (mmod 37).

b. Onpezesnnts yucso peurenuil cpaBHeHHH

a) x5==3 (mod 71), B) x?1 =5 (mod 71).
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8, a. IMonbaysich Tabaunel WHAEKCOB, CPelN BLIUCTOB TPUBEASHHOMH
cHCTeMBl TIO Mofyqio 19 ykasaTh: o) KBaipaTHUHble BbiveTbl, ) Ky6uue-
CKHEe BbIYETH.

b. Cpexn BEIUETOB NpPHBEACHHOH CHCTeMBl MO MOAYJIO 37 yKas3aTb:
o) BhiUeTH crerneHn 15, P) Bbluersl crenenH 8.

9, a. Cpesy BbIUETOB NPUBEIEHHON CHCTEMb MO MOLYJO 43 yKasaTb:
o) uHcJIa, TPHHAANIEKaHe nokaszaTedo 6, P) nepsBooGpasHbie KOPHH.

b. Cpenn sBuiueToB npuBefeHHON cucTeMbl 1O MOy 61 ykasaTe:
o) uMcja, NPHHALIexalue nokasatemo 10, P) nepsooGpasHbie KOPHH.

10. CocTaBuTh Tab/HlLl HHAEKCOB MO MOLYJAM:

) 2. B) 4. y) 10. &) 12. &) 15. ) 16. n) 25.



T'arasa VII

XAPAKTEPbDI

§ 1. Onpepenenus

a. [Tycme m— yesoe noaoxumensHoe U €, Cy, Cyy .., C
umeom 3uaveHusn, yxasanuee ¢ a, § 7, ra. VI, a R, R,,
R, ..., R, obosnauarom raxue-aubo KopHu YypasHeHuil

¢ [ [4 ¢
R°=1, R*=1, R*=1, ..., Ri*r=1%),
IMTpu (a, m)=1 noageaen
A — 'y
% (@ = RYRYRY:1.. R}k, (1)
e0e v, Yoo V1, -+-» Vp-—CHCTEMA HHIEKCOB YHCHA 4.

A npu (@, m) > 1 noaaeaenm ¥y, (@) =0.

Onpedenennas maxum o6pasom 04 6CAK020 Yeaoeo a hyHk-
yusa y, (@) Hasvieaemcs xapakmepom nO MoOyawo m.

b. Ecau R=Ry=R,=...=R,=1, mo ¥ (a) nasoieaemcs
2AA8HBIM  XApaKkmepom no Mmodymo mi; on umeem 3Hadexue 1
npu (@, m)y=1 u 3navenue O npu (a, m) > 1.

c. [ea xapaxmepa no mooyamo m CuUMQAOMCA pPa3aud-
HBLMU, ecAl no MeHouwiell Mepe npu OOHOM 3HAMEeHUU Q UX
3HaueHus He cognadarom.

§ 2. BaxneilnHe cBoicTBA XapakTepos

a. B nepsywo ouepesb OTMETHM TPH CJACAYIOIHX CBOH-
CTBa XapaKTEPOB:

a) x () =1.

B) % (@a) =% (a) % (a).

v) H3 a,=a, (mod m) caedyem v (a;) =1 (a)-

S
anl —
*) Kopunu ypasHenus RO=1cymbuucia e ¢ ;58=0,1,...,0—1,
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JeiicTBUTeabHO, CcBOMCTBO o) Haijem u3 (1), § 1, moJo-
xkus a=1. Ilpn (aa,, m)=1 pasencrso ) caenyer us (1),
§ 1 u Teopemer ¢, § 7, ra. VI, a npu (a,2,, m) >1 oHo
obpamaerca B ToxfAectBo O0==0. Hakoreu, ceoHCTBO %)
ABNACTCS CJAEACTBHEM ONpeAe/JeHHS CHCTeMbl HHAEKCOB, TaH-
goro B § 7, ra. VI.

b. Yucro pasauuneix xapakmepos no Mo0Yyato m pasHo @ (my).

HeficTBuTE/IbHO, YKa3aHHBIM B &, § 1 cmocofoM moJayuynm
CCyCy - - .C, XapakrepoB. Ilpu atoM npu ¢ (m) > 1 y Kakux-
aub0 ABYX M3 HEUX, nycTb y %' (@) ¥ ¥' (@), OYAYT pasaHuHH
sHaueHusi R’ u R"” no MeHbluefl Mepe OXHOrO W3 KOpHei
R, Ry, Ry, ..., R,. Ina uyncaa a, y KOTOpPOro BCe HH-
JAEKCH pPABHBI HYJIO, KpoMe JHIUb OJHOTO, OTBEYalllero
stuM R’ u R", paBHoro 1, 6yaem umets ' (@) =R’, ¥" (@ =R".
[TosTomy xapakTepsl ¥ (@) ¥ %" (@) pasIHYHHEL ¥ Halle yTBEPXK-
JeHue BepHO,

c. Hmeem

”’21 @ (m) Oas eaasHoeo xapaxkmepa,
x @ 0 0Oas Opyeux xapaxmepos.

a=0

HeiictButenpHo, npumeHas ¢opmyay (1), § 1, Haxonum

m-—1
\] Y Y ¥, v ' nYe
ZX(a):ZR 2R002R11---2¢Rk ,
a=0 Y Yo Y1 'Vk
TAE VY, Yo» Y15 +-+5 Vi npo6eramT HaHWMEHbLINE HEOTpHlia-
TEJ/JAbHbIC BLHIYETHI 10 MOAYAAM C, &y, €y, ..., Cp.

Ecnu g (@) —riiaBHBI XapakTep, TO NpaBas 4acTh pPaBHA
€. -, =@ (m). Ecau xe ¢ (a)—He rJaBHbIH Xxapakrtep,
TO DO MEHbIIEH Mepe oAMH U3 KopHeH R, R, Ry, ..., R,
He paBeH | ¥ COOTBETCTByWOULASl €My CyMMa IIpaBod 4YacTH
paBHa Hy/Jlo. A BMecTe ¢ He0 paBHa HYJIO W BCA NpaBast
4acTh.

d. Pacnpocmpanas cymmuposanue Ha 6ce ¢ (m) pasauu-
HOIX XapaKmepos, Umeem

. [ ¢(m) npu a=1 (modm).

2@ = \ 0 en

x POMUBHOM CAYHaE.
HeficTBuTenbHo, TeopeMa BepHa npu (a, m) > I, Tak

Kak B 3TOM ciyuae uMeeM ¥ (@) =0. Teopema Bepna u npwu
a=1(modm), 1. e. B caysae P=7p,=y;=-..=7,=0;
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310 caepyer u3 o), a, § 2 u b, § 2. Ocraercs paccMOTpeTh
JHIIBb cay4aft (@, m)=1, HO npM YCJOBHM, UTO a HE Cpap-
HHMO ¢ 1 ©HO MOAYJQO m, T €. NpU YCJIOBHH, UTO cpeny
ynces ¥, Ya, Vi, - -, Vi UMEETCH IO MeHblUeH Mepe ofiHO Y,
ne pasuoe nymo. Ho us (1), § I caenyer pasencrBo

Dy @=XR*IRFIRY...D R,
% R R, Ry R,

KOTOpOEe M JOKA3BIBAET TEOPeMY, TaK KaK CPeLH COMHOXKH-
Tesell ero npason YacTH HUMEeTCs CyMMa, OTBevawulas yka-
3aHHOMY ', paBHas HYJIO.

e. XapaxTepr no MOAYJMIO m O6JafaloT CJENYIOUHMU
CBOUCTBAMHU:

a) Ecau 7y, (a) u y (@) —xapakmepot, %, (@) x (@) —makxoce
xapaxmep.

B) Ecau y,(a)—xapaxmep u vy (a) npobecaem éce Xapax-
mepoi, mo ¥, (@) (@) maxoice npobezaem 6ce xapaxmepol.

v) Hpu (I, m)y=1 umeem

2@ _ (p(m) 8 cayuae a==1 (mod m),
Z v 0 6 npomusrom cayuae,

IefictButensto, nycerb R', Ry, Ri, ..., Rp u R, R,,
R,, ..., R,—3Hauenus KopHeil, BXOAAMHUX B ONpeje/eHHe
XxapakTepoB y,{(@) u ¥ (a) Torma v, (a)y (@) —xapakrep,
Yy KOTOPOr0 COOTBETCTBYIOLIUMYU SHAUEHHSAMU KOpHell #B-

agioress R'R, RR,, RiR,, ..., RiR,. Tlpu stoM, ecau
kaxjaoe R, R,, Ry, ..., R, mnpoGeraer Bce CBOM 3Haue-
HHA, TOo H Kamxuoe R'R, RiR,, RiR,, ..., RiR, B Heko-

TOpOM [OpAfiKe Npoberaer Te e camble 3Hayenus. CBOHCTBA
@) ¥ f) ycTaHOBJEHHI.
Hanee, naiins [’ us ycaosus [/'=1 (modm), BHIBOAUM

(o) ¥ (@) x (')
2 X () _§ xO)x )

%

g (rm) B caydae a==1[(modm),
=2 x ()= \ 0 B NPOTUBHOM CJyyae,

CBOHCTBO ¥) Tak¥XKe YCTAHOBJEHO.
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f. Xapakmepom no modyaro m seisemcs 6CAKas Qywk-
uus P (a), onpedeseHnas 04t 6Cex yeavlx a U YOOBACINBOPsO-
wWask Yeaoeum:

a) $(a)=0, ecau (¢, m)>1,

B) ¥y (a) He pasra moscdecmeenro nyao,

Y) 11’ ((llaz) = ‘P (al) 117 (112),

&) V(a,) =¥ (a,), ecau a;=a, (mod m).

JleficTBUTENLHO, COrAacHO f3) CyllecTByel Takoe @, IJs
KoToporo ¥ (a,) He paBHO Hymo. M3 a,=a,-1 cormacuo y)
HaxozuM P {a,) =¥ (a,)- ¥ (1). Orciona, pasfenuB NOYNEHHO
Ha P (a,), nmoayuum P (1) =1.

[Tycte a-—moboe uucio ¢ ycaoBueM (a, m)=1. Ompe-
zequB a’ cpasHeHueM aa’ =1 (modm), coriacHo ¥y) uMe-
em P(a)p(a’)=1. Orcioga crenyer, 410 (@) HE PaBHO
HYJIO.

3acrapasnsi @ npoGeraTb IPHUBEJEHHYI CHCTEMY BbIUCTOB
no Moaymo m, a y npoberatb Bce ¢ (/1) pasiHYHEIX Xapak-
TEepPOB, PacCMOTPHM CYMMY

(@) . ~ % (a)
A= ZZZ‘M‘; ZU”’ Ua=2x.3f,(z)

3ameyas (d), yto U,=¢(m) npu a=1(modm) u U,=0
B NPOTHBHOM Ccliyuae, HOJAy4uUM [ = (m), OTKyHa, npef-
crapasiga H B Buje

: (@)
H=¥Vi Vi=¥a
% a

ybequMcs B CYILECTBOBAHMM IO MeHblUell Mepe OJHOro Y=Y,
¢ V,, He paBHbLIM HyJ0. [Ipy 3TOM IIpH KaXJoM d; C ycJo-
BHeM (a,, m)=1 OyneM HMeTb

2‘ Yo (@ Yo (@10) _ %o{a1)
(a)

b(@ma) Pla) X

— LB @) = (@);
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OTCIOfa M H3 o) cJaexyer, 4to (yHKuus P (a,) AAA KaxK-
JOro a, CoBHajlaeT ¢ XapakTepoM ¥, (a,).

fTpumep 1. Tloctpoum Bce ¢ (5)=4 xapakrepoB MO
MOAYJIIO O (] KaXKA0TO XapaKTepa BLIIHCHIRAEM 3HAYEHHS,
OTBeYalolllie YHMCJaM ITOJHON CHCTEMBl BLIYETOB 110 MOAYJIO 5).
3zech KOpHAMHU ypaBHeHusi pt=1 Oyayr

i —;’- anti % .
P, =¢e =1, p,=e =i,

.2 . 3
25l — 27l — .
py=e *t=—1, py=e *=—I.

A rtabnuuna HHIEKCOB IO MOAYMO 5 (C ocHOBaHHeM 2) GyAeT

N 1 ‘ 2 3 4

Y1 0,1 3 2

TTosroMy Tabauia 3HaueHUdit XapaKTepOB, OTBEYAIOMHMX KOD-
HAM 0o, Py, P2, s, OyZET

N | o 1 2 3| 4
% | 0 1 1 1 1
x| 0 1 i —i| —
%2 | O 1 —1] =19 1
xs | O 1 —i | —i| —1

Tipumep 2. ¥Ykaxeum Bce ¢ (21)=2-6=12 xapakTepoB
no mopymo 21. 3xech KopeHb R, ypaBHeHHsi Rf =1 umeer
2 3HayeHH: Rcl=e2m ®; §=0, ], a KopeHb R, ypaBHEHH:

. S
R%,=1 umeer 6 3navenuii: Rc,=em7’_; s=0, ..., 5. Tlpu
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9TOM XapaKTep, oTBedawiuil Kako#-nub6o u3 12 nap 3Ha-
yennit R, u R,, Gyper (npumep 4, e, § 7, ra1. VI):

N |0 l 2 3 4 5 6 7 8 9
|0 1l Ry | O] 1 | Ry O] 0 |Ry| ©
RC: Rgz Rg: Rgn 1

N |10 11 12 13 |[14[15] 16 17 {181 19 20

vl v | R0l 1 oo 1 | R,JO]| 1| R
R.,| RE, R, R, | R Ry, | R:,

3mecs 3HaueHHe XapakTepa, OTBeyalolmee KaKoMY-JHO0
yHcesay N, B3auMHO npocToMy ¢ 21, mMoayvaloTcss NepeMHO-
KeHueM cTefieHelt uucea R, H R, , TOMEMEHHbIX HHXKE 3TOro
gucaa N,

c2?

Bonpocw k raase VII

1. Tlyctb (@) —HeryiaBHbllT XapaKTep IO MOAYJIO p, OTBeYAOUIUi
. S
20l ——
kophto R=e¢ P! ypasuenuss RP~1= (cenoBaTesbko, NpH @, Kpart-
HOM p, Kak % (@), Tak H ¥ (@)= (y (@)) ~! CUHTAlOTC pPAaBHBIMH HYJIO).
a) Ilpu (&, p)=1 nokasarsb, utO

p-1__
AWy (R =—1.
x=1

B Oyere Q —uedoe, 1 < Q < p,
p-1,Q-

Q-1
5= Zx(x+z)l2.

x=0" 2=0

Hoxrasats, uto S=(p—Q) Q.
2. Ilyctb o (@) —xapakTep no Momy.mo p,
.ay

i —

p—WI 2 D
Ua,p= 21 ¥ (x)e .
x=1

a) Ilpu (a. p)=1 jnokaszarp, uTO [Ug,pl= V p ans Hernaehoro
xapakrepa u U, ,——1 ans raasnoro xapakTepa.
B) Mlycrs 9y (u) —HeraBublii xapakTep no MOAYMO p H (a, p)=1.
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Jokasate, 4To

Ua,p
(x (@)~ t=5—.
1,p
v) IlycTb p nmeer BHA p=4m-}1 (creposaTenvho, p— 1=4mj,
21‘"-i 27 —
R=e P l=¢ ¢,

p-1
S= Z ¥ (x4 x).
=1

X

Hoxasats (cp. Bonmpoctt 9. a u 9, c. ra1. V), uto p= A2} B2 rpe A
H B—uenbie, onpeienseMbe pasescTeoM S=A-} Bi

§) lycrs n— peantens unena p—1,1 <n< p—1, v=—’ll— , (a, py=1,

HaKoHell, Xy NpoGeraeT 4Mcaa TNPHBeJEHHOH CHCTEMbl BBIYETOB IO MO-
Jyaio p ¢ ycnosueM ind xg==s (mod n). Jokasars, uto
ax
R 23”—
e P =—v0(1—v) V p; [05]=1.

X
s

3. MNyctb n—uenoe, n > 2, (a, m)=1,

. ax
27T ——ﬂl , "
Sa,mzz e s Sa,m= e ,
x 3

TAe x npoGeraer HOJHYIO, a § npoGeraeT NpHBEJEHHYIO CHCTEMB! BEIYETOR
no Moayswo m (cp. Bompoc 12, d, ra. III
a) Myers §=(n, p—1). HokasaTsb, uro

[Sa,p|l<<(O—1DV p.
Py Hycry s—uenoe, 1 < s<Cn, (n, p)=1. dokasarb, uro
Sg ps=0"1,  Sg ps=0.

v) Ilycts n—uence, s > n. HokasaTb, uto
.

Sa, ps= Pn_lsa, pS—n Sa’ ps =0.

8) Hoxasarb, uto
1

n

1
[Sa,ml<Cm ",

rie C 3aBHCHT TOJMLKO OT n.
4. IMycrs M n Q—uenve, 0 <M < M+Q=<<p, p> 60, % (a) —
HEeTJIaBHbIA XapaKTep 1O MOAYJIO p.
o) Hokasatb, uTo
M+Q-1

> xw

x=M

<V p(np=1).
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B) Hyers n— nenutens uuena p—1,1 < n < p—1, v=% , p>36 n2,

HaKOHell, x; nmpoferaerT umcjia NpPHBEGHHOH CHCTEMBl BBIYETOB 110 MO-
aymo p ¢ ycaosseM ind xg==s(mod n). IlokasaTb, YTO YHCIO 4YHCENT X,
3aKJIOYeHHBIX cpend uucea M, ..., M4-Q—1, sBupaxaerca dopmyJofi

T:%+BV5 (In p—1).

v) Tlpn ycnosusix Bompoca f§) mokaszath, 410 npH Q:[Snl/;]
cpeau umcen M, ..., M4-Q—1 HaxXoauTcs N0 MeHbluell Mepe OfHO
HHCAO X .

6) HycTb k—unci0 TPOCTHX AenHTeslell uHeia p—1 w H—uncrto

nepBoo6pa3HeiX KOpHeH 10 MOAYJIIO p, 3aKJIOUEHHLIX CpEIH YHCes
M, ..., M+Q—1. HoxaszaTs, uTo

1%=%£39Q+W”Vﬁmm ol <1,

g) Ilycrs My u Qq—uenne, 0 < My < My--Q1<<p—1, J—uucao
upcesa pafa ind M, ..., ind (M<4-Q—1), 3akJioueHHBIX Cpelu UHCes
psaa My, ..., M;+4Q,—1. Jokasare, uTo

L:%%%+6V?Unm% 18] < 1.

1) HoxasaTtb cyllecTBOBaHHe HOCTOSIHHOTO po C YCJOBHEM: €CIHH
p > po, n—peautears p—1, | < n < p—1, To HauMeHBIUHH H3 [0OJIO-
XKHTeNbHLIX HEBLHIYETOB CrelleHM 7 [0 MOyl p OyZer

1

1
— 1
¢ (lnp), c=2 ",

<h h=p

5. Ilycte m > 1, (a, m)=1, n—uenoc, n > 0, K—uncjao pee-
HuH cpasuenus x"=1 (mod m)

m—1 200 —

B cayuae, xoraa 7 (x)—HersnaBHEIH XapaxTep IO MORYJIO 172, KOKA3aTh,
470

S <KV m.

6. ITycTb g nmpoGeraet nepBooGpasuble KOPHH IO MOAYJMIO p, 3aXJIio-
YeHHble B NPHBEJCHHON CHCTeMe BLIUeTOB, (@, p)==1, k—vyucno pasiuy-

.ag
2qi =
HBIX NPOCTLIX JeJHTejed uucia p—1 u S:Ze P

g
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a) Hokasats, urto
'S I < 9 (P (p 2k V’_

B) Ilyetb M n Q—ueane, 0 < M < M4-Q < p. B;oxa3arb 4TO
yucao T neppoolpasHelX KopHeil, Haxomsamuxcs B psige M, ..., M+Q—1,
BhIpaxaercs GopmyJoit

T ‘P(” (Q+e—2k1/p> 10] < 1.

Yucnennsie npuMeps K raase VII

1. ¥Ykasars Bce xapaKTepm 110 MOAYJMSIM:
a)2. Py 4. v)8 6)9. e) 10. m) 40.
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Pewenns K raase |

1. Octatox OT jleseHus ax--by na d, uMes suj ax’ --by u OyAyuH
MeHbile d, HempeMeHHO paBeH HyJio. IlosToMy d—pesuTesb BCEX UHCed
BHIA ax-}by H, B 4acTHOCTH, OOWMA jeauTedb uucen a-1-4+-b-0=a u
a-0-+b-1=>b. C gpyrofi CTOPOHH, BbipaxeHHe A1 d TOKA3HIBAET, UTO
BesKHA oBmME penuteab uucen a B b penut d. Iostomy d=(a, b) n
Bepna TeopeMa I, d, § 2. Teopemn! e, § 2 BuBOASTCA TaK. HaHMeHbllee
NONIOXKHTEJIbHOE YHCJO BHAA amx—-bmy ects amxg-}-bmy,; HanMeHblllee

a b a
TIOJIOKHTE/IbHOE YHCIO BHAA —SX+F LY xH——S yo . O6obuienne

3THX Pe3YJILTATOB TPHBHAJBHO.

2. Ilpn p=2 yrBepxaenne oueugHo. Ilycth p > 2 ¥ yTBepKJeHHe
CHpaBe//IHBO AJIst BCEX IIPOCTHIX YHCeJ, MeHbuiux p. Jokawem ero fas p.
Ecan a ue menutcst Ba p, b He jJenurcs Ha p, TO Ho €. § | a=ayp+ay,
0< o <p, b=byp-+b;, 0< by <p. CnegoBarenvro, no 2, § 1 aiby
HeJHTCA HA p, T. €.

ayby==pm, m—HaTypaJbHOe YHCJO.

Kaxneit npocToff menurtesib uHcead a;, by MeHblle p, NOITOMY HO HHAYK-
LHOHHOMY NPELNO/IOKEHHI0 OH JeaHT m. TIpOH3BOAS COKpAIlEeHHs, NpPH-
XOJMM K paBeHCTBY
1= pmy,
KOTOpOe NPOTHBOPEUHBO, @ 3TO H LOKa3biBaeT Hallle YTBEepIKIeHHe.
3, a. HefictBurenvHo, Bcerza 6yneM HMeThb

< |68—6S+1 I’

c
| S—bers
OTKyAa Hafinem
1 1
. < —
dQs41  QsQs+1

b. Ilpy n<{6 Teopema oueBHAHa, NO3ITOMY DpeanoJaraeM n > 6.
Himeem

d> Qs

E:l_gi =1,618...; logp&=0, 2, ...;
Qz=1 =g =1,
Q= Q-1 =g=2>E

Qi=0Qs+Q: =gy=g+g >t 1=

. s e e .

Q= Quot T Quo2=gno1=8n-2+ Bn—s > §* 3§t =¢n-2,
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Orciona
N>E-2 n< ’]‘:)gg” E+2 < 5k4-2; n<<Bk-1.
. 0 1
4, a. Jas npobeit T H 7 HMeeM 0-1—1-1=—1. Bcrasnsa Mexgy
A C A4-C
ApLBaMH F Hp © yeaosHeM AD—BC=—1 ppobb BLD’ HMeeM

A(B+D)—B(A4+C)=(A+C)D —(B+D)C=—1. Tlostomy BepHO

YTBepKJeHHe, OTMeYeHHOe B KOHIE BOnpoca. Cy[ﬂeCTBOBaHHe }lpOﬁH —

l
a k c
¢ yerosusMu - < o < —, I <t HeBosMoxHO. B npoTuBHOM ciyuae
MBl HMeJsiH Obl
kE a 1 ¢ & 1 ¢ a__b+d
T~ 5= 4”174 4 5= >bd'

b. Oqesmu—lo, ZOCTaTOuHO paccMaTpubath cayuail 0<Ca < 1. Ilyers

a ¢
ga < =, Tje — H ——coceanue jpo6u psyja Papes, orBevalo-

b d ’ b d
mero 1. BosMoxHLI IBa caydad:
atc a+c ¢
b<a<b+d ——b+d<a<7.

ﬂoa’l‘omy BEPHO OJHO H3 JABYX HEDABCHCTB
5| Sb@+d° Sd@o+ta’

OTKYyA2 BBHAY b-d > T yKasaHHasl TeopeMa CJeJlyeT HeNOCPeACTBEHHO.

a—C
d

a
c. B C/Jy4ae, KOrjla @ -—HeCOoKpaTruMas ﬂp06b (Z:F C YCJIOBHEM

P a
b=, ca 7 MOXHO NIPHHATH caMy JApcOb 5 B nportueHoM Ciyuae 3a
P Py
— MOXHO NPHHATb NOJXOAsIYI0 APoCb N ¢ ycaoBHeM Qs <<T < Qg41.
§

5, a. HeuerHrle mpocThie yMcsda NPH JeJieHHH Ha 4 Jal0T OCTaTok |
uan ke 3. Ilponseenenue uncen suga 4m--1 umeer sug 4m-+ 1. Iostomy

ugeano 4p; ... pp—1, rie py, ..., pp—apocThie Bupa 4m-}-3, HaBepHO
HMeeT npocToii xenureab g Buja 4m--3. [lpu sTOM ¢ He coBmajaeT HH
C OFHHM H3 YHCeN Py, ..., Pg.

b. Tlpocteie uucna, mpeBocxopsunue 3, umeror Bux Gm--1 Man xe
6m-+5. Uueao 6py ... pp—1, tae py, ..., pp—npocTele BHAa 6m--5,
HaBepHO HMeeT npocrtoil Aeauresab ¢ Buja 6m--5. Ilpu sTom ¢ He coBna-
JaeT HH C OfHHM W3 uMCeN Py, ..., Dp.

6. Ilycts py, ..., pp—Kakue- anbo k npocrtuix uucea u N —iesoe
¢ yenosusimu 2 < N, (31n N)k < N. YHucno uucen a psaz 1, 2, , N,

27
KaHOHHYECKOE pa3J/ioKeHHe KOTOPBIX HMEeT BHA a= pl ‘e pkk, BBUAY
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InN
In 2

Oy << , e Gogablie yem

<“”X +1> < @laN)k < .

flostromy B page 1, 2, ..., N HafinyTcs uucsia, B KaHOHHYCCKOE Pa3jio-
JeHHe KOTOPHIX BXOIST NPOCTHlE, OTJIHYHBIE OT Py, ..., Pp.
7. Hanpumep, Takue noc/efoBaTebHOCTH TOJNYYHM IIDH

M= KD t=1,2,

8. BasB memoe x, ¢ YCJAOBHeM, UTO TIPH xZ=xg, f{¥)>1 =
[ (x) > 0, nmonomum f(xg)=X. CocraBHbIMH (KpaTHEIMH X) OyayT Bce
uucaa f (xo4Xt); t=1, 2

9, a. Ilpu Hamuuum (1) ogHO W3 uHcea X, y, NYCTb HMEHHO x, OyHer

YeTHBIM; M3
x\?_ztyez—y
2/ 7 2 2’
rae, OYeBHJHO, (_z__—;_—_g’ _z_;__z_;) =1, y6exjaeMCA B CYIECTBOBARHU NO-

JIOXKHTCABHBIX UEHLIX 4 H U ¢ YCJAOBHUAMU

x 24y
TTW

Orciofia caenyeT Heo6XOAMMOCTh YCJIOBHH, YKa3aHHBIX B BONpoOCe.

JloCTaToOYHOCTb 3THX YCJOBHH OYeBHIHA.

b. YcaoBumcsi 3fiech 0603HaYaTh GYKBAMH JIMILb LEJbIE NOJOXHTEdb-
Hple yucsa. JlomycTHB CyIlecTBCBaHHME CHCTEM X, 4, Z C YCJOBHSIMH
x4yt=22,x>0,y>0,2>0, (x, y, 2=1, BriGepeMm U3 HHX cHCTEMY
C HaHMeHbIUUM 2. Hpe,unonaraﬂ X YeTHHIM, HailijleM x? = 2uv, s 2= y?—0?
u>v=>=l1, (4, v)=1, rae v—ueTHoe (IPU YeTHOM U 6LLIO 6bl yr=4N-+1,
ut=4N;, v*=4Ny+41, 4N+1*4N1——4N2—1 YTO HEBO3MOXKHO).
Orciona u=2;, v=20% 2} 4wt =2, 202=2uv,, wy=4x3, v;=43,
X1 yi=2%, uTo BBHAY 2; < 2 HEBOSMOKHO.

W3 HepaspewlHMOCTH YpaBHeHHs x*-}y*=2% xaK YacTHHH cJayyail,
OYEBHJHO, CJELYET H HePas3pellMMOCTb YpaBHeHus x*y*=1¢* B ULEe/BIX
MOJNOKUTENbHLIX X, Y, {

10. ITonaras x:?—; (R, l)y=1, naxopum

krdakn = 4 L s =0

Toatomy k" kparno ! u, ciegosaTenbno, [=
11, a. Ilycts k— HanGob1ee nenoe ¢ ycnosneM 2*<nu P—npo-
H3BEJCHHE BCEX HEUETHLIX UHCEN, He NPEBOCXOASALIHX 7. Uneno 25-1PS

. 1
TIPEACTABHTCSl CYMMOIO, BCe CJlaracMbie KOTOPO#l, Kpome 2/~’—1P§c , CYyTb

HeJgapie yycaa.

b. Ilycts k—Haunbosbitiee Lesoe ¢ yciaoeneM 3*<{2n4-1 u P —
TIPOM3BEJEHHE BCEX B3aHMHO INPOCTHIX € 6 uHCeJ, He NPeBOCXOHSLIUX
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2n+41. Yncno 34—1PS npeacTaBuTCH CYMMOIO, BCe CJaraeMble KOTopoft,
1
Kpome 3+-1P 7 CYTh LleJdble YHCJa.

12. Ilpy n<8 Teopema mnpoBepseTca HemocpeAcTBeHHO. [losTOMY
LOCTAaTOYHO, CYHTast npH n > 8 TeopeMy BepHOfl mias 6uuoMOB a-f b,
(a-+b)%, ..., (@a+b)"~1, jOKa3aThb CHpaBelJHBOCTb TeOpeMB H HJIs
6unoma (a-- b)». Ho xospdHLHEHTH pasoXeHHs 5TOro 6HHOMa 3a HCKJIO-
ueHHeM KPaHHHX, paBHBIX 1, CyTb uucaa

n n(n—1) nn—1)...2

' 12 7 Te.L =0
Jlnst HeuyeTHOCTH XKe BCeX STHX UHCeT HeoOXOLMMO H AOCTATOUHO,

4TOGLI HeYeTHBIMH ObLIH Kpaﬁﬂﬂe H3 HHX, KaK pa3 pPaBHbe NI, H 4TOGbE
TaKkxe HeueTHBIMH OBWIH 4YHCJa, noJay4aeMbi€ BblUYePKHBAHHEM HEUETHBHIX
COMHOMKHMTEJeH H3 YHCJAHTesNeH W 3HaMeHaTeJle OCTaBIIMXCs UHCEN. HO,
noJsaaras n:2n1+l, 3TH YHCJI& MOXKHO HPEACTaBHTh UJjaeHamH psaja

’2 ny (nl—l) nl(ﬂl*l) .2

I T2 e
nOCJIelIHHC )Ke BBHAY n; < n 6y}lyT BCE HEYETHLIMH TOTAa U TOJABKO TOrAa,

Kom}ea n; umeer Bup 2F—1, 1. e. xoraa n umeer Bug 2 (2F—1)1 =
= 2k+1__],

Pemenuna k raase Il

1, a. Ha opauHate TOUKM KpHBOH y=/F (xr) ¢ a6CUHCCOIO X JEKHT
[f (x)] memnix Toyek ykaszaHHOH 061acTH.

b. ¥Vxasannoe pasesctBo caepyer u3 T+ To=T, rne Ty, To, T
0603HaYaIOT YHCJIA LeAbX ToYeK obuacrefl

P
0<x<9—, 0<y<§x;
P
0<y< +, 0<x<%y;

P
0<x<9—, 0<y<—2—.

c. YKa3aHHOe PaBeHCTBO CJIEAYeT H3
T=144(T14+To+7Ts—T,),
rae Ty, Ty, Ty, Ty 0603HauaoT yucha LejblX Touek obJacrei
x=0, O0<y<r;

0<x<—r—— O0<y<sV rP—x%;

Ve’

r —

0<1<———:, 0<x<g rd— 2,

d Vs <V Yy
0<rs—es) 0<ys—=
V-g, \V-2—-
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d. YkasanHoe paBeHcTBO caenyeT U3 T =T;4+Ty—Ts, tae Ty, T,,
T3 0603H2YAIOT YHCJIA UeABIX ToueK obaacTeil

0<x<Vn, 0O<y<

O<ysVn, O0<rxs—;

O<x<sVn, O<y<sVn.

e. B cayyae TpeyronbHUka, HE HMEIOMEr0 APYTHX LEJAHIX TOUYCK,
KpoMe BepLIMH, TeopeMa TpHBHaJbHa. K 3TOMy Xe caydam CBOIMTCHA H
cIy4afl KamROro BLIIYKJOrO MHOTOYTOJBbHHKA. A ciyuafl HeBHIYKJIOTO
MHOTOYTOJIBHHKA NYyTeM COeAMHEHHS NPsMOJHHeHHBIM OTPE3KOM HEKOTODOt
napsl ero BepPIIHH MOXHO CBECTH K CJYYald MHOTOYroJibHHKa 60Jee mpo-
CTOTO BHAA.

2, Yucso UesblX NOJOKHTEJNbHBIX 4YHCEN, He TPEBOCXOASIHX 172,
paBHo [n]. Kaxgoe H3 HHX eNUHCTBEHHHIM CIocoGoM TNpeiCcTaBJseTCs
B BHAE Xk™, Tfe k—1IeJ0oe IMOJIONKHTEIbHOE, MPH 3TOM JaHHOMY X OTBe-

m/n
vaeT T YHCes1 TaKOro BHAA.

3. JlokaxkeM HeOGXOZMMOCTb YKa3anHblX ycnaoBuil. Uncio 3Hauennit

N
x ¢ ycuosueM [ox]<C N MOXHO NMPEACTaBUTH B BUAE E—H»; 0<<A< =
a yHeao 3HaueHHit y ¢ ycnoBHeM [Py]<C N MoXHO npeicTaBHTb B BHIE

%—{—kl; 0<M <%. Ys %—+%+‘B‘+}L1=N, nens va N H nepexops

K npefeay, npu N —s oo NOJYYHM %—}—%:1. IMocnentee paBeHCTBO

a
OpH PAUHOHAILHOM o= (@> b > 0) najno 6bt {ab]=1[p (a—0b)]. To-
3TOMY & H P He MOryT 6HTb DaLMOHAJbHBIMH.
ITycTb ykasauHble ycjoBus Buinoakenbl. I1ycTb ¢— HaTypanbpHOe HHC-
¢ c
so. Tlyere x(,:;—[—g " yO:F-{—n-—HanMeHbmue Lesple yacIa C ye-

¢ c
JIOBHEM Xg > = Yo > F . OueBugno, [ox] He paBHO ¢ NPH X, He PAaBHOM

xo, ¥ [Py] me paBHo ¢ mpH y, He paBHOM y,; npu 3toM 0 < § < 1,
0 <4< 1, af u fn—uppaunonansuse. Bauny xo- yo=c-- £ 1} umeem
E4+n=1, _o;_§+ %: 1. TlosTOoMy 0OIHO H TOJBKO OZHO H3 umces [oxg}
u [Byo] pasio c.
4,a. YnomsHyThle passHocTH npH {axs} > 0 pasHbl
{axi}, {a(ee—x))}, ..., {o0(p—x_0)}, {—ax)

Oun HeoTpHIUATelbHHle, HX CyMMa papua !, HX uHcJa0 paBHO f--1.
Hostomy 1o Mmenbiedl Mepe OfHA M3 STHX pAasHOCTeHl He NPEBOCXONUT

L < i Ho ona umeer Bun {av'}=oax’—y’, rae x’—uesoe uHCIO
t41 T :
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c yeaosnem 0 < [ x| <<t u ¢ =[ox’]. Tlostomy, oboskauas GykBod
To ®3 uncen | w —I, npu xoropom hx’ > 0, 6yzem umeTs |ahx’—hy' | <

1
< = Orciroaa, obosnauas 6yxsamMu Q u P uacTHbie oT feneHust hx’ H

hy wa (he', hy'), nonydum

1
[aQ —P|<—; 0<Q<T,

OTKYyAa M CJIeAyeT YNOMAHYTasd B BOMPOCe TeOpEeMa.

b. Ionaras t; =[1,], ta=[7a], ..., {p=[Tx] ¥ 3acTaBaAA X1, X2, ...
..., Xp NpoOGeraTb 3HaUEHMs
x1=0, 1, .. ¢ xa==0, 1, ..., fo; .5 xp=0, 1, ..., Ip,

paccMOTpUM psjl, 06pa30BaHHBIN DACHOJOKEHHbIME B HeyObIBaIOLIEM TIO-
psioKe UHCIAMH {01X1--CleXa -+ . .. - Agp¥p} H uncaoM 1. CocraBiss pas-
HOCTH, 00pa30BaHHbIE COCENHUMH TAKAMM UHCJIamu, noayunm (#;-41) X
X (tz-+1) ... (fp-+1) pasnocreii. Ilo MmeHbinell mMepe ORHA M3 HHX He
NpPeBOCXOAUT

1 1

GIDGED L GFD < %o %

Ho ona umeer Buj {alx{+a2x;+ ... —}-ockw'g}, THE X1, Xgy . «. Xp—
IeJBC YHCAA C YCHOBHAMH |X1]<< Ty, |X2]<< T, ..., |XE|<<Tp, He
paBHbIC HYJIO OfHOBpeMeRHO. [lonaras [oclx{—}—agx;—{— e —]—akx;;] =y u
oGo3rauasi cumBoaaMu &y, &s, ..., E;, m uacTHBle OT neseHus X1, Xoyens
.os Xk, 4 Ha (X1, X2 ..., Xk, '), HOMYUUM
o+ aede - ... Faplr—ml < E‘I—}; ,

Y0 H JIOKasLiBaeT YKA3aHHYIO B BONPOCE TEOpeMy.
5. UMeem a=cq+r-{a}; 0<<r <c,

2] [ov] =0 [2] - for 2]

6,a. Hueew [a}B-...-FA]=[a] (Bl ...+ (M +[{a}+
+ {8} .. {M}

b. IMpocroe p Bxomut B nl, a!, ..., I! ¢ nokasareaamu
[Bhel g [+ 5]+ 4]
o o2 SR 7 RERREEN B rel

Ilpn arom

2= 14t 5]
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7. Jlonyckast, YTO YHCJO @ C YKa3aHHBIMH CBOHCTBAMH CYIIECTBYeT,
[pencTaBHM ero B BHAE

a=qppF 1+ qpapP .. g0 - qop+-4';
0<gr<p, 0<gp-1<p ..., 0<<g1<p, O0<gyp<p, 0<qg' < p.
Cornacto b, § 1 no/mkHO GLITh

h=qpup4-qp g1+ ...+ quug+ golo.

Hanee npu smobom s=1, 2, ..., m nMeeM

Gs—1ls 11 Gs—2ls_2+ ... qrtla+ oty < Us.
[TosToMy nocJefiHee BhipakeHHe MIsi A J0OhHO IOJIHOCTBIO COBIACTL ¢
YKasaHHBIM B BONpOCE.

8,a. Ilycte x; —uenoe, Q<< a < << R, x; < @ < P < x4 1; unrer-

PHPOBAaHHEM NO YacTsM HaXOAHM

] B
_S f(x)dx:Sp’ () f ) dy =

a [¢2

B

=pB)/B)—p @) f(@—0o@F B)+o()F (a)+S o (x) " (x) dx.

B uacrHocTd, npu Q << x;, X, 1<C R, nepexoas x npe(;e.ny, HMeeM
Xy+1 1 | Xy+1
— [ twace=—gfmtn—5re+ (| owimar

YkasaHHas QopMmyJia Teneps NoJayuaercs Ge3 BCAKOTO TPyHa.
b. Tlepenucas dopmysny Bonpoca a B BHIE
R

~

fx) = gf(x) dx4p (R) F (R)—p (Q) F (@) —

Q<x<R «
Q 20 oo
—o(R)F (R)+6 (@) /' @+ { 060 () dx—S 0 (0) 1" (v,
Q R

ybexkjaeMcsi B CIpaBelJHBOCTH YKAa3aHHON QOpPMYJIbl.
c. [Tpumenss pesysprar ponpoca b, HaxoIuMm

Inl+mn2+4...+Inn=C+ninn—n-+

a0

+%lnn+g

n

o (x)

<2

dx=nlnn—n+0(Inn).

9,a, a) HUmeem (b, § 1)

in(n1h= 3 ([ﬁ]+[iq]+...>mp. (1)

< n p p=

3pech npaBas yacTb HApeACTaB]seT cymmy 3HaveHnii ¢ymkoumu Inp,
pacnupocTpaHeHHYIo Ha LeJble TOYKH (p, S, #) C TNPOCTHIMH P 00JacTH
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n
p>0,8>00< u<-;s— . YacTb 3T0#f CcymMbl, OTBedaiollas JaHHBIM

S
n
S H u, paBHa 8<l/_u_ >; yacTb, OTBevamoULasi JaHHOMY &, paBH2

o(2).
f) IMpumensis npu n>=2 pesyabTaT BOMpoca @), MmeeM
In ((n]1)—2 In (['2']1) -
—p(m)— ( )er( ) w<%>+...>w(n)—~¢(—g—)-

ITonaras [g] m, otciona Haxoaum ([n]=2m, wmn [n]=2m+1)

W(n)—mp(i)gm @m+ D1 ln(2"‘ e (2m+l))<ln(2m3”’)<n

I
v=vm—v(5)+e(5) =0 (F)+
+1p(4)__1p(-'81—)+...<n—]—%—{—§-+...=2n

v) Hmeem (pemenne Bonpoca B) u pesysbTar Bonpoca 8,¢)
[n]}

v—v (g ) +v(F)— w({-)Jr...:mW:

—tnltnnl—tn—2 [ 5 | n [ | +2[5 2]+ omm=
=nln2+40((Inn).

Hanee, npu s==2 naxogum (sonpoc P))

o(y/n)— 9(1/2)+6(]/3>
U431 i N A
[Mostomy

o<w(n)—mp(i) +o(5)—v(§)+

(6(n) e( )+e( ) e(%>+...><

< 2Vn +21/n +21/n +...+21/n < 2(Vn +Tf/;)=O(V'7)'
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b. Caenyer U3 paseHcTBa (1), HepaBeHcTBa Bompoca a, f) u pa-
BeHCTBa Bonpoca 8,c.
c. PaseHcTBO Bonpoca b npH JOCTaTOYHO GOJIBWIHX m AaeT

Inp lnm+0(1)>—lm >y o isa
m<p<md m<p<m’p

Echim asa BceX nap Py, Pnp+1 C YCIOBHEM M < p, < Ppy1<<m? HMEJIO
66l MECTO HEPaBEHCTBO P,4+1 > Pn{l+€), To Gouo 68l

oo

S ot
et m(l4e)r = 7

YTO NpPH JOCTaTOYHO GOJbIIHX 1 HEBO3MOXKHO.
d. OueBHZHO, JAOCTATOYHO pAcCMaTpPHMBATDh JHIUb cayyall, Koraa n —
1eJI0e.

Ilonaras y(r)=lnr—r npu r npoctom H y(r)=0 npn r=1, iy
IOpH r COCTaBHOM, HMeeM (Bonpoc b)

Y+y@+F...+v()=Inrda(r); la@)]|<Cy,
rge C;—mnoctosiaHoe. Otciofa npu 7 > 1
y(Nn=lnr—In{r—H+a{(r)—a{r—1),

1 . ) __ Inr—In(r—1)
S, p=teits T 3 RREsD,

0<pgnn I<rgn
_ a(r)—a(r—l)
T.= 2 inr
I«rgn

Hmeem (8, b)
1
Ti= Z rlnr+ 2 (r2lnr+3r_3l?1_7+ ")=

l<r<n t<rgn
:Cg*{—ln 1nn+0 ('—l—) ’

Inn

rae Cy—noctosiudoe. [aJjee HaxoguMm

1 1 a (n)
Ty=a(@) (In? m)+“'+°‘("‘” (]n(n lnn)+ Inn’

OTKYZa CJAefyeT, UTO

Ty=
=G0 (7)
rre Ca;—cyMMa aGCONIOTHO CXOASIErocsa psja

“(2)(1n2 1;:3)+ (3)< m)“"'"
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e. Mmeem

"I (-5)= £ - 5 (e )-

pgn

=C'—Inlnn4+0 (—1—> ,

Inn
rae C’—mnocrosinnoe. Orciona, nonaras C'=1nCy, Ml U NMOJYUHM YKas
33HHOE PaBEHCTBO.

f. Tlonaras n=11,5s1ns] u ofo3Hauas cUMBOJOM T () uuCJO IpO-
CTBIX YHCEJI, HE INPEBOCXOASIIUX f, H3 PaBeHcTBa Bompoca 9, a, y) Bbl-
BozuM (C — TOOXKNTENbHOE NOCTOSHHOE YHCMO0)

nin2—CVn

7t (n) > i

1

uto Gosblie s, €CH Sy BBIGPaHO XocTaTouHO GosbluM. OTcofa ClIeayer,
UTO pg NPH S == Sy HAXOAUTCH CPELH NPOCTHIX YKHCeJ, He MPEBOCKXONSIIHX 1.

g. Ilycts g4, g2, ..., go— pasiuuHBe TPOCTHE NCJAHTETH YHCAA Q.
Haxonum: 2:3-4 ... (s 1)<<a otkyaa (sonpoc 8, ¢)

s+DIns+D-+06s+ H<lnag, s=0(na).

IMostomy (Bonpocst e u f)
a 1

) 3

1 92/ " 9s
= e

( 2 3/ Ps

10, a. Crenyer u3s d, § 2.

b. Beuay 8 {l)=v (1)=1 ycnosue 1, a, § 2 aas oyskuun 8 (a)

BhINOJHeHO. IlycTh ¢ = aja,—ONHO H3 pa3ioxkeHHil a HA ABa B3aHMHO
NPOCTBIX COMHOXHTeAA. MMeem

2 DX dd)=p@="(a)Pia)= 3 > 8@6d) (1)

dy\ay dy\a, di\gy dg\a,

=0 (In pg) =0 (In In a).

Ecnn yenoBre 2, a, § 2 BLNOAHEHO JAJsA BCeX NPOM3BEACHHE, MeHbIUMX
a, To npu dydy < a umeem O (didy) =0 (d;) 6 (d), u pasenctBo (1) maer
0 (a105) =0 (a1) 6 (a3), T. e. ycaoBHe 2, a, § 2 BHUIOJHSETCS H IASi BCeX
NPOM3BENECHUN ajap, paBHHX a. Ho ycnosme 2, a, § 2 srinoanserca ajs
€HHCTBEHHOTO Tpousselenus 1.1, pasroro 1. CrenosaTelbHO, OHO BBI-
NOJIHAETC U JJISl BCeX IIPOM3BEAEHHH.

11, a. Tlyets m > 1; Ajs KaxAOro KAHHOTO X, IeJISLIEro &, Heol-

a .
pellefleHHOE YPaBHEHHE Xy ... X (X, =@ HMEET 'c,,,__1<;—> peuteHuii.

T @= Y e (),

Xm\a

Tlostomy
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a

HO KOTJa X, npoferaeT Bce JeJHTeJH YHcaa g, TO d =c- B o6paTHOM
m

nopsinke npoGeraer Te :Ke JenHTeqH. ClefoBaTesbHO,

T @ =& Tps (@),

IMostomy (Bompoc 10, a) eclm TeopeMa BepHa Aast QYHKUHH T, —y (@),
TO OHa BepHAa H JJA (QYHKUMH T, (a). Ho Teopema BepHa nns dyHkuun
71 {(@)=1. 3HaYHT, OHA BepHA BCEr[a,

b. Ecan Teopema BepHa a1 GYHKUHH T, (p%), TO HMeeM

4 a
Tan (PN = Y, 1, ()= Y, LD iS.QLQ) .{.n.z(_s—l}—)m—l) _
s=0 s=0

@) @+2) ... @tm

1-2.. m
CaepgoBaTesibHO, TeOPeMa BepHA H A OVHKLUHH T, 44 (p%). Ho Teopema
. O
BepHa Mg QYHKUHH Ty (p%) (O‘XEBM,I[HO paBHCH T ) . ITostomy ona

BEpHA BCerja.

c. Ilyctb e=1me,, €2=21, a:p‘;‘l p‘;:k-— KaHOHHYeCKOe pasJfio-
XEHHE 4HCJ/Id @, MPHYeM fy, . ., P PACIOJOXKEeHbl B BO3PACTAIOIEM IO-
paare. Hast GyHKIHU Ty (@} ==T {a) nmeeM

T(a)<a1~i—loc2+l ogp+1

an o 9GaM g &M

(ke 1)%e"

IMpennonaras pns npocToTsl paccyxpeHuil, uto & < 1, y6expaeMcs, 4To
KaxAbll H3 COMHOXKHTeJNEH [pOU3BEJeHHs, CTOsALIEro cnpasa, MeHbLIe
1

1 Qry+1 _
—; COMHOXHUTeTH Oroatl C YCJOBHECM 7 > 2" menbwe 1. IosTomy,
n r%r—m
1
2 n
1
nojaras C= (— , HAXOAHM
n
T(a N 4 (7 . c
T@ < C, lim —(—)< lim —=0.
a" a>e 02 gow d

[pu m > 2, oueBHgHO, HMeeM T, () << (v (@))™. Tlostomy

m
tim 2 i (T—(f—)> —0
a a”?

a —=
d. CHcTeMbl 3HayeHHH Xy, ..., X, YJAOBJIETBODSIOIIHE YKa3aHHOMY
HEpaBCHCTBY, pa3’o6beM Ha [n] coBokynHocreil ¢ poMepamu 1, 2, ..., [n].

K coBOKkynHOCTH ¢ HOMEDOM @ OTHECEM CHCTEMBI C YCJIOBHEM Xy ... X ==4;
YHCJIO 9THX CHCTEM €CTb T, (Q).
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12. Tlpu R (s) > 1 paa, pupaxawomut § (s), a6COMOTHO CXONHTCS.

[Toatomy
o0 oo
m 1
ENm= e (T__n__)s’
ny=1 Rp=1 1  m
ApHYeM MpH AAHHOM MOJIOMKHTEJLHOM N UHCJIO CHCTEM fj, ..., A, C YCJO-

BHEM Ny ... N, =N PaBHO T, (n).
1

13, a. Tpu R (s) > 1 npomssenenne P=]] ;

Pl

a6CoJIIOTHO CXO-

nutca. Beuay ! I =l—{——p1—s—l——’;12—s+. .. npa N > 2 umeem

p?

1 1 !
T Z E"“’"Z?If’

”<N1—;,7 0<ngN

TAe BO BTOPOH cyMMe mnpaBofi wacTy n npo6eraeT JHIIb YHCJa, NpeBoc-
xogamne N. B npegene nmpuw N — o JseBas wacTh ofpatutcs B P,
neppas cymma npasofi yacti—B { (s), BTopasi—B HYJb.

,b. Ilyers N > 2, JomycTuB, YT0 HPOCTHIX 4HCeJ, OTJIHUYHRIX OT
Pt ..., P, HeT, HaxofuM (Cp. pelleHHe BONpOCa a)

1o 1.
=yl 0o<n&N "
Py

310 HepaBeHCTBO BBHIY PacXOAHMOCTH TapMOHHYECKOTO PHAa 1+% +

1
+-§-+... NpH A0CTarodHo 60oJAbmAX N HEBO3MOXKHO.

¢. IlonycTHs, 4TO NPOCTHIX YHCEN, OTJNHYHHIX OF Py, ..., Pg, HET,
HaXoAnM (Bompoc a)

J.L2
310 paBeHCTBO BBUAY HPPALHOHAABHOCTH §(2)=—6- HEBO3MOKHO,

14, Ilpy R (s) > | GeckoHeunoe mpoussefienne Aasi {(s) sonpoca
18, a aGcomorHo cxoputesa. Ilostomy

1n€(8)=2("}5+2—p12—s+3;l§+~--),
P



PEHIEHHA K TJIABE 1l 127

roe p npoGeraer Bce npocThie uncaa. Juddepenunpys, umeem
Y@ _\(_lnp Inp Inp W AM
g(s)‘“z p° pr - pss T )T 2 ns
P

n=1\

15. IMyctb N > 2. Tlpumerss teopemy b, § 4, umeem

! ( rp(n)
T (-5)= X 52yE2

0< N

TZe BO BTOPOH cyMMe npaBofl uYactd n npoGeraet JHimb 4Yucaa, 60Jib-
itve N. B npenene npu N — o0 MBl M NOJYYHM YKa3aHHHOE TOXKAECTBO.
16, a. Ipumenum c, § 4 x cayuaw

§=1,2,...,[n]l, f=1,1,..., 1.
Torpa, ouesupno, S’=1. Janee Sy obpamaercs B uucao sHaueruit §,

n

KpaTHHX d, T. e. B [71-
b, o) IlpaBas uwacTs paBeHcTBa Bonpoca a BbpamaeT CyMMy 3Ha-
ueHuil Gysxumy W (d), pacnpocTpaHeHHYIO Ha lensie ToukH (d, u) obracTr

d>0,0<u<™

7 Yacte 3T0i CyMMBI, OTBeUaOWiasn AAHHOMY 4, PaBHA

n
M=

u

P) YkasanHoe paBeHCTBO NHOJYYaeTcs NOUJEHHHIM BBLIYUTAHHEM pa-
BEHCTB

M)+ M (—'21>—{—M (13‘->+M <':;i>+"‘=1’

n n
aM (7>+ oM <—4->+..._2.
c. IIyers ny=[n]; 8, 8, ..., 8y, onperensorca ycaosueMm: 85 ectsb

HauGoJbLIee 1IeJI0e, [ 51 cTeNleHb KOTOPOTO AeJHT S, fo=1. Torna 8’ =Ty ,,
S4 pP4BHO UHCAY 4YHCeJ, He NPeBOCXOASNMX 7, KpaTHex df, T. e.

n
Sq= FAE Orcioga rmoJgyuaeTcss YKasaHHOe BbipaeHHe s Ty ,.
a2
B yactroctH, BBHAY §(2)=€ aas uucaa Ty , uMces, He IPeBOCXOAA-

LMX n M He AeJSAMHXCA Ha KBajApaT LeJoro, Mpesocxonsmero 1, mMeem
6
T,,n_—_gzn—}—O(V ny.

17, a. YKa3aHHOe DAaBeHCTBO INOJYUMM H3 ¢, § 4, €CaH I[OJIOKHM

ds=1(xs, @), fs=Ff(xg)-

b. YkasaHHOe pPaBeHCTBO MOJAYYHM M3 ¢, § 4, €CIH [OJOKUM

8 =(x", ..., 28, fo=F (=2, ..., ).
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c. Ilpumensis c, § 4 k cayuyao
6=6;, 8 .... 98,

a a a
:F(——), F(—— s e, F(——),

=%, 5 ) t

rle B mepBofl CTPOKE BHIIMCAHBI BCe AEJUTENH YHCJIA @, MMeeM
. J— _CZ_ — i
S'=F(a), Sg= Ea F<dD>_G(d>.
D\E—
d. YKka3aHHOe paBeHCTBO CJEAYET M3

2w XY op@... X op@.

pr=fiite §70 17,
= n
18, a. Ilpumenum TcopeMmy wompoca 17, a, 3acTasiss x npoGeratsh
yneaa 1, 2, ..., a n Geps f(x)=xm. Torga
m
8 =, (@), Sd:dm+2'"d'"+...+<%> dm =dmg,, <%>
b. Tlmeem

a

hO=2 @ (m+s)=F0@.

ToT e pesynbTaT MoKHO NOJYuMTe npoute. HanmmeM uwucaa psga
1, ..., @, B3aUMHO IIPOCTHE C @, CHaYaJla B BO3PACTAIOLIEM, 3aTeM B YObl-
BaiomieM mnopsaxe. CyMmaa uwieHOB 0OOGOMX PSIIOB, PaBHOOTCTOSAINUX OT
Hayajna, paBHa @, YHCJO WIEHOB KaXJOro psja paBHo @ (a).

¢. Mmeem

@  a®  a a? a
w2<a)=d§\‘; u(d)<§+—2—+gd)——3—q>(a)+g(l—po... (L —pp).
19, a. Ilpumenum teopemy Bomnpoca 17, a, 3dcTaBassg x mpoGeraTh
ugena 1,2, ..., [2) u Gepa [ (x)=1. Torna S'=T,, Sy paBHo uucay
uyces, He NPEBOCXCAAIUX 2, KpaTHbX d, T. . Sy= [%]
b. HMmeem

T,=3 0@ Z+00 @)= ¢@+0 (@)
d\a

c. Crenyer u3 paseHCTBa Bompoca a.
20. Ilpumenum rteopemy Bonpoca 17, a, 3acTaBgsast x npoGerarb

ygacaa 1, 2, ..., N, rne N > a, n Geps f(x):;ly. Torpa mnaiizem

S I @ 1

2 F_Zp(d) 2 dsxs™ das 2 x$°
XN d\a 0<x<% d\a 0<x<%

B npenene npu N —> o0 NOJIYYHM YKa3aHHOE TOXKZECTBO.
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21, a. [Tpumennm Teopemy sonpoca 17, b, paccmarpuBasi ykasainsie

B ONpefeNeHHU BEPOSITHOCTH Pp, CHCTeMbl SHAYeHHR Xy, X, ..., Xg H
’ N k

6epa f(xy, x3, ..., xp)=1. Torza PN:TVE y Sy= — | » HMBinO-

JYUHM

Rl =

N
Sea[4] . .
= —i———— dz:—&d— G<d.—.1NdL_1>.

Hostomy
I N
Py=(L(k)=*+0(8); A==y mpu £>2, A=100 npn k=2.
b. Umeer g(2\—’€‘5_

22, a. DJieMeHTapHble DPACCYXAEHHS IOKA3LIBAIOT, YTO UMCJAO LEJIHIX
Touek (u, U) obnactu u?—+vi<gp?; p > 0, He cuuras Touxku (0, 0), pasto
7p? 40 (p). [pumensiM teopemy pompoca 17, b, paccmatpuBas KoopiH-
HaThl x, Y LeNblX Todek obuactH x2-+ y? < r?, orvinunsix ot Touku (0, 0),
u noxaras f(x, y)=1. Torna T =8"-1, S; paBHO uyHCOy LeJIbIX TOYEX

2

r
obnactd w24 02 < (——) , He cuuraa touku (0, 0). TTosTomy

d 2
r r
Sd=ﬂ —d?-i-o <“‘> »
{1 s 173

T= Zp d)nd2+0<2 r\ —6—r2+0(r Inr).
1

b. Paccymxas{ AHAJNOTHYHO UpEeABAYUIEMY, TNONYyYHM

[r] i
re
T= Zu(d)3 d3+0<; dz> ;‘g‘(’3+0<>

o 22
23, a. Yucnao jgeauteneil d uyucaa a=pi“ pk"‘, He AeasuXcs

Ha KBaapar UeJoro, HNPeBOCXONsAuliero 1, # HvewlHX % NPOCTHIX AeaH-

Testell, paBHO (u) ; npu 3toM W (d) = (—1)*. Tlosromy

ICE E( ) (=t =17 =0.

d\a

b. Mlycts a umeer TOT e Bul, 4T0 H B Bompoce a. JlocTaTouHo
paccMaTpuBaTe cayuail m < k. JlJis yKa3aHHO CYMMBl UMeeM JBa Bbipa-
REHHH

Z”("‘)=(§)‘(f)+---+<—1>”'(,i)=
=07 (1) = (mg2)+ )
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k k
Ecnu m uetnoe, TO npu m << - TepBoe BLpaKeHHe > 0, a npu m > 3

k
BTOpOe BhipaxeHue == 0. Ecau m HeuyeTHoe, TO NPH m<< 7 TePBOE Bbi-

paxenne <0, a npu m > % BTOpOe BhIpaxeHue 0.

¢. JlokasateabCTBO NOYTH Taxkoe e, Kak B ¢, § 4, HO C yueTom
© pesyabTara Bonpoca b
d. JloxasaTeJbCTBO NOYTH Takoe ke, Kak B Bonpocax 17,a u b.
24. Ilycte d npoGeraer penuTesu uucaa a, € (d)-—4HCJIO NPOCTHIX
neauredeit yucaa d, Q{ay=s. CornacHO cJelaHHOMY B BONpOCe YyKasa-
HHI0, HMeeM (cuHTaeM N JOCTATOYHO OOJIBIIMM)

RN, 0 Y @ (g0 =THTe—Ts [01<1,

Q(dy<m
. N = po d N
—_ — — T = —_—
Qidysm d Qdy>m

Janee maxopum

m
ITi< > (i) s om < 17N o,

— N gr
I, (-
To=% Eii.g__l_._)_:o (A)
11 {1-7)

Haxonen, o6osnayas Gyxsamu C; u Cy HEKOTOpbiE HOCTOSHHEIE, HMEEM

(brirth)

s
ITil< > > <% ns <
n= m+19(d) n q n=m+1
s
N XY Cy-1 n n
< - (—‘41;—;”% <L ¥ (%) <
q n=m+1 q n=m+1
N —41[1—3—-
<C27f =0(A)~

25. Besikomy feauteno dp uHcaz @ ¢ ycaosuem dy < V@ orseuaer
zeauteds dg ¢ yeaouamu dy > YV a, didy=a. Ipu sToM p (dy) =p (dg)-

[Mostomy
2d2u<dl> =dZu(d1)+Zu(dz) = p@d=
1 1 d:

d\a
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26. Yucaa d, He Aeasiuuecs Ha KBajpaT LeJOTO, IIpEBOCXOASAILEro 1,
H YIOBJETBOPAIONIHE YCJIOBHIO @ (d) =&, pacCMOTPHM NONapHO TaK, YTOGH
B KaXAYIO 2Py BXOAHJO HEKOTOpO¢ HeueTHoe di M uyeTHoe 2d;. Bypem
umeThb 1 (d1) +p (2d;) =0.

27. Ilyets py, ..., pp—Ppa3iuuHBe HpoCTHe 4yucaa. [loaaras
a=py ... P, HMEEM
@ =(p1—1) ... (pr—1).
MeXLy TeM, IIPH OTCYTCTBHHM NPOCTBIX UHCEJ, OTJIHYHBIX OT Py, ..., Pp,

Mbl HMeJH Ob @ (@) =1.
a

28, a. YxasaHHble 4HcIa HafilyTes cpegd uucea s§; s=1,2,... I
) 6)—I(e § 2,rm I,
IMosToMy BepHO yTBepXKAeHHe, OTMEUEHHOe B BOIPOCE, M MBI HMeeM

=20 (§)=2 0@

8\a d\a

Ho (s6, a)==38 Toraa u ToAbKO TOTAa, KOTAA (s

b, o) Ilycts a=p1 ...pkk——xaﬂonnqecxoe pasiokeHHe YHCIA Q.
Beuzy a ¢yHKuHA @ (a) MyJbTHIIMKAaTHBHAS, OpHYEM

pPPs= X @, pTi= 3 o),
a\p¥s anp¥s—1
prs—pisT =g (pds).
B) Hdas wesoro m > 0 mmeeM
m= ¥ ¢ d.
d\m
Tlostomy

9@ =2, 1@ ik

d\a

29. Vimeem (p mpoGeraeT Bce IPOCTbe YHCJIA)

00 1____1'

P _ q>(p) _ P E(s—1
pIp H(1+ YR =0 — =

n=1 p 1—

ps—1
30. Vimeem
e()+9 )+ (n)=

EDILINE)'y T NRRY Z“‘”(HH +[ ])

d\1 a\2 a\n

=2p(d)2%22+0(n Inn) = Z”(d)—i—O(n lnn)—~n2+0(n In n).
d=1
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Peuwrenns k raase 11

1,a. Ua
P=g,10n~34-q,_4107-24  ta,
gameyas, yro 10=1 (mod 9), umeem

P=a,+ay,_ 1+ ...~+a; (mod 9).

CaenosatenbHo, P kpaTHo 3 Torga M TOJbKO TOTAa, KOrga cyMma uudp,
ero w3o6paxaioliux, KpaTHa 3; OHO KpPaTHO 9 TOTAA H TOJbKO TOTAa,
KOI'la yKasaHHas cymMa KpaTha 9.

3ameuas, uto 10== —1 (mod 11}, umeem

P=(a;+asg+...)—(ag+as-+...) (mod 11),

Caeposatensro, P kpats#o 11 TOrna ¥ TOJILKG TOTAa, KOTAa PasHOCTH
MeXAY CyMMOIO HH(]D, CTOAIIMX Ha HeyeTHbIX (CYyuTad CIpaBa) MecTax, H
cymMoto uudp, CTOAKMX HA YETHBHIX MecTax, kpaTtHa I1.

b. U3

P=5,1000~%4p, _1100%~24 .. 4 b;

gAYy 100 ==—1 (mod 101) nmeeM
P==(by+bg+...)—(bg+by+...) (mod 101).
Tlosromy P kpatso 101 Toraa u ToabKO TOTHE, KOTRA (by-+bg+..)—
— (ba+b4-...) kpatHo 101.
c. Ua

P=c, 100073 4-c, ;1000724 .., +¢,

peuay 1000 =1 (mod 37) umeeM
P=cy,t+cn_1+ ... 40 (mod 37},

Mostomy P kpaTHo 37 TOTAA ¥ TOJABLKO TOTA3, KOIAA Cp+Cp—y=+...-+0¢
KpatHo 37.
Bsuay 1000 ==—1 (mod 7-11-13) umeem

P=(c;+cg-+...)—(cg4cs+...) (mod 7-11-13).
Tlostomy P xpartHo opHoMy u3 umcen 7, 11, 13 Torza ® Toabko Toria,

Koraa (c;+cg+...)—{co+-c4+...) KpaTHO ITOMY Ke UHCHAY.
2, o) Koraa x npo6eraer MOJHYIO CHCTEMY BbIUeTOB IO MOZYJO m,
TO ax-b Takke mnpoGeraeT NOJHYIO CHCTeMY; HAaVMEHBLIMH HEOTpHUA-

TeJIbHBIA BbideT r umcsia ax-+b npoGeraer 3sHauwenus O, I, ..., m—1,
ITosromy
m=1
ax—+b r 1
Y {EE =Y p=g
r=9

$) TIpuMensas pesyabrtar Bompoca 18, b, ra. I, Haxoaum

B =l om.

°
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3, a. IlycTb r —HauMeHBbIUNII HEOTPHUATEJbLHEIR BHIYET YHCAA ax - [c]

no Moayio m. Mmeem
m-1
_ r+0(r)
s= X {20

rae e<®(r)<e+h; e={c}. Ilpu m<<2h4-1 teopema ouenniHa.
[osToMy paccMoTpuM JaHwb caydait m > 2h--1. Ilosxaras

{f_—}-q) (r\}—f;_‘l=6(r)’

m
& h+te €
—14— =m— ooy M1 =<
HMEEM 1+m <§(nN< - mpH r=m [h-¢l, m—1 P
6(r)<hj;€ B OCTan1bHbIX cayuyasx. Ilostomy
—lhtelress—2 i, S‘—-—é-m|<h+%.
b, Hmeem

Z AT} v@=mantat L

IlpumenuM TeopeMy Bompoca a, nonaras h=|A|. Torma uw noayunm
YKa3aHHbIA Pe3yJbTar.

c¢. Haxoaum
m=1
0z f"(M-{—zo) .
E{f(MH—m fE e b o<z < m—L.

2=0

k
fipumeHuM TeopeMy Bonpoca a, modaras h=1 +—2— . Torpa moayumm

YKa3aHHbI pe3yJsbTar.

4. Pasnoxum A B HenpepbiBHYiO ApoGb. Ilvers Q= Q’—Hnaun6oab-
mHAfl H3 3HaMeHaTesMell NOXXOIAWMMX ApoGell, He mNpeBOCXOASWME m,
uMeem (Bompoc 4, b, ru. 1)

Pl
= oY) PI, "= l, 9, < 1-

vtom P Q=1L 10|
Opr stoMm m3 m < Quu1<(qn+1+1) @, << CQ,, roe C—rnocrosnsoe,
KOTOPOTO He NPeBOCXOAST BCe ¢y 1, Aas Hauboabiwero uenoro H' ¢
yenoereM H'Q’ <<m caenyer H' < C. Ilpumenss teopemy Bompoca 3, b,
HaxOAHM
M+HQ -1 I

~ b or | 3
> {Ax+B}— H'Q' <5 C

I x=M [
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yets my=m—H’Q’. Ecam my > 0, To BbibUpass B 3aBHCHMOCTH OT My
uycaa Q" u H” TakuMm ke cnoco6oM, KaK paHblle B 3aBHCHMOCTH OT m
Gbiay BLIGpaHb uHcaa Q' m H’, mafizem

My+H"Q"-1 | 3
l 3 {Ax+B}—?H”Q”1<§C,
x=M;
rae npuMeHsieM o6osHauene Mg=M;_1+ HOQW, Ilycts mg=m; — H"Q"
Ecan ms > 0, 1o nopo6ro npeabiiymieMy Haifizem
M’+HH/QIH_1
2 {Ax_I_B}__%_ Hllelll
x=M,
H T. A., TMOKAa He npujieM K Hekotopomy my=0. Torza moayunm

HQ +HQ"+ ...+ HBQUW =m)

3
<—2—C

M+m-1 3
3 {Ax—{—B}—%—m << Ch.
x=M

Yucna Q', Q", ..., Q%) yI0oRJIeTBOPSIOT YCJIOBHAM
m=Q >m=Q" >me==...> mp,=QR = 1.

Iosromy (Bonpoc 3, b ra. I) k=0 (Inm) ®, caexosatesbHo, GopMysa,
yKasaHHag B BONpOCE, BepHA, 1

5, a. Cymmy, crosmyio csiepa, o6osuauum Gykeows S. Ilyets 1=A43.
Tlpn t=C 40 Teopema oueBmpna. Ilostomy npemmosaraeMm T > 40. Bass
M;=[Q 1], HaiineM uncaa a;, my, 0; ¢ ycroBHsAMH

a )
My =241 0<m<T; (@, m)=1, |0<I.
f (My) my gt <m<7t; (o, m)=1, [61]<
Basas My= M 4-m,, aHaJloTHYHLIM IIyTeM HaiileM YHCJIA g, Mg, Oy; B34B
Mg= My +m,, HajiieM uncaa ag, my, 0z, ¥ T. K., TOKa He NpUAEM K
Msy1 =M+ m; ¢ yenouem 0<Z [R]— Mgy < [T]. [lpHMenss Teopemy
Bornpoca 3, c, Hailnem

S— (mtmat ootk R+ 1= Mo ) | <

<s B0 LRI 1—Mern),

|s—3 R—@)] <4524 T

a 1 a 1
a 1 KO 0 — e — " (x —-+4+-—, He npe-
Jauna Hutepsana, Ajas KOTOPOT P m_‘<f ( )<m +m1 p

24
BOCXOJHT —
mv

< 24
m2y
GoablLiee 3HAUEHHS 4, OTBEYAIOMHE JAHHOMY 7M.

o . a
. CrefoBatesbHO, € OfHOH M TOH e Apo6bIo —  CBA33HO

-1 uncen my, mg, ..., mg IlycTh @) W ag—HaumeHbIuee H HaH-
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Vmeem
a—a; 2 _k(R—Q) . E(R—Qym
™ m1,'< A N ag—al+l<———A————~{—l,05.
CriefloBaTebHO, € JAHHBIM /I CBSI33aHO
E(R—Q)m _
() (M50 ) )
k(R ) 24
T ( +r->+(m2t+l) 1,05
qHceNn my, Mg, ..., Mg CYMMHUpYS TOCHeJHee BbIPaXKeHHe (10 BCEM
m=1, 2, ..., [T], noayunu
kE(R—0Q) 247 104 E(R—Q) TA
< p- (21n1+2+ 5o3 ) 3 1 O5< p ]n}l—i—2 T’
_ 2 (R—Q A
Is —2-(R—Q)!<2——-——T In A8k 2.
b. Hwmeem
Y e 1—o—g ®— Q)‘<A
Q<x<R

Y G- R—0|<a,

Q<x<R
orkyaa, noaaras § (x)={f (x) 41 —o}—{f (x)}, Haxonum

i > S| <2
Q<x<R

Ho npu { f (x)} <0 umeem § (x) = 1—0, a npu {f (x)} =0 nveem 6 (x) =
= —0a. Iostomy |[(1 —06) P (0)—0 (R—Q—y (0))] <2A, oTKyaa u moay-
YHM YKasaHHyio GopMyJIy.

6, a. Ilpumennm dopmyay Bonpoca 1, ¢, ra. 1I. Tlonaras [(x)=

= VY r*—x?, B untepnane 0<x < 7= mmeen
\ x -—r'2 1 Y 153
f (x)=—'V—-r2—_—2. ") =y T<IFl<-—7
[Tosromy (sompoc 8, a, ra. II, sompoc 5, a)
r
vy
T 4r+8§1“ Tdx+8 80 (0)r—4 =
— — } At "_:_ ar-u
ré:—x? dx- p( V_)V (Y V2 2

r

2 2
+8-}7_5{ %}4-0(51:1 A=t 4-0(3 Inr
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b. Hmeem (sonpocw 11, d u 1, d, ra. II)

T+t +... 1 (n)=2 2 [%]_[ V_;l_]z.

o<x<Vn
JlocTaTouHo PaccMOTpeTh AMlb cayuai n>64. Uareppan X <x<< Vn,
1
rie X=2n 3, pasobvem na O (In n) umTeppanos Buia M < x<xM’,
rae M’ < 2M. Tlonaras f(x)= %, B HHTepBate M < x << M’ Hmeem

’ n w20 n ” 8n
'W=—0, =3 gp<lO<gg-

Tlostomy (sonpoc 5, a)

nY 1 L
Mrem VxS =g (M'—M)+0(n3 Inn),
. 1
n i 1 - -
D e eI

Haaee (sonpoc 8, b, ra. II)

S Z—Enfpninate(VR) VA +0Q).
o<e<Vn
Tlostomy

TM+T@)+...+1()=2En+ninn+2 (V) Va—Vn—n+
1

1
LoV a{VrF0(n® (tnm)=n(nn+2E—1)+0 (n3 (Inn)?).

¢. Hamuwenm psapt apoGeit

i I 1 1t 1 1
TET T E .,
1 1 1
T B,
1 1
3 T

!
¢ 3HaMeHaTensiMH, He mpesocxopsmmmu N. JIpobb - ¢ ycaosnem 0 <

< a<c N serperurcd B T (a) panax. IloaToMy cyMMa Bcex uJIeHOB, CO-
IepXallyXCs BO BCeX psajax, PaBHa
1)

o<asnN 9

C apyroif croponsl, CyMMa Y/IEHOB S-TO Dsiia <—%—In N. INoaromy Ta ke
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CymMMa BceX WICHOB, COLEPHAIMXCH BO BCeX pagax, Gyger
1
<InN 2 — InN<L(In N)2,
< 0<s<N S <

CrepoBatenbho, xHepapenctso (1) sepuo npu [=1.

Janee, gonycTus cnpaBeAsiHBoCTb HepaBeHcTBa (1) npm kKakom-im60
I, JoKaXeM, uYTO OHO OCTaHETCH BePHLIM H mocie 3amews [ ma [4-1. Ha-
numeM HoBble psAbl Rpobeii

)t =@y (1(3))’, @@’ Tont (r (6))* N

] 2 3 4 5 6
@) (r(4)* ()’
z i 6
@) (v 6))*
ot rantiE

€O 3HAMEHATeJNSIMH, He NIpeBocXoAsiHMH N. 31ech cyMMa BCeX UJIEHOB,
CozepXalliXcst BO BCeX Psilax, paBHa
(t(@)f+t
0<a<N a

C npyrof CTOpOHBI, CYyMMa 4JIEHOB S§-rO psja

t t (t[Ns=11}¢ !
QU (@A (SIS O g

nOSTOMy Ta Xe camas CyMMa, cojepxainasics BO BCeX Psajax, ﬁyﬂ‘;"i‘

<M 3 ﬂ:)—)l &£ (In N2'+E

0 <s< N

M mp y6expumces, uTo HepaBeHCTBO (1) OCT&HETCHA BEPHBIM M TNOCJE 3aMEHH:
{ na [41,

d. B cayuae /=1 uHepaBeHcTBO (2) HBJAETCH CJIEACTBHEM HEpaBeH-
cTea sonpoca b. Jasee, fomycTuB ¢npaBeAHBOCTb HEPaBEHCTBA (2) AJs
Kakoro-nn6o [, HOKaxeM, YTO OHO OCTAHETCR BEPHBIM H [Oc/]e 3aMeHbl /
na /4 1. HanuweM panu

(TM)L @) (@)L (T@EY, (T EY, T @) ...
(r@nt, (r(@nt, (O, ...
(T (3%, T®), ...

BKJIOYAIOIIME TOJBKO 3HaueHust T (a) ¢ ycjaomuem as=gN. 3jech cymma
BCEX YJIEHOB, COAEPMAIMXCA BO BCeX psjax, paBHa

> @i,

0<a<s N
C Zpyroii CTOpOHHI, CYMMa WYJEHOB §-TO pAga GyieT

L@ (W) 4.+ @V <@ @) — (n N2,
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Tlosromy (Teopema BOmpoca €) cyMMa BCeX 4JIEHOB, COHEPKAIUXCH BO
BCeX psfax, GyRer

14
<N (In Ny#¥-1 . :4; N (l(:)—) & N (In Npiti-z,

M B yGepumcsi, 4TO KepaBeHCTBO (2) OCTaHETCS BEPHBIM H IOCJE 3aMEHLI
{ua l41.

7. TlyeTe cucTeMa HenmpaBHJbHas W S— HanOoJblee UHCJAC C YCJIO-
BHEM, YTO 2% BXOZHMT B HedeTHOe YHCJIO uxces cHcrembl. OfHO M3 mochef-
HAX YHCEJ ME 3aMeHHM MEHbIUHM, COZepXalluM JHWb cTenend 2%, Bxo-
AsliHe B HeYeTHOe HHCJIO YHcesl OCTaBLIelicsi CHCTEMBHI.

ITyers cucrema—rmpasuibeasi. Yncno, Menbiiee ogHOTO M3 uncea T
aTofi cHcTeMbl, oTauyaercs oT 7, 1m0 KpaiiHeil Mepe, OAHHM 3HAKOM B
CHCTeMe HCUHCJEHHS C OCHOBaHHEM 2.

8, a. o6aBUB K Kax310My H3 YHCeJ, NPeACTABIAEMBbIX YKa3aHHBLIM
cnocoGoM, uucao H=374-38-14 . 4341, noayyuM yucja, KOTOPHE
MOKHO NOJYYHTb, 3aCTaBJsist B TOIl JKe CYMME X,, Xp_1,..., X1, Xg OPO-
GeraTo 3yadenust 0, 1, 2, T.e. noayuyuM Bce unena 0, 1,..., 2H

b. YKasaHHBIM CIOCOOOM NOJIYUHUM MMy . ..M YHCEJ, He CPaBHHMBIX
MeXAy co00I0 MO MOAYJIO MMy. ..My, TaK KaK H3
x1+m1x.§—]—m1m,2x,+ RN :{—mlmz. e My Xp== ,

=51+ mxafmmexg- .. myms ... Mp_y Xk (mod mymy ... my)
TI0CIe AOBATENIbHO HAXORHM

r r ’ "
x1=xi(mod my), Xxy==x1; mMyXs==mxs (mod mymg), Xa=X2;

Id ’
mymaxs = Mytioxs (Mod mymetng), Xs==xs;
¥ T. A

9, a. YKa3aHHBIM criocoGoM DOJNYYHM MMy, . .My YUCENT, HE CPABHH-
MBIX 1O MORYJIO MimMg...Mg, TaK KAaK H3

Myxy+Maxg-+ ...+ Mprp=
= Myx1+ Moxs+ ...+ Mpxk (mod myms. . .my)

cnefoBano 6ol (Besaxoe M j, OTIHYHOE OT M, xpatHo my)
4 rd ”
Mexg = Mxg (mod my), x¢==xs(modmy), xs=xs.

b. ¥YkazaHHEIM CiocOGOM HOJAYUUM @ (1) @ (Mg)...@ (my) =
=@ (mymy. ..mg)

qHce/l BBHAY TEODEMBI BONpoOCAa a, HE CPAaBHHMbBIX MO MOAYJAIO MifMg. ..My,
i BBHRY (Myxy-+Maxg+ ... FMpxy, ms)={(Msxs, mg)=1, B3aHMHO
NMPOCTHIX € MyMg. ..M.
c. CorziacHo Teopeme Bompoca a 4uca0 Myxy-- Moxa ...+ Mpxg,
TEe X1, Xa,..., Xj NpoGeraloT MNOJHble CHCTEMbl BBIYETOB MO MORYJAM
my, M, . .., Mg, NPpoGEraeT NOJNHYIO CHCTEMY BHIYETOB 110 MOAYJIO Mg . « .M.
3TO YHCJAO B3aUMHO NPOCTO € MyMy...Mp TOTAR H TOJbKO TOTAZ, KOTAA
(x1. my)=(xay, ma)=...=(xp, mp)=1. Tostomy @ (myms...mp) =
=@ (my) @ (mg)... @ (mp).
. UTto6bl noayudTh BCE YHCaa paja 1, 2,..., p%, B3aHMHO IPOCTHie
€ p%, ClefyeT BHUEPKHYTb YHCJIA STOTO Psja, KpaTHHe p, T.€. 4YHCHa
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P, 2p,.+.» p2—1 p. Tostomy @ (p®) = p* —pa—1, Orciofa # M3 MyJb-
TUNJUKATHBHOCTH @ (7) H3BeCTHOe BbipaXeHue LJs ¢ (a) C/egyeT Hero-
cpeCTBEHHO.

10, a Ilepsoe yTBepxienue caepyer K3

{%+...+;—’;}={ M1x1+"'+ka"'}:

m

BTOPOE YTBeDXKIEHHE CJECAYET H3

%+_,.+%}={M1§1+...+M@k L

m

b. Hpoﬁn .a_l.f_(x_l;_n'__"—m)l)._i_ e .!_aLf(:‘.k—;Tl.._ﬂ } coBMaga-
1 k
0T ¢ ApoGsMH

{al (Mlx,-[—...-{-kak,..., M1w1+...+Mkwk) +

my

.+ akf(M1x1+...+kak,..., lel—f—...—l—Mkwk) }

mp

af(x,..., w

T.e. ¢ JpoGsMH { . ) } . Bropoe yTBepxjeHue n0Ka3BIBaAETCS

AHAJIOTHYHBIM CcrnocoGoM.
11, a. Ilpu a, kpaTHOM m, HMeeM

Z oniZZ Z

e m = l=m.
x x

an a, He JendaiieMcsi Ha m, UMeeEM

Qnii,:—_ 1

s ax e
E e2nl m = ——————== (),
ax
x 2V

b. Ilpy neuenoM o Jepag yacTb paBHa

o2 (M+P)_82maM

2m’a_l

1 1
sinm(@) (@A

e

¢. CornacHo Teopeme Bonpoca b JeBast uacTb He NpeBocXomMT T,
TAe

m-1
1
Tam 3 oy
m h a
a=1 m
Ho npu HeuernoM m

2a+41
Tm<m Z In Qail =mlnm,
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a NpH 4YeTHOM m

m in 2a-+1 1 2a--1
T,,,<—2—- 2 2a—1+2 Z In 2a___1<mlnm.
.onm m
0<as—2— 0 <8< 5
fIpp m=6 BBHAY %“_lé_=%_ IpaHuLy 7 In sl MOXKHO YMEHBUMTh Ha3
m 2a41_ m S m
O<a<%l—-

m
Ilocaepnee sumpaxenne > 5~ TIpH m=12 ¥ > m npu m=60.

%y .
12, a. Hycrs m=p[* ... p, " —KaHOHHUECKOE PA3NOKEHHE YUCIA M.

¢4
Honaras p$t=my, ..., p F=my, npu obosnauennsx Bompoca 10, a
HMeeM
-4
3 -zg;ilk.
== 2L ——
e ™D "e=Fe
& & 3

Z ms,_.ze —l=—1.

Tlpu @, > 1, nonaras mgs=pgmg, HAXORHM

’ u
Xs mg~1 25l -

23 '—'- 27”»——
RS T R
Es
m=1 a0 X
b. Mycts m—uence, m > 1. Hmeem 3 e ™ =0. Cymma caa-
x=0

raeMblX JeBof YacTH 3TOTO DaBEHCTBA € YCJIOBHeM (x, m)=d coraacuo

TeopeMme ponpeca a pasHa j (—g—)

¢. Haxonum
. &
2mi -
e =23 ud)Sa
3 d\m
rae, nonaras m=myd, BMeeM
me=1 pqi X
Sa' = e Mo
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flocnexanee pasuo O npu d < m u pasHo | npu d=um. Orciofa ¥ noJay-
yaeM TeOpeMy Bompoca a.

d. Papencrsa caegywmor us Bompoca 10, b.

e. Mmeem

A{my) ... A (mk):m"z };,Sahm‘ Sak' my
a, ak

Tie 4y, ..., Qp NPOGEraloT NpPHBEJCHHHIE CHCTEMB! BLINETOB 110 MOAYJAM
my, ..., mg. Orcioga (Bonpoc d) nepsoe paBeHCTBO BONPOCA CJEAYET
HENOCPeACTBEHHO.

AHaNOrHYHBIM IyTEM JOKaMKEM M BTOpOe DPaBeHCTBO.
13, a. Hneem

p-1 .nx
2 { P, €CJH n KpaTHO p,

e =
= 0 B nmporusHOoM caydae.
b. Packpripast npousBejeHke, OTBeyaiomiee KAHHOMY 11, HMeeM

d-1 2m.nx

W eds U

bt ] dewd

d\a x=0

Orciona, cymMupys nmo seeM n=0, 1, ..., a—1!, ¥ noJy4yudM HM3BECTHOE

BBIpaMeHHe 131 @ {a).

14. YacTs BblpaKeHHs, CTOSIero cnpasa, oTBesarolias x, ReJsie-
MYy a, paBHa l, wacts, oTBedawouias x, He jeastleMy g, passa 0. IHoatomy
YKa3aHHOE BbIpaKeHHE DAaBHO YJBOSHHOMY YHCJAY JesuTeted uucxa a,

MeHbWHX } a, caoxkeHromy ¢ §, T. e. paBHO T (a).
15, a. Vimeem

(h1+ha)? =
=h’{+< T > Gkl SR +(pil> hyhE 7 4 1B = K41 (mod p;
(h1-+ha+hy) P = (hy -+ hy)? +h5=h} + hG+ G (mod p),

" T. A
b. Tlonarast hy=hy=...=h,=1, H3 TeopeMH BOMpOCa a& HOJYYHM
Teopemy Depua.
c. Iycre (a, p)=1. Ilpu neroropbix neamx Ny, N, ..., No HMeeM
aP=D=1-4Nyp, aPP=D=(14Nyp)P=1+4Nop®
aP P=D =14 Ngp®, ..., aP* Up-D=| 4+ Nyp2,
a® °%) = 1 (mod po).
o, o
llyete m=py" ... p,¥—xanonnueckoe pasioxmenue uncia m. Hmeem
[¢2 ¢4
a® (%) (mod pcf‘), vee, a® (P = (mod p:k) ,
a® M = (mod p‘f‘), e, @M = (mod pf"),

a® U™ == | (mod m).
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Peuwenus x rnase 1V

1, a. Teopema HenocpeaCTBEHHO CcCJe[lyeT H3 TEOPEMH BOMNpOCa
11, a, ra. 111

b. Ilycrs d—pennrens uncaa m, m=myd, Hy 0603HauaeT cymmy
ClaraeMbix ¢ YyCJOBHeM (a, m)=d B BblpaxeHun Aas 7m Bompoca a.
Haxoxnm

m-1 - aof(x, L. W)
=2 - E meo,
aQy x=0 w=0

rie ao npoGeract IpPHBEJEHHYIO CHCTEMY BBIYETOB IO MORYJIK mg. Or-
Cl0a BbLIBOAHM

my—1 my—1 ani aof (xos . - -vuin_)
Hd=dr2 2 e Mo =m’A (m,y).
ay, Xo= we=0

c. lyets m > 0, (a, m)=d, a=a,d, m=med, T —uncio pewmeHui
CpaBHeHHS ax==b (mod m). Vmeem

m-1m-1 2m.a(ax—b) m—-1m ‘10

. ba
Tm':“z 13 m 2 ZJ m __

a=0 x=0 =0 x=0

- . bo
dzl -l =t md, ecau b kpatHo d,
=m e =

0 B NPOTHBHOM CJyuae.

a3 =
d. Tlonaraa (a, m)=d;, (b, dy)=ds, ..., (f, dy—1) =d,, m=dym;,
dy=dsms, ..., dp 1 =d,m,, HaxopuM d=d,,
m~1m=1m-1 m=1 4m a(@ax+by+ ... +fw+g)

Th= 2 2 2 Z e m —_
a=0 x=0 y=0 w=0
di~1 m-1 m=1 gni oy by+ ... +fw+g)

s s s s e e s 6 s s % s 4 s e s s 2 s s ¢ e« 4 s =

drog=lm=1 gy Zro1 TOFE (fw+e) dr=1 aq 2r8

=m=1 ¥ M a1 =m" ¥ e .
ar_1=0w=0 ar=0

e. IIpumennum meron muykumu. IlycTh npu o6osHauennsix sonpoca d
TeOpeMa BePHa I r mepeMeHHbIX. PaccMOTpUM cpaBHeHHe

l+ax+ ...+ fw+ g=0 (mod m). 2}

Nycre (I, my=d,. YcaoBueM BO3MOXHOCTH CpaBHeHHs (2) 6yieT ax -+
+ ...+ fw+g=0(moddy). Tlocnensee cpaBHeHHE BO3MOXKHO JHIUb
B cJayuyae, Koria g xpatHo d', rie d'=(a, ..., [ dgy={(l, a,...
wv.y [, m), TIpHYEM TOIJE OHO HMeeT d{,_ld’ pewenuit. CrefoBatessHo,
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cpaBHeHHe (2) BO3SMOXKHO JIHIIb B CJydae, KOTAa g Kpatho d’, ¥ Torja
P

- m\” .
OHO HMeeT d; Ly d_> do=m"d’ pewenuft. Takum o6pa3soM, TeopeMa
0

BepHa H Jas -1 mnepemenHmx. Ho Teopema BepHa asist ofHOro nepe-
MeHHOTO. 3HAYHT, OH4 BepHa BCeria.

2, a. Vmeem a® ™ =1 (mod m), a-ba®™ 1= b (mod m).
b. Hwmeem

1-2...(a—1) ab (—1)a-1 (p_l)l‘:éf{);a-i_l)s

=b-1-2...(a—1) (mod p),

OTKYZa, IeNs NOwWIeHHO Ha 1-2...(a—1), H IOJAYYHM YKa3aHHYIO TEOpeMY.

¢, @) Brbupas nHapaexamuM o6pa3oM 3HAK, HMeeM b + m=

=0 (mod 4). IlycTb 2" —Hauboabmas cTenerb 2, peasmas b + m. Ilpu
8=k umeem

x== bim (mod m).
9k

Ecan xe 8 < k, T0 nmeem

ok-8y = b ;L;m (mod m).

C 3THM cpaBHEHHEM MOBTOPSieM AHAJOTHYHYIO ONEpauuio, M T. L.
f) Bui6paB manaexamum o6pa3oM 3HakK, uMmeeM b 4 m== 0 (mod 3).

Mycre 3% —nanbombmas crenenn 3, nensmasn b + m. Hpu 8=k umeen
y p

x= b+ m(modm).
3k
Ecan xe 8 < k, 76 uMeeM
b+t m
3h—0yx = 35 (mod m).

C 5THM CpaBHeHHeM NOBTOPSieM AHAJIOTHUHYIO ONEpauuio, H T. 1.

v) Ilyetb p—npoctoi feaurens yucaa a. HaiizeMm ¢ n3 ycaosus
b-mt=0(mod p). Ilycre p —wHanGombwas cTeneHb p,  AeJsAHAs
(a, b4+mt), u nyctb a==a;p . Hmeem

apx = b iém (mod my).
P

Ecin a; > 1, T0O ¢ 3THM HOBbIM CpPaBHEHHeM NOBTOpSeM AaHAJOTHUYHYIO
omepanuio, H T. A.
YxasaHHbfi croco6 ynoGed B cayuae HeGOJNbLIHX NPOCTBIX COMHO-
KHTeJeH uucaa a.
3. Monarast ¢=[7], nHeM cpaBHEHHH
a-0 =0 (mod m),
a-1 =y, (mod m),
a-t == y; (mod m),
a-0=m (mod m).
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Pacnonoikus STH cpaBHeHHS B IODSAJKe BO3DacTaHMA HpaBbiX uacTefl
{cp. sompoc 4, a, ra. 1I) u BHuUMTas NOuNEHHO Kaxkjoe cpaBHeHHe (KpoMe
AoCJAeHEre) H3 CcJefyiolllero 3a HUM, NoAydHM {4 | cpaBHenult BHAA
az==u(modm); 0<]z|<<v. Tlpu 3TOM, NOo Xpadneil Mepe, B OZHOM

m "
cpasHeHuH OyzeT 0 < u < < HefictertenbHo, 1 uMeeT -1 > T 3Ha-

yeHH#, 3TH 3HAYCHHS MOJOKHTE]bHHE, H HX CyMMa DaBHa m.

4, a, o) CreayeT M3 onpejeseHus CHMBOJAHYECKOH ApoGH.

B) 3iechb MOXKHO NONOKHTL bo=b--mt, rae ! onpejesnsercs U3
ycaosua b--mit==0(mod a); Toraa cCpaBHEHHI0 ax==b YHOBJETBOPAET
Hea0e 4YHCJIO, TNpeACTaBadeMoe OObIYHON Apo6bIo 710-'

v) Nmeem (by KpaTHG a, dy KpaTHO C)

_b_,ff_=_l_)£ ii_g__boc—{—ado:bc—i—ad
a ¢ a c  a a

§) Wmeem

b, &) Vimeem (cpaBHeHus OepyTcs 1o MOAY/IO p)

p—1\_(p—~D((p—2)...(p—a) (—D%1:2...a .
(a >“ 1-2...a T 12...a ={=n~

Bonpoc 2, b Temepn» mpoule pemath Tak:
bi—=Nhe-1{p—1)...(p—(e—1)

)
2. @a—=Da (mod p).

b
=
B) Hmeem

2?—-2 . p—1,(p—1)(p—2
p =1+1-2+ 1.2.3 +--

—1(p—2. . (p—(p—2)

p
ot RISy (mod n).

5, a. Yncaa s, s+1, ..., 8+n—1 nonapHo He MOTyT HMETb O6IEro
nenurens ¢ d. Ylpomsseaemna s(s+1) ... (s-+n-—1) moryT O6bith 06B-
enuHeHbl B n% COBOKYNHOCTeH MO YHCAY CNocoGoB, CKONbKHMH UYHCJIO
d MoXeT GbiTh pasbHTO Ha 7 NOTApHO NPOCTHIX COMHONKHTEJEH C ydueToM
nopsaaka nociesuux (sompoc 11, b, rm II). Tlyers d=uyts ... 4y —
OJIHO HA TaKHX pasGuenuii. Uncso npoussesenui ¢ yenopyem s =0 (mod u,),

s+1=0(mod ug), ..., s+n—1=0 (mod u,)
il
d
b. YkazaHHoe uHCJO paBHO

S e@ss Se="F,
aNa

a
. I'Ios'romy HCKOMOE YHCJIO paBHO n*—.

paBHO 7
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rfie ®— YHCJIO PASJHMYHBIX TNPOCTHIX jeauTesedt yucaa d. Ilpu stom

n*a n /
Sr@ti=a <1—;> <1—l) ..K1—1>.
= 1 Pe Pr
6, a. Bce 3HaueHus X, YZIOBJIETBOPAIONIAE TNEPBOMY CpPaBHEHHIO,
JAI0TCA PAaBEHCTBOM X == by --m,i, rae {—umnenoce. Yto6sl BbIGpaTh H3 HUX

T€, KOTOpbI€ YIOBJIETBOPAIT TaKkKe H BTOPOMY CPaBHCHHIO, HAAO OTrpa-
HHYUTLCSH JIUIIb TCMU 3HAYEHUSAMH 7, KOTOpbIe YAOBJIETBOPSIOT CpaBHEHHIO

myt == by— by (mod my).
Ho 310 cpaBHenHe paspemmumo TOTRA H TOJAbKO TOTAa, Korja b,—by
kpartHo d. Ilpu 3TomM B cyyae pa3pemIMMOCTH COBOKYIIHOCTH 3HaueHwHit f,
m
eMy YAOBJIETBOPSIOLUIMX, OMPEAe/IACTes PABEHCTBOM BHJA t:to—{——dz

rae ¢ —ienoe, BMecTe c TeM COBOKYIHOCTb 3HaueHHH x, ylOBJeTBOpSi-
OUMX paccMaTpHBACMOIl B BONPOCE CHCTEMe, ONPeeNUTCs PaBeHCTBOM

m I 14
cmbimy (G H R ) = s mats = bt

b. B cayuae paspellMMOCTH CHCTEMBI
x== by (mod m,), x==b, (mod my)
COBOKYIHOCTb 3HaueHHH x, €ii YAOBJETBODSAIILHX, TPEACTaBHTCH CpaBHe-
HUEM BHAA X =X, o (mod my, g). B cayuae paspeiimMocT# CHCTeMbl
X=Xy, 9 (modmy, s), Xx==by(modmy)

COBOKYMHOCTb 3HAYeHHH x, el YNOBNETBOPSIOIHY, NpPEACTABHTCH Cpas-
HEHHEM BHAA X ==x; 2 g(mod my, gz, 3). B cayuae paspewsuMOCTH cucTeMbl
x==Xy g, g(modmy, e g), X=b,(modmy)

COBOKYNHOCTb 3HaueHHH x, efl YEOBJeTBODAIIIKX, TNPEACTABUTCS CpaBHe-

HUEM BHAA X=3X; g 3 4(modrmy g g,4) H T. A
7, o) Or 3ameHnl x Ha —X (B(‘.HQJ.ICTBI/IE yero X' 3aMeHurcs Ha —x')

a,

b
BeJIHYNHA CYMMBI (7) HC H3MEHHTCHI.

B) Koraa x npoGeraer npuBeieHHYIO CHCTEMY BLIYETOB IO MOLYJIO m,
TO ¥ x’ npoferaer NpHBEJCHHYIO CHCTEMY BLIUETOB 1O MORYJIO m.
v) Tlonaras x ==hz(mod m), noiayunm
ahz+b2’

a, bh 27— ah, b
oY = e m = | —e |,
m ) =2 "
2
8) Hmeem
QM X+ Ay +mex’ +mey’

() () - p

MNonaras mex’ +myy’ =2, HMeeM
2
(@ymax -+ agmyy) (mex’ +myy') = aym - aymy (mod myms),

a1 (ag, 1 _(mga,—{—m‘faz, 1>
my my )_ myms ’
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YTO K JOKa3blBaeT YKa3aHHOE CBOHCTBO B ciayyae ABYX COMHOXHUTeJIeT,
O6o6wenne Ha caydall Oonee ueM JBYX COMHOMHTeJed TPHBHAJBHO.
8. CpaBHeHHe

apxt4axB=ld- . dap—ag (x—x) (x—x3) ... (x—x,) =0 (mod p)
umeer n pewennit. Ono crenenn muxe n. CregoBatensHo, Bce ero Kosd-
OQHIMEHTH KDaTHBI P, @ 310 H BHIPAXaeTCH CPaBHEHHSIMH, YKAa3aHHLIMH
B BODpOCE.

9, a. Ilpu p > 3 cooTReTcTBEHHO ¥, B3ATOMY M3 psga 2, 3, ..., p—2,
HaiifleM OTJHYHOE OT Hero 4yucao x’' TOTO Ke psifa C YyCAOBHEM
xx’ = 1(mod p); AeficTBHTENbHO, U3 x =1 cJefloBano Om (x—1) (x 1) =
==0(mod p); x==1 win x=p—1. Tlosromy

2:3...(p—2)==lmodp); 1.2...{p—1)==—1 (modp).

b. Hyers P > 2. Honycrns, 4To P uMeeT AeJHTeNb i C 3 CJOBHEM
1 <u< P, Mol umeau 6u1 1-2 ... (P—1)+1==1 (mod u).

10, a. Haxoaun A ¢ ycaosueM ggh =1 (mod m). Ianuoe cpaBHenue
PaBHOCHJIBHO TakOMY:

xttahxn=14 4 ah =0 (mod m).

b. Ilycts Q (x)—uactHoe u R (x)—ocTatok oT jenenus xP—x Ha
[ (x). Bce xoapduumnentht Q (x) # R (x)—ueane, Q (x)—cTenenn p—n,
R (x)—cTeneHn Huxe n,

F—x=f () Q () 4R (x).

Iycrp cpasnenne f(x)=0 (mod p) umeer n pemwennil. Te xe pemeHus
GyRyT pewenMsini H cpasHenust R (x)==0 (mod p); nostomy Bce K03(}-
¢duuenTHl R (x) KpaTHB! p.

O6patHo, nycTb Bce Koagguuuentsl R (x) kpatan p. Toraa f (x) Q (x)
KpaTHO p HPH TeX Xe 3HaueHHsix X, 4T0 ¥ xP—x; NO3TOMY cyMMa
YHCeJ pPellleHHH cpaBHeHHil

f(x)==0 (mod p), Q (¥) =0 (mod p)
He menbwe ueM p. Ilycts nepsoe umeer @, a BTopoe P pemennit. Hs3
as<n, Pp<<p—n, p<<atp
BLIBOAMM a=n, f=p—n.

—1
¢. BosBbluas 1aHHOe CpaBHEHHE NOUJIEHHO B CTENEHb N y6e}K-

naeMcsi B HeOGXOZMMOCTH YKaszaHHoro ycaosus. Ilycrs 3To ycnoBue Bbi-
p—1 p—1
NOJiHeHO; U3 XP—x=x \xF-1—A4 " LA " -—1) cJefyeT, YToO OCTa-
p-1 p—1

TOK OT jesenna xP—x Ha x"—A ectb \A * —1/x, e A * —1
KpaTHO p.

11. Yz xg= A (mod m), y» == { (mod m) caenyer (xoy)" = A (mod m);
TIpH 3TOM NPOM3BEJEHHS XgY, OTBEUAKOLIME HECPABHUMEIM (110 MOLYJIO M)
Yy, HecpaBHuMbl. M3 xg== A (modm), x"=A(modm) caeayer x"==
= x{ (mod m), npHueM, onpefensst y yC/oBHeM x = yx,(mod m), HMeeM

y? =1 (mod m).
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Peurenuss K raame V

1. Yka3aHHoe CcpaBHeHHe DaBHOCHJBHO TakoMy: (2ax-+b6)2== b2 —
— 4ac (mod m). CoOTBETCTBEHHO K&KAOMY DeLIEHHI0 2= 2, (mod m)
cpaBuenHs 2%=b%—dac(mod m) us 2ax-+ b =12, (mod m) Haiigem ogsxo
pelleHHe YKa3aHHOTO CPaBHEHHS.

2, a. Ilpu _a_) =1 umeem a?m+1 =1 (mod p), (a”+1)2 = a (mod p),
x =+ a™*! (mod p).
b. TIpu 2\ 1 nmeem aim+2=| (mod p), a?*»+1= { | (mod p),

a*m+%= 1 q(mod p). Bsuny (%) =—1 uMeeM TaKkKe 2i7+i=
== —1 (mod p). IToaToMy NpH HeKOTOpOM S, HMEIOIIEM OXHO M3 3HAUEHUH
0; 1, noayumm

@?m+2QUm S = g(mod p), x= F a?+122m+1 S (mod p).

c. Mycte p=2%14-1, rae £==3 u h—HeueTHoe, <%>=l. HmeeM

P =1(modp), o =1 1(modp), N¥ *=_1(modp).
TlostoMy npH HEKOTOpOM LieJIOM HEOTPHUATENBHOM Sp NOMYYHM
TN = [ mod p), @7 PN = 11 (mod p);
OTCIOZia NIDH HEKOTOPOM LeJIOM HEOTPHLATEJNLHOM Sz HOJYYHM
a7 PN T — | (mod p), ¥ TRN* T = 1 1 (mod p),

U T. A.; HAKOHElH, IOJYyYUM
h+1

" N¥F =1 (mod p), x=+ a? N (mod p).
d. Vmeem
1.2...2m(p—2m) ... (p—2) (p—1)-+1=0(mod p),
(1-2...2m)2-}1=0(mod p).

3, a. YcaoBus paspewnmoctd cpaBhenuil (1) u (2) BbBOAsiTCH TpH-
BHasibHO (e m h § 2). CpaBHenne (3) paspemmMo TOrZa M TOJMBKO TOTIAa,

Korza <:p—3>=l' Ho (:ﬁg):(-g-) , TIpHYeM
P\ __ 1, ecan p umeer BHp 6m--1,
(?>_{ —1, ecnm p mmeer BuR 6m 5.
b. KaxoBbl 65 HH GbIM Da3jgHYHBE DPOCTHE Py, Pa, ..., P BHIA
4m--1, waumenbmmil npocToll nenuTenb p uHcna (2pyp, ... pp)i41

GYRer OTJIHUEH OT Py, P, .- ., Pp ¥ BBHLY (2p1pa ... pg)i+1=0(mod p)
umeer Bup 4m-1.

¢. KakoBel 6p! HHM ObliM pasJHyHBIE NPOCTHIE Dy, Pa, ..., P BHAA
6m--1, HauMeHbwIMii NpOCTON HeJHTENL p YHCAA (2P ... Pp)2-+3
6yneT OTJIHYEH OT Py, Pg, ..., Pr U BBHRAY (2p1pg ... pp)2+3=10(mod p)

umeer BMA 6m-1.
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4. Cpepu uucea mepBoH COBOKYNHOCTH OYAYT uHCJa, CPaBHHMBE
—1p—I
o1, 2., .., BB
BXOAsililee O YCJAOBHIO BO BTOPYIO COBOKYNHOCTb, OYZeT KBaJpaTHUHHIH
ueBbiver. Ho BO BTOpYIO COBOKYNHOCThL BONIYT BCe IIDOU3BENEHHS 3TOTO
HEBBIUETA Ha BCe€ BBIYETHI, T. €. BOﬁﬂyT BC€ KBaJpaTHUYHble HEBLIYETDHI.
5, a. Ilycrp B cucreMe HCUMCTEHHS C OCHOBRHHEM p

a=ag-1p*t4... fFawta

T. €. BCC KBaJApaTHYHBIE BbHIUCTH, UYHGIO,

H HCKOMOe pemieHHe (HAMMEHbINHH HEOTPHUATENbHLIY BLIYET)
X=X 1 p® T4 Xy p X )

CocraBuM Ta6J/HLY:

Qg -1 - a, Qs as a; ay
WeXa—1 ... 2x0%, 2%4X3 2xg%s ¥ Xy xe
2X1Xg— o - 2x1Xg 2%¢y%o P
2X2X(x -3 . Xg

rae B CTOJOLE NOJ &g CTOST YHCJA, CYMMa KOTOphX ofpasyer Kosddu-
HHEHT NPH P B Das/OXeHHH KBajapara npapoil yact (1) no crencuam p
Haxomnm xy u3 ycnoBus

x5 == a, (mod p).
Xo—a

[Mo.1arasn 0 ==p;. HAXOZHM X; U3 YCJOBH:

Pyt 2x0xq == oy (mod p).

P1t2xpk—ay
p

Monaras ==, HAXONHM Xy H3 YCJIOBHS

Pa—+-2xgxp -3 = ap (mod p),

# T.A. TIpu naHHOM xo BBHRY (Xg, p)=1 umcaa x;, ¥a, ..., Xg~1 OHPe-
ReJSATCS OAHO3HAYHO.
b. 3necs

a=ay,_ 2% 4. a2+ a2+ a2+,
x=x, 27T L x2S xp27 by 24,
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W Mbl GyleM HMeTb C.JIeYIoumyo TaGIHIy:

(Za_l - ay 5] as Q a()
XoX,_ g XoX3 XoXg XXy x3
2
X1X, g X1Xg x3
c2
XoXp 4] ++- x2

PaccemoTpuM muwb cayuad a>=3. Bsuny (e, 2)=1 Heo6x0muMo a¢=1.

Mostomy xo=1. Jajee neob6xozumo a;=0, u BBHAY Xot1+ 2 =1, +x§s
=0 (mod 2) HeoOxoxuMO ag ==0. Ilasi x; BO3VOKHK ABa 3Havesus: 0 u 1.
Yucna Xy, X3, ..., X,_, ONPeReJATCS ORHO3HAYHO, a AId X, _, BO3-

Moxubl fABa 3uavenus: O u 1. Tlostomy npy o= 3 neoGxoaumo a=
=1 (mod 8), n Torja ykasaiHoe cpaBHeHHe HMeeT 4 pellleHHs.
6. OueBnano, P v Q—uesanle, npiuyeM Q N0 MOAYMO p CPaBHHMO C

YKCAOM, KOTOPOS TONYSHM, 3aMeHss a Ha 2%, Aad yero pocratouno ¥V a
3aMeHuThb Ha z. TTosToMy Q=2%-122-1(mod p); caexoeareabno, (Q, p)=1

u Q' NefCTBUTETLHO MOXKHO ONPeACcHuTh U3 cpaBHenus QQ' =1 (mod %y,
Fimeem

Pt—aQ*=(z+Va)* (z—V a)*=(2—a)" =0 (mod p%),

OTKyna
(PQ")*=a (QQ’)? =a (mod p%).

X o (¢4
7. yere m=2"p7" ... pkk—KaHOanecxoe pa3ioxeHHe UKCaa M.

Torpa m npegcrapasercs B Bufe m=2%ab, rae (a, b)=1, 2% cnocoGamu.
Mycts a=0. U3 (x—1) (x 1) =0 (mod m) ciaenyer, 4T0 NpH HeKO-
TOPHIX a M b
x==1(mod a); =—1 (mod b).
Pewias aty cucremy, noayuuM x == x,(mod m). [TosToMy ykasaHHoe cpas-
HeHMe uMeeT 2% peweHHi.
Iycre ao=1. Tlpu HerkoTOpHIX @ u b

x==1(mod 2a); x==— 1 (mod 2b).
Pewast 3Ty CHCTeMY, NOJYYHM X == Xy (mod m). [Tostomy yka3aHHoe cpas-

HeHHe uMeeT 2% peleHuil.
Hycts a=2. Tlpu HekoTOpHIX a H b

=] (mod 2a); x=—1 (mod 2b).

m
Pemas 3Ty cacremy, noayusMm x = x, (mod —5—) TosToMy yKasanuoe

cpaBHeHHe HMeer 2% +1 pewenwui.
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Tlycrs oo == 3. Tlpu HexoTOpHIX a M b JOMXKHA BHIIOJHATBCA OJHa
H3 CHCTeM
x =1 (mod 20); x==—1 (mod 271 b);
x=1(mod 2*° ' a); x==—1 (mod 25).
m
Pewan oAHy M3 3THX CHCTeM, HOJYUHM X == X, (mod —§-> INosTomMy yKa-

3aHHOe cpaBHeHHe uMeeT 2%+2 pelleHuii.
8, a. Onpenensia x' cpaBHenueM xx’ == | (mod p), nmeem

-1 -1 -1

22 <x(x+k)‘ _pZ <xx'(xx'+kx'))_”2 <I+kx’)

3 ) o P P
x=1 x=1 x=1

OueBuano, 1--kx’ npoGeraer Bce BbiYeThl NOJHOfI CHCTeMBl, Xpome 1.

Orciofa u cJaefyeT yKasaHHas TeopeMa.
b. Yxaszanroe paBeHCTBO CJiefyeT H3

<45 e (5)) (o0 (5) -
L& (1 (5) () o (51

¢c. Tlyets 6 o6osHauaer YHCAO 3HAUeHHH y, paBHBIX HyJIO (cjeXoBa-
TeapHo, 6=0 uau 6§=1). Hmeenm

p—
32<X223y,-y; Z (wu_’-k)(xyl-}—k))
9 ¥ x=0

Tipu aTO0M HaxOmHM:
_ P ecmn gy=y=0;
Yo ¥

0, ecJH TOJbKO OIHO M3 YHCeJ Y1 ¥ Yy paBHO HY/JIO;

p—l:p—(ﬂ—z), ecad yy=y > 0;
S . P

V¥ —_ (%’%-) B OCTaJbHEIX CHY4asx.
Tostomy
2
St<X <p6+p(Y 5)—( ( )> ><xy;;.
y>0
d, o) Hmeem

PSS S (et ety
S:,\;) zg() 2;) ( Ip >
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[Ipu 2y=2 cymMMrpoBaHue no x gaer p—I1. llpn z;, He paBHOM z, cywm-
mipoBaHHe no x (sonpoc a) naeT —I. Ilostomy S=pQ—Q2.
B) Coraacno Teopeme BONPOCa @) HMeeM

T @< pQ: T <p ™
y) Ilpu p<C5 Teopema TpusuanbHa. IIpH p > 5 npumennm Teopemy
sornpoca o). JonycTus, YTO B YKasaHHOM B BOIIPOCE ps/e KBAaAPATHUHBIX
HeBLIYETOB HeT, yOemumcsl, uTo Sy=Q npu x=M, M1, ..., M4+Q.
Mostomy (Q%-+2Q u Q242Q-+1 ne paBHB p Kak COCTaBHbE) HaiigeMm
QRFNP<EP—QQ, Q*+2Q<p, Q+1)*<p,
YTO HEBO3MOXHO.
9, a. Ecain m npeacrasaserca B sHAe (l), To peiueHue
2 =24 (mod m) (5)
cpaBHeHHA X = zy (mod m) fABAAETCH TaKKe H PemeHHeM CDaBHeRus (2).
Mpl 6ynem TOBOPHTB, HTO YyKa3aHHOE NDEJCTABJEHHE CBH3AHO C pelueHHeM
(5) CgaBHeHHﬂ 2.
KAaxAuM pewenneM (5) cpaBHeHHs (2) CBSI32HO He MeHee OJHOTO
npexcrabierusn (1). HeficTsutensro, B3sB T= ¥ m, umeeM
Zq _____Pi_ 9 1. -
=0 +Q__—Vﬁ’ (P, Q=410<Q<Vm, |0]<!.
Hostomy 2oQ=mP +r, tae |r| < V m. Hanee, us (2) caepyer, uto
| r |2+ Q%=0(mod m). Orcrona ¥ #3 0 < |r |2} Q? < 2m Haxomum
m=|r*+ Q> (6)
Mpu stom ({r], Q)=1 BBHIY
2 2 — — 2
17 —;Q _ (2,Q —mP) ZO,S rmP4-Q = /P (mod Q).

Ecan [r|=r, 10 BBHAY 7= 24Q (mod m) npexacrasienne (6) cBsizano ¢
pemenuem (5). Ecam |r|=-—r, TO BBHAY PHY) =z,r (mod m), Q=
=2z, | r | {mod m), npexncrabienne m==Q24-| r|? cBsisaHo ¢ pewenyem (5).
C xaxapiM pewenuem (D) cBsizaHO He 6oJjee OfHOTO npeAcTasiaeHusa (1).
JeficTBuTeIbHO, eC/M AIBA NMPEACTaBAeHHS m==x>-}y® & m=x34-y2 uuc-
na m B Bufe (1) cBA3aHH C OJHUM H TeM e pemeruem (5), T0 us
x == zyy (mod m), xy==2¢yy (Mod m) caenyer xyy = xyy (mod m). Ilostomy
Xyy=Xx1y, OTKYZA BBHAY (X, y)=(x1, y1)=1 caeayer x=x1, y=y;.
b. Ecan p npeacrasasercs B Buie (3), TO peieHHe

z ==z, (mod p) %)

CpaBHeHHs x == zy (mod p) ABJsETCA TaKXe H PeIueHHeM CpaBHEHHS (4).
Mbl 6yjgem rosopuTh, uTO yKasaHHOe NfeliCTABJEHHE CBSI3AHO ¢ PellleHHeM
(7) cpaBuenus (4).

3nas peuweHHe (7) cpaBHeHHs (4), HallleM He MeHee OLHOTO Npef-
craBnenua (3). HeitctBurensno, B3asie 1=V p, umeem

2y P 7] -
P 8 =1, 0<Q<VTF |8i<L.
»=e oy (P, Q) Vp. 18]
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Hostomy 2yQ==r(mod p), rne |r| < V p. danee us (4) caepyer, uto
IrP+aQ?=0(mod p). Orciona u u3 0 < |r|t-+aQ? < (I+4a)p cne-
AYeT, YTO IpH @=2 JOJKHO OuiTb MM |7 |2--2Q%=p, uan | r24-2Q%=
= 2p. B nocreguenm ciayuae | r|—uernoe, |r|=2r,, p=Q242r1. Ipn
a=3 JIOMKHO ObTb MMM |[r[*43Q*=p, nam |r 24-3Q2=2p, wuam
{7124+ 3Q2=23p. Bropoii cayuali HEBOZMOMKEH: 11O MOJAYJIO 4 JieBasi 4acCTb
cpasuuma ¢ 0, a npaBas—c 2. B Tpersem cayuae |r| Kpatio 3, |r|=
=38, p=Q*+3ri.

IlonycTuB, yTo ABa NpefCTaBJIEHHs p=x%+ay® u p:xf-}—agf umc-
72 p B BUJe (3) CBA3AHbL C ONHHM H T€M e DEILEHHEM CpPABHeHHS 4),
HalifieM X =x;, y=y,. JonycTHB, uTO 3TH NpeiCTaBAEHMs CB3aHbI C
Pa3/MHUHBIME DELIEHHSAMH CpaBHeHHs (4), HaligeM x == 2y (modp), x;==
=—zy (mod p), otkyma xytx;y=0(modp), uro BeuAY 0<
< (o) < (452 (4 41) < p* HesosmoxHo.

¢, @) Craraembie cymmbl S (k) ¢ x==x; H x=— x; paBHBI.
B) Hmeem
p-1
) (xt (2 hY)\ [t
S (kt?) = E lx-———-————): —)S k).
) —~\T (7)5®

y) Tonarass p—1=2p,, umeen

D1 Di
PLS ()PP (S ()2 = X} (S (r13)*+ 3} (S (nth)2 =
=1 t=1
p-1 p-1p—1p=-1 2 2
N (S ()2 = xy (x* k) (y2+ k) L

lpu y, He pasnoM x mam p—x, peayabrar CYMMHPOBaHHA 1O k Oyger

—(%); NpH y==x wWin y==p—x ou Gyacr (p—1) (%) Mostomy

PSS @l =tpm p=(350))+(F5m)"
10, a. Vimeem
X _Dy?=
=146 VD) (2 + y2 ¥ D) (ty—y, VD) (xs F 4o VD) = k2.

B. Bass moGoe T; ¢ ycaosmeM 1, > |, HaliieM ueabie X1, YiC ycao-
BHSIMH |y1 YV D—x f <?ll~ , 0 < y<<Ty, OTRYNE, YMHOKAS MOUMEHHO Ha
» VD+x <2y VDA 1, nonyunm |xi—Dyt| < 2 VD4 1. Bass 1a>
> Ty € YCJIOBHEM ly, VB—- xll > —T;, HailleM HOBBIe Ilesble X, Yz

¢ yenosueM |x3—Dys| <2 VD41 u 1. 1.
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O4eBUjiHo, B HHTCpBajte —2 VD—1<k<?2 VDLl CymecTsyet
Takoe 1e/ioe, He PaBHOE HYJMIO k, UTO CPeRH 1Uap Xy, 4y; Xa, Ya, ... Hail-
AeTcsi GeCUMCIIEHHOE MHOKECTBO map X, y ¢ ycaosueM x2—Dy?==F; cpean
e TOCAeAHUX Hasepﬂo HaiayTea nee napst &, 1y u By, 1 C ycsioBHeM
Ei=E§ (mod [£]), m==ms (mod | k]|). Onpenenns uensie &y, 1, panen-

cTBOM &o+ 1 V_D E+m VD) (§°—ﬂ2 V' D), nMeenm (sompoc a)
Eo—Dng=|k|% Eo=&—Dni==0(mod |k]|);
No=—"& N1+ &mn; =0 (mod | £]).
HMosromy Eg=E] k), Me=n|k|, rae & u n—uenvie u E2—Dn2=1,

c. Uucna x, y, onpejiesisieMble paBeHcTsOM (2), YIOBJIETBOPSAIOT (BOM-
poc a) ypasHeHuio (1),

JlonycTHs CYHICTBOBAHHE Taphl LeJbX NOJOXKHTEJbHHIX X, Y, YAOB-
JETBOPSIIOMHUX ypasHeHHo (1), HO OTAHYHOH OT map, omnpegelsieMibix pa-
BeHCTBOM (2), Mbl NpPH HeKoTopoM r=1, 2, ... 6yAeM HMEThb

(toF-90 VD) < x5y VD < (xy+yo YD)+
Orciona, neas nouwiento Ha (xq | yo VD), noayunm
1 < X+Y VD < x4y, VD, (3)
rae (sonpoc a) X u Y —nesble, onpefesiseMsie pPaBeHCTBOM

Xy Vﬁzﬁo—%ﬂx%—y VD) (xo—o VD)’

H YAOBJETBOPSIOUIHE YDPaBHEHHIO
*-DYi=1, (4)

Ho us (4) caepyior sepasenctsa 0 < X —Y VD <1, KOTODHIE B COElHU-
HEHHW C MepBHIM HepaseHCTBOM (3) mokasmBalor, u4To X ¥ Y — noJoxu-
teqbibie. [TosToMy BTOpOe HepaBeHCTBO (3) NMPOTHBOPEUUT ONpPeJeIeHHIO
yucea Xg H Yo
11, a. HMmeem
m—1m-1 a{fz+24x)
Y —

1S, m 2= 3 &M

t=0 x=0
at?
2m———~
Tlpu nanHOM ¢ cymmupoBaHHe no x JaeT me ™ win 0, B 3aBHCHMO-
CTH OT TOTO, flelutcst 2f Ha m HaM HeT. Ilpu HeueTHOM m HmeeM
.a-02
St
|Sa, m [2=me =m,.
Tpu uetHoM m=2m; umeem
w0t amd
$ —— L ——
|Sa, mP=mie ™ e

3xecn npasasi 4acTb paBHa 0 TIpH HEUETHOM /7y M paBHa 2m TIPH YETHOM M.
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b, @) Ilpu ac6om uesom b umeeMm
. Ax2+2Abx
i —=

p-1
lSa,b|: 28 P ’
x=0

OTKyla, Bbi6paB b u3 ycaoBusi 246 =a (mod p), Mbl H NOJNYYHUM YyKa-
3aHHbI} pe3yJbTar.

B) Mmeem

M+Q‘—l 2 [ Ax Axz  p- .Ax2 M+Q‘—~l 1 p— o a(x 2)
PN Z )d 72
x=M x=0 z=M a=90

YacTn npasofi uacTH, oTBevawolias a=0, YHCIEHHO paBHa ——V-TJ <Vp.

A ocrapiiasici 4acTb UMCJEHHO He NPeBOCXOIUT

1 p=-11M+Q~-1 o ~az
— Z z e P l<Vpiunp—1).
Vo &
a=1 2=M
v) Hmeem
Mo+Qo=1 M+Q=1  p—1 a(/m_z)
DD )
x=M, 2=M a=0
. 0 ;
Yacrp npasofi yacTH, oTBevaromasn a==0, pasHa Q;' . A ocraBmascs
YacTb YHCJEHHO MEHbIle yeM
p-1|M+0Q-1 | . —az
2T —_ Y
= Inp Z M o P i<V unpe
a=1| 2z=M

8) Ilycts r npoGeraeT KBaApaTHuHble Bh4eTbi, a # Npoberaer Kpaj-
PaTHUHBIE HEBLIUETH MO MOAYJIK p, 3aKoueHHble B page I, ..., p—1.
CnpaBelJIHBOCTb TEOPEMbl CJELYET M3 pPaBeHCTB

oqi 2L oni 2L 2ri 22
Sa,p==14+2e P, 1+Xe P +He °
r r n

&) Umeem
_ p=1p=1 74\ om ax(t-1)
ISa.plzzSa,)vsa,)v=12l 21 (?)e g

=1 x=

Ilpn £ =1 cymmupoBanue no x gaer p—1, nput > 1 oHo paer— (—%) .

Tlostomy )
p-1 : _
|Sa, plP=p—1— 3 (ﬂ) =p, 1Sa, p1=V'p.

t=2
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WNau (BTopoe pemenne): umeem

Ipu =0 cymmuposanne mo x paer p—I1. Tlpu ¢ > 0 ono pnaer
oni 2L
—e P (Bompoc 8). Iosromy

{Sa,prz:p—l_ze P =P lSa.pl:V—;~
1
1) Crefyer M3 JIETKO BHIBOZMMOTO PaBEHCTBA

a
Sup=(2) 51,5
%) Hmeem

M+Q-1 p- M+Q-1 p-1 a(x F4)

OISO

Yactb mpaBoit wacTH, oreyaomas a=0, pasHa 0. OcTasiiascst 4acTb
YHCJIEHHO MeHbllle, yeM (Bonmpoc m) u Bonpoc 11, ¢, ra. 1)

1 p- M+Q-1 2:l_”.:u_z .
—_2 2 e Pl<V pinp.
P a=1 z2=M

A) Caepyer m3 HepaBeHCTBa BONpoca %) M paseHcTBa R+ N =Q.
) Hacts cymmsl ¢ (% =1 paBHa p (R2-}N%), a bacTb CcymMmsl

c <%> ==— | paBHa —2pRN . Tlostomy Bcsl cymMa paBHa p (R—N)32.

Yactb CYMMEI C Q =0 pasHa O, a OCTaBWIagcs 4acTb YHCJEHHO MeHblIE,
ueM

M+Q-~1 27.”’% p—1 1 M+Q-1 oni -aoy
e P e P p%(In py2.
a=1 x=M a=1 y=M
CnefoBatebHO,

p(R—N)2 < p2(Inp)? |R—N|<V plnp.
v) Teopema GyzeT n0Ka3saHa, eCJqM NOKaXeM, UYTO NPH Yz[B ]/"5]
cymMMa
p=-1 Y-1VY~1 p-1 a(x-—M—y—yo

YGRS

y=0y,=0 a=0
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6yner menbue, ueM Y2, Ho wacte cymmn T, orseuaiomas a=0, paBHa
HYJIO, @ OCTaBIUasiCs 9acTb YHCJEHHO MeHblle, yeM

— min /Yz, ——1—- <
()
p

Cye 2 | 22 _z<2]//7 _2_ 2
SYda-}-Y—{—‘S e = (s ) <
0 [4

g

1)
Il

Pemenuss K raare VI

1, a. Ecau g—npocroe neueTHoe U aP == | (mod ¢), T0 a N0 MOAY-
MO ¢ NPUHAMVIEKHT OAHOMY U3 nokasarenei 6=1; p. Ilpu 6=1 umeem
a==1mod ¢q), npy § =p umeem g—1=2px; x—ueoe.

b. Ecsin ¢ — npoctoe neuetnoe u aP+-1=0 (mod ¢), to a*f=1 (modg).
TosToMy a mO MOAYJIO ¢ NDHHAAJEXKHT OJHCMY H3 nokasarened §=1,
2, p, 2p. Cryuan 0=1, p HeBoamoxHH. Ilpu 6 =2 uneem o> =1 (mod g),
a—+1=0 (mod g). Hpﬂ 0=2p umeeM ¢—1=2px; x—uemoe.

c. [lpocteivu BuJa 2px--1 GyRyT, HampHMep, INpPOCTbie HAEJIHTENH

ypcsna 2P—1. Ilyetb py, pa, ..., Pp—KakHue-aHOO k& TIPOCTHIX YHCEN
Buga 2px-+1; yucao (pype ... pp)P—1 HMeeT INPOCTONl JAeJHTENb BHAA
2px-+ 1, OTAMUHBIE OT Py, P2, +«.» Pg-

d. Ecan g—npoctoe u 28% 41 = 0 (mod g¢), T0 22"+ = | (mod .

TlostoMy 2 O MOAYJI0O ¢ NPHHAJJEXKHT noKasaremo 27+1 y, caeloBa-
TEeablo, ¢—1=2"+1yx; x—1enoe.

2. OuesnpHo, a Mo MOAYJIO a% — | NpHHAjJexKUT noKasaTesio #. [To-
5TOMY n— JlequTeNb @ (a®—1).

3, a. Ilycts nmocse k-fi omepauMH CHOBA MNOJYYaeTcsi MCXOJHLUA Psii.
OueBHaHO, k-5 ONepalHst PaBHOCHJLHA CJeRylOlleH B psje

1,2, ..., n—1,n, n—1, ..., 2,1, 2,
..,n—4 nn n—1, ..., 2, 1,2, ...
Gepyresl uucaa, crosiue Ha 1, 142k 14-2.2% ... mecrax. Ilosromy

Ha 1--2% Mecre B HCXO}IHOM p;uxe JOLRHO cTosTh uHcao 2. Cuaeposa-
TeNbHO, YKa3aHHOE B BOTpoOCe ycjopHe Heo6XoAuMo. JloCcTaTouHOCTh STOTO
YCJIOBHS O4¢BHIHA.

b. Peuenne aHaNorHYHO pelieHHIO BOmpoca a.

4. PemeHne cpasrennst x0=1(mod p) npHHALJEKHT NOKa3aATENO

BHIA F’ rie 8’ — pemnreas 8. Ilpm srom §’ xpaTHo d TOrAa H TOJBKO
6
toraa, koraa x ¢ =1 (mod p). Bminncas sce T(8) snauennii &' H B3sB

f=1, noayuam S’ =2 p(d) Sz, rae S’'—muckomoe uHca0 H Sy=—.
d\8
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5,a. 3aech (§ 3; npumep c. § B) HoMKHO GHITH < — 1. 310

w51 =
Tpe6oBanue BuINONHATCA NpH g=3J.

& N1 s

p-L >_~1, g*==1(mod 2p+1). 310
TpefOBaHHE BBLITIOJHAETCS NPH YKA3aHHGLIX 3HAUEHHSX g.

& N\ gt
¢. 3Reck He JOJKHO ObIThb <4p—}—l >_I, gt==1(mod 4p-+1). 310

TpeGOBaHHE BLITONIHSAETCS NpH g==2.

b. 3aeck He AOAKHO ObiTb (

_g___)_ L 9
d. 3zmecs HE ROMKHO BHITL <2"p+1 =1, g? I (mod 27p41).

3to TpeboBanHe BBINOJHSETCS NpH g=3.

6,a, @) Ilpu n, xpatHom p—1, Teopema oueBugua. Ilycrb n He ge-
aures Ha p—1. Yucaa 1, 2, ..., p—1, ecau OTBJeuynLcsl OT NOpPSIAKA
HX CJIeJOBaHM#, N0 MOAYJIG p CPABHHMBI C YHCAaMU &, 2¢, ..., (p—1D g,

Ile g—nepBooOpasHblii KopeHb 1o moayais p. IMostomy
Sn=g"Sn(mod p), S,=0(mod p).

B) Wimeeu
p~1 R p-t p-1 pt
T () =X Tt T .
x=1 ° x=1

OTKYAd (BONPOC @) M TONyYaeTcs YKA3aHHBI DE3YJILTAT.
b. Ilpn p > 2 umeen

p-1
1424+ ...+p~-1 5

1.2 ... (p—1l)=g =g ? =—1 (mod p).

7. Hmeem gindgt‘l ==a(mod p), indg, aindg g, = indg a (mod p—1),
mdg, a=qaindg a(mod p—1).

8, o) I/ImeeM
m—1m-~1m-—1 o Jax (g —y)
ISp<X Z 3 D nwdnlye

x=0 y=0y=0

Ilpu panHeix y; #m y cymmHpoBanne 1o x jaer Xm|n(y)|? nam
HYNb, B 3aBUCHMOCTH OT TOTO, OVIET JK yy =y uau Her. Ilostomy

b 0 |SPE<<XYm, |S|<<V XYm.
) Mimeem
auv

20 ———
cp(m)z Z cp(m)Z “ni)e ’

rie E(u)—lmc.no pelueHuit CpaBHEHUS x"—~u(mod m), m(v)—uucio
pemeHnit cpaBHeHHsi y”%==v(modm). 3xecs E(u) He TMNpeBoCXOanT K
(Bompoc 11, ru1. 1V), a cymma Bcex snavenuit £ (4) pasua @ (m). ITostomy

DE@ <Ko (m).
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AHaJOrHYHO HaXOMHM

D) P<Ko(m).

CriefoBaTesibHO (BOIPOC oc))

[Sl<—— (m) VKo (m) Ko (mym=K ¥V 'm.
v) CpaBHente x" =1 (mod m) paBHOCH/IbHO CHCTeMe
xn =1 (mod 2%), xm==1(mod p{"), ..., xP==1 (mod po‘k)

Ilyctb y(x) H Yo (X)—HHACKCH YHCTA X MO MOAYJIO 2% (g, § 6), cpas-
nenne x7=1 (mod 2%) papnocuanno cucTeme ny (x)==0 (mod ¢}, ny, (x)=
== {0 (mod ¢y). TlepBoe cpapHenne 5Toii cucTeMbl uMeeT He GoJee 2 pelle-
Huit, BTopoe—ne 6oaee n pemennil, Hostomy cpapuenue x” =1 {mod 2%)
uMeer He Goaee 2n pewenni. CoriacHo b, § 5 xaxpaoe H3 cpaBHeHHH
x7==1 (mod pf‘l), ..., Xx®=1 (mod pZ‘k) HMeeT He Cojiee n pelUeHHH.
CaenosaTensio, K < 2nk+1, Orciona npu HOCTOSAHHOM n GyieM HMeTh
(sonpoc 11, ¢, ra. 1)
Inn

K<? (t(m)"2=0 (m).

9, a. Vmeem
{ p-1p=1 o ax"y"+bxy
S=—or e P,
p x=1y=1
p~1p-1 p= ; ax"u+bro u+bxv
IS|<—2‘E¢L‘ ) Su, v Suo 2 ’
u=0uv= x=1

rae P (u, v)—uHcao pemermp”x CHCTEMBI
Y —y*=u(mod p), y;—y=v(modp),

KOoTja Yy; M y HEe3aBHCHMO JPYT OT Apyra npoGeraiot sHauerus 1, ...

eesy p—1. Hom‘omy
P~ p~
1812<(p 1)2, ; <x1>(u, o), Z=]

Herpyano Bugers, uto Y (0, O)=p—1, V(4 0)=0 npu >0 n
P (2, v)<< 2ny mpu v > 0. Hosromy

U<(p—1)*+2p (p—1) ny < 3p(p—1) ny.
Kpome Toro, naxomum V < p? (p—1). CaenosarensHo,

1 3
]S]4<3p3n1, [SI<%”14P4.

Su, ol

HM“
.,M“
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b. Hmeem
M+Q-1 . p-l n M+Q-1 p—1 -
2ni ax 2ni ar -~ 1 20 &——2—)
PR S Y S I
x=M x=1 z=M P b=o0

Yacth npapoif wacTH, oTBevalomas b==0, uncaenso < n Y p (somp. 8).
A OCTaBmasicss 4YacTb YMCJAEHHO HE NIPEBOCXOJHT

p—1 —bz

—l—i— Q- 2m—— 3 —3~
4 4 9 4
SIS I B T
¢. Fmeem
Me+Qe~1 ax M+Q-1 p-1 b(x —z)
25 —— 1 PE 4
I P
x=M, z2=M b=0

Yacts npasoit wactu, orevalomas b =0, pasHa Q—;’)g. A ocraBascs

4acThb '-lHCJIeHHO MEHbIIE

3 M+Q-1 o ii?- i
5 Mo T g Z N o P< —g— nip * (In p)2.
b=1 z2=M

Pemienus Kk raase VII

1, o) Onpeneans npu (x, p) =1 yncyao x’ cpasHenneM xx’ == | (mod p),
HaXOLUM
~1

p=1__ P
D A@ Gt =3 g (k) =—
x=1 x=1

B) limeem

p-1Q-1 Q-1
S=3 ¥ ) % (20 1 (x4 2).

x= Oz,_O 2=

[pn z; =2 cymmupoBanue no x naet p—1. Ilpu 2;, He pPaBHOM Z, CyM-
MHpoBaHHe No x (Bompoc a) aaeT — 1. Iostomy

S=Q(pr—D)—QQ—-1=(rp—0Q) Q.

2, o) Mmeem
p—1p-1 omni a{tx—x)
Wa = T 5@ e -
t=1x=1
p—1 p—1 g AU=1)x

p-1
=3 S awe P =p—1— N x)=p.
=2

i=1x=1
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) Mpu (a, p)=p Teopema TpusuadbHa. Ilpu (a, p)==1 HmeeM
=1 g &

Ug, p= (4 (2) 12 xae P e(x (@)1 Uy p

y) Ouepunio, A ¥ B-—ueasie, npuuem |S|>= A% B2 Haxopum
BONPoOC 5))

p-1 p-—lp—l ind 2;+ind 2 2ix+z{x+ 1)
SIS T e
e [ s1€j=1.
E"V-psl/-pz---lz—-l)c 0

Ipu 2;-}2, He paBHOM HYJIO, CYMMHDOBaHHe MO x jaeT HyJab. [lostomy

p-l omi 2.
S:E'Z<i>e P=g Vp, |&]=]e"|=1, St=
z=1 P
0) Hmeewm
mgx_s p=1p=1 gn 2lindx=9) .. ax
Ze =¥ 2 2 e e P
x=12z=0

YacTL npapoii wactd, oTBevaioulasi z =0, paBHa —v. A ocrasuascs
4acTh YHCJEHHO Menbuie (l-—w) ]/p (sonpoc w)).
3, o) Ilpu (2, p)=1 cpapHeHue x%=z(mod p) BO3MONKHO JIHLIbL
B Cayuae, Korga mdz XeNuTcH Ha §, mprueM Torla 910 CpasHeHue nmeet §
peuteruii. CienoBatenbno,
i e

2%
Sg, p=1+8De 7,
2o

Tie Z, npoberaeT uucia TPUBEACHHOH CHCTeMbl BLIYeToB N0 MOAYJIO P
¢ yeaosuem ind z,= 0 (mod §). ITostomy

S p- 110 (--%+e)s(1~—> Vp>:e'<a—1) V7

B) MMonaras

x=u+ps-lv; u=0, ..., pS=1—1; v=0, ..., p—1,
HMeeM
. axh .
25— 2qig (uip =S +nult—~1p—1y)
e p =p
[Ipu (4, p)=1 cymmuposanme no v faeT By b. [Tostomy (x=pz
y P y y
P! 9qigp=S+nzn
sigp—<S+0z
Sa, ps= 2 e =p3—18a’p.
z=0
v) Ionaras
(n, pS)=p®, x=utps-9-lu, u=0, ..., ps-O-1—1,

v=0, ..., potl—1,
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HAXOAKRM
2J'Ua/\n -0-1?
e pS __p2ma (utp ~S+nut=ip - v
IIpu (&, p)=1 cymMmHpOBaHHe N[O U JaeT HYJb. HoaTom x=pz
p p y y y b
pE -1 gq 5 az"

Sa’ ps = 2 € s hps ISa pS—n-
z2=0

8) Myers pJt.. .p;‘:k———KaHOHH‘{eCKOE pasJoxkenue yucaa m. [Tojaras

- 1
To w=m" VS, m, v=—, /n:Mlp‘i“:...szp"’:k
¥ onpejeasis daj, ..., ap #3 yeciaosus a= Mya, - ... -} Mpa, (mod m),
nmeeM (Bompocw 12, d u 9, a, ra. 1II)
T =T ...T .
a, a5, p'itx ak,ng

Ho npu s=1 umeem
1

1+v 6

Ta pl <0~ "0 VT < np
[pu | < s<n, (n, p)=p umMeeM

[Tq ps <P~ "ps<n.
[lpn I <s<gn, (n, p)=1 umeem

[Ty psl=p5tVpS "1 I
Hakouel, cayualts>n, BBURY [Ty, ,s|=p =tV =18, ps—n |=|T;, ps-n|

cBoguTcd K caydaw 0 < s<Cn. ChefosaTeabro, npH Hexortopom C, 3a-
BUCSIIEM TOJBKO OT 7, GYAEM HMeTb

[Te, m| <C, |Sq, ml| <Crmd=v,

4, o) Umeen
M+Q-~1 M+Q-1 - 2ma(ﬂt 2)
X ZW) P Z
x=M

Yactb npasoil 4acTv, oTBedalomiasi a=0, paBHa Hymo. A ocTaBmwasca

4aCTh YHCJIEHHO HE NPEBOCXOUMT Vo (Inp—1).
B) Vimeem
M+Q-1 n—1 a(mdx a(ind x—s)

2 Z e "o

Q

Yactb npasoit uactu, oTbevamowas a=0, paBHa T.Aocrasmaﬂc;l YacThb

YHCJeHHO MeHblie V_p In p.



162 PEWEHHUS BOIPOCOB

y) Teopema 6y1er noKa3aHa, eciad IpH Y = [4/1 V-;] 6yaeT NOKa3aHo,
YyTO CyMMa
;alx=M-y-y,)

SHEDSPIES S

Gyner Mebiue, ueM vY?. Ho uactb cymmul T, orTseuaiowas a=0, pasua
HYJ0. A ocTaBluasiCs YacTb YHCJIEHHO MEHbINE, YeM

P
p-1 b3Z -
2 mi ( yrdatye p?
7 X (e = [ e ) dae )=
a=1 P, Y D
2Y

_ 4(2‘/”—#]/—), |T|<y2<2‘;” l/p)<vY2

8) Bsas f(x)=1 u sacrapass x npoderath sHauenus x=ind M,
eee, ind (M+Q—1), monyunum (sompoc 17, a, ra. 1)

Y @S

d\p~1

'
3gech S’ —uMCa0 3HaveHuil x ¢ ycroBuem (x, p—1) =1, nosromy S'=H.
Hanee, Sy—uncao 3Havennit x, kparuuix d. [Mostom

d y

He 3 w@ (G40 V) (0al <1, |011=0.
d\p-1
g) Hmeem

x=M z2=M, a=0
Uactb npaBofi uactu, oTBeyamomas a=0, paBHa ;?Qll . A ocrasmascs
4acTb YHCJIEHHO MeHbille
C 1 RSt g
Vpinp,—3 M e < Vpnp)
a=1 z2=M,

1) JonycTuMm, uTO HEBLIYETOB, He npeBocXofAWMX A, Her. Ymcao
HEBHIUETOB CTENEHH N CPELH UHCeJ

e @ Q-[V D (np)]
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MOXHO DUEHHTh ABYMS crocoGaMH: HCXoAs H3 ¢opMyanl Bonpoca f) u
HCXOASl H3 TOTO, 4YTO HeBHIUeTAMH MOTYT GHITh JIMIUb YHCJa, AeJsilIHecs
Ha npocthle, Goabume h. Ilomyunm

| 21np+2 Ininp ( 1 )
i +0

1—-;<1n EI—
p Inp4+2ininp P
l+4lnlrllnpp ]
o< In———a>—+40{—1.
Inlnp Inp
14 2¢ ——+
Inp

HeB03MOKHOCTD NOCJIEAHErO HCPaBEHCTBA NPH BCEX AOCTATOUHO GOJAbLIKX P
H J0Ka3biBaeT TeopeMy.
5. Hmeem

—sm I @@

rie 4 H U NpoberaloT MNpHBeleHHbIE CHCTEMbl BBIYETOB 0O MOAYJIO m.
Orcona

1 m=1 m— omi 85Y
2\ axy
S=¢m L 2 Wewe 7
=0 y=0
v(x)= M % (W, p )= 2 a0
u™ = x (mod m) u =y (mod m)
rae umeem (sonpoc 8, o), ra. VI u Bompoc 11, ra. IV)
m—1 m-1

DIV E<Ke(m), 20 lo (9) |2<< Ko (m).
TToatomy *=0 =
1S1< o VK@ ) K9 () m=K V.

6, o) Ilycts p—l:p1 p2 ...pkk—KaHOHH'IeCKOC pasjoxenue

uncaa p—1; py=2. flycts s1, 8/, 83, S5, +-.y Spy S, NpoGerator sHave-
HUS, TIOAYHHEHHBIe YCJOBHSIM:

51 =0, s;:l, ecyn oy =1,

sy =0 (mod 2), 0 sy << 2™

, ) , €CJH oy > 1,

sp==1 (mod 2), 0<s1 < 2%

pr—1 @
s, =0, s 5 O0<<s,<<p,r
ecan r> 1
P pr—1 , o !
Sr=l, y 2 ’ 0<S,<p,’
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Mycte M, =(p—1) p:“r H 2 H 2’ npo6eraoT 3HaYeHHH
2= A11$]+ Masa+ ...+ Mksk,
2 = Mys; -+ MpSy -+ . . -+ Mps,.
Jlerxo BupeTb, uto 2z npoberaer

u=(p—1)2-* (H—pin)(l_*_ﬁl_r)

3HaueHufi, a 2’ npoGeraer

1\ i
—(p—1 2-k(1_~ ...(1__)
(p—D ) rr
3HaYeHHH, npuuyem

1 1 4 ;
= (p—1)22-2k _ 29-2k
uv=(p—1)>%2 (l 2)...(1 i) > 5 (p—1)%2

2
Tenepp paccMoTpuM cymmy
aglz gt

2mi
114 Zst; stzzze P

rie g—Kakoii-au6o neppooépasnbm KOpeHb N0 MOAyJio p H { npoGeraeT
NPHBEIEHHYIO CHCTeMy BBIYETOB N0 Mopydao p. QueBHjHO, HMeeM

W =uvS.
C apyroii CTOPOHbI, HaonHM
p~1p- o 324
2 E Wawe P,
x=0 y=
rie g(x)—tmcno pemenuit cpasnenus giZ==x (mod p), a n(y)— uucno

pememm cpasrennst gf2'=y (mod p). OueBHIHO, X_u Y_u (BOMpOC
8, a), ra. VI). IToatomy
I)Qk Vo

9
IS0 < Viaop, |51<® V 2oy o 200D
B) Mmcem

(p
p—

Yacts npasoﬁ 4acTd 3TOr0  paBeHCTBA, OTBevYallag a=0, paBra
P

p—1Q
—— OcTaBmaﬂ YacTh 4YUCJEHHO He NPEBOCXOAHUT
p

9 (P(p—-l
8= Ve Z

Iosromy

M+Q-1

2m£
Z e

Sw(p "
<g T 12//0lnp

T= (P;f )(Q+6——"’ Vplnp)
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OTBETH K raase 1

-t
-

a. 17. b. 23,
15
2, 8.9 §=p7; P)a =—4+m-9
80 1002
b. o) =75: B) @=735+ 755 T600"
3. Bcero nosyunm 22 apo6s.
5, a. 28.35.113, b, 28.3%.5%.73.112.17.23.37,

Oteernt K raase 11

1, a. 1312
b, 2119.3%9.533.719.1112.139.177.196.235.294.3]14.373.41%.432.472 X
X 53%.532.612.67.71-73-79-83-89-97-101-103-107-109-113.
2, a. 7 (5600)=36; S (5600) =15 624.
b, T(116 424)=96; S (116 424) =410 400.
3. CymmMa Bcex 3HaueHuil paBHa 1.
4. a) 1152; B) 466 400.
5. Cymma Bcex 3HaueHult pasHa 774.

Otsetnl k raase 11

1, a. 70. b. eaurcs.
2, a. 33.5%.112.2999. b. 7-13-37.73-101 137-17-19.257,

OTBeTH K raaee IV

1, a. x=2_81 (mod 337). b. x=200, 751; 1302; 1853; 2404 (mod 2755).
2, b. x== 1630 (mod 2413).

3. x= 4+111t y=239-4-47¢, rae ¢{— moboe uucso.

4, a. x=170b,- 52 b, (mod 221);

x =131 (mod 221); x =110 (mod 221); x==89 (mod 221).
b. x= 111516, -1 11 800b, - 16 875b4 (mod 39 825).
, a. x=91 (mod 120). b. x== 8479 (mod 15015).
== 100 (mod 143); y= 111 (mod 143).
, & 3x%4-2x% 4 3x2 4 2x = 0 (mod 5).
b. 5x8-}-x5-}-5x? 4 3x2 4 3x 4+ 4 =0 (mod 7).
. x84 4x5 12954 4 76x3 - 70x2 4-52x 4- 39 =0 (mod [01).
9, a. x==16(mod 27). b. x==22; 53 (mod 64).
10, a. x =113 (mod 125).
. x==43, 123, 168, 248, 293, 373, 418, 498, 543, 623 (mod 625).
11, a. x=2, 5, 11, 17, 20, 26 (mod 30).
. x=76, 22, 176, 122 (mod 225).

I

oo
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OTBeTH K raase V

1, 2, 3, 4,6, 89, 12, 13, 16, 18.

2, 5, 6, 8, 13, 14, 15, 17, 18, 19, 20, 22, 23, 24, 29, 31, 32, 35.
@) 0; B) 2. b. ) 0; B) 2.

@) 0; B} 2. b. @) O; B) 2.

a) x=+ 9(mod 19); B) x= 4 11 (mod 29);

v) x== 4 14 (mod 97).

@) x== 4 66 (mod 311), B) x ==+ 130 (mod 277);

y) x= 4 94 (mod 353).

72 (mod 125). b. x= 4 127 (mod 243).

i
H._

S x=13, 19, 45, 51 (mod 64).” b. x=41,87, 169, 215 (mod 256).

Otsernt K raase VI

b. 18.

,&3.b5 55 c 7.

5 0. 8) 13 ) 3. b 0, B) I3

) x = 40; WUde)@x—%Mmmmy

) =8, 36, 28, 59, 31, 39 (mod 67).

) x—= 17 (mod 73), B) x="50, 12, 35, 23, 61, 38 (mod 73),

) x =3, 24, 46(mod73)

) 0; B) 4 b.a) 0; ) 7

Y 1.4, 5 6, 7,9 11,16, 17, B) 1, 7, 8, 11, 12, 18,

) 1.6, 8, 10, 11, 14, 23, 26, 27, 29, 31, 36;

Yy 1. 7.9, 10, 12, 16, 26 33, 34.

) 7.3 ) 3, 5,12, 18, 19, 20, 26, 28, 29, 30, 33, 34.

) 3, 27, 41, 52;

j 2. 6,7, 10, 17, 18, 26, 30, 31, 35, 43, 44, 51, 54, 55, 59,

8

v P Talils] P [« W379 ) Nh 47n

v]o0 v]o]|1 leOO() vlolo|1]1
yO0432 vloli]o]

N 1]204]7]8Eed W[ W q3blﬂ 11]13]15

v lol1]ofo]t]1]o]1 v qtopio 1ol

va |0]1]2]1]3]0]3]2 Yo q31\| 113]o

N1 2]3 ale|7]8]9 141213P4b61718]19|21 22|23 24

—
-~
—
—
—
o

v fo|1]7]2]8 5|3 1416]o19]6] 4| 13]15] 18] 12
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O tBeThl K rsaBe VII

—9.
1) Py 0[1[2{3 Pl
v lo 1[0 R,
V[w o 1]2 3 4‘ 5 [s 7] €= =2
v lolt]o] R, |0l R, |0]R,
Ho R | [Rey | |1
5
)N01|2345[6l7 8]9
wloltlolr.ololo] R0t
Ll R, | 1
L] |R2 Rey| IR2
10| 11 [12] 13 |14]15 16} 17i18 19
ol R.lol®, [o]olo] 1]o] R
RCU Rco 1 Rc(}
1 R} R, RZ
9 w20 o1 |22 23)24]25 26]27 28| 29
wlolr.lolr.ololo]lr.|o] R,
Re, ] Reg| |Re,
I Rg, RC1 R?,

30 131)32) 33 {34135[36] 37 [3§ 39

0 {R, 00 1 [0l0[0[ R, |0] Re
1 1 R, 1
1 R? R,

€y

c=2, o =2, ¢y =4,
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o frf=l ]
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P

7{819

T

1
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01]

0112

N
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9

I i

5, p—1==22,

r

v
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2

g:

p—1=22.3,

p=13,

l

J

o ) o = o ® =) ="
@ o o © ] = 0 ©©
~ | = ~ | = ~ | X2 ~ gt
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w0 o Q| w ) _, w = a, ie} —
) o™ <+ Y <+ o~ < 3
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S ™
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2

g:

p—1=227,

p=24,
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1

0

I
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p=38l, p—1=2.3.5, g=3

0 0|24} 1}18/20(2528/12 2 0 || 1] 3] 9]2719(26(16/17|20{29
1 |i14 123 119(11|22i21] 6| 7|26|4 1 |25 |13 | 8]24{10[30i28/22| 4(12
2 || 8 129(17)27(13{10} 5| 3|16} 9 2 || 5|15 |14|11] 2| 6[18[23] 7|21
3 |15

p=387, p—1=2232 g=2

1] 2] 4 8/16|32|27|17|34:31
25 13126/15]30|23] 9/18|36(35
291211 5|10|20] 3| 6}12124
11122 7(14(28]19

0| 126 2(23{27|32{ 3|16
24130 (28|11133[13) 4] 7[17[35
25122 131]15|29(10{12| 6{34{21
14| 9] 5]20| 8[19]18

WA O
W — O
[

w

1| 6|36{11]25|27/39(29{10]19
32 (28| 4[24|21) 3(18(26{33}34
35| 5/3011614| 2|12[31j22
91 13|37{17{20(38]23}15} 8} 7

0 |26{15(12{22| 113938130
8| 3 [27]31|25|37(24{33|16| 9
34 |14 (29(36{13; 4{17| 5|11} 7
28 28 |10]18]19{21] 2|32135| 6,
2

=W —O
LoD — O
'S
<

0 0 (27( 1{12{25(28(35(39| 2 0 || 1| 3| 927|38|28}41(37(25/32
1 11030 |13|32|20{26|24|3829|19 1 111030 4]12|36|22(23{26|35/19
2 (|137]36|16(1640] 8|17| 3| 541 2 1114 |42 [40/34|16| 5|15 2| 6(18
3 || 11]34] 9[31]23]18|14| 7| 4|33 3 [l 1133[13}39|31] 7]21|20{17| 8
4 ||22] 6|2t 4 (12429
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p=41, p—1=2.23, g=5

WK = O
NLWONO

—

1| 512531]14]23)21111] 840
121 13|18(43127141117|38| 2{10
28|46/42122|16(33|24/26/
36 (39| 7[3534i129] 4{20| 6130
9145 |37|44|32;19

18[20136) 1138132 8/40
101111 4|21{26(16{12]45
25| 5|28| 2|29]14[22(35
44127|34133(30]42{17|31
24113|43141(23

W~ O
w
(3

U W BN — O

1117} 2|47118114] 3i34
19}24[15i12| 4110/35{37
7139120(42(2551{16|46
5123|11] 9{36{30[38(41
321221 8/29140(44(21128
26

1) 21 4] 816|32{11|22(44/36
171 34 115|130} 7|14(28| 3| 612
24 | 48 143|33|1326{52/51{49[45
37 | 21 |42i31] 9/18[36/|19(38(23
46 | 39 [25|50|4741|29] 5{10{20
40127

UL W~ O

p=>5, p—1=2.29, g=

1150} 2| 6/51{18| 3|42 0| 1] 2| 4| 8/16/32| 5;10{20/40
52(45(19(56| 44014338 1 ||214225/50(41|23[46i33] 7|14
2611553/12/46(34/20/(28 28 | 56 [53(47!35/11|2244(29,58
5(17(41124|44155(39|37 57 | 55 |51(4312754|49|39(19{38
11(33|27148/16/23|54|36
47|22|35(31(21130|29

17| 34| 9/18|36}13/26|52|45(31

[ B R Y-

3| 6{12/24]48{37|15/30
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p==61, p—1=22.3.5, g=2

0 1] 6] 2|122f 7/49] 3ji2 41 8116132] 3| 6112{24
481351 9(18/36(11122|4427154
47 (33| 5/10|20/40;19/38!15/30
60 | 59 [57|53|45|29158155149|37
13 26 {52(43(25/50|39(17|34] 7

14128 156(51|41{21(42|23|4631

24155 [16(57| ©|44]41118151|35
21)48(11114(39]27[46
25| 54 156/43(17)3458|20{10/38
45| 53 [42(33/19]37|52|32{36(31

DU WN—O
(-]
a)
wn
=)
o
G WN—O

0 1]39] 2j15}40(23| 3j12
16|59 |41|19]|24154| 4|64;13]10
17 | 62 |60{28142130|20|51125(44
47| 5/32i65[38(14[22{11(58

1] 2| 4] 816132|64|61|55{43
191381 9{18(36] 5/10j20|40(13

"y

U WO N~ O
()}
[

25| 50 [33]66|66{63(59{51|35{ 3
6 [ 1224/48129158149131(62{57
47127 154/41{15(30/60{53}39]11
22 | 44 121142/17|34

31|37 121/57/52; 81264914536
56| 7 [48)35| 6|34|33

DNHAWND—O

1| 7149|59/58/51| 2(14{27|47
37146 (38)53,16/41| 3|21} 5|35
: 42110|70|64(22{12)13
20 | 69 [57)44/24(26/40(67(43]17

30 | 68 |50166(36{39/60[65|29/61

01 6(26/12|128132| 1,18)52
34131 |38|39| 7|54)|24|49/58(16
40| 27 137115i44|56|45| 811368
60 | 11 [30/57155/29|64/|20(22|65
33|48(43(10|21] 9|50 2
62| 5(51(23]14|59|19|42| 4| 3
66 | 69 [17[53(36|67|63[47(61 41
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TABJIULIBI UHAEKCOB 173

p=7, p—1=23% pg=5

N UL W — O

8| 6|16] 1114/33|24;12 0 | 1] 5|25152{4159; 3]15! 2(10
22159141; 7132/121)12062 1 150131 9|45} 6{30! 4/20127{62
63]46/30] 2/67|18/49135 2 118117 |12[60| 8/40{5451|36|34
40]61|29/34(28/64{70165 3 124 |47116| 7|35/29|72,68/48|21
47|51{7113|54|31138/66 4 1132} 14]70|58(71163]23142/64]28
3153126/56157/68/43| 5 5 [167|43169i53[46|11{55/566113
19145/48(60(69/50137|52 6 1165 {33 [19(22|3739]49|26|57|66
36 7 1138144

NN WN = O

41 1) 8|62 5/53(12f 2
9134|57163}16/21| 6|32
72(26}13|46138} 3[61|11
20(69|25|3711019136/356
58/49(7664/30|59|17]28
42177 715265(33(15(31
60(55(24118|73|48129[27
14}44|23}47/4014339

I 3] 927] 2| 6/18i54| 4|12
36 {29 | 8124|72158(16|48165(37
32| 17 |51|74|64]34]23|69{49(68
46159 {19{57(13|39)38|35{26{78
52|77,73|61125[75(67]43
50| 71 [55{ 7121163(31{14[42{47,
62| 28| 5[15/45{56|10{30}11/33
20 | 60 {22{66)40{41144/53

NN~ WN—O
-3
xR
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p=283, p—1=2.41, g=

NN WND—O

1172] 2|27|73| & 3j62
74]77| ©{17| 4]56/63(47
25160{75|54|78/52|10{12
5/14/57|35|6420/48/67
81171126| 7|6123/76/16
79/55153151111|37|13]34
39701 6/22/15(45/|58/50
65/69|21(44|49132/68143
41

11 2] 4| 8{16{32|64/45| 7|14
28 1 56 [29/58|3366/49/15130160
37174 |65[47{11122144| 5/1020
40| 80 {77|71]59|35/70|57{31|62
82 181{79{75|67|51119138|76
69 | 55 (27|54/|25|50{17/34|68153
23146 9118/36/72/61(39(78(73
g? 43| 3j 6{12)24/48{1326/52
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174 TABJIHLB HHIEKCOB
p==89, p—1=23.11, g=3
N|O0|1(2(314(|5(6{7|8(9 I10{1]2]/3]4(5/6]7|8(9
0 0116] 1{32]70[17|81]48] 2 0 1] 3] 9|27|81{65]|17|51}64|14
1 [18684(33[23] 9171/64| 6{18[35 1 1142]37]22|66/20(60] 2| 6]18]54
2 111482 112]57/49}52139] 3|25{59 2 173 ] 41 |34]13[30|28]84{74]44(43
3 [187|31180!85(22|63|34]11(51|24 3 {140 31| 4[12[36]19]57}82]68]26
4 13021 [10]29128172|7354|65(74 4 178156 |7959188]86]80|62| 8j24
5 ||68| 7{55|78]19i66)41|36|75{43 5 || 72} 38 125|75[47]52167{23|69|29
6 1115169 47183 8| 5|13!56(38|58 6 || 87|83 |71/35/16}48|55|7650[61
7 1179 162 {50{20127(53|67|77|40[42 7 || 5115 45146{49,58|85|77|53|70
8 (146] 4137|61)26]|76{45(60(44 8 |132] 7/21163{11}33:1030
p=97, p— =2°.3, g=

N[Ol 1]2(3l4|5(6]|7[8(9 710[1]2]131415(6;7|819
0 0134{70i68| 1| 8{31] 6|44 0 1] 5125|28|43j21| 8|40] 6{30
1 |35 86 [42/25]65]71[40(89}78|81 1 (15371 (64]|29/48/|46|36183/27(38
2 169 5124|77176| 2(59{18| 3{13 2 193177 194/|82|22{13|65|34{73|74
3 || 9|46 74i60|27|32|16[91|19|95 3 79| 735|78| 2[10|50(56{86(42
4 || 718539 4|568145/15|84|14{62 4 (1680 [12i60] 9]45|31i58/96[92
5 113663 (93]|10|52|87|37{55|47|67 5 |72 |69 |54|76{89(57{91|67|44|26
6 ||43]64 [80]75]12126/94(57161(51 6 | 33|68 [49151|61]14|70{59| 4|20
7 16611 (50/28|29(72153/21|33i30 7 || 3]|15|75(84|32(63{24(23|18]90
8 |41 | 88 123|17{73}90(38|83{92|54 8 ||62]1995|87|47141|11|55(81|17
9 [79]56 |49(20|22|82|48 9 85|37 |88{52(6639




TABJIMLIA MPOCThIX YHCEJI < 4070

H UX HAUMEHDBUIHKX MEPBOOBPA3HbLIX KOPHEH

ple] o lef o el v el rfe]rle] » |

g

20 11791 21 419 | 2|1 661 [ 2|1 947| 2|1229| 2} 1523
3 21181 21421 2673 | b} 953| 311231 3| 1531
51 2 [ 191 |19 431 | 7| 677 [ 2} 967 511237 2| 1543

71 3193 5f433 | 5] 683 | byl 971| 611249] 7| 1549
1] 20197 | 20439 | 15| 691 | 3| 977} 3| 1259 2| 1553
13 2199 | 3( 443 | 2| 701 | 2} 983) 5[ 1277 2|l 16569
17| 31 211} 21 449 | 3709 | 20 991| 6§1279| 3| 15667
19| 2223 | 3| 4567 |13 719 |11} 997 7|/ 1283| 2| 1571
231 511227 | 2} 461 | 2|| 727 | 51100911 1289] 6| 1579
291 2229 | 6/ 463 | 3| 733 | 61013} 3| 1291 2| 1583
31| 3)1233] 3)467 | 21739 | 3/1019 2129710} 1597
371 212391 71 479 | 13| 743 | 5}1021 |10 1301 | 2| 1601
41 1 6] 241 | 7)) 487 3| 751 | 31031141303} 6| 1607
43| 31251 | 6] 491 [ 2y 757 | 211033 | 5[ 1307 2| 1609
47 1 51257 | 311499 | 7| 761 | 6|/1039| 3|/131913} 1613
53| 21263 | 5| 503 | 5| 769 |11 1049| 3| 1321|13| 1619
591 202691 2( 509 | 2§ 773 | 2]1051| 7| 1327] 3| 1621
61 [ 2271 | 6j 521 | 3| 787 | 2| 1061| 2| 1361 3| 1627
67 | 2277 | 5| 5623 | 21 797 [ 2(11063| 3|1367| 5| 1637
711 7 281 | 3| 541 | 2| 809 3| 1069| 6|1373] 2| 1657
73 | 51283 | 3| 547 | 24 811 { 31087 3| 1381| 2| 1663
791 31293 2| 557 | 2 821 | 211091 2]/1399| 13 1667
83| 2307 | 51563 | 2| 823 | 3| 1093| 5|/1409| 3| 1669
89| 31311 (17| 5669  3f§ 827 [ 2{1097| 3} 1423} 3| 1693
97 | 5 313 |10} 671 | 3§ 829 [ 2|1103] 5| 1427| 2| 1697
101 | 2[ 317 | 2(1 577 | 5| 839 |11]11109] 2] 1429 6| 1699
103 ) 5( 331 | 3| 687 | 2) 853 | 241117| 2( 1433} 3| 1709
107 | 2[ 337 |10( 593 | 3} 857 | 3| 1123] 21439 7| 1721
109 | 61347 | 2[ 599 | 7| 859 | 2) 1129111447} 3} 1723
1131 3( 349 | 2 601 | 7| 863 | 51151 17[ 1451 2| 1733
127 | 3353 3| 607 | 3| 877 | 2[1153| 5|1453| 2| 1741
1311 23591 7| 613 2| 881 | 3j1163| 5| 1459 5| 1747
137 ( 31367 | 6617 | 3|1 883 211171 2{1471| 6] 17563
139 | 2373 | 2| 619} 2| 887 | 5| 1181 7[1481| 3| 1759
1491 2 01379 | 2| 631 | 3| 907 | 2| 1187 211483 2| 1777
161 | 6 || 383 | 5t 641 | 3| 911 | 171193 3] 1487{ 5| 1783
157 | 5 389 | 2| 643 |11} 919 | 7{1201(111489|14| 1787
163 | 2397 | 5} 647 | 5] 929 | 3|11213] 2] 1493} 2| 1789
167 | 5| 401 | 31 663 | 2| 937 | 5| 1217 3| 1499| 2} 1801
173 | 2 ) 409 121 659 | 2] 941 | 2] 1223} 5} 1511 )11} 1811
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176 TABJULUA TIPOCThIX YUCEJ

[1podosncerue
p g p tg) p jg&} P g P jeg) r |&g p g
18231 52131 2112437} 212749 6| 3083} 2{3433| 5 3733 | 2
1831 31{2137 (102441 | 6{27531 313089 3|(3449{ 33733 | 7
1847 52141} 2112447 5]12767| 3[3109| 63457 7} 3761 | 3
1861 212143 3112459y 2))2777) 33119 7}/3461) 2| 3767 | 5
1867 | 2112153 | 312467 | 2]2783| 213121 7|3463} 3| 3769 | 7
187111412161 (23)}2473] 52791 | 6|3137| 3{3467{ 2y 3779 | 2
1873110112179 72477} 22797 2||3163] 33469 2 3793 | 5
1877 212203 | 5{2503| 3(2801{ 3{ 3167 5(3491( 2( 3797 | 2
1879] 6]]2207) 5125211712803 2}13169 7]13499) 21 3803 | 2
18891 3}2213| 212531 | 2(2819f 213181 743511| 7| 3821 | 3
1901 212221 21/2539] 228331 5|/3187} 2[13517) 2/ 3823} 3
1907} 2]12237| 212543} 5)2837| 2({3191} 113527 5} 3833} 3
1913 3112239 3[{2549] 22843 2{(3203| 2352917 3847 | 5
1931 2112243 2)12551 | 612851 213200 3(13533| 2} 3851 | 2
19331 512251 7425567 212857 (11]3217] 53539 2| 3853 | 2
10491 212267 212579 2(2861] 2|/3221)10]|3541} 7 3863 | 5
1951 3122691 22591 7[2879 7|13225| 63547 2, 3877 2
1973 | 2}12273| 3||2593| 72887 5)(3251| 63557 2} 3881 | 13
1979 212281 742609 3(2897| 3113253{ 2] 3559 3| 3889 | 1!
1987} 212287 (191126171 5{2903] 5)13257 | 3[3571| 2 3907 | 2
19931 5122931 212621 | 229091 2113259 3| 3581| 2| 3911} 13
1997 | 2112297 5}12633| 312917 | 5113271 3]3583| 3| 3917 | 2
19991 3112309 212647] 312927 513299 | 2|3593] 3| 3919 | 3
2003 512311} 32657 3[2939| 2{3301| 6[3607| 5y 3923 | 2
2011] 3(2333{ 2112659 2)2953{1313307| 2/3613| 21 3929 3
2017 512339 22663 529571 23313103617 3| 3931 | 2
20271 212341 7026711 7]12963] 213319 6113623] 5| 3943 3
2029 219347 31/26771 2]12969) 3113323] 23631} 15| 3947 2
2039 72351 (13(12683] 212971 110}13320| 3]3637| 2| 3967 | 6
2053 2(2357| 2{(2687 5[2999]17|[3331{ 3(3643| 2| 3989 | 2
2063| 5{2371| 2]/2689]19|3001]14({3343} 5] 3659] 2|/ 4001 { 3
20691 22377 5({2693| 211301 | 23347 21367113 4003 | 2
2081 | 3112381} 3[2699] 2130191 2113359113673} 5| 4007 5
2083 | 2123831 5([2707| 2}3023; 5]13361{22| 3677 2| 4013 | 2
2087 | 5123891 2ll2711} 7(3037] 213371 2]3691} 2| 4019 2
20891 7[2303] 312713| 5{|3041] 3[3373| 513697 5| 4021 | 2
2099 2023991112719 3]3049)11(3389| 3}13701| 2| 4027 [ 3
2111 702411 612729 33061} 63391 313709} 21 4045 { 3
2113] 5i2417| 3]12731| 3] 3067 | 213407 | 5}3719| 7} 4051 | 6
219291 3112423 5{2741| 2(3079| 6} 3413| 2[3727| 3] 4057 | 5




