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MPEAVICJIOBUE

KHura paccunTaHa B IIepBYIO ouepeAb Ha TO, 4ToOBl CJAYXKHTH
B KayecTBe y4eGHOTO NOCOOHS IPH NPOXOXK/EHHH KYpPCa TEOPHH YHCE]
Ha (M3HKO-MaTeMaTHUeCKHX (aKy/NbTeTaX NeJarorudecKux MHCTHUTY-
TOB H B YHHBEPCHTETaX. 1€OpeTHKO-UHCJIOBHIE BONPOCH Bhbi3BIBAIOT
HHTEpeC He TOJBKO Y CNElHaJHCTOB MATEMaTHKOB, HO H y 3HayH-
TesibHO GoJiee INHPOKOTO Kpyra JiojeH, 3aAyMBIBAIOIIMXCS Hal OT-
JeNbHBIMH apHGMeTHYeCKHMH NpOoOGJEMaMH, H aBTODP CTapalcs Y4ecTb
HHTepechkl UHTaTesiell B STOM OTHoleHMH, OXBaThiBasg MOJHOCTBIO
y4eQHy0 IporpaMMy IO TEOPHM YHCEJI, KHHIA COREPIKUT H JOIOJ-
HUTEJbHBIA MaTepuaJ, pasBUBAIONIMA TOT HeGoJbLION 06s3aTesbHbIH
KYPC, KOTODBI{ IPOXOANTCS BCEMH CTYJeHTaMH-MaTeMaTHKaMH B nieja-
FOTHYECKHX HHCTHTYTaX. ITOT JIONOJHHTENbHBI MaTepHaJ MOXKeT
ObITb UCIIOJIB30BAH IIPH OPTAHK3ALMH PabOTHI CIELCEMHHAPOB, a TAKKE
B KayecTBE OCHOBH JJs pPsiia KypCOBHX paGoT HO TEOPUH UYHCEJ,
CogiepxxaHue Kypca TeODHH 4YHceJd B NEJaroru4eCKMX HHCTUTYTaX
3aK/II0YeHO B caelymoumwmx raasax: 4 (m. 1), 5, 6 (w. 2), 7, 8, 9,
10, 11, 18, 14, 15 (n. 1 u 3), 16, 17, 18 (m. 1), 19 (u. 1 u 2),
20 (m. 1), 21 (m. 1,2mu3), 23, 24 (n. 1u 2), 25 (n. 1 u 2),
26 (o, 1), 28 (m. 1), 29, 30, 33 (m. 1), 35 (n. 1 u 2), 36.

ABrop crapaJjics Zo6uTbCS TOro, 4TOOB YHTATEJNb MOT B 3TOH XKe
KHHMr'e HafiTH BCe TO, YTO HCNOJB3YeTCs HPH H0KA3aTEJIbCTBE TEOPEM
Kypca. B cBsisu ¢ stuM B 1-# rnaee chopmysanpoBaH psaj o6mux
MaTeMaTHYeCKHX NOJIOKEeHHH, TeopeM BhHICIUeH aareGpHl U MaTeMaTH-
4eCKOT0 aHaJH3a, HCIOJb3YeMBIX B AaJjbHefilleM.

2-51 M 3-11 I'J1aBbl U3J1aTAIOT apUGMETHKY LIeJbIX YHCes. DTOT pasaes
aputdMeTHKH (AKTHYECKH sBJfeTcA 0a3ucOM BCETO JanbHefiliero
IIOCTPOeHHA CaMOH TeOpHH uMceN, B mnemaroru4ecKMx HHCTHTYTax
apupMeTHKa LeJbiX PAalHOHAJIbHBIX UHCEJI MPOXOAHTCH B Kypce sJle-
MeHTapHOH MaTeMaTHKH M 9TH IBe I'JIaBbl MOT'YT OBITh HCIOJbH30BAHBL
OpU U3YYeHHH 3TOTO Kypca.

B kHure BBeleHa CIUIOWIHAs HYMepamusa TeopeM (apaGCKUMH
nuppamu). ITo faetr BO3MOKHOCTb GoJsee YAOGHO 110Jb30BAThCH HOL-
POOHBLIMH CCHIJIKaMH. B KoHLIe KHMrH (HauuHas mnpumepuo ¢ 31-f
TJIaBBl) CCHIJIKH, KOTZa OHM CBSI3aHbl C NPUMEHEHHEM 3JIeMeHTApPHHIX
TEOpeM TEOPHH AeJHMOCTH MJH TEOPHH CpaBHeHHHl, HOCAT MeHee
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cHCTeMaTHYeCKHA Xapakrtep. TeopeMbl, OTHOCAIWHECH K ADYTHM pas-
JenlaM MaTeMaTHKH M TIOMeHIeHHble B KHHUTe TOJIEKO B KauecTBe Cnpa-
BOYHOTO MaTepHajia, nepeHyMepoBaHB puMCKUMH uuppamu. OcHOB-
Hasl 4acTh TEOPeM TEOPHH YHCEJ JaHa C MOJIHBIMH JOKa3aresibCTBaMH.
Hekotoprie TeopeMbl fatorcst Ge3 HoKasaTesJbCTB. ABTOpP CUHTAJM, YTO
B TeX CJaYYasX, KOr&Za BaXKHBIH pesyabTaT He MOMXeT OwTb JaH
¢ NoKasaTeJbCTBOM BBHAY €ro CJIOXKHOCTH, HOJe3HO No Kpafined
Mepe cdOpMyJHpOBaTh €ro, BBOIAS 4YMTaTeJsl B KDYT HHTEPECOB
COBpEeMeHHOH MaTeMaTuKH,

DBoJablnoe MecTo B KHHIe 3aHHMAIOT BONPOCH HCTOPHYECKOTO pas-
BUTHs1 Teopuu uncesa. [loMMMO BBexenusi, Aaiomero o6WMil OUEpK
Pa3BHTHS TEOPHMH UuceJ, HCTOPHA NpelMeTa OCBEUIAeTCs H B CAMOM
TeKCTe, a B KOHIle MHOTHX TJIaB MOMeELIeHh HCTOPHYECKHE KOM-
MEHTapHH.

ABrop crapajcs pesje, TJe 5TO BO3MOXKHO, BBECTH UMTaTeJs
B KypPC COBPEMEHHOTI'0 COCTOSIHHSI pacCMaTpHBAeMBIX BONPOCOB U AaTh
npejcTaBleHHe O TEOPUM YHCeJl KaK O pa3BuBamoliefics Hayke.

A. Byxwimab
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BBEJEHHE

1. IPEIMET TEOPHH YHCEJ

TlepBoHauaypHEle 9/JeMeHTH MATEMATHKH CBSI3aHBl C IIOSIBJICHHEM
HaBLIKOB CHeTa, BO3HHMKAOWMUX B NPUMHTHUBHOH (GopMe Ha CpaBHH-
TeJIbHO PAHHHX CTYNEHSAX PasBHTHA YeJ0BeYeCKoro obimecTsa B Ipo-
necce TpyAoBo# fedareapHocTH. IIOHATHE HATYpaJbHOTO YMCJIA, M09B-
Jsoleecs: Kak pe3ysbTaT NOCTeNeHHOro abcTparupoBaHud, ABJASETCA
OCHOBOH Bcero JajibHeHLlero PasBUTHS MaTeMaTHKH,

HayueHHe cBOHCTB HaTypaJibHbIX 4HCeJ, HauaToe B IPUMHTHBHON
topMe MaTeMaTHKaMH JaBHO YUIeAIIHX NOKOJEHHH, saHuMaeT 6oJib-
1Ioe MeCTO B COBpeMeHHOH MaTeMaTHKe, COCTaBJIASl OCHOBHOE CoOfep-
JaHHe OJHOTO H3 ee BelyIIMX pasfelioB, KOTOPHIH Mbl HashbiBaeM
Teopueft duces. Ilpu paccMOTpeHMH HATYpaJbHBIX YHCEJ MBl 3aMe-
yaeM, 4TO CpefH HHUX BCTPEYaiOTCS YMCJIAa C BeCbMa pa3Hoo6pasHBIMH
cofictBaMH. Tak, Hanpumep, CPeIH HATypaJbHBIX UHCEJI MBI BhJe-
JigeM NpOocThle YHCHA, M, €eCTeCTBeHHO, BO3HMKaeT BONPOC, Kak
pacnpefesieHBl 3TH 4YHCJAa CpeflH BCeX HATypajpHBIX uucea. Mel
MOXeM TaKKe 3aMeTHTb, HanpuMep, YTO CpeflH HaTypalbHBIX YHCeJ
eCTb YHCJa, KOTOpble HeNb3sl IPELCTABUTb B BHAE CYMMBI JBYX
KBagpaToB HATypaJbHBIX UMCEJ, H NOCTaBHTb BOIPOC O TOM, Kakue
VIMeHHO YHcJja 06J1aflaloT 3THM CBOHCTBOM M KaK 4acTO BCTpedaiorcs
Takye 4Yucia.

B TeopHH uuces, ecTeCTBeHHO, BHIGJIAIOTCA M paccMaTpPHBAIOTCSA
B IIepPBYIO oyepelb Te npobGJeMbl, KOTOpHe Tiy6OKO ¥ AOCTaTOYHO
HEeNoCPeACTBEHHO CBA3aHLl C M3Yy4aeMbiMU OOBEKTAMH H BaxKHH IS
IIOCTPOEGHHA MaTeMaTHKH B ee IenoM. HekoTopnle TeopeTHko-uucio-
BHle 33/layH BO3HHKAWOT yXKe B PaMKax IUKOJIBHOrO Kypca apudme-
Tikd. MlcTopuHue¢KH TeopHA uuCesJ BO3HHKJA KaK HENOCPEACTBEHHOE
pasBuTHe apudMeTHKH. B HacTosiiee BpeMsi B TEOPHIO YHCEN BKJIIO-
4aloT 3HAYHUTeJIbHO 6oJiee WIHPOKHH KPYTr BONPOCOB, BHIXOAALIHX 33
PaMKH H3yueHHS HaTypa/bHHIX 4HceJ. B Teopuu uucen paccMartpu-
BalOTCA HE TOJBKO HaTypaJbHHE UHCJA, HO U MHOXECTBO BCEX IIJIBIX
4HceJ, a4 TaKKe MHOXECTBO DAIlHOHAJNBHBIX YHCEJL.

Ecau paccMaTpHBaTh KOPHHM MHOTOYJIEHOB:

F)=2"+ax"14... +a, )



¢ meanMH KodbdHOueHTaMH, TO OGLIUHHWE IleJble YHCJa COOTBETCT-
BYIOT cJyu4awo, korja MHorodneH (1) umeer crenens n= 1. Bo MHO-
JKeCTBe KOMIIIEKCHBIX YHCeJl eCTeCTBEHHO BHIAE/AHTH TAK HasblBaeMble
uejple ajare6panuecKue uMCJa, TNpeACTaBJsoOlHe CoGoH KOPHH
MHOTO4JIeHOB BHJa (1) ¢ menbiMH KosddhHIHeHTaMH.

H3syuenue cBOfCTB TAKHX YMCeJ COCTaBJIieT COAEPIKAHHE OJHOTO
U3 BaXHEHIIMX pasjie]ioB COBPEMEHHOH TEOpHM YHCeJsl, Ha3blBaeMOTo
aiarebpauyeckofl Teopuell umcen. B Teopuio uyMcen BKJIOYAIOT
TaKXe BONIPOCH, CBA3aHHBIE C NPUO/MKeHUEM AeHCTBUTEIbHEIX YHCE
pauuonajbHbIMU ApoOsiMH. Takue npuGIHKeHHUs Ha3HBAOT OOLIYHO
A10aHTOBLIMH NPHOJIMKEHHAMH, O HMEHH BEJAHKOro TpPedecKoro
MateMaTtuka luoganra.

s coBpeMeHHOH TeOpHH YHCeJ XapaKTepHO NpHMEeHeHHe BeCcbMa
pasHooOpasHBIX MeETONOB MCCJIEROBAHMH; TaK, HanpuUMep, MHOTHe
npo6seMbl TEOPHH YHCEJ MOTYT GbITb, €CTECTBEHHO, CPOPMYIHPOBAHH
B reoMeTpuueckoii (opMe, M K pellleHHIO TakKOro poja 3ajad IHpH-
MEHSAIOT FeoMeTpHUeCKHe coobpaxkeHHs (PeoMeTpHUeCKas Teopus
uuces). B coBpemeHHOH TEOpHH YHCe MIMPOKO MOAB3YIOTCS METORAMH
MareMaTH4YeCKOro aHa/lH3a; B YaCTHOCTH, NMpPH H3yUYeHHH BONPOCOB,
CBA3aHHBIX C pacnpefieieHHeM MPOCTBIX YHCes, OCOGEHHO YacTo
NPHXOAUTCA NPUMEHATb TEOPHIO (BYHKIUH KOMIJIEKCHOT'O IepeMeH-.
Horo. TeopeTHKO-YHCJ/IOBble HCCJIELOBaHHsI, B KOTOPHIX CYLIECTBEHHO
HCIIONb3YIOTCS. METOAR MareMaTHYeCKOTo aHaJ/iu3a, siBJASIOTCA COHep-
JaHHEM BecbMa 3HAUMTEJbHOrO pasjiesia TEOPHH UHCEJ, MOJYYUBIIETO
HalMeHOBaHHe ,AHajuTHUecKas TeOpHS Yuces“.

PasBuTHe TeopHM 4YHCeJ TeCHO H HeNOCPEJCTBEHHO CBA3aHO C
pasBHTHEM IIeJIOTO Psfa pasfesioB MaTeMaTHKH,

Teopusa uyHces He TONBKO HIHDOKO HCIOJIb3YeT MeTofbl, paspa-
60oTaHHble B CMEXKHBIX MaTeMaTHUeCKHX JHCUMIJIMHAX, HO M caMa
BJMsaeT Ha (opMHPOBaHHE 3THX AMCUMIUIMH, Tak, HanpuMep, Hayalo
rJyGOKHX HCCJAENOBAHHI B TeOpHH asreGpaHueckMX 4Hcea OblJIO
CBA3aHO C TakK HasbiBaeMo#l npofSaemoii @epMa O BO3MOXKHOCTH
CYUIeCTBOBAHUS IIeJIBIX IIOJIOXKHTEJbHBIX pelleHHH HeompefesleHHOTO
ypaBuenuss x”+4y*==2" npu n>2; painHeliniee pasBHTHE 3TOH
TEOPHHM OKasajo pellaiolilee BJHSHHE Ha COBPEMEHHYIO aJaredpy,
4 BO3HMKIINE B TEOPHH UUCeS MOHATUA ,KOJAbHA", ,HAeana” ABJASIOTCH
ONHHUMH U3 OCHOBHHIX NOHATHH Bcell MaTeMaTHKM Halllero BPEeMEHH.
Psan BonpocoB TeopHH YHCEJ HAXOAUT cebe npuMeHeHHe HA NPAKTHKE,
HanpuMep B TeopHH TesleOHHBIX CeTel (kabeseft), B KpuCTaJioTpa-
GMH, TOpH pelleHHH HEKOTOPbHIX 3ajau TeOpHH MNPHOJHIKEHHbIX
Bhiyuc/IeHUA. COBDEMEHHYIO TeOpHI0O YHCeA MOXKHO B OCHOBHOM
pa3GuTh Ha CleAYIOUne paszelsl:

1) DneMenTapHas Teopusa YHCes (TeopHs CpaBHeHHH,
Teopusi (opM, HeomnpeleseHHble YypaBHeHHs). K 3Tomy pasgeny
OTHOCAIT BOIPOCH TeOPHH 4YHCEJ, ABJAIOIMECH HeNnoCPeACTBeHHbIM
pa3BUTHEM TEOPHH XeJHMOCTH, H BOIPOCH O NPEACTABHMOCTH HHCeJ
B omnpeleieHHO# ¢opme. DBoijlee ofilefi spasercs 3afaua peuleHHs
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CHCTEM HeOlNpeNe/IeHHbIX YPABHEHHH, T. €. YpaBHEeHH#A, B KOTOPHIX
3HAUEHHUS1 HEM3BECTHHIX AOJIKHEI ObITh 06513aTe/IbHO UEABIMH UHCJIaMH,
HeonpeselieHtble YpaBHEHHs! HA3bIBAlOT TaKXe AUOGAHTOBLIMH Y paB-
HEeHHAMH, TaK Kak [lnodaHT GBI mepBHIM MaTeMaTHKOM, CHCTEMa-
THYECKH PaCcCMATPHBABIIMM TakHe ypaBHeHHs. MBl yCJIOBHO HasniBaeM
3TOT pasfles ,DJeMeHTapHas TeOpHsl YuCesa“, MOCKOJBKY 3heCh YacTo
NpUMeHsAI0TCH OObIYHBle apupMeTHyecKHe M ajreSpaHdecKHe MeTojl
HCCJIeNOBAHHUS,

2) Anre6pauueckas Teopusa uncen K stomy pasgeny
OTHOCAIT BOHNPOCH], CBSi3aHHble C H3YYEHHEM pAasJIMYHBIX KJacCoB
anre6pandecKuXx d4Hces,

3) HNuobanroBn npubauxenusa. K stomy pasgeny
OTHOCAT BOTMPOCH, CBSI33HHbIE C M3ydeHHeM NPUOIUXKeHHSt AeHCTBU-
TeJIbHBEIX YHCEJ PalMOHaJAbHLIMA ApobGamu. K auopanToBbiM 1pubiiu-
JKeHHAM NPUMBIKAIOT TECHO CBsI3aHHblE C 3THM K€ KDYroM uieil
BONPOCH H3Yy4eHHusi apudmeTHUeCKOH NPUPOINB PasJHUHBIX KJAacCOB
gucei.

4) AnanuTuueckasg Teopusa yuce. K asromy pasgeny
OTHOCAT BOMNPOCH TEOPHM uHCest, AJA H3YUeHHS KOTODPHIX MPHXO-
AWTCS NPHMEHSTH METONH MaTeMaTH4eCKOTro aHajusa.

KoneuHo, pasjejieHHe TEeOpHM UHCEJ HA Takue pasiensl He
ABJIAETCA CTaHAapTHHIM, MHorfa BhJiessloT Kak 0cobyl 4acTb Teo-
PHH 4HCeJ TeOMETPUYECKYIO TeOpHIO UHcesJ HJH H3 obuero Kpyra
BONPQOCOB TEOPHH XHO(AHTOBBHIX NPUOAMKEHHH BBUIEASIOT TEOPHIO
TpaHCUeHAEHTHH X uuces. Hamo, Kpome 3TOro, umeTs B BHRY, UTO
4acTO MPUXOAUTCS HMETb JeJI0 C HCCJAENOBAHHAMH, KOTOPHIE HEJMb3st
OrpaHHYMBATL PaMKaMH OZHOTO OIpelesieHHOro pasfeJa.

B s10f1 KHHTe MBI OyjneM OTHOCHTEJIbHO MOAPOOHO H3y4aTb Teo-
PHIO CpaBHEHHH; YTO Ke KacaeTcsi TeOpuH HOpM U HeompepesieHHbIX
ypaBHeHHH, TO 3Ta mpobJjieMaTHKa 3aTPOHYTa 37leChb B O4eHb HeSOJb-
umioM o6weMe. KHHra Jact Takxe HeKoTopoe ofinee IpefcTaBjeHye
0 npHUGIHNKEHHH JeHCTBUTEJNBbHHIX YHCEN palHOHAJbHBIMH APOOSIMH
(nuodbanToBE nNpuUGAMKeHHs). B aHaaHTHUeCKO# TEOpHH UHCEJ Mbl
OrpaHHYHBaeMcs paccMoTpeHHeM HauOoJjiee NPOCTHIX Pe3yJbTATOB,
NONYYeHHBIX 3JeMeHTapHLIMH MeTodaMu. OCTaBjeHl B CTOpOHe
MEeTOJbl, CBA3AHHbIE C NMPHMEHEHHeM TeOpHH (PYyHKIH# KOMIJIEKCHOTO
nepeMeHHoro. Ajre6pandyeckasi TeOpHs UHCEN COBCEM He paccMaTpH-
BaeTcsi B 3TOH KHHTe,

2. KPATKHW UCTOPHUYECKHW OYEPK PA3BUTHUS TEOPHU YHCEJ

Ilpy n3fnoXXeHHH KOHKPETHOro MaTepHaja OYAYT NPHBOAHUTHCS
COOTBETCTBYIOLIHE HCTOPHYECKHe H GHorpagpuuecKk e AaHHBE, 3MeCh XKe,
BO BBeJleHHH, Mbl OIDAHMUMMCSl BecbMa KPAaTKHM OOIIHM OYepKOM
HCTODHHM Pa3BUTHS TEOPHH UHCEJI.

_PaHunfi nepuoj pasBUTHS apHQMETHKH XapaKTepHayeTCd TeM,
9TO MOCTENEHHO M MpHTOM BeChbMa MEJJIEHHO DpAa3BHBaeTCss caM
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NpoLece cueTa, BHABJSAIOTCS BO3SMOXHOCTH HEOTPAHUUEHHOTO €r0 npo-
IOJDKEHHSI, CO3JlaeTcst TIpakTHdecKass apupMeTHKa, B KOTOpOH
pelaioTcs OTAeJbHbIE KOHKPeTHhle apH(MeTHYeCKHe 3ajauH.

B tpyrax EBKJHAA TEOPETHKO-YHCJIOBBIE HCCAENOBAHUS 3aHHMAIOT
- CpaBHHTeJIbHO He(oJIbllIoe MeCTO, ONHAKO YKe Y Hero Mul BCTpeyaeM
psAl OCHOBHBIX IOJIOXKEHHH TEOPHH JIGNUMOCTH H XOTH HPOCTOH, HO
Upe3BHYARHO BaxKHbIH pe3yJbTaT: GECKOHEYHOCTh MHOMKECTBA MpPO-
CTBIX YHCEJ.

I'peseckuM MareMaTHKaM Obll H3BecTeH cnoco® BblJejeHHS
IPOCTHIX UiiceJ M3 HATYDPaJbHOrO psja, NOJNYYMBUIHH HA3BaHHE
aparocenoBa peuiera. TeopHio yHces Kaxk oco6yio 06s1acTh MaTeMa-
THKH MOXHO paccMaTpHBaTb TOJBKO HauMHas ¢ pabor [uodanra
(BpeMs ero KHU3HH B TOYHOCTH HEH3BeCTHO, mo-Buiumomy, IIl Bex
Hawell apwl). JJuodant paccMmoTpesn psjh 3afay o NPeICTaBUMOCTH
yucesq B onpefieneHHOH ¢dopMe M Gojee oOIiHe 3agayd pelleHHs
HeompeZeJjieHHbIX YpaBHeHMH B IHeJbIX M palUoHaJbHHIX (TOUHee,
H0JIOXKHUTENBHEIX pPallHOHAJBHEIX) YHcaax. MIMenno oTu 3agauu siBu-
JHCh NO3JHee OTIPABHBIM NMYHKTOM Bced TeopHH ¢opM u ToH Gasofi,
OTKYJa BO3HHKJIa NMpo6JeMaTHKa TeOpuH AHOAHTOBLIX NPUGIUKEHUE,

B mepHop ynagka aHTHYHOH KYJAbTyphl paborhl JJuodanra Golin
noutd cosceM 3abbithi, B VIII—IX Bekax B apaGckuUX cTpaHax —
Ha Teppuropusx Temepewsero Mpakd, Cpenueit Asuum u gpyrux
crpaH bamxkuero BocToka —BO3HHKaeT cBoeoOpasHasi MaTeMaTHYe-
cKas KyJabrypa. ApaGckas MaTeMarHkKa, KYJAbTUBHPYS HCCJefoBa-
HUA no anrebpe H TPUTOHOMETPHH, NPOABJA/IA He3HAUUTENAbHLIH
UHTEpeC K TeOPEeTHKO-YHCJIOBHIM 3afauaM, Hekoropele apaGekue
yuennle, Hanpumep Agbkapru (XI Bek), komMmentupoBaau JuodanTa,
HeCKOJIbKO Da3BUJIH €ro CHMBOJIHKY, paccMaTpuUBajid apH@MeTHYe-
CKHe 3afa4d Toro e Tuna, 4To U J{nodaHT, OHAKO HUYETO CYLIECT-
BEHHO HOBOTrO HMH He OBbLJIO NOJYUYEHO,

B EBpome, nayuHas C 300XH KpPeCTOBbIX MOXOJAOB BIJOTH O

XVII Beka, pasBuTHe TeOpHH uMceJ, Kak, BIpoueM, H Bcell MareMa-
THKH, OblJIO OUeHb MeAJeHHbIM. MaTtemaTHKH OOBIYHO pacCMaTpHBaJIH
TOJIBKO OTHAeJIbHEle KOHKPEeTHBe 3afaud TeOPETHKO-4HCJIOBOTO Xapak-
Tepa. Ofmue Merofpl OblIM TOYTH HeH3BeCTHH. B sror nepuon
B OCHOBHOM pa3BHJach INpaKTHYecKas apumeTura gedcrBuil. Us
paboT 3TOr0 BpeMeHM HAMGOJBIIHEA cjell B JajbHeHmeM Da3sBHTHH
TEOPUH YHCeJ OCTABHJIM BecbMa 3HAUHTC/IbHBIE AJI 3TOH SHOXH
pabotn Jleonapgo Ilusanckoro (ymep B 1250 r.) m pabotmt Perno-
MoHTana (1436—1476), koropufl Hawesn TpyAn Jlnmodpanta M BHEp-
Bbie B EBpone craji cHcTeMaTHueCKH HX HM3YydaTb.
" B XVI u B nayane XVII Beka Ha JaTHUHCKOM H (PAHIY3CKOM
A3biKax ‘ObIM M3JaHbB! coduHeHHs Jluodanra, H PAJ MaTeMaTHKOB
TOrO BpEMEHH, M3 KOTODbHIX B MEePBYIO O4epelb MOXHO Ha3BaTh
Buera (1540—1603) u Bamé ne Mesupnsika (1581—1638), sauanuce
KOMMEHTHPOBaHHEM 3THX COUHHEHHH, HECKOJbKO JONMOJHAL HX
HOBLIMH pe3yJibTaTaMH, ' ‘ ’
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_...B HacrosimieM CMBICJIe TEOPHIO YHCeJl KaK HayKy Haj0o CYHTaTh
.Haymnad ¢ pabot ppaHiysckoro Matrematuka I1, ®epma (1601—1655),
HOJYYHBIIEro OCHOBHOH pesyJ/bTaT TEOPHH JeIUMOCTH Ha 3aflaHHoe
TPOCTOE YHCJIO M PEMIMBINETrO PsiJi BaXKHHIX 3ajad TEOPHH HeOrpe-
AeNeHBBIX ypaBHeHHH.

B XVIII Beke JI. ditnep (1707—1783), Gosbmasg "acts pabor
KoToporo Omjla HanHcaHa y Hac B IletepOyprckoit Akasemun Hayk,
3HAYUTEJbHO NPOABUHYJ BIepe] pasBuTHe TeopuM ducen. JI. Dhsep
00600musn ocHOBHOH pesysabTar @PepMma AN cayyass JeJHMOCTH Ha
cocTaBHble 4HCJa, cO3Xal OGIIYK) TEOPUIO TAK HA3bIBaeMbIX CTelleH-
HbIX BLIYETOB, MOJYYHJ O4YeHb OOJBLIOE YHCJIO pPasHOOGPA3HEIX
Pe3yJbTaToOB O MPEeACTABMMOCTH Uuced B BHIe (OpPM onpele/eHHOTO
THIA, HCCJEJOBaJ PAJ CHCTEM HeOmpejesieHHBIX YDaBHeHHH H NOJY-
UHJI WHTEpPECHble pe3yJbTaThl O pa3OHeHHH YHCes Ha CJaraeMble.
Y Diinepa Mbl BriepBble BCTpeuaeMcsl C Hieell NPHMEHEHMS METOLOB
MaTeMaTHUeCKOTO aHa/lM3a K 3ajauaM TeopHH uuces. PaccmoTpenue
6eCKOHEUHRIX PALOB M INPOM3BENeHHH ABHJOCH Y Dijepa Aefict-
BEHHBIM OpYJAHEM JJsi TOJYyYeHHS TeOpPEeTHKO-YHCJOBHX pesyib-
TaToB.

[Tocne paGotr Jitepa moutu Bce KpynHble Matematuku XVIII u
XIX BekoB B TOH HJIM MHOR CTelleHH 3aHUMAIOTCS TeOpHeH YHCe.
B 4acTHOCTH, CYHIECTBEHHBI CJef B Pa3BUTHH TEOPHUH UHCeJ OCTa-
BUJ GpaHuysckuii mMateMatuk Jlarpamxk (1735—1813), passuBmuf
Jajblle MeToAsl Diljiepa. JlarpaHx paccMaTpuBaJj BOIPOC O Hpel-
CTaBJeHHH 4HcesJ B Buie OuHapHO} KBajpaTHYHOH ¢opMul ax? |-
-+ bxy +cy?, HNoxasaJ TeopeMy O INpeACTaBUMOCTH 4YHCeJ B BHE
CYMMBb! YeThipeX KBaApaTOB U NPOBeJ CYIIECTBEHHBIE MCCJEN0BAHHUSA
10 TEOPHW HENpepHBHLIX Apobefi.

Bonbiioe BiusiHMe Ha JajipbHelillee pa3BHTHE TEOPHH YHCEJ OKa-
sanu u pabotet A, Jlexanzpa (1752—1833) no Teopun Heompeze-
JNCHHLIX YpDAaBHEHUHl BLICIIMX cTeneHeH. JleXaHAp, MeXIy NpoUmM,
HalleJl TaKxXe SMINPHUECKYIO (OpMYJY AJA YHUCJa HPOCTBIX YHCeN
B 3ajlaHHbIX npefenax. Pa6orel Diinepa, Jlarpamka u Jlexanapa
co3fann 6asy AJs LeJabHOH TeopHu, nosyyuBiiui nosxke y laycca
HasBaHHe TeOpHU CPAaBHEHHI.

3amMeyarebHbole pabGotel HeMenkoro Marematuka K. Taycca
(1777—1855) uMenn ocobesHO GoJiblIOe 3HAYeHUe JJIsi BCeH TeOpHH
yHcesn. Pabotbli I'aycca no TeopuH cpaBHeHHH 2-f CTeneHH NpHAAJIH
et 3aKOoHUeHHHIN BHJ, TaK YTO B HacTOsllee BpeMs BCA 5Ta 06JacTsb
TeopHH yuces 6asupyercs Ha pesyspTaTax, H3JIOKEHHBIX UM B KHHTe
LDisquisitiones arithmeticae“. B sr10fi KHure paccmarpuBaercs
TaK¥ke TeOPHs KBaJApaTHYHBIX (DOPM, B KOTOPOH UM OBLIH HOJYYeHb!
¢yHZaMeHTa/bHble pe3yJbTaThl. l'aycc Hapsiny ¢ u3yueHHeM OGbIYHEIX
UeJBIX YHCEJ Hauaj pacCMaTPHBATh TaKKE M apuGMETHKY UHCel,
NONYYHBHIHX Ha3BaHHe [EJbIX TayCCOBBIX WHCEJ, 4 HMEHHO YHCeX
Bufa a-+bi, raie a U b—oObYHEIE UeJble. DTH €ro HCCAefOBaHHA
TOJIOKHUJIH Hauajo ajrefpanyecKoll TeopuH yncel.
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Tocne paGor Taycca B TeuenHe Bcero XIX Beka u Temeps,
B XX Beke, HCCJefOBaHHUSA 10 TeOPHM uuces npuoGpeTalOT BCe
yseauyupawmuiicsa pasMax. Kpynneie MateMatuky XX Beka: kobu,
Hupuxne, Kymmep, HeGnimes, JInyBuais, pmut, Kponekep, Pumasn,
Munkosckuil, 3oj0TapeB u Apyrue — paspabaTeBalOT pa3snooGpasHble
npo6JeMbl TEOPHH HHUCEJ. '

B paGorax Kymmepa (1810—1893) u Hupuxne (1805—1859),
pasBuThix  3areM Kponekepom  (1823—1891), J[lemekunnom
(1831—1916) u E. W. 3onoraperniM (1847—1878), 6nisna nmocTpoeHa
Teopusl anreGpaudeckux uuces. Paborn Jluypuins (1809—1882) u
Opmuta (1822—1901) siBuNHCH OCHOBOH TEOPHH TPaAHCLUEHIEHTHBIX
wuceJ,

B 1873 r. DpMuTy yAaJjoch J0Ka3aTh TPAHCLUEHAEHTHOCThL YHCJA &,
a B 1882 r. 6umsa noKasaHa TpPAHCUEHAEHTHOCTL uucaa i (JIuH-
JeMaH).

OcoGenno Hago orMetuTh paborel Hupuxae, I1. JI. Uebpimera
¥ Pumapa 1o TeOpHH HpPOCTHIX uYuces, sBUBIIMeCH GYHAAMEHTOM
Bcell aHaJMUTHUYECKOH TeopHH uuces. [[HpHXJe BhepBhble HOKasask
cylecTBoBaHHe OeCKOHEYHOT0 MHOXKeCTBa NPOCTHX 4ucesJ B apug-
MEeTHYeCKHX mporpeccusx ofumero BHAAa H HaJ aCHMITOTHUECKHe
OLEHKH psifa BaKHeHINHX YUCJOBBIX (YHKUMI,

UpespblualiHO BaxKHOe 3HAauYeHHe MMelOT PaboTbl BEJNHKOro pyc-
ckoro mareMartdka [I. JI. YeGwimeBa (1821—1894), UeGniier nep-
BhIl JlaJl OLEHKY pocTa pyHKLHUH Tt (X), BHpaxKaioliell YHCJIO NPOCThIX
YHCeJ, MEHbUIHX MM paBHBIX X. Ero paboThl 1o TeOpHH HpPOCTHIX
yuces ABJSIOTCA OCHOBOH JJs [eJoro psja NOCJeNYIOIHX HCcJe-
joBanufi B 3sr1oft of6nacru, B. Puman (1826—1866) gan ocHoBHBIE
HJAeH MCIO0Jb30BaHUS QYHKUHH KOMIJIEKCHOTO NEPEMEHHOTO B TEOPHH
pacrpefeseHuss NPOCTHX 4YuCes, M 9TH ujen B paGotax Azxamapa,
Bajne-Ilyccena ¥ psjia JApyrux MaTeMaTHKOB JajieKO NPOABHHYJH
9Ty TEOPHIO.

Hauynas ¢ pa6or UeGnlueBa, B TeopuM uuces OGOJBLIYIO POJb
cTanu urparb paborbl PYCCKHX MaTeMaTHKOB, pPa3BUBABIIHX TEOPHIO
uynceJl BO BCeX ee HampaBjeHUaX, KpoMe YxKe ynoMsHYTOro
E. HW. 3osnorapeBa, paspabaTbiBaBLIEr0 TEOPHIO lesabix ajareGpau-
YeCKHX 4YHCEJ, B NePBYIO OYepenb Hallo OTMeTHTL paboTtnl A. A. Map-
kKoBa (1856—1922) mo TeopHH KBajpaTHYHHX (OPM H BhiJalOIHeCH
paGorul I'. @. Boposoro (1868—1908) no anajuTHueckoil TeopHH
uyuceJ H TEOPHH KBaApaTHUHBIX (opM.

XX Bek jaj cyniecTBeHHble CIBHUIH B aHaJUTHYECKOH TeOopHH
yuces, pa3BHTHe KOTOPOH OBLIO CBA33aHO KaK C COBEPLICHCTBOBA-
HHEM YX€ H3BEeCTHHIX, TaK M OCOGEHHO C CO3JaHHeM COBEpLIeHHO
HOBBIX METOJO0B.

B nauane XX Beka J. Jlangay, I'. Bop, anraufickue marema-
tuku I, Xapau u JIx. Jlutasyj, a satem E. Tutumapur, K. 3urens,
A. TMe#igx, H. I. Uypakos, A. Ceaplepr u jp. noApoGHO wHCCJe-
JAoBanu n3ery-¢pynxumio Pumana u L paam Jupuxze (cMm, raasn 33
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H 36), COBepUICHCTBOBaJH TeXHHKY IPHMEHEHHS METOAOB TEODHH
(GYHKUH KOMIJIEKCHOTO IePeMEHHOr0 K HCCJIeIOBAHHIO Pa3HOooGpas-
HBIX mpo6/ieM aHAJHTHYECKOH TeOpHH YHCe/.

B XX Beke cranu takxke npumeHsTocs (I'. Beilan) tak masm-
BaeMble TPUIOHOMETPHYECKHE CYMMBI, NPOCTeiilliHe M3 KOTOPHIX pac-
cMmarpuBaJuch eme [ayccom.

OcHoBHOe BJIHSIHHE Ha pa3BUTHE AHAJHTHYECKOH TeOpHM YHCEN
okasaau vpabGorsi M. M. BunorpagoBa, ray6oko paspaGoraBiuero
METOJ TPHUIOHOMETPHYECKHX CYMM M CYMEBIIEro C MOMOIIBIO 3TOrO
MeTofa pelHdTb PAA 3ajad, KasaBIIHXCsA JO 5TOr0 COBepLIEHHO
HeflocTynHbIMH. [IpuMenenne 3Toro MeToda HAaULIO CBOE pa3BUTHE
B paGorax 1esoro paga mMateMatukos: Ban Kopnyra, JI. Mopgenna,
I'. HaBennopra, T.3crepmana, Xya Jlo-rena, H. M. Kopo6oBa u zp.

B cample nocnefHue ToAbl GOJIbIIHE VCNEXH B aHAJHTHYECKOMH
TeOpHH uHceJ OBJIM JOCTHrHYTH Ojarofaps TayOOKHM HIeaM,
BHeceHHbM [O. B. JlunHukOoM. 2Tu uAen CcOJAMKAIOT HEKOTOpHIE
pa3fiesibl AHAJHTHYECKOH TEODHH 4YHCeJ C TeopHell BepOSITHOCTEH.
Metoxst JIMHHMKA HallJd CBOe PasBHTHe B paboTax HeJof mJesafp
€ro Y4YeHMKOB H B I[eJIOM 3HauuTe/JbHO YBEJHUYHJH BO3MOXKHOCTH
npumeHeHus L paAnos JlupuxJie K pasjHYHBIM npob/jeMaM aHAJUTH-
YeCKOH TeOpHH HHCeJ.

Hapsizy ¢ MeTOZOM TPUrOHOMETPHYECKHX CYMM M Teopueil psijioB
IOupuxye B aHajauTH4YecKOH TeopHM uuces HauuHas ¢ 1918 r. Bce
B OoJibliiefi CTeNeHH NPHMEHSIOTCS 3SJieMEHTapHBIE MeTOJHL.

Metop spatochenoBa pemeTa Obil paspaboraH B paGorax Buro
Bpyna, a apyras pasHoBuiHOCTb peliera B paborax A, CennGepra.
B nocaepyromue rofbl anmapaTr Merojia pemiera OblJi CYIIECTBEHHO
ycHaeH.

Coperckuii matemaruk JI. I'. IllHupenvmMaun B Hauaje TPUALATHIX
rojioB paspaborasl OOIWMH MeTOA H3YueHHS AJAUTHBHBIX CBOHCTB
nocAejoBaTeAbHOCTEH HATypaJibHBIX uuces. WaeH, 3asoxeHHbe
B pa6orax JI. I'. IllaupenbMaHa, He TOJBKO MPHUHECAH €My ycmex
B pelleHHH PsANa KOHKPETHHIX 33Ja4, HO U BHECJHM B TEODHIO YHCEJ
HOBYIO nNpoOJieMaTHKy, CBA3aHHYI0 C aJLMTUBHBIMH CBOACTBAMH
MHOJKeCTB HaTypaJibHBEIX YHCeJI.

ITpoGaeMr!, BOosHHKIIHe Ha 6ase pabor IIHupennmana, paspa6a-
ThIBaJHCh B uccaenosanusax A. . Xunuunpa, I'. Mana, H. I1. Poma-
HoBa, I1, Dppéma u np.

M3 sieMeHTapHBIX METONOB HYXKHO OCOGEHHO OTMETHUTH paspabo-
TaHHbI# B KOHIle COPOKOBBIX rofos Meton A. CennGepra. B paGo-
Tax A. CeabpGepra OCHOBHBIE 3aKOHBl paclpefeseHHsi IPOCTHIX
yucesJl B HATypaJbHOM pARY H B apudMETHUECKHX MNPOTPeccUsx
bty mostydenn 0e3 NpHMEHEHHsI TeOPHH (GYHKUHMA KOMINIEKCHOTO
IlepeMEeHHOr 0.

Bonbmue ycmexn B XX Beke OHIJIH JOCTHTHYTH B TEOPHH
IuohaHTOBLIX NPUONMKEHHA H B TEODHH TPAHCUEHJEHTHBIX YHCEJ.
HoBuie MeToam pOKasaTeJbCTBA TPAHCHEHAEHTHOCTH IIMPOKHX KJiac-

<
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coB uHces1 6uH pa3paboraHel coBercKuM martematukoM A. O. Teap-
(oHZOM H HeMeIKHM MarteMaTHKoM K. 3ureseMm.

Bompoch annpOKCHMAailMH aJre6paHdecKHX 4YHceJ palHOHaJb-
HbIMH GBLJIH CYIIECTBEHHO IIPOABHHYTH B HauaJe Beka A. Tya, a sareM
B mOATHEeCATHX rojax B paGorax K. Pora. ru Hccnenoanus
IIO3BOJIMJIM M3YYHThb YHCJIO pELIeHUH HEKOTOPHX HeONpelesieHHBIX
ypaBHeHn#l Bucmiux creneHeft. O6mue Bonpockl AHOPAHTOBHIX NpPH-
OJMKeHHH paspaGaTeiBajuch B paborax A. §I. XunuuHa.

B nocnexnee BpeMsa Bce GoJiblilee BHUMAHHE CIELHAJHMCTOB MO
TEODHH YuCeJI NPHBJEKAaeT ajre6paHuyeckas TeOpHs YHCeJ.

3nech Hago HasBaTh pabothl I'. Xacce, E. I'exxe, a B ocobeH-
HocTH ¢(paHiy3cKOro MareMaTHka A. Beiinsi, pesysbraThl KOTOPOrO
OblLIM MCIIOJH30BAHEL BO MHOTHX TEODETHKO-UHCJIOBHIX HCCJENOBA-
Husax, kak nanpumep Il. Bepmkeccom B mpoGieMe o HaMMeHbIIEM
KBaZpaTHYHOM HeBHIUETE.

K anre6pauyeckoil TeOpHM 4UHCEJ OTHOCATCA H MHTEpeCHblE
pabGotel coserckoro Matemartuka M. P. IllapapeBuua, a Ttakke
paboret B, H, [lenoHe MO TeOpUH KYGHUeCKHX (POPM.



r'IABA 1
OBI{HE OCHOBbI TEOPHHU YHCEJI

1. MHOXXECTBA C ONEPAUUAMH

BoickaspiBaHUsl ,, M —MHOXKECTBO, a—3JIeMeHT MHoxkecrtBa M“
(sanuceiBaercsi a € M) paccMaTpHBaOTCA KaK OCHOBHBIE, He Tpe-
Oymoomue onpejeleHHA HJIM KakKuX-i1u6o nosicHeHuH, OGHYHO HaM
IpHULETCS UMETh JEeJIO C MHOMXKECTBAMH, B KOTOPHIX Onpeje/ieHa HEKO-
Topasi Omepaiu.

Onpenenenne 1. bydem cosopums, umo 8 MmHoxcecmse M onpe-
OereHa Hekomopas oOnepayus™, ecau YcmaHosaeHO Ccoomsemcmsue,
npu Komopom Kascdoi nape sremenmos a € M u b € M conocmas-
Asiemes Hekomopuul onpedeienHoitl asemenm ¢ € M, naseeaemoill
peayavmamom onepayuu Had a u b.

Takum ofpasom, corsiacHO 3TOMY OnpejiesIeHHIO 3ajaHHe omepa-
IHH O3HauaeT B CYIIHOCTH 3ajaHue (YHKUMH [BYX apryMeHTOB
f(a, b), onpenenenHoil nas Bcex a u b, BXOAAwWHX B M, 3HaUeHHuS
KOTOpPOH TaKiKe NpPEICTAaBJIAIOT coOOH a/eMeHTH 3TOr0 MHOXKECTBA.

B GoabIUuHHCTBe cJiyuaeB Mbl OyAeM HMeTb JeJI0 C MHOMXECTBaMH,
JJ11 KOTOPHIX OHpeJeJIeHH JBe Olepanuy: CJOXKEeHHs H YMHOXeHHs.
Bynem, kak 310 OGHIENpUHATO, pe3yJbTaT CJAOKeHHS @ H b Hash-
BaTe cyMMoifl cjaraeMelx @ H b H 3anuceBaThb B BHie a--b, a
pe3yJipTaT YMHOXKEHHS Ha3blBaTh NPOH3BeJeHHeM MHOXHTeseH a U b
W 3aMHCLIBATH B BUIE ab.

ByneM cuuTaTh 3HAKOMBLIMH UYHTATeJIO TAKHE OCHOBHBIE MaTeMa-
THUeCKHe MOHATHA, Kak ,rpynna“, ,aJjJiHTUBHAd rpymnna“, ,KoJjbilo",
yhone”, Kak OGBIYHO, KOJIbIO HA3bIBAETCHA KOJIBLIOM C JeJIUTEeJNSIMH
HYJsi, eCJH B HeM CYUIeCTBYeT XoTsi Owl OZHA napa 3/eMeHTOB
a u b, ragkux, yro a=*=0, b=%0 u a-b=0. Koaplo HaskBaercs
KoJbuoM OGe3 penuTenedl HyJd, eclH AiA JOOLIX ABYX €ro sJje-
MeHTOB a u b, Takux, uro a==0 u b0 6yzer takxke ab==0.

* Bo BceM [anbHEANIEM pacCMaTPHBAIOTCA TOJBKO TAK Ha3HBaeMbe GHHApHHE
onepauny, T. €. ONepauyH C ABYMA 3JeMEHTaMH,
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Semvs s e HENIA

.. Cdutass U3BECTHHIMH YHTaTe10 PasjJMYHBE KJacChl yHcen, pac-
cMaTpuBaeMble B 9TOH KHHre, a HMEHHO: HCJIa HaTypalibHble, LeJble,
panHOHaJIbHble, AeACTBUTENbHBIE, KOMILJIGKCHbIE, Mbl He OyJieM JaBaTh
onpefie/ieHHs] COOTBETCTBYIOUIUX MOHATHA H OGOCHOBHIBaThL NeHCTBHSA
HaJ HHMH. B 3Tofi rnaBe Mbl OrpaHHYHMCS TOJbLKO NepedHcieHHeM
OCHOBHHIX MNOHATHH, omepauluii U TeX HUX CBOHCTB, C KOTOPHIMH Mb
6yneM BCTpedaTbCcs B KHHTE.

Harypanpuuil pap ducesn GygeT, Kak oObuHO, 0603HayaThcA
B BuZe 1, 2, 3, 4, ..., a OTAeJbHBe €Tr0 3JeMEHTHl — Ha3hiBaThCsA
HaTypaJlbHBIMH yMcaamH. HatypaabHeifi pag duces o6iajaeT Clae-
LYIOMMMH OCHOBHBIMH CBOHCTBaMu, Ha3biBaeMbIMH aKCHOMOH HHIYK-
UM M akcHoMoi Apxumepa.

Axkcuoma uunykuuu, Ecau Hexomopoe MHONMECMS0 HAMYpPAAbHOLLY
yucea codepoicum eOUHUYY U 8Mecme C KancObis HAMYypaibHoiM duc-
A0M, 8XOORWUM & Hez0, CoOepicum CAedyruee 3a HuM, MO OHO
co0epocum 6ce HAMYPALbHbLE HUCAA.

Axcuoma Apxumena. [Jlas awobeix HamypaibHbix uucer a U b
cyuecmsyem HamypaabHoe 4ucro C, makoe, 4mo bc>a.

CyMMa u npou3BeleHHe ABYX HATypaJbHbIX UHCeN— (QYHKUHH
JABYX apryMeHTOB, ompefeseHHble BO MHOXKeCTBe HaTypaJbHLEIX YH-
cen. Mpl He OGyzeM HanoMuHaTh OOGlIEH3BECTHBIE CBOACTBA onepa-
VA ClOXEHHS U YMHOXEHHs, a TaKXKe Onepauuil co 3HaKaMu Hepa-
BEHCTB.

PacnpocTpansas noOHATHA CYyMMBbl H NIPOH3BeJeHHS Ha NPOH3BOJIb-
HOe 4YHCJIO CJlaraeMblX M MHOXKHTeJefl, paccMaTpuBaeM BLIpaXKeHUS

) S

BHJA :; a; u ¢H=1a“ B YaCTHOCTH, NPH @, =@y =...=0a,=@a I0-
clleflHee NpOH3BefieHHe O0603HAyaeTcss B BHJe a° M Ha3HIBAeTCs
s-fi cremeHbi0 udcaa a. IlpousBepeHue ab MOXHO paccMaTpHBaTb
Kak CYyMMY a--a-+ ...+ a, B KOTOpoH 4HCJO cjaraeMbiX paBHO b,
Hau Kak cymmy b+b4-...-4b, B KOTOpOH uMCJIO cCJaraeMbix
paBHO a. Kaxznoe yMCJO Mbl paccMaTpHBaeM KaK CyMMYy, COCTOSi-
Y0 U3 OJHOTO CJaraeMoro, H npou3BeleHHe, COCTOAIEe U3 OXHOIO
MHOXKHTEJIA . )

C moMompio HATYpaJbHHX YHCEJ Mbl MOXEM CYHTATh NPERMETHI,
T. €., BbiOHpast NOPSANOK CJeJOBAaHHS, NPHIHCHBATL COOTBETCTBYIO-
Y10 YUCJNOBYIO XapaKTEPHCTHKY OTHEJbHBIM 3JieMEHTaM Jio6oro
KOHEYHOro MHoxecTBa. BMecre ¢ Tem HaTypaJjbHble YucJa INO3BO-
JSIOT NPHIABaTh ONpejie/ieHHble YHCJIOBBIE XapakTEPHCTHKH KOHeu-
HbIM MHOXE€CTBAM B IleJIOM, NPHIIHCLIBAS BCEM MHOXKECTBaM C OJu-
HAKOBBIM YHCJIOM 3JIEMEHTOB OJHY H Ty Xe YHCJOBYIO XapaKTepu-
ctrky. JIas HaTypaJbHOro psAfia YHCEN, TNOJAb3YACH aKCHOMOH
HHIYKIHH, JAOKa3blBalOTCH CJEAYIOUIHe TeOpeMHI.

Teopema 1. Bcakoe nenycmoe noOmrosxcecmeo HamyparbHox Huces
Codepacum Haumensiiee 4UCRO.
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Teopema II. Bcakoe Koneuroe nOOMHOICECTBO HAMYPANLHOIX
qucea codepocum raubosbuiee 4UCAO.

Teopema [Il. Ecau ussecmno, umo Hexomopoe ymeepocdenue:
1) eepro 0za 1; 2) u3 npednorodscenus, umo ymsepicOeHue 6epHO
npU HeKomopom N, evimeKaem, 4mo OHO 6epHo 0is n+1, mo smo
ymaepacOeHue 6epPHO OAfL 6Cex HAmMypasbHoLx Hucean.

Teopema 1V. Ecau ussecmro, 4mo HeKkomopoe ymasepoicOeHue:
1) sepro 01 HamypavHozo wucaa a; 2) U3 npPeOnOAOKHEHUR, 4mo
ymeepacOenie 8epHO 0AA BCex HAMYPAAbHLIX uUCeA R, maxkux, umo
a<< k<<n, ewmexaem, umo ymsepoudenue 6epro 0Af N, N0 Ymeepsc-
Oexue 8epHO 047 6CeX HAMYPALbHbIX HUCeA R = .

Ecau yrBepxkienue copMyJHpOBAaHO B TePMHMHAX, HMEKOIIHX
CMBICJI TOJIBKO [IJIf HATYPAaJbHBIX YMCEJ, He npeBocxogamux N, To
H3 nochioK 1) u 2), rae n<c N, cjenyer cipaBelJIHBOCTb YTBEpK-
INeHHst JJIsi BCeX HaTypa/ibHBIX YHCEN K, TaKHX, 4To a<<kR << N.
Mu He OyzneM NPHBOAHTH N0KA3aTebCTBA STHX M3BECTHBIX TeOpeM.
JloxasaTtesnbcTBa, B KOTOPHIX HCHOJB3YeTCA AKCHOMA HHAYKIMH HJH
oxHa u3 teopem: IIl wuau IV, Mel 6yneM HasbiBaTh NOKa3aTeJbCT-
BaMH MeTOJOM MaTeMaTHYeCKOH HHAYKIHM (MHAYKIHA TO n).

Jlnis IBYX MHOXKECTB C ONMHAKOBBIM YHCJOM 3JIEMEHTOB HMeeT
MecTo OOWMMA NPHHIUI, KOTOPBIL Mbl chopMyJsupyeM, HasbiBas
YCJAOBHO 3JIeMEHTH OJHOTO MHOXeCTBa ,AIHKaMH®, & BTOpPOro —
HIpexmeTaMu“, ITOT NPHHUMN Mbl OGyJeM HasbiBaTb ,JIPHHILAIIOM
SAMHAKOBY,

Teopema V (,npunuun smuxop®). [Tycme umeemcs Hexotiopoe
qucao aujuKkos” u ,npedmemos”. Ecau usgecmwuo, umo: 1) Kaowdbid
npedmem JAexcum 8 Kakom-mo fujuKe; 2) HU 8 00HOM aujuKe xe
Aeocum bonee 00r020 npedmema; 3) 4UCAO APEOMEMO8 PABHO HUCAY
AUUKO8, MO 8 KAKOOM AwjuKe Aexcum 00UH U MOAbKO OOUH hpedmem.

HokasarenbcTBo. O6G03HAYHM UHCJIO SIHKOB Yepes A

Ilpu n=1 yrBepxieHHe OYEBUIHO.

Bo3sbMeM 7> 1 4 npefnosoxuM, 4TO XOTd Obl ORHH SIIIHK MYCT.
Torpa (ycnoeust 1 u 3) B ocranbHbix n—1 sIMKAX JEXAT A Npel-
MeTOB, a 3TO MNPOTHBOPEUHT TOMY, 4YTO B 71— smUKax MOXKeT
nexarb (yciaosre 2) He Gosnee n—1 npeamera. Ilpeanosioxenne,
4TO XOTs OBl ORMH SIIMK NYCT, HPHBEJO Hac K NPOTHBOPEYHIO;
3HAYUT, BCe SAMMKH He nycTel. I[loCKOJIBKY COTrJIacHO YCJIOBHIO 2
B KaxJOM suiMke JeXHT He OoJjiee OZHOrO INpexMeTa, TO MBI H
nojy4yaeM, 4TO B KaXJOM SIGUKe OIMH M TOJLKO ONHH

npenMer.
Onpenenenne 2. Ilycme moe umeem n muoscecms My, M,, ..., M,.
Komnaexcamu us sremenmos smux mroocecms 6ydem Haseléame mHo-
acecmsa ((ay, a,, ..., a,)), 20e a,, a,, ..., a,—1eMeHmb!, 83AMobLE
max, umo a; € My, a, € M,, ..., a, € M,, nputem 6oi60p sremeH-
moe mogwcemn 6bitms NOOUUKEN U HeKOMOPUIM OONOAHUMEAOHOIM YCAOBUAM.
B uacrHoctH, MuoxkectBa M, Mg, ..., M, MoOryr cosnajarb,

H TOrja KOMIJIEKCH NpeJCTaBJsalorT cofol 3aHyMepoBaHHBIE. HaGopbl
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H3 9JIEMEHTOB OJHOTO H TOr0 3Xe MHOMKeCTBA. IJIeMeHTHl &;, BXO-
AAmHe B KOMILIeKC, OyleM HasniBaTh 3JAeMEHTAMH KOMIIJIEKCa.

IBa koMmnJuekca ((a;, Qg ..., a,) H ((by, by, ..., b,)) GyneM
CYHMTATh PABHHIMH TOTAa H TOJIBKO TOrJa, KOrAa a;=>b,, a,=2b,, ...
cesy @, =0b,. KﬁOMHJIeKC U3 JBYX 3jeMeHTOB ((@;, a,)) OOBIYHO
HAa3HBAOT Napoil.

Teopema VI. Ecau sasemenm a, moscem Gome evibpan s; cno-
cobamu, snremenm a, eoilOpan S, cnocobamu u m. 0. 0o ssemeHma
a,, Komopuid moxcem Obimb 8uibpan s, cnocobamu, mo KOMNAEKC
((a;, a,, ...,a,)) moxmem Goime evilbpan S§,-Sy-...-S, CROCOOAMU.

IIpu n=1 yTBepXaeHue TpusHaabHO. IIpH n=2 yTBepkaecHHE
COpaBeJINBO, TaK KAaK UHCJIO KOMIJeKCoB ((a,, a@,)) moayuaercs
PaBHBIM CyMMe€ S§;--...-$;, TIe UHCJIO CJATAEMHX PaBHO S,, T. €.
MBI JeHCTBUTEJbHO IOJIYYaeM S-S, KOMIMJEKCOB. AHAJIOTHYHO JIOKa-
3bIBAETCHA, YTO €CJH YTBepXKJIeHHe BepHO AJfA 7, TO OHO BepHO H
Iis n+1, M TOrga COrJacHO NMPHUHOHNY INOJHOH MaTeMaTHYeCKOH
HHJYKIHH 3TO YTBepXKKJACHHE BepHO [ Bcex n==1.

Teopemni I, II u IV cnpaBegnuBel nJisi MHOXeCTBA LEJIBIX HEOT-
pHLIATENIbHBIX YHCeJ, eCJH B HX (GOpMyJHPOBKAX 3aMEHHTH CJIOBO
»HaTypaJbHBIN" CNOBAMH ,IieJIblfi HeOTpHLATENBHBIA. YnopaAoUeH-
HOE KOJIbIIO BCeX LeJIbIX YHCeJ HaMm NpuAeTcs 0cobeHHO YacTo pac-
cMaTpuBaTh B KauecTBe 00beKTa H3yueHHS B 3TOH KHHre.

Kak usBecTHO, Bce UHC/IOBHE KOJblia PEACTABAIOT co60il Koabua
6e3 pgenuTesledl HYyJsi, NOSTOMY HJisi MHOMKECTBA ILIEJBIX UHCEJ Crpa-
BeJAJIUBa TeopeMa,

Teopema VII. Ecau ak=0bk, 20e a, b u k (k5%0)—yennie
yucad, mo a=y»a.

MHox)ecTBO IeJbIX YHCeN AHCKPETHO, a HMEHHO HMeeT MeECTO
cllefyionas Teopema.

Teopema VIII, [Tycms a u b—yeavte uucaa u a>>b, mozda
a=b+1.

PaccMaTpuBasi cTenmeHH HesBIX uHCes, Mbl, O ONpejesIeHuIo NpPH
a =0, cuuraem a®=1.

OcHoBHYIO posib BO Beefi apH(MeTHKe LEJBIX YHCEJ HMeeT Teo-
peMa o JIeJieHuH.

Teopema 1. [l awbozo yeroeo a u yeaozo b >0 cyujecmasyrom,
U npumom eOuHcmgeHHble, yeavle ¢ W r, maxue, umo a=bg—r,
O0<<r<Cb. :

Yncno ¢ HA3pIBAIOT TOJHBIM HJIH HENOJHBLIM YacTHEIM, B 3aBHCH-
MOCTH OT TOro, PaBHO JIM r HYJNIO HJH HET, r Ha3blBAlOT OCTATKOM
OT JeneHusi g Ha b,

JokasaTteabcTBOo. BospbmeM uHchaa:

b-1, b.2, b.3, ... (1)

[Mpu a=0 paccmoTpuM -MHO)kectBO M Tex umcen B (1), KoTo-
pHe Goabue, ueM a. CorsacHo akcuoMe Apxumena M He mycro,
a, cJaenoBatenapHo (TeopeMa 1), Bo MHOXecTBe M JAOMKHO ORITH
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HaHMeHbIllee YHCJIO, KOTOpoe MH 0603HauHM uepes bs’. O6osuaupM
yepes s YMCJIO, Ha eJHHHIY MeHbiiee, YeM s'; Toraa s+ 1=s" &
bs<<a<<b(s+1).

Ilpa a<<0, —a>0 Mo MOXeM B34Tb MHOXecTBO M Tex
uyHcesa u3 (1), KoTopule GoJblile, 4eM — @, HJIH paBHH —a, H 0060-
3Ha4HTL Yepe3 bf’ HaWMeHblllee M3 HUX; TOrja npH f =1’ —1 6yaer
bt <<—a=<<b(t+1), Tak uro

b(—t—1)<<a<<b(—?).

Muo BuauM, YTO BO BCeX CJayudasix Ajas a # b(b>0) cyuecTByeT
nengoe ¢, Taxkoe, 4TO
bg<a<<b(g+1). 2

O6o3Hauast yepes r pasHocTb a—bg, U3 (2) moayuaeMm
r=a—bg<<b(g+1)—bg=>b un r=0,

Tak 4t0 a=bg+r, O0<<r<<b.
JlokaxeM Termepb €IMHCTBEHHOCTb TakHX g H r. Ilycrb

a=bg+rua=>bg' +r, rie 0<<r<<b; 0<<r’'<<b.

[MpepgnosioxuM cHadana, uto r’'>>r; TorAa bg--r=>bqg' +r’,
r'—r=b(g—q’), tie 0<<r<<r'<<b, Tak ur0 0<<r'—r<<b, q>q"
H, clepoBaresbHo (TeopeMa VIII), g=q¢ -1, T. e.

r'—r=0b(g—q’')=b.

Mbi Oy 4RI IPOTHBOpPEUHE C TEM, UTO MEpe] STHM uMmesH r’ —r << b.
TouHO TaKHM K€ NYTeM MbI NoJIy4aeM NpOTHBOpedHe, NMPEANOJIOKHUB,
uto r>r’, T. e, JOJIKHO 6bITb r =r, u Toria b(g—q’')=0; a
nockodbKy b=£0, 10 g—g' =0,

Onpenenenne 3. Ilycms a u b(b#=0)—qe/zbze yucaa. b Haswe-
eaemcs Oeaumenem Q, €CAU CYUWECMBYEN yea0e HUCAO q, MmaKoe, H4mo
a=>bq. B smom cayuae a wasvieaemcs Kpamuvim b, a g—4acmuoim
om Oesenusn a Ha b.

CooTHomlenne «b genutesb a» Mbl OyfeM 3alHCHIBATH AJs KpaT-
KOCTH B BujJe b|a, u sTa 3anuCh BCerja CofepxkuT B cebe mpepno-
JoxeHue, 4to b540. Ecau ke b He ABJAseTCS AeJIUTENEM @, TO MBI
6yaeM nucarb b4 a. lenutenb HasbiBaercsi COOCTBEHHHIM, €CJIM OH
OTJIMYEH OT €aMoro 4ucJa,

Teopema 2. IIpu b>0 b ssrsemcs Oeaumenem a mozda u morbKo
mozoa, Kozda ocmamok om OeseHus & Ha b paeen Hywo.

JokaszarteasctTBo. Ilyets a=bg+4r, O0<<r <b.

1) Ecau r=0, 10 a=bg u b|a.

2) Ecau b|a, To cymectByeT g’ Takoe, uTto a=>bq’', u B cuay
TeopeMsl 1 o €l HHCTBEHHOCTH npeActaBleHuii a B BHJE a—bq—[—r
noayuuMm g =gq’, r=0,

3anunieM psj NPoCTHIX TeOPeM O AeJHMOCTH.
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- Teopema 3. [l1a awboeo yesoeo a==0 umeem ala (pedaexcus-
HOCTb OTHOMIEHHS JEJHMOCTH). :

JokaszaredanrcTBO, a=a-1.

Teopema 4. [lan aw06oz0 yerozo a umeem 1|a.

JokxasarenbcrBo, a=1-a.

Teopema 5. Ecaub|a, mo npu aobGom covemanuu 3naxos == b| 4 a.

HokasareanctBo. Ecam a=bg, 10 a=(—0b6)(—q),
—a=0b(—q), —a=(—b)g, rie BMecTe C ¢ uYuCJIO —@ TOXe
ueJsoe,

Teopema 6. Ecau c|b, b|la, mo c|a (TpaH3WTHBHOCTb OTHOLIE-
HHS JIGJTUMOCTH).

HoxasareanbcrBo. Eciu a=bgq,, b=cq,, rie g, H g, Ue-
Jble, TO a=cq, TAe §=(q,q, TOXe HeJoe.

Npumeyanue. M3 teopeMu 6 HemocpeACTBEHHO crieRyer, uyTo, eciu ¢ |b,
cka, 0 bka

Teopema 7. Ecau bla, mo npu awbom yerom k=0, kb|ka.

JokasateancTBO. Ecim a=bg, t0 ka=(kb)gq.

Teopema 8. Ecau kblka, k540, 10 b|a.

HokasartenpctBo. Ecau ka=kb-q, rie k=0, TO COracHo
teopeme VII a==bg.

Teopema 9. Ecau bla, mo npu awbom yerom ¢ bjac,

HokasatenscTBo. Ecniu a=bg,, rie ¢, ueioe, To ac= bq,
rlle g ==cqg, TOXe HeJoe.

Teopema 10. Ecau cla u c|b, mo cla+b u cla—b.

JokaszateanctBo. Ecim a=c¢q,, b=cq,, TAe ¢, H g, Ue-
avie, T0 a+b=cq, rae g=:q,+q, Henoe. AHanoOrnyHO a—b=cqg’,

r

l‘lle q =ql—q2 neJgoe.

Teopema 11. Ecau clay, clay, ..., clay by, by ooy b,
aroboie yeavie, mo cla,by+ab,+ ... +ab,.
HoxasatensctBo. Ecau cla,, cla,, ..., c|a,, T0, 0OpH-

MeHsisl TeopeMbl 9 u 10, moayuaem mocjefoBaresbHo ¢|a;by, €| asb,,
ceey Clagby cladyasb,, clabitab,ab,, ..., clabi-
F+ab,+ ... 4a,b,.

ITpumMeyanne. W3 sroit Teopembl HeNnOCpeICTBEHHO cJejyeT, 9TO eC/H

clay, ...,¢|ay_1, b1 o.eyby_y, b, TOGEE Heable ¥ ¢k (@b ... 010y 1T
+apby,), 10 c X a,.

Teopema 12. Ecau b,|ay, b,|a, ..., b,la,, To by-b,...
oobglaa, . a,.

HokxasateabctBo. Ecau a,=b,q9,, ay=0,q,, ...,a,=b,q,,

THe BCe g; Letble, TO @;4,...4,=bb,...b,q,THe§=10,q,...q, TOXKe
1eJoe.
Teopema 13. Ecau b|a, mo npu amobom yesom n =0 umeem b"|a".
HokasateabctBo. Ectu n=0, 10 1|1, a npu n=1 umeem
YaCTHRIH cJayuall mnpefblaylue#i TeopeMul, rjge a;=...=4,=0a H
by=...=b,=0b.
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Teopema 14. [aa wobeix Yeavix wuces az=1 u g>1 npu Heko-
mopom s=0.
1) Cyuecmsyem npedcmasicrue a 8 eude
a=cg’ +¢;_18" 1+ ... +cig+¢y (3)

20e 0<ci<<g—1 npu ecex i=0,1,...,s—1 u 0<<¢,<<g—1;

2) npu 3a0aHHoM £ U HANONEHHLIX HA Yyeasble €; YCA0BUAX npeo-
cmasaenue a ¢ eude (3) edurcmeenHoe.

HdokasarteabcrBo. 1)CymecTBOoBaHue. BossMeM moboe
g>>1 ¥ npuMeHHM METOA MaTeMaTHYeCKOH MHAYKIHH,

Ilpn a==1, B3aB s=0, ¢c,=1=<Cg— 1, monyuaeM paBeHCTBO (3)
B Buje 1==c,. IlpegnosoxuMm, yrto paccMaTpuBaeMble IpejcTaBJe-
HHS (3) MMelT MecTO JJs BCEX HArypajbHBIX YHCEN @, MCHbHIMX,
yeM n. CoryacHo Teopeme | JXisg n B g MOXKHO HafiTH LeJble HEOT-
puuaTeNbHbIE YHCaa hy, H r, TAKHE, UTO

n=gn,+r, 0<r<g—I1.

Jlerko BuaeTb, uT0 ny<n. HelicTBHTeNbHO, ecnH Obl OBLIO #; == N
TO, HOCKOMBKY g>>1, r =0, MBl uMesn 66 n=gn,-+r>n.
PaccMoTpuM ABa BO3MOXKHBEIX CJIy4asi:
a) Ecau n,==0, T0 n==r, T. e. paBeHCTBO (3) OCYLIeCTBJsIETCS

npu s=0, ¢,=r.

6) Ecu n;=1, T0 l<<n, <m, U COTJACHO NPeANOJOKEHHIO
0 CYIleCTBOBAaHUH NpeACTaBJeHHs (3) AJS BCeX yuce] a<<H, T. e.,
B YacTHOCTH, H AJS n,, HMEEM:

ny=rg +r_ g . 4
IpH HEKOTOPOM { u O<r;<<g—1 (i=0,...,¢), r,>0. Toraa
n=gntr=rg* 4 r g . rgtr,

T. e. npeicrasjaesue (3) ocymecTsisiercss npus=*t-+41, ¢,=r,...,
C, ="r4, Co=r. COrjacHO NPHHIANY NOJHONK MaTeMaTHYeCKON HHAYK-
uKH (reopeMa lV) cyulecTBoBaHHe paccMaTpPpUBaeMBIX NpeAcTaBJIeHUH
JI0Ka3aHO AJs BCeX HATypa/bHBIX YHCel.

2) EnuncrBernHocThb. Ecnu

=c g+ ... Fcgt+co=cig'+ ... +cgtcs, 4)
rhe Bce ¢; M ¢; Takue, uto O0<<¢;<<g—1, O <<g—1, ¢,>0,
¢; >0, ro, 3anucas (4) B BuKe:

a=g(cg" '+ ... +e)Fo=g(cig ... +e) +co,
MBI NOJIy4yaeM PaBeHCTBO ABYX INpejicTaBJeHHH a BHJa:
a=gg+r, O<r=<g—1.
CorsnacHo TeopeMe | 3TO BO3MOXKHO TOJIBKO INpH
Co=2Cy, Q=Cg 14 ...+, =Cig' " ... Fc.
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TIposoxst AJS @y TO Xe PACCYXKAEHUe, NONydTaeM cy =0, 3aTeM
‘¢=¢C, U T, 4. Temepb Jerko BujeTh, 4To s=£f. I[ePICTBHTeJ'II:HO
ecau, Hanpumep, Geiio 6bl s <<#, TO, NMOJYUHB Cy==Co» C3=Cj,-.-»
€,=C(s, MBI MOTJH Obi- COKpaTHTh 00¢ uacTH Ha ofmHe CJaraembie
Cor 018, ..., C8° H, NOCKOJBKY ¢ >0, nonyuunu 6el B Npapol 4a-
cTd (4) NONOKHUTENBHYIO BeJHUHHY, PaBHYIO HYJIO. )

Onpenenenne 4. Ilpedcmasasenue a 8 sude (3), ede npu ecex i
0<<c;<<g—1 u ¢,>0, Hasvisaemca npedcmasnenuem 4ucia 6 cu-
cmeme cquucaenusn ¢ ocnosanuem g. Hucaa ¢, oy, ..., ¢, HA3GIEA-
romes yuppamu wucia a.

Jlns xpaTKocTH BblpaxKeHue (3) 3alHUCHIBAIOT TaK: & == C,;_q. . -Cy,
I Jlake TPOCTO CCs_yq - . - Coe

Kosbuo 1esibix qucesl paccMaTpHuBaeTcs Kak MOANOJe MoJs palyo-
HaJBbHBIX uHce/. PanyoHa/JbHbBIE YHCNA MBI OYJIeM 3alHChIBATh B BHJE

%, rie a ¥ b=1 nenwe, 1. e. QaxkTHUeckH OYAYT paccMaTpH-

BaTbCsl KaK [apa HeJblX YHCeJ, Y KOTOPHX 3HaMeHAaTelb BCerja
TOJIOKHTEJIEH.

YnopsigoueHHOe moJe XeHCTBHTEJbHEIX YHCEN He ABJseTcs o0bhex-
TOM CHenuaJpHOTO H3yueHus B 3ToH kuure. Kax yxe ormeuanoch
paHbllle, BO BBEACHWH, TeOPHs UHCEJ H3Y4aeT TOJBKO BOIPOCH,
CBsi3aHHBle ¢ apudMeTHYeCKOH NPUPOAOH JEHCTBUTENbHBIX YHCeJ, a
HWMEHHO Takue BONPOCH, KaK, HalpuMep, CYleCTBOBaHHE ypaBHe-
HHA C UeJbIMH Ko3(h(hHUHEHTaMH, KOPHEM KOTOPOrO SIBJIAETCS AaHHOE
IefCTBHTEJILHOE YHCJIO, MPHOMIKeHHe JeHCTBUTENbHBIX UHCEJ palHto-
HaJIbHBIMH H T. . ,

HefictBuTenbusle uncaa Mul O6yeM oObiuHO 0603HayaThL GYKBaMH
rpeueckoro andasura @, B, y, ..., HO HHOTAA, ¥KeJjiasi HONUEPKHYTh
TO, YTO BEJHUYMHA PacCMaTpPHBaeTCs Kak fepeMeHHasl,— MOCHeJHUMU
6yKBaMH JIaTMHCKOTO anapaBuTa X, Y, ... .

ByzneM cuuraTh W3BECTHHIMH MNOHATHS CYMMBI, IIPOUSBENEHHS,
pasHOCTH, YacTHOrO, CTeleHH AeHCTBHUTENbHBIX Yuces. Kak ofwbuHO,
nycTyio cymMMmy OyzeM CUHTaTh pPaBHOH HYJIO, a nycToe Npou3Bele-
HYie —paBHBIM eJIHHHIIE,

HMess B Bupy HHTepnpeTamHio AeHCTBHTENbHBIX YHCEJ HA 9HCJIO-
BOH ocH, Mbl Oy ieM JefiCTBUTEIbHBIE YHCJIA HHOT/IA HA3bIBaTh TOUKaMH,

Mogyas, uiun, Kak HHaUe TOBOPAT, abCOJIOTHAS Belu4YHHA, XefcT-
BHTENBHOrO yucaa o o6o3HayaeTcst |o | u onpenensiercst hopMyTaMu:

{ a npu a=0,
la}= —a npu a<0.

Hnsa Mopyseft npUMeHSIOTCS M3BECTHblE COOTHOIUEHHS:

s
da
i=1

< i§1 [o;] (%)
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Hai
1

i=

Il ©

cnpaBepJHBHIE NpH JIOOOM §, T, €. HPH Jio60M YHCJIE ClaraeMbix
B ¢opMyne (5) u MHoxuTenel B popMmy.e (6). OcTaHOBHMCS, B 4acT-
HOCTH, Ha HEKOTOPHIX BaXKHBIX CBOHCTBaX MOAYJeH LeNBIX 4ucel.

Teopema 1X. Ecau a—uyence wucao, ne paswoe 0, mo la|= 1.

Teopema X. Cpedu yeavix uuces, modyss KOMmMopbLx MeHbuie, HEM
m, moasko O Qeaumecs Ha m.

Bo MHoxecTBe uesBIX YuceJ MMEET MeCTO TeopeMa, aHaJoruyHas
Teopeme 1.

Teopema I’. Bcakoe nenycmoe nodmnoocecmso Yeavlx 4uces Co-
Oepaicum Haumenbuiee no A6COAOMHOL BeAULUNE YUCAO, NPULEM MAKUX
HauMenbuwux no abcoaomuotl eesudune wucer moxcem Obimb AUGO
00H0, Aubo dea.

3. MOCJHEROBATEJILHOCTH. ®YHKUHH

ByxeMm cuuTath M3BECTHHIMH UHTATENI0 HE TOJNBKO OCHOBHHIE IO-
HATHSl ajare6phl H MaTeMaTHUeCKOro aHa/ju3a, HO H BaXKHeHIIHE HX
cBoiictBa. Cpeput TakuxX MOHATHH y Hac 6YAYT BCTPEYAThCA MOHATHS:
HHTEpBaJia, CerMeHTa, IOC/Ne0BaTeJILHOCTH, CYETHOr0 MHOMKECTBA,
KOHTHHYyMa, Npefiela, HellpepbiBHOM (Y HKIHH, OTPAHHYEHHOH PyHK-
gy, Jorapudma, CHEyca, MHOTOWJIEHa, KOPHA MHOTOW/IEHa, MHOTO-
YjJieHa HelPHBOJUMOIO Haj JaHHLIM OJeM, CHMMETPHUECKOro MHOTO-
4JIeHa, CXOASAIIErocs H pacXo/silerocs psaja, MPoU3BORHON, HHTETPA-
Jaa v 1. 4. HanoMHuM TOJIBKO onpelefieBHe MepHORHYECKOH IOCJIEno-
BaTeJbHOCTH.

Onpenenenne 5. 1) Ilocaedosameavrocme ducer

Qg Ay, gy ooy Qoo (M

Hasvieaemcs nepuoduueckotl, ecau cyujecmsyrom k=1 n s=0 ma-
Kue, «mo a,,,=a, npu ecex n==s.

2) Ecau k u s—Haumenvliue qucia, yoosiemsopawuwjue smum
ycaosuam, mo k Haszweaemcs Oaunod nepuoda, a s—Oaunod nped-
nepuoda.

3) llpu s=0, m. e. ecau cywecmsyem k == 1, maxoe, 4mo a,, == a,
npu ecex n, nocredosamesbrnocme (7) Hasvisaemcs wucmo nepuodu-
4ecKoll.

Ilepuoauueckas MOCJAENOBATEJBHOCTh HMeEET, TAKMM 06pasoM, BHJ,

e TSN JEPIN: S . TP SO PRI
rie nocixe npepnepiioa @, ...,Q_, NEPHOAHYECKH OBTOPAIOTCH
ONHH M Te e 3SJIEMEHTH Qg ... ,dgy p-1-

Yucro nepuoanyeckas INnocCJeROBATEJNLHOCTL HMEET BHIL

ao,...,ak_l,aa,... ,ak_l,...,



TZg C CaMOro Havaja TMNePHORUUECKH WOBTOPAIOTCA 3JEMEHTH 4,
ey Qp_y. )

[Mpu paccMoTpeHHH AEACTBUTENBHBIX YHCET HaM NpHAETCS HOJb-
80BATbCA M COOTBETCTBYIOHNIHMH TeOpeMaMH, H3yuaeMbIMH OGBIYHO
B KypCax MaTeMaTHYECKOTO aHaJiM2a H BhicWlell aqreGpu. [lepeuuc-
JIMM HECKOJIbKO OCHOBHHIX IMOJIOXKeHH# ajre6pH H MaTeMaTHUYECKOro
aHaJu3a, Ha KOTOpHe Mbl OYyJeM OIHpaTbC B AajbHEHIIEM.

Teopema X1. [lan aobuix Osyx mnocousenos f(x) u g(x) Had
noaem P cyuecmsyrom dea mHozourena Had smum nosem g (x) u r(x),

makux, 4mo
fF)=g(x)q(x)+r(x),

npudem cmenens r(x) mMenbuie, 4em cmenensv g(x).
Teopema XIl (besy—Topuep). [aa aobozo muoeourena f(x)=
=qux"+ax"" 14 ... +a,(n=1) u wucra «

f()=(@x—a)g(x)+r,
e0e g(x)=byx""1- ... 4-b,_, by=a,, b,=ab,+a,, by=0b,+a,
consby=ab,_,ta, ;, r=ab,_,+a,=[(a).

Teopema X1 (dopmysna Tehnopa). Jlns 406020 MHO204MEHA F(x)
Fetm =0+ F () +gr )+ .+ ™ (2).

Teopema XIV. Jlro6od mruozousen nHad nosem P cmenenu n =1
moocem Ooime npedcmasren 8 eude npoussedenus HenpusoduMbLx
HAl 3mum noiem MHO204AEHO8.

Teopema XV. ITycmo F (0, ..., %, By, - . ., Bp)—MHO2042€H HAD
nosem P, cummempuuecKull no OMHOWEHUI0 K O8YM cucmemam He-
UBBECMHBLY Oy ooy O U By, oo, B, To20a

Flay, ..,o, By, ooy Bp)=@ (04, ...,0, Ty, cooy Ty),

2de @ (04, ...,0,, Ty, ..., T,)— MHO04LEH C KOIpPuyuenmanu u3 P,
01,y « .., O, —INEMEHMAPHOLE CUMMEmMpUYECKUE MHOZ04AEHbL  OM
Olpy v v vy Oy
Tis ooy T —INEMEHMADHOLE CUMMEMPUHECKUE — MHO204AEHbL O
PR I
Teopema XVI. Hycme o, ..., a,—KopHU MHO204seHa [ (x) cme-
nenu n. Toz20a 3aemenmapHbie CUMMEMPUYECKUE MHOS04AEHbL OM
Ay, - .., Q, BLIPAKNCAIOMCA PAYUOHAALHO 4epe3 Kosgpuyuermot f(x).
Teopema XVII. Cymma cuemuoeo MHOMeCMEa CHEMHbIX MHONCECME
npedcmagasem co6ol MaKie CHemHoe MHONCeCmeo.,
Teopema XVHI. ITocaedosamenvrocms Cmpo2o 6A0MEHHBIX Opye
8 dpyza unmepeasoe, OAUHbL KOMOPBLLX CMPEMAMCA K HYMO, umeem
00HY U MOALKO 00HY MOYKY, 0OWYI0 8CeM UHMEPBANAM U ABASIOULYIOCS
o0uuM npeGesom Aesblx U npasblx KOHU08 IMUX UHMEPEALos.
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Jp yrHMH CJIOBaMH, €CJIH ABE NIOC/ef0BaTe/IbEOCTH AeHCTBHTRIbHLIX
uucen a, 1 P,(n=1, 2,...) TakoBH, 4TO

oy <<o<a,<<...<B;<B<B,

u lim (B,—a,)=0, 1o cymecryior limea, u limp,, npuuem
—>» o

. n-—-> o . n—>o
lim @, =1lim §,,.
n->o n

- @

Teopema XIX. ITycmv [(x)—rnenpepvisnan 6 ceemenme [a; b
¢ynxyus; mozda:

1) f(x) oepanusena wa amom ceemenme.

2) Ecau f(a) u f(b) umetom pasubie 3HAKWL, MO 8 IMOM CE2MEHME
aemcum no Kpaiineild mepe odun kopeus f(x).

3) Ecau c—npocmoti kopeno [(x), maxod, 4mo a<<c<<b, mo
8 docmamouno MaAoll OKpecmuocmu ¢, €Aeéa u cnpasa om ¢, f(x)
NPUHUMAE NPOMUBONOLONCHbIE NO 3HAKY 3HA4EHUS.

Teopema XX. ITycmes [ (x)— nenpepoiaran 6 ceemenme (a, b} pyn«-
yus; m u M—coomeemcmBeHHO HaumeHbilee 1 HaubOAbuLee 3HAYE-
Hus f(x) e amom ceemenme; mozda

b
m(b—a)< Sf(x) dx<< M (b—a).

Teopema XXI (dfnep).
1) e* =cosx-isinx; 2) %(e"‘+e"‘i)=cosx.

HeiicTBUTENIbHO® YHCJO O MOMKHO NPEACTaBJSTh B BHEE CYMMEI
GECKOHEUHOH CHCTeMaTHYeCKO# IpobH ¢ OCHOBAHHEM CHCTEMBl CUH-
CJICHHSI, pABHBIM HEKOTOPOMY LeaoMy g>1, T. e. B Buge:

a=a0+‘§+“§; (8)

TAe Bce g;—uennie uncaa n npu i =1 0 << g; <<g—1. CokpanleHHo
¢opmyna (8) sanuchiBaeTcs B BHAE Q=a, 0.y ..., TAe Gy, Gs,..
Ha3blBalOT UA(paMH ApoGHON 4YacTH &; 4, HA3BIBAIOT LEJOH 4acThio
U 3aNHuCBIBAIOT Takke B BHAe a,=[a]. Msl paccMoTpuM [a] Kak
®yHKIMIO OT o B rnaBe 4. B KkauecTBe OCHOBaHHSI CHCTEMbl CUH-
ciaeBus OoJipirefi uwactelo Oepercs g==10. Vspectusl crepywomue
TeopeMsl.

Teopema XXII. Jlio6oe deiicmeumensroe 4ucio o eGUHCMBEHHbIM
obpasom moocem Gouimo npedcmasaeno 8 eude (8), max umo npu 8cex
i 0<<a;<<g—1 u cywecmsyom a;%<g—1 co crkoab yzo0Ho 60sb-
wumy i. ’

BeckoHeunas cucremaruyeckasi npo6sp (8) HasmiBaeTcs mepHOLH-
YECKOMH, €CJH NEePHOJHUYCCKON SBJAETCS NOCHeAOBaTeJbHOCTD LHPP

Gy, Gy vne -
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Teopema XXIIH. [edcmeumensroe uwucro o sgasemcs payuoHass-
HoM moz0a u moibko moezda, Koz0a npedcmasiexue o ¢ eude (8)
ecmb nepuoduveckas 0pobb.

Ora Teopema, B 4aCTHOCTH, O3HAYaeT, YTO €CJH I[IpeACTaBJEHHE
a B BUJie CHCTEMATHYECKOH ApOGH 10 HEKOTOPOMY OCHOBaHHIO g > 1
ABJSICTCS NEPHOXHYECKHM, TO NepPHOAHYECKOH OYXeT u CHCTeMaTH-
yeckasi Apolb, MOJYyUaAIOMAsACA [PH PA3NOKEHAN O C APYTHM OCHO=
BaHHEM CHCTEMEl CUHCJIEBHS.

Ham wgacro npupercs paccMaTpuBaTh GYHKIMH NPH HeOr paHHYEH-
HOM pocTe aprymeHnTa, T. €. pacCMaTpHBaTb NPONECC, HPHU KOTOPOM
apryMeHT CTaHOBHTCSI GoJsbiue Ji060T0 (PHKCHPOBAHHOTO HaTYpalb-
HOro 4ucja.

Onpenenenne 6. DPyuxyun f(x) naswieaemcs acumnmomuuecku
pasHoil pynkyuu ®(x), ecau npu x— oo, M. e. NPU HeOZPAHUYEH -
HOM pocme X, cywecmeyem npedes OMHOWEHUA g—%)) u amom npe-
Oea paeen 1.

AcumMnrtorHyeckoe paBeHCTBO (yHKuHE f(x) H ® (x) sanuceiBaercs

(%)

3HAaKOM ~, TaK 4TO f(x) ~ ®(x) osuauaer, uro lim 50— 1.
X - @0

Ilpumeps. 1) B2+ Vi ~x3 2 sin%~%;
3) In(x+2)—e *~Inx.

AcumnTotHyeckoe paBeHCTBO f(x) ~ ® (X) MOXKET HMETb MeCTo U
Torja, Korja pasHocTb [(x) MU @ (x) pacTeT MO0 MOAYMO C YBENH-
YeHHeM X, OflHaKo pocT |[(x)—w (x)| Measerneit, uem poct | f(x)|

Hlo . f®) oy f)

JeficTBUTENIBHO, ecnnxl_l)rg o= 1, YO 1+6(x), rme npwm
x—o00 8(x)— 0, orkyza caepyer, utT0 f(X)= 0 (x)-4 6(x)o(x),
[f(x)—@(x)|=]8(x)|-]o(x)]. Hecmorps Ha T0o uro &(x) crTpe-
MHTCSl K HYJ0, npousBefeHue |8 (x)|-|® (x)| Moxker HeorpaHuyeHHO
YBeJIHYMBATLCS, XOT H Mepjennedt, dem |o(x)| u [f(x)|. Taxk,
B TOJBKO 4YTO JaHHOM IpHMepe f(x)=x3+2x2—|—]/x, ® (x) = x3,
a |f (x)—m(x)|=2x2+]/x—->oo IpH HEOTPAHHUEHHOM YBeJuuye-
HHH X,

Onpeneaenne 7. Ilycmo f(x) 1 o (x) (o (x) > 0)—dse Ppynrxyuu,
paccmampusaemsle Ha HEKOMOPOM MHOJNCECMEe BHAYERUL apeymenma X,
maxom, 4mo x—»oco. Paeencmso [(x)=0 (@ (x)) (4umaemecsn .f(x)
paero O boavwoe om o (x)“ e o3Haudem, 4mo cywecmeyem noCMmMosH-
Has A>0, maxas, umo |f(x)|<< Aw(x) O0as ecex Oocmamo4ro
Goavuux x, m. e. npu x> x,.

TakuM oGpasoM, O (@ (x)) MoxeT 03HayaThb J100yi0 GYHKIHIO [ (x),
YIOBJETBOPAIOMYI0 NpH x>>X, ycjoBuo |f(x)|<<Aw(x), rge
H X,, BOOOLie TOBOPS, PasjuuHbl AJA pasiHyHbX [(x). Mb MomeM
Bcerga sanucaTb O (o (x)) << Ao (x). ‘
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Mpumepn. 1) (x—1)2sinx=0(x?); 2) Va3 1 +1lnx=0(+3);

3) ln(l—%—)=0 (i—)

Teopema XXIV. 1) Ecau f(x) =0 (o (x)), g(x)>0, mo [ (x)g (x)=
=0 (o (x) g (x)).

9) Ecau [(x)=0 (0 (x)), mo O (f(x))=0 (w (x)).

3) O (o (x)) £ 0 (@(x))=0(w (x)).

4) Ecau [(x)=0 (o (x)), mo O(f(£))+0 (o (x)) =0 (o (x)).

5) O (o (x)) 0(g(x)) =0(w(x)g(x)).

HokasartenrsctBo. 1) Ecan f(x)=0 (w(x)), T. e. cymecT-
Byer A >0, TaKoe, 4To NpH x > x, uMeeM | f (x) | << Ao (x) 1 g (x)>0,
10 [f()g (D] < Ag (%) ().

2) 3anucek O (f (x)) o3nHauaer, 4T0 f(X) moJOXKHTeJbHA AJs pac-
cMaTpuBaeMbIX 3HaueHu#t apryMenta. Ecan [(x)<<Ae(x), TO
10 (F(x)) | < Af (1) < A, A0 (x), T.e. O(f (x)) =0 (o (x)).

O6o3nauus O (f (x)) uepes F (x), MBl MOXeM 3amucaTb 3TO CBOH-
CTBO B CJEAYIONIEM BHJE:

Ecmn F(x)=0(f (x)), f(x)=0 (o (x)), 0 F(x)=0 (0 (x)).

Taxum o6pasom, cumeoa O o6nafaeT CBOHCTBOM TPAH3HTHBHOCTH.

MoxHO BMecTe C TeM OTMETHTb, YTO 3TOT CHMBOJ He ofJajaer
CBOMCTBOM CHMMerpuuHocTH. M3 f(x) =0 (o (x)) He clenyer @ (x)=
=0 (f (x)). Hanpumep, Inx=0(x), HO x5=0(Inx).

3) Ecnu ans nepBofi us paccMaTpHBaeMBIX ¢yuxuuii O (o (x))
uMeeM |0 (0 (x)) | << A0 (x), a ans BTopo# |0 (@ (x))]| << A0 (X), TO
1060 () 0 (0 (=100 (N-+]0 (0 () | < (A Ao ).

) Ecan f(x)=0 (o (x)), To, npumMeBsis cBoicTBa 2 H 3, JaHHbIe
B :-n‘on Teopeme, MOJIy4aeM

0 (f (%)) +0 (@ (x)) =0 (0 (x)) 4+ 0 (o (x)) =0 (@ (x)).
5) [0 (0 (x)) 0 (€ (x) =10 (o (x))]-]0(g(x) |<< 410 (x) A,g (x)=
= Ao (x) g (x). _
[Tpumep. ’f-)—‘_gg—-—ln (1-{——31‘—)-{—0(—}7):0(%)—0(%)—[-

ro(2)-o () vo(4)-o0()

Onpenenenne 8, ITycme f(x) 1 o (x)(® (x) > 0)—0dee ¢ynxkyuu,
paccmampueaembie HQ HEKOMOPOM MHONCECTNBe 3HA4EHUL X, MAKOM,
umo x— oo, PaserctBo f(x)=o((x)) (uuraerca ,f(x) paBHO o

MajleHbKOoe OT ® (x)“) osnauaem, umo lim === ())—O

CuMbogn o (@ (x)) MoXeT O3Hadarb, TaKHM 00pa3oM, J06yio QyHK-
Huo BHIA &(x) @ (x), Takywo, 4To &{x) — 0 npH x— oco.

- x+l 1
Hpumepu. 1) Inx=o0(x); 2) e=*+ lmo(;,_)_
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- YactaniMa cayuasMH onpefienenuft 7 u 8 gBagorcs QyHROMH
Buga O (1) u o(1). O (1) osHauaer ¢QyHknuiO OT X, OrpaHHYEHHYIO
no MOAyJIc NPH BCEX X>x,, a o(l)—dyuknuwo or x, xoropas
npy x— oo HMeeT Npejed, saanuﬁ HyJ10.

Mpumepu. 1) (1+31z =0y 2 BX o).

x9,1

TJIABA 2
MNPOCTBIE YHUCJIIA
1. NPOCTBHIE H COCTABHBIE YHUCJA

Kaxjoe HaTypalbHOe YHCJIO n HMeeT IO KpafiHeli Mepe jaBa
NOJIOKHUTeNbHBIX Aenautensi: 1 u n. CyniecTBYIOT HaTypaJbHble YHCJA,’
KOTOpble HE HMEIOT MOJOXKHTEJNbHLIX Jenutenell, OTMUYHBIX OT | H
caMoro cebs.

Onpeneaenne 9. Hamypaisbroe wucro p Hasvisaemcs npocmsim,
ecau p>1 u p He umeem NOAOKHCUMEAbHbIX Oeaumeneli, OMAUYHBLX
om 1 u p.

Mpl 6ynem ofbluHO mpocThie YHcaa 0Go3HauaTh GykBoit p. [lep-
Bble NPOCTHIC YHCJA B HATypaJbHOM PAny:

2,3, 5,7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47,..

Onpenenenne 10. Hamypaasvroe wucao n>1 wnasvieaemcsa co-
CMasHbiM, ecal n umeem NHO KpauHel mepe 00UH NOAOHCUMEAbHBLL
Oeaumensv, omauunoii om 1 u n. CoOrjacHO 3TOMY OMNpeIEJEHHIO,
€CJM n—COCTAaBHOE UHCJO, TO' Y A HMeercs JeJuTeNb d, TaKoH,

n
uTo n=ab, rue b=7 TOXKe Takoe, 4to 1<<b<<n.

Bce deTHwle uxcsa, KpoMme 2, cocraBHHIE, TaK KakK npu n =2k,
k>1 6yner 2|n u l<<2<n. :

CorjiacHo onpegenenusaM 9 u 10 MHOXKECTBO HaTypaJsIbHBIX YHCEN
pasbuBaercs Ha TpPH HOAMHOMKectBa: 1) mpocTwle uucna, 2) cocras-
Hble yHcaa ¥ 3) uucno 1, KoTopoe He NMPHUUC/SAETCS HH K HPOCTHIM,
HH K COCTABHBIM UHCJIaM.

Teopema 15, Ecau p u p;—npocmee uucaa u p s=py, mo p4{ p;.

JokazartenabcTBo., [T0MOKUTENBHBIME JeJIUTEJISIMH TIPOCTOrO
p, aBasietrcs tonbko 1 u camo p,. Ilpocroe unciao p=%1 (no ompe-
Jenenuio) U p=p; (1o ycnosmoﬁ, TaK 4to p{ p;.

Teopema 16. [[an arb0c0 namypaasro2o 4ucia n>1 HaumeHo-
wuld, omauuHbll om eOUHUYbL NOAOKHCUMEAbHu Oeaumens 6ce20a
npedcmasasem Cobotl npocmoe “UCAO.

JoxazateancTBo., PaccMoTpuM MHOMecTBO M noJoxutenb-
HBIX, OTJHYHBIX OT 1 jenuTetedl uucna n. Muoxectso M He mycro,
Tak Kak 7 € M(n|n u n>1). Cornacio TeopeMme 1 B MHOKecTBe
M pomxHo OHITh HawWMeHbmlee uuca0o ¢ > 1. Eciu 66 ¢ He 6BJIO
MPOCTHM YHCJOM, TO CYHIECTBOBaJo OH @ Takoe, 4T0 | <<a<<q u
alg; Ho Tak KaK q|n, To Torga (teopema 6) GOm0 Ob a|n, drO
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NpOTHBOPEUHT TOMY, YTO §-—HAaMMEHbIIHA, OTIHUYHBIA OT €JHHHIIEE
NONOXKHTENbHHA JesuTens n. [Ipexnonoxenune, uTo g He ABAsAETCA
NpOCTHIM UYHCIIOM, MPHBEJO HACc K TNPOTHBOPEUHIO, CJENOBATENBLHO,
g—TpocToe UHCJIO.

Teopema 17. Kamdoe namypanrsroe wucao, omaustoe om 1,
MO%CHO npedcmasumbs 6 eude npoussederus NPOCMbX 4ucel.

HJokasartenbcTBo. Kaxaoe npocToe yucjao Mel paccMaTpH-
BaeM B BHJe INPOU3BEJEHHS, COCTOSIIIEr0 H3 OJHOTO MHOXKHTENS,
TaK 4TO AJIsi BCeX NPOCTHIX UHCeJ, W B YacCTHOCTH MJsi 2, yTBEPK-
JeHHe TeopeMbl BepHO, [Ipeanonoxum, uTo yTBepXKJAEHHE TEOPEMSBI
BepHO Inis Bcex k, Takux, uro 2<ck<<n. O6o3HauuM uepes p
HauMeHbpUINH, OTJAHUHHE OT 1 mnoJOXKUTEJBHBIA Xenurelb N, KOTO-
peIfi coryiacHO NpeAbAylieH Teopeme JoJXKeH ObITh IPOCTHIM UHCJIOM.
Torga n=pk’. Eciu k'=1, TO 01 n=p yTBepkKIeHHe TEOPEMbI
sepro. Ecan &' >1, 10 2<<k’ <n u, cornacHo HauteMy npenno-
JIOXKeHHIo, k', a clefoBatelbHO, H 2 NPEJCTaBUMB B BHJle IIPOH3-
BeJileBHsl NPOCTHIX UHCEN, T. €. H B 3TOM CJyyae Halle yTBepXJeHHe
BepHo zas n. CorjacHo Teopeme IV yTBep:KzeHue TeopeMbl BepPHO
IJIA BCEX HaTypaJdbHBIX YuCel n == 2.

JIBa pa3yloXKeHHs Ha NMPOCTble MHOMKHTENH Ha3HBAIOTCS OJHHAKO-
BbIMH, €CJIH OHHM OTJHYAIOTCH TOJBLKO HOPSIAKOM 3THX MPOCTBIX MHO-
XKutened; HanpuMep, pasiaoxenus 30=-2.3.5 u 30=5.2-3 cun-
TalOTCA oIMHaKoBeIMH. Clepyiomasi TeopeMa sIBJSIeTCS OCHOBHOH
TeOpeMOii apHPMETHKH HaTypaJbHBIX YHCeJ.

Teopema 18. Jlan xamdozo Hamypasstozo uucsa n> 1 cyuwecm-
8yem eOUNCMEeHHOe DASAONCEHUE HA NPOCIMbie MHONCLMEAU.

Ar0 3HayuT, 4TO HJA JOOOro HAaTypaJbHOrO A JBa Pas3joXKeHus
Ha TpOCTble MHOXKHTEJNH MOTYT OTJHUATBCH TOJBKO MOPSAKOM 3THX
MHOXKHTEJIEH,

JdoxkasarenabctBo. Ilpexnonoxum, uto MHOXKectBo M Ha-
TYypaJbHBIX YHCeJ, IJIsl KOTOPHIX eAHHCTBEHHOCTb PasJIOXKEeHHS Ha
IIPOCThie MHOXKHTENH HapyLIeHa, He 1ycTo. Torfa corsaacHo TeopeMe |
B MHOXecTBe M uMeercss HaHMeHbIlee YHCJIO 1, IS KOTOpOro
HMeIOTCS JBa Pa3JIMUHBIX Pa3/IoXKeHHsI Ha TPOCThle MHOKHTENHU:

n=py...Ps=qy... G (1

Cpenu mpoOCTHX YHCEN Py, ..., Ps, Gy, - -+, §; BHOEPEM HaHMEHb-
wee: nycTb 3T0 Oyner, Hampumep, p;. Uucjao p; oriHuaercs OT
BeeX ¢, (1<<j<t), TaK Kax eciu 6ul p;=g;, T, COKpamas paBeH-
crBo (1) mHa p,, nodyuyuam Obl ABa pa3jIHUHBIX pa3jOXKeHHS Ha

n
npocThie MHOKHUTENN AJIS1 YuCJa — , KOTOpOE€ MeHbHIe, UeM n. p; <q/

npu Beex j==1,..., t u (Teope;la 15) p; 4 ¢;.
Mbr MOXeM, mnpeicTaBHB ¢, B BuIe ¢,=pk-+r, Tae k=1,
1 <r < p,, NOACTaBHTL 3TO BhipaxeBHe BMecTo ¢; B (1). ITomyuum

. n=ppy...ps=pikqy...4;+R, @
Fﬂe R=rQ2. . 'qt'
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U3 (2) Bumio (teopema 10), uto p;|R,
‘ R=rq,...q=pil, (3
T. e. r <py<<¢y, R<<n, Tak 4To R, COrIaCHO MNpPeRNOJOKEHHIO,
HMEET TOJIbKO €JUHCTBEHHOE INpEeACTaBjeHHEe B BHJAE NPOH3BEACHHA
NPOCTHIX MHOXHUTeJlell, KOTOpOe MOXHO NOJY4YHTb, pa3narasi B ¢op-
myne (3) r u | Ha npocThie MHOXHTeNH. Iloaywanomuecss Torga us
(3) mBa pasnoxeHHss R Ha NPOCTHie MHOXKHTENH JOJ/UKHBI COAEPKATH
OJMHAKOBEIE IIPOCThIE MHOXKHTENH, a ClefoBaTellbHO, MOCKOJBKY
P15=qs, ..., PL5=G;s, P1|7, UTO NPOTHBOPEUHT YCIOBHIO 1 << 1 << py.

IIpegnonoxenne, 4TO MHOXKecTBO M He INyCTO, HpUBEJO HaC
K IpOTHBOpedHio, cJefoBaTelbHo, M mycro, T. e, Kakjgoe n>1
HMeeT eIUMHCTBEHHOE pasJjioKeHHe Ha NPOCThle MHOXKHTEJNH.,

B pasnoxXeHHU n=pyp,...p, CPEIH YHCEN py, Pg, «.., Ps MOTYT
ObITb OJMHAKOBble NPOCTbie MHOXKUTENH, H €CJH, HalnpuMep, CpelH
HHUX MepBble R Pas/IHUHblI, Mbl MOXKEM 3aNHCaTh N B BUAE n=pi'...pg"
Eciu uenoe uucno n<<0, 1o —n >0 u, upejicraBuB — 1 B BHJE

—n=p}...pi*, Tle BCe p;~—IONapHO pasiuuHbie NPOCTHE YKCHa,

GyzeM umerp n=—p3'...ps*. Takoe npejacTapjeHHe, Kak 5TO
caeayeT u3 TeopeMul 18, Toxe oOmajaer CBOACTBOM eJHHCTBEHHOCTH.
Onpegenenve 11. KaHonuueckum pasiodceruem yero20 Hucia

a>1 naseleaemcs npedcmasienue a 6 eude a=p3 ...py", e0e

Pi+ + -« Pp—TNONADHO PA3AUYHbIE NPOCIbIE YUCAA, Oy, ..., O,—HQa-

mypasvHole 4ucsd, KAHOHUHECKUM pABAONCEHUEM 4el020 HUCAQ

a<<—1 Hasweaemcs  awaroeuuHoe — npedcmagaeHue 8 8ude
g A3

a=—py ...pe". .

puoy=...=a,=1, 1. e. a=p,...p,, YHCIO a Ha3HBAIOT
¢BOOOIHEIM OT KBaJpaToB,

KaHonnueckoe pasjioxenue #=da,...d,=b,...b; MOXHO NOJNYUHTD,
nepeMHOXash KaHOHHUECKHE Pas3JIOXKEHHS YHCeNT 4y,..., d, HJIH YHCEJ
by,..., b;. Teopema 18 nokasmiBaer, 4TO pe3y/bTaT NOJYUYHTCS OXUH
u TOT ¥Xe. B uacTHocTH, TakMM 06pasoM, CnpaBelIABa CJAeAYIOmas
TeopeMa.

Teopema 19. Ecau p—npocmoe uwucro, pYa, ptb, mo pfab.

Teopema 20. Ecau a= pP...p%*—Kanonuueckoe npedcmas-
ACHUE 4UCAQ a, MO NOAOJCUNeAbHOe 4uca0 d Asademcs Oeaumenem

a mozda u mosbko mozda, kozda d=pP...p¥, 0<p,<a,, ...,
0<P,<a,

HoxazarenbcrtBo. Ilycts d|a u npocroe pld, Toraa pla,
cllejoBaTelIbHO, COTJIAaCHO TeopeMe 18 p NOJKHO COBNAZATb C OJHUM

H3 Yucead py, ..., Pp. TakuM 06pasoM, B KaHOHHYECKOE pasJoxke-
HHe d He MoOXKeT BOHTH HH OJIHMH IPOCTOH MHOXHTE/h, OT/JHYHBIA
OT Piyvver P T. € d=pf ... pBr. e
"Ecan npu Beex i 0<<P;<<a;, 10 a=pi...pE*=pi'...pRq,
rae g=p&~P . p%P__penoe uucao, 1. €. d|a. '
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Ecan ke xoTa 6bl omHO B; >.a;, To H3 mpeAnoNoxkeHus a=dq,
T. e. u3 a=p=...pe=ph . p¥g, nocie cokpamenus Ha p* MH
noayunyas Gul JIst LEJOro YHcja “:E JABa DasJHuYHHIX PasjOoKeHHA

0 ,
Ha TPOCTHIE MHOXHTEJH. »

TaxkuMm ofpaszom, d=py'... pﬁ" ABJISIeTCS JAeJUTeNIeM @ TOTJa H
TOJIBKO TOTJa, Koria AJsl Beex { 0<<f;, <o,

ITocnenoBaTeJbHOCTL NPOCTHIX UHCEN HeOTpaHUUYeHHa. DTOT pe-
3yabTaT Gl nosyded emie EBkumjoM u momemer B IX kHure ero
,2Hauan“ B kaudecrBe 20-i TeopeMmsl.

Teopema 21 (Eskamn). Mroocecmeo npocmoix 4iuces 6eckoHe4ro.

JoxasateanscTBo, IlpennosoxuM, 4T0 MHOKECTBO MPOCTHIX
YHCEJT KOHeUHO M COCTOMT U3 umcena 2, 3, 5, ..., p, rie p—nocjel-
Hee, caMoe O0O0JbIIOe NPOCTOe 4YHCI0. PaccMOTpHM HatypaJbHOe
gucio N=2-3.5...p+1.

2YN, 3YN,..., pfN, TaKk xak HemnocpeICTBEHHO BHJIHO,
yTo npu jJeneHHd N wHa Bce uucaa 2, 3, 5,..., p noayuaercs
ocTaToK, pasHuii 1 (Teopema 2). Takum obpasoM, N He jejHTCs
HH Ha OJHO IpOCTOe uucio, T. €. (Teopema 16) N==1; a BMecre
¢ TeM HenocpeACTBeHHO BHAHO, uto N > 1. IlpeznoJjioxkeHue, 4TO
MHOKECTBO IPOCTHIX YHCEeJ KOHEUHO, NPHBEJO HAC K [ POTHBOPEUHIO,
T. €. OpOCTBle Yucaa o6pas3yioT GeCKOHeYHOe MHOXKECTBO.

B nanpnefimem OyjeT NOKa3aHO, YTO NMPOCTHIE UHCJA, XOTS HX
H OeCKOHEUHO MHOTO, COCTaBJAIOT HeGOJbHIVIO YacTh BCEeX HaTy-
paJbHBIX YHceJl. MOXHO JIerko [0Kas3arb, 4TO B HATypaJbHOM DPAXY
CYWECTBYIOT CKOJb YFOXHO GOJbIIHEe NPOMEXKYTKH, 3aloJHEHHbIE
CIJIOMIb OJHHMH TOJBKO COCTABHBIMH YHCJAMH.

Teopema 22. Kax Gut geauro Hu 6uia0 yenoe ducao k=1, 8 Ha-
mypaivHom pady MOKHO walmu k cocmasusix wilcea, HenocpeOcm-
eeHHO caedyroujux Gpyz 3a Opyeom.

HoxkasateapcTBO. Hueao (R++ 1)1 =2.3... (B+1) zenurcs
Ha Bce uucjaa 2, 3, ..., &+ 1, TaK 4yTO Cpexu uHcea

(+ 1142, (R+D143, ..., (REDI4(R+1) (4)

nmepsoe Neautcs Ha 2, BTOpoe Ha 3 M T. A. O HocnxexHero k-ro,
Koropoe nenutcs Ha k-4 1. TakuM o6pa3oM, KaskJoe U3 3THX UHCEJ
HMeeT IOJIOXHTEJBLHOIO JeJHTe s, OTJIHYHOrO oT 1 H camoro cebs,
T. e. Bce uucja (4) cocraBHble.
Crenyiomas TeopeMa JaeT KpuTepui, NO3BOJAIOMUN CYIHUTH,
ABJAeTCs JIH HATYypaJIbHOE YHCJXO 721 MPOCTHIM HJH COCTaBHBHIM.
Teopema 23. Eciu namypairsuoe 4qucso n(n>>1) He Odesumcs

Hu Ha 00KO npocmoe 4ucao, He npesocxodawee ¥V n , mo oHo npocmoe.
JdokaszateascTtBo. Ecnu 66 n OBJIO COCTaBHBIM, TO N =ab,
rie l<<a<n, 1<b<<n. Uucna a u b He MOTYT OHITH OJHOBpe-

Menno Gosbmie, yeM J' n, Tak Kak Torza ab 6wuio 6ml GoJabiue,
31



yem n. Tlycrs, Hanpumep, a<<Vn . [Mockoneky @ > 1, y a Ronxken
cyuiecTBOBaTh IO KpaiHell Mepe OfMH IPOCTOH JejnHTENbL p U TOTAA
pln, tie p<<a<<V'n, 4TO NPOTHBOpEYUT YCJIOBHIO.

OdeBujHo, uTO ecJH 7t JeJHTCA XO0Ts Obl Ha OJHO NPOCTOe YHUCJIO,
MeHblee HJIH paBHoe V7, TO OHO ABJIAETCS COCTAaBHEIM.

Ias Toro uyro6H M3 MHOXKECTBAa HATYPaJbHBIX YHCEN BHAENSThb
NpOCTHie YHCJ/a, MOXHO B3ATh BCe HATypaJbHBE UHCJa J0 3afaHHOM
TpaHMilbl H, MNOJbB3YHCh KPHUTEpHeM TeopeMbl 23, onpelenutb Ais
KaXJOoro U3 HHX, SIBJSIETCA JIH OHO NPOCTHM HJIH COCTaBHBIM. Do-
Jee yjoGeH croco® OTCEMBAHMsI COCTaBHHIX UHCEJI, U3BECTHHIH emne
rpeueckoMy MareMaTHKY Jparocdeny (276—194 rr. jpo Hamedt
3phI).

3rot cnocob, noNyuHBLINi HasBaHHe pelletra DpartocdeHa, OCHO-
BaH Ha cjenyioulell MoaubuKauuu TeopeMe 23,

Teopema 23°. 1) Ecau 6 mnouecmee HaMyparbHoLX —HuceA
2, 3, 4, ..., N sauepknyme uucaa, Kpammueie Nepesitm r NpPOCHbIM
qucram 2, 3,..., p,, mo nepeoe (HaHMEHBILEE) He3QUePKHYMOe
qucro 6ydem npocimvim.

2) Ecau ewivepkHymo 6Ce 4uUCAQ, KPAMHbIE 6CEM NPOCHBIM HUCIAM

do VN, m. e. subpame r mak, umo p, <<V N <p,,;, mo ocmas-
wuecs wucaa 6y0ym cosnadamos ¢ MHONCECIMBOM BCeX NPOCINbLY HUCEA P,
makux, umo V' N <p<N.

JdoxaszareabctBo. 1) Kaknoe cocraBHoe 4HCI0 7 JeAHTCH
o KpaiHe# Mepe Ha OXHO IIPOCTOE YHCJO, MeHbilee, Yem #., Eciau
YHCJIO 7 He JeJHTCS HH Ha OJHO MPOCTOE UHCJO, MEHbIlee, YeM 71,
TO OHO siBJIeTCH HPOCTHIM.

2) KaxJoe coCTaBHOE YHCJIO 7, TAKOE, YTO VIV <ns< N, genurcs
(Teopema 23) no kpaliHe#l Mepe Ha ORHO IpoCTOE p;<Vn<VN,

T. €. Ha OJHO W3 umcen 2, 3,..., p,(p,<l/ﬁ<p,+l), H, CJexRo-
BateJIbHO, GyJeT BHIYEPKHYTO.
Mpocrsie wncaa p>V N ne gensitcs va 2, 3, ..., p, 4, TaKuM

ofpa3oM, He GyAyT BBIUEPKHYTHI.
Teopema pxaer crenyiomu# aJropHTM HaxXOXJeHHS BCeX NPOCTHIX
yuces << N: B MHOXeCTBe HaTypaJbHBIX HHCeN

2,383,456, ..., N

nepeoe uMcao 2 npocToe. BriuepkuBaeM Bce UHCJA, KpaTHbE 2;
TOTJia mepBoe HeBHIUeDKHYTOe yucjo 3 mpocroe. BhiuepkHBaeM Bce
4HCJa, KpaTHeie 3; nepBoe HeBBIYEDKHYTOE YHCJIO 5 mpoctoe H T. A
TTpomoskaem 310T mponecc, Moka He BHIYEPKHEM BCe YHCJA, KpaT-
Hble HalJEHHbLIM NPOCTHIM Yucaam 2, 3, ..., p,, TAe p, Takoe, 4TO
p,<VN, a crenyiomee npocroe p,,,>V N. Bce ocrasmuecs
HEBBIUEpKHYTLIMH YHCJA JAaAyT HaM MHOXeCTBO MpPOCTHIX YHCel,

aexamux Mexay VN u N (Bkmowas N, ecaum oHO mpoctoe), a
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BMeCTe C paHee HallIeHHBIMH MpOCTHIMH 2, 3, ..., p, MB NoJydaeM
BCe MpOCThle 4HCJa, He npeBocxopsmHe N.

Mpumep. Ilycte N=>50. IlocaenoBarenbHble BhIYEPKHBaHHS
Ratot (puc. 1):

2,304 ,5 06,%,8,9, 1,11, 1R 13, ™4, 15,16 ,17 18,
19,20,24,22,23,24,29,26,27,28,29, 38,31, 32,33, 34,
35,36,37,38,39 80,41 0R,43, 44,55, 46, 47,58, 49, 54..

Puc. 1.

ITopuepkHYTHl TPOCTHIE HYHC/A p,-<]/5—0 (2, 3, 5, 7). Ocranucs
HEBBIYEDKHYTHIMH NpPOCTHIE UHCJA, JeXKallue MEeXRy V50 u b5O.

2. PAKTOPU3ALIUA

HPOHECC nNpeacTaBJ/CcHH YHCEJT B KAaHOHHYECCKOM BHJEC MBI 6y,11€M

Ha3bBaTh (axkropusauueil. O6mul Merol GHakTOPH3aUHH 3aXaHHOTO
YHCJIa 3aKJAI0YaeTC B TOM, UTO 7 npo6yIOT NeJHTh NOoCcAeoBaTe/bHO

Ha mnpocThe uucaa 2, 3, 5, ..., p,<<V'n 1o Tex mnop, moka He
Haijercs npocToe HMCJ0 p, Takoe, 4ro p|n. Eciau takoe p Haxo-
AuTcst, (hakTOpH3aLUs 1 CBOAUTCS K (DAKTOpH3ALHH MEHbIIero 4uca;
€C/IH e CpefH STUX BCEX NPOCTHIX YHCEJ HeT HH ONHOTO JieNu-
TeJsl 1, TO COTJacHO TeopeMe 23 caMo n IpocCToe.

Hns 60MBHIHX A 3TOT aaroput™M TpebyeT IONTHX BBIYHCIEHHH.
Hwmerorcss Tabaumbl, € NOMOHIBIO KOTOPBIX MOXHO HPOH3BONHUTH
thakTOpH3aLHI0 YHCes, JEKaIuX B JOCTATOYHO IMHPOKHX Hpeneax.
Tak, nanpumep, Tabnuusl Jlemepa, cocrasjieHHble HM eimé B 1909 r.,
JA0T I8 KaxkJOoro HarypadsHoro yuciaa n<< 10000000 Beaumuuny
€ro HauMEHBIIero IPOCTOTO AEJNHUTEJs], TaK 4TO C IOMOIbIO 3ITHX
TabuI MOXKHO HalTH KaHOHMYECKOE pas3JoKeHHe Ha NPOCTbie MHO-
XUTeJau jisa Jioboro 4ucja, Jexamero B IpefelaX IepHBIX
10 MuUATHOHOB.

MHorue MaTeMaTHKH JaBaJd psAA c¢noco60B, PaCCUHTAHHEIX Ha
yMeHblleHHe o6beMa BHIKJAJOK, HEOOXOAUMBIX A5 (aKTOpH3ALHU
OTAENBHHIX KJjaccoB yuces. Hekoropbie M3 3THX HPUEMOB OCHOBAHHL
Ha TIpHMEeHEHHH NPOCTHIX ajJre6paHyecKHX TOXKJECTB.

Ecau mHOTOUNEH f(x) NMpeAcTaB/ieH B BUJAE NPOH3BENEHUS ABYX
MHOTO4JIeHOB Y (x¥) ¥ ®(x) ¢ ueasiMu KoabdulHeHTaMH, TO NpPH
J060M LeJIoM 1, TakoM, 4To Y (n)>1 u o (n) > 1, f(n), oueBHAHO,
npejcTaBjisieT coGofl cocTaBHOe YHCJIO M Qaktopusauus f(n) cBo-
autcst K dakrtopusanuu Y (n) H o (n).

ITpamep (Tak HasbiBaemad TeopeMa Codu Kepmen).

Yucao nt+4-4 npu n>1 Bcerja cocTaBHOe.
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dro craepyer H3 TOro, uto nt-+4=(n*-+2n4-2)(n*—2n-4-2),
rae npu n>1 o6a MHOXHTens Gosbwe 1.

(Dam‘opprsaumo YHCeJl MOXKHO OCYHIECTBJISTh C MOMOWBIO Clle-
Jyiolell TPOCTOH TeopeMsl.

Teopema 24. Paccmompum npu Hesemnom n==9 4ucia.

N0=n, N1=N0+l, N2=N1+3’ N3=N2+5 .
—9
Vo) =V 255000 ©
mak, ymo eoobuie
N,=N,_ +2s—1, (1<s<[”;9]>;

n 6ydem cocmagHeim moeda u mossko mozda, Kozda 8 evipasie-

nuu (B) Hekomopoe N, =12, m. e. npedcmagasem coboti NoAHbBLL

Keadpam, npuuem 6 3mom cayiae n=(t—s)({-s).
HoxasateabctBo. M3 (B) moayuaem:

Ny=nt(4+34...4+(@s—1))=n+s (0<s<[”‘6“9]).

Ecim Ny=n-4s2=12, 1o n=1*—s?=(t—s) (¢ +5s).

1) Ilpu s< n; nMeeM n=6s-4+9>2+1, f2=n-s2>
>+ 12, ¢ >s+1, {—s>1, TaK 4T0 1—COCTABHOE YHCJIO.

2) Ecnu n HeuerHOe cocTaBHOE, TO n=ab, Ile @ U b—HeyeTHHE
ypcsa, Takue, 4TO 3<a<Vn, Vn<b\; Ilpu s-—q-;—‘-z To-
JaydaeM N ,=n--s?=aqab-- (b_a>2= (b_-g_q)a , Tle Osb - a\<_
g—:z—(g——S) , TaK 9TO HeJjoe b‘; < ["*9] .

I[Tpumep. Halitu pasnoxeHne Ha 1poOCTbie MHOXKHTENH
gucJya 391,

HaxoxuM nepBrie uuciaa Buga (5):

Ny=391, N, =392, N,=395, N;=400=20%
3pecp s=3, =20, Tax uro 391=(20—3) (204 3)=17.23.
INNpumeuwanue. Ecau npuMmenarts TeopeMy 24 Has uucaa n, He Jensi-

merocs Ha 2, 3 u 5, To B (B) MOXKHO OrpaHMYHTbCA 3HAUCHHIMH séﬁ:—;}iq .

Helicrautensno, Ttorma n=ab, rae T<<a=Vr, Vn<bes —;— "

b—a _1 /n
3 ==—-2——- = '§— <'7'— 7) .

Cpem{ OTHEJIBHEIX KJaCCOB IPOCTHIX YHCEJN B CBOE BpeMsl 3Ha-
QUTEJbHbBI I HHTEpPEC BbI3bIBAJI BONPOC O IIPOCTHIX HHCJaX BHJA

2"—1. HHTepec K 3TOMY BONpOCY - BOSHHK B CBSI3H C U3yueHHEM
TaK HasbiBaeMbIX COBEpIIEHHbIX uucea (cM. raasy 33). Ilpocrwe

34



gucyia BHja M,=2"—1 paccmaTpuBanuch, B 4YacTHOCTH, ¢paH-
ysckuM MatemathkoM XVII Bexa MepceHHoM, u Takue uucjaa no-
JY4YUJIH HasBaHWe NPOCTBHIX uucesn MepcenHna.

Ecam uncjo n HedeTHoe cocTaBHOe, To 2°—1 Oyjer Ttakxe
COCTaBHBIM YHCJIOM, TaK KaK U3 n=ab, 3<<a < n, 3<<b<n caeayer

2% —1=(2°—1)(2°®-D 4 200D | 4294 1),

n n

ITpu moGom yeTHOM 12 == 4 uncna Buja 2" —1= (22 — 1> (22 + 1)
COCTaBHEIE.

Takum o6pasom, 2"—1 MoxeT ObiTb NPOCTHIM YHCJIOM TOJBKO,
€CJIH caMo n=p npocroe. [Ipu NPOCTHIX 3HAUEHHUAX N ==p UYHCJO
27 —1 MOMXKeT O0KasaTbCs MPOCTHIM, HO MOMKET ObiTh M COCTABHBIM.

Hanpumep, npu p=2, 3, 5, 7, 13, 17, 19 Mul nosyyaem npoctsie
gucjaa MepceHna 22 —1=3, 28—1=7, 25—1=31, 2"—1=127,
213 —1=28191, 2'"—1=131071 u 2!*—1=524287, a npu p=11,
23, 29 yucaa 2°—1 cocraBHble.

Ilpn Gonmplmiux 3HaueHHSX p onpejelenue Toro, 6yger nu 2°—1
NPOCTHIM HJIH COCTaBHHIM, TpeGyeT OGOJBIINX ~BHUHCIeHUH. Belto
BhISICHEHO, uto 23 —1 (Dkmep, 1750 r.), 281 — 1 (TTepByxun, 1883 r.),
2% —1 u 21991 (Iloyspc, 1907 u 1914 rr.)—rmpocTee yucia,
Jlo 1952 r. caMbiM GOJIBIIKM H3BECTHBIM NPOCTHIM YHCJIOM MepceHHa
ABJsN0Ch yucao 2127 —1; npocrory atoro uucaa, umetowero 39 uudp,
yctanosun Jlwka B 1876 r.

[TpuMenenue OLICTPOJACHCTBYIOMIHX CUETHHX MAOIMH HO3BOJHJIO
3a nocJMefiHue Trojbl HalTH 3HAUUTENbHO GOJIbLIHE TIPOCThle UHCIa
Mepcerna. B 1952 r. 6miio ycraHoBjeHo, uto 2P—1-—mnpoctoe
gucjgo npu p=>521, p=607, p=1279, p=2203 u p=2281.
B 1957 r. Owuio HaliieHo mnpocroe uucjao Mepcenna, 232171,
nMeomee 969 mubp. B 1962 r. O6mam  HaliieHH JBa TPOCTBIX
uypcna Mepcenna 24293 —1 y 244231, a B 1965 r. eme TpH npoc-
THIX 4HcJa MepceHHa, a umeHHO 29989 —]1, 20941___] 3 2112131 Ypyego
2112131 pmeer 3376 uudp u siasgercs Boobuie camblM GOJNBIIHM H3
H3BECTHBIX HaM npocthiX uuces. CymecTByeT JH GECKOHEYHO MHOFO
IPOCTHIX umces MepceHHa? 310T BONPOC He pelleH 0 CHX MOp H,
10-BHAMMOMY, SfIBJsIeTCS UPE3BHIYAHHO TPYAHBIM.

Yucaa Buga 2"+ 1 Moryr GelTh HPOCTBIMH TOJBKO NpH 7= 2%,
Ecntu n umeer xoTs Obl OJMH HeYeTHHH geJauTes s a> 1, TO

2"+1=(2%+1)(2 +...-2’3‘+1),

rjie, Kak JIerKO BHJETb, NOCKOJBKY 7 =3, a=3, oba MHOXuUTeNAd
6oabme 1, Tak uro 2" 4 1—cocTaBHOE YuCIIO.

DepMa BhICKa3al NpPeANOJOXEHHe, YTO BCe YHCHa BHAA F,==
=22 11 npoctsle; 310 Kak 6yATO MOATBEPXXANOCH TeM, YTO TpH
k=0, 1, 2, 3, 4 geficTBHTebHO NOAYYANNCH NPOCTHIE uHCJA
3, 5, 17, 257, 65537, Caeayiomee UAC/HO Takoro BuAa 22° 41 6uao
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y’e HaCTOJNbKO BeNHKO, YTo PepMa He cyMmes ompefesinTb, HpocToe
OHO MJH COCTAaBHOE.

B 1739 r. Ditrep nokasaj, 4YTO 3TO UMCJQ COCTaBHOe, H TeM
caMbiM onposepr runoresy ®epma. dfijep yxasal o6mui nyth AId
(hakTOpH3aUHH YHCEJ TAKOTO BUJA, JOKA3aB, UTO BCE JEJIMTEJH YHCJA
Buga 22*4-1 posukHB uMeTh BuA m2" -+ 1.

IMpoctoie uncaa Bua 22° -1, Kak M3BecTHO, CBS3aHHI C 3ajaueit
HOCTPOEHHS NPaBUJIBHBEIX MHOTOYTOJIbHHKOB C NOMOIIbIO IIHPKYJIS H
auHedkHu. aycc Jokasan, YTo NPaBHUNBHBIE MHOTOYTFOJBHHK MOMKET
ObITh IOCTPOEH C IOMOHIBIO LHPKYJS H JHHEHKH TOTAa H TOJBKO
TOTJa, KOTZa YHCJIO ero CTOPOH n paBHO 2°py-p, ... p,, THe Bce
npocthle yhcaa p; uMmeiot Bupy 22 - 1. Cpeau mepsnix 1000 3naue-
Huil n(n> 1) UMeeTcs BCEro TOJBKO 54 YHclla TAKOTO BUAA.

Heonpaspabpieecs npegnonoxenue ®epMa, 4TO BCe YuC]A BHAA
2" 1| mpocTele, €CTeCTBEHHO CTaBHT 3aJauy IOCTPOEHHSI APYTHX
¢ynkuuii f(k), 3HaueHHsSIMH KOTOpbIX IPH BCEX HATYpaJbHHIX &
ABJSMUCD Obl TOJBKO mpocTble yucaa. QyHKIHH, KOTOpBiE NpPHHH-
MalT MOApsiA MHOTO NPOCTHIX 3HAueHHH, OWJIA HM3BECTHH JABHO.

Disep ykasan uHTepecHbIi MHOTouleH xZ2—x-41, KOTOpHIi
npu BceX medux x oT 0 g0 40 BKmMOYHTENBHO INPHHHMAET TOJBKO
npocTeie 3HauenHs. Ilpn x=41 u x=42 3HauUeHHs 3TOr0 MHOrO-
4yjeHa OYAyT, OJHAKO, y:Ke COCTaBHBIMH YHcJaaMH. JIerko BHJETb,
4TO BOOOIIE MHOTOW/eH C UeJBIMH KO3(DHIUEHTAMH He MOXKET NpH
BCeX HATYpajbHBIX 3HAUEHHUSIX apryMeHTa NPHHUMATH TOJNBKO HPO-
CTHe 3HAUeHHS.

Teopema 25, Jlwboii mrozouren ¢ yeavimu Kodguyuenmanu npu
HEKOMOPOM HAMYPAAbHOM 3HAYEHUU apYMeNma npunumaem 3Ha4e-
Hue, npedcmasasroujee coboli COCMAagHoe YUCAO.

HoxkasarteanctBo. Ilyers [ (x)=aux"+ax""14+...+a,,
rje Bce g;—uesaple uucja. [lpeanonomxuM, 4ro Nnpud HEKOTOPOM £
f(k)=p, rne p—npoctoe uncno. M3BecTHO, 4TO MHOTOUJIEH CTENEHH
n DNpHHHMaET OJHO M TO XKe 3HaYeHHe He OoJsplle, YeM B A TOUKEX,
TaK 4yTO Hafigercs takoe uenoe t>1, uro f(k- pt)=%p. Pasnaras
f (k-+ pt) mo crenensiM pf, mosydyaem:

f(k~+pt)=[(k)+cipt4-c5 (ph)2+ ... +c, (pt)", (6)

rae Bce c;—lennle yucaa. [lockoapky f(k)=p, u3 (6) noayuaem,
uto p|f (k- pt), Tak uro f (k- pt)-—cocraBHoe YHCJIO.

[Tpumep. Muorousen x2-43x--1 OpHHHMaeT NPOCTHeE 3Ha-
uenud npu x=1, 2, 3, 4, 5. Oxnako nockoneky f(1)=>5 u f (6) =45,
10 f(6) cormacHo fOKas3aTeJbCTBY TeOpeMHB 25—COCTaBHOE UHCJIO.
JeficrsurenbHo, f(6)=>55. Touno Tak ke u3 f(2)==111u f(13)5411
caenyer, uto f(13)=209—cocraBuoe uucio.

B Teopeme 25 npeanonoxenue, uTo paccMaTpusaeMasi GyHKuUuA —
MHOTOYJIeH, CYIIeCTBEHHO.

M3 BecTen Bup HekoTOpHIX GYHKUHA f(X), NPHHHMAIOIMHUX OPH
BCEX HATYpPAJBHHIX 3HAUEHHAX APryMeHTa TOJBKO NPOCTHIE 3HAUSHHUT,
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Tak, nanpuMep, Musanc B 1947 r. fokasan, uTO CymecTByeT Jefi-
CTBHUTEJbHOE YHCJO o, Takoe, 4ro f(x)=[x3®] npu Bcex mesmix
x == | npuHuMaeT 3HayeHHs, npejcTasJsiomue co60# NpoCThe YucIa.
B 1951 r. HuBeH HeckOJBKO YTOYHHJ 3Ty TeOpeMy, IIOKas3aB, 4YTO

8
AAs MoGOr0 € >> - CYIMECTBYET o, TaKoe, 4To [o"] mpH BCex HeJbIX
X == 1—Bcerja npocroe 4HCIO.

Hcmopuuecrkie Kommenmapuny xo 2-ii zaase

1. EBkauA—BenuKHH JpeBHerpedeckKHfi MaTeMaTHK, XHBUIHH
okojo 300r. go Hameir spwe. ,Hauana“ EBxauaa-—Baxnefinmee
NPOoH3BeJieHHe Bceli JpeBHerpeyeCcKOH MaTeMaTHYECKOH KYJbTYpHL.
OcHOBHoOe ero cojiepKaHHe — H3JI0XKeHHe CHCTEMBI TeOMETP UK, OJHAKO0
B HEM paccMaTPHUBAIOTCS H HEKOTOPHIE TEOPETHKO-UUCTI0BbIe TPOGJIeMBl.

Teopema 19 B Heckonnko apyroit ¢dopme umeerca B ,Hawamax“
Eskauga.

2. Teopema 18 mo cBoeMy conepXKaHHUIO JaBHO M3BeCTHA H 4acTo
HEOCHOBaTeJbHO paccMaTpuBasiach KaK OYeBHJHOE MNOJIOXKEHHE,
Tounas GopMyJaHpOBKa ¢ J0OKas3aTeJbCTBOM 3TOH TeopeMmbl Oblia
BhepBele JaHa ['ayccom.

3. 3parocdeH (276—196 rr. mo Hame#r apwl) 6B THaBHBIM Ou6-
JuoTekapeM 3HaMeHHTOH Anexkcanipuiickofi 6Gubmuoreku. ITomumo
HCCJIEJOBAHHUS PaCIOJIOXKEeHHS MPOCTHIX UMCEN] B HATYypaJbHOM PSAY,
3aHHMAJICSl H3Y4YeHHEM TaK HAa3biBAEMBIX MHOTOYTOJIBHEIX YHCEJ.
Dpatochen OGpl1 Gosee H3BeCTeH He KaK MaTEMaTHK, a Kak reorpad
U acTpPOHOM, CIEJaBIIHiA, B YaCTHOCTH, Ha OCHOBaHHHM H3MepeHHS
JJIMHBI MepHAMaHa Mexny Ausekcanapueli M AcCyaHOM JOBOJIBHO
TOYHBIH pacueT BeJuWYuHH 3eMHoro mapa. OH 3aHHMaJsCsa TakXke
XPOHOJIOTHEH ApeBHeH HCTOPHH.

4. ®ubonauyu (Jleonapao [Insanckuit) 6b1J 1epBLIM MaTEMAaTHKOM,
yKasaBIIUM, YTO JJs HaXOKIEHHs JeJuTes el uucja n JOCTATOYHO

HCTILITATh AEJMHMOCTh 3TOTO UHCJA Ha YHCJA, He mpeBocxojamue V f.
5. Teopema 24 ocHoBana Ha ujee crnocoGa (akTopusanuu depma.
6. Mepcenn (1588—1648) paccMarpHsaj npOCTHe uHcJa BHAA
2"—1 B cpoeM counnenud ,Cogita physico-mathematica“. Tor daxr,
yro uuesaa 2'7—1 u 21°—1 npocthle, GBI YCTAHOB/EH HTaNbSIHCK M
mateMatHkoM Karaapau (1552—1626) xo Mepcenra. B cymHocTH
npocThie 4ucaa, Hocsmue uMsi MepceHHa, BCTpeyasuch elie B TPY-
Aax JpeBHEIDEYECKHX MATEMaTHKOB.
Ecnu B3siTb 1OCHELOBATENBHOCTD Sy. Sg, ... ,S4...,TAE §; =4,
= 8p-1—2, TO (kpuTepui Jloka) M = 27—1 npu npocrom p Gy-
lleT npocTeiM uucjaoM Mepcenna 'ror,ua H TOJBKO TOTZAa, KOTrJa
S,-1==0 (mod p). B macrosimee BpeMsi umcna MepceHHa HaxomsT,
npumeﬂga OLICTPOJICHCTBY IO HE .3JICKTPOHHO-BHYHCIRTEAbHBIE - Ma-
Lumm OOBIYHO - HCTIONL3YA NPH 9TOM Kpurepuit Jlioka,
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Tlo-BuaumMoMy, OoJbilasl 4YacTb uHceN Buja 2P-—1 cocTaBHLIE;
HanpuMep, NPH NPOCTHIX 3HAUeHHUSX P B npefenax 2300 < p << 3200
Bce umncJaa Buja 2P— 1 oKasanuch COCTABHBIMH.

7. B HacTosimee BpeMsi M3BEeCTHO, UTO 4uCJIa BHAa 22°--1 cocTas-
HBle npu k=5H, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 18, 19, 21,
23, 25, 26, 27, 30, 32, 36, 38, 39, 42, 52, 55, 58, 63, 73, 77, 81,
117, 125, 144, 150, 207, 226, 228, 250, 267, 268, 284, 316, 452, 1945.

Henutenu GospmimHcTBA M3 3THX uncea PepMma Oplin HaHzeHH
TOJBKO B camoe INOoC/eJHee BpeMsl C MOMOIUIbI0 3JIEeKTPOHHBIX BBHIUHC-
JUTeNbHbIX MamuH. o cux nop He oOHapyXeHO HM OJHOTO MpO-

CTOTO YuCJja BHJIA 2‘*"—]—1 npu k£ =05.

8. lepsule Tabauum gja daxkTopusanuu 4uces GBIK onyGiH-
koBaHn eme B XVII Beke. OpHa u3 nux, cocraBjensas I[leanem
(1668), nmaeT BO3MOXHOCTH NPOU3BOANTD (AKTOPHU3ALHIO UYHCEN B
npegeaax jpo 100 000.

Tabauuna, onybaukosanHas JlemmepoM B 1909 r., gmaer ans
KaxJoro HaTypaJbHOrO UHCJa, Jexallero B IpefeiaX NepBHX
10 MusIMOHOB, HAHMeHBIUHE npocToft menuteib. lloJbCKHE MaTe-
matuxk f. Kyauk (1793—1863), paGoraswmuii B IlpaxkckoMm yHuBeEp-
cureTe, cocTaBus TaGJAUB AJAd (aKTOPH3AUHH HHCeJN B Npefenax
go 100000000, Ho sti Tabaumel A0 CUX TOp HE HafeyaTaHH.

Hanana tabauna npocThiX YHCeJ, JeXamHux B Ipefesax mepBhIX
11 MUIHOHOB HaTypaJbHEIX Ykced. Tabauua nepselX 1UeCTd MHUJH-
OHOB TPOCTHIX umcesn, HauboJjbilee H3 KoTophx pasHo 104 395 301,
sanucana B 1959 r. Ha MukponJeHke,.

TJAABA 3

HAMUBOJILLIUA OBLHIUA JEJIUTEJID.
HAWMEHDBIIEE OBUIEE KPATHOE

1. OBHIME AEJIMTEJIM U OBUWMHE KPATHBIE LEJbIX YHCEJ

Teopema 26. Kaosicoe yenoe ducao a==0 umeem moisKo KOHedHOE
MHOsCeCcmBo Oeaymenell.

HokasatennctBo. [lycts d|a, Torna a=dq. ITockomasky
a=%0, T0 q=£0, u, caenoarenbno (Teopema IX), wesmoe wmcno
lgl=1, laj=|d|-|q|=>|d|

CyiecTByeT TOJBKO KOHEUHOe MHOXECTBO LeJBX d, TaKHX, uTO
ld]<|al.

Oupenenennsn 12. 1) Obwum Oeaumenem yesvlx 4ucea a;, ... ,a,
Hasseieaemca aoboe yeaoe d, makoe, umo dla,, ... ,dla,.

2) Haubosvbwum obuum Oesumenem uyeabix 4ucer ay, ..., a,
Hasvleaemca maxol noaoxcumenvrold obwuill deaumens ay, ..., a,,
Komopeii Oesumcs Ha moboli Opyeod obujutl Oeaument smux qucen.

Hauboaniuni oOmui genurenp uucia a,,...,d, ob0oznayaercs

(ay, ..., a,).
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Takum o6GpasoMm, (a,, ..., a,)=d O3Hayaer:
1) d>0 uenoe
2)d|ay,...,d|a,

3) ecnu 8lay,...,08]a,, To §|d

Teopema 27. 1) [aa amoboix yeavix uucen a,, . .. ,Q,, U3 KOMOPLLX

xoms 6bl 00HO OMAUMHO OM HYAR, cyujecmsyem Haubosvwuil o6ujuil
Jeaumens.

. (1)

a a .
2) Ecau ay == pY ... ps, ..., a,===py* ... p¥, 20e pi, ...
vee, Dg— PO3AUUHBIE NPOCIMbIE YUCAQ, MO
min(Qy, e, gy ooes
(01’ ., a )_ (ag ’V:) p;rlm( 3 'Vs). (2)
JJokasaTelXbCTBO. PaCCMOTpHM CcHauanma cJyuyai, KOrja
Bce a;=%0. OG6o3HauuM uepes p;, ..., p, MHOXKECTBO NPOCTHIX
ypces, KOTophie SIBAAIOTCH JeNUTENAMH XOTs Obl OJHOTO H3 YHCeJ
ay,...,Q, TOTAa @, ..., @, MOXHO 3anucaTh B BHJE
a a
Q== pP ... P ..., = plt ... pde, (3)
rae Bce a; =0, ..., v;>=0—HeKoTOpHe leable yHcjaa. Jas storo

JOCTAaTOUHO 3amHcaTh Kakjoe @;== 4+ | B KaHoHHMyecKoit ¢dopme H
JN06aBHTL HeHNOCTaloLlhe TpPOCThie MHOMKHTENH B HYJEBOH CTeleHH,

a ecqu a;==1, To B3ATb a;= = p] ... p;. Jlokaxkem, 4to

d=p§"m(u" cev s WD) . p;nin (Cgs vons¥s)
SABJIgeTCS HauOOJbIIUM OOMHM JEJHUTENEM YHCeT ay, ..., d,. N
HeinicreurenpHo: 1) d > 0. 2) ITockoabKy o, == min (oty,. .., Y1)r--»
., ay=min (o, ...,Y,), To cormacHo Tteopeme 20d|a,, u co-
BepLIEHHO aHaJOrH4YHO nojyvyaeM, yrto d|a,,...,d|a, 3) Ecam
8la,, ..., 8|a,, To B pa3noxeHuH O Ha NpPOCThHie MHOXKHTENIH He
MOT'YT COJlep}KaTbCH NpOCTble MHOMKHTEJNH, OTJIUUYHBIE OT Pq, ... , Pg»
TaK 4To & HMeeT BHA S=pi ... p", rpe
ki<<oy, ...,k =<<y;, Tak uTo k,<<min(o,, ..., Y1),
kool ov., Re<< Y TaK 4T0 k mm(as,...,ys)

u corjacHo Toit ke TeopeMe 20 §|d. Ilockonbky mas d BHIOJHEHH
Bce ychaosua (1), onpenmeasiiomue Haubojbiiud oOmui JeJuTENb

JAHHBIX yuces, 1o d=(a;, ... ,qa,).
Ecan 0,40, ...,a,5%0 ¥ (a,,...,a,)=d, T0 u
(@ evera, 0,...,0)=d,
JHeitcrBurensno: 1) d>0; 2) dlay, ..., d]a, u d|0,...,d]0;
3) ecan O—penutenp Bcex HHCEd Gy, ..., Qq, O0,..., 0, 10 §,

B Y4aCTHOCTH, JeNHUTeNb @y, ...,q, H O|d.
Takum 06pa30M, HauGoMbI OB  AesHTeND cymeCTByeT
H Torja, Korja 4aCTh 4HCEJl paBHa HYJIO.
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Teopema 27 jpaet BMOJIHE ONpEeJCJCHHBIHA AJNTOPHTM AJA HaXoX-
JeHHs HauboJsbliero o0mero xejuTesis d KOHEUHOTO MHOXKeCTBa
esblx 4ucesl a;, ..., Qa,. ECHH CPelIH S3THX 4HCEJ eCThb XOTs Ol
omno, paBHoe 4= 1, T0 oueBujpHO, uTo d=1. EcJiu Bce OHH OTAHUYUHEI
or 1, To octaBisieM TONBKO Te M3 HHX, KOTOPHIE OTJHYHBI OT
HyJil, 3anuChiBaeM HX B KaHOHHWYeCKoH dopme, a 3aTeM JONHCHIBAEM
HeJOCTalOlHe [pOCThle MHOKHTEJNH C [0KasaTeJNsMH, pPaBHBIMH
Hymo, T. e. GepeM HX B BHAe (3); Hanbonbiuuii OGMMH AeNHTENH
Haxopurcsi TorAa no dopmyne (2).

Ecnu Bce q; paBHH HyJMO, To J06oe menoe 4uciao & 6ygper ux
ofIuM JiesuTesIeM, U He CYIEeCTByeT uHesnoro d, KOoTOpoe IeJHJOChH
66l Ha Bce 3TH 8, T. e. B 3TOM cay4ae HanboJbluero o6IIETO AEJH-
TeJisl He CYLIeCTBYeT.

Ilpumep. Halith HauGonpmuii OOWHA JeJMTENb HHCEN

=1000000001 u 6= 1000000000000001, sanucaHHHIX B ABO-
HYHOH CcUCTeMe CUHCJEHH.
[lepexoas K necATHYHOH CHCTeMe, NOJyYaeM:

a=2"41=(280-2841)(234-1)=57-9==3%.19,
b=215 4 1=(20—2541)(2%41)=993.33=32.11.331,
TaK Y10 d=32=9.

Teopema 28. Hauborvwui obujuii Odeaumers uucer ay, ..., a,
scezda Ooabuie 406020 Opyeoeo 00ujee0 OeAumenrn 3MuUx qucea.
HoxasartensvctBo. Ilyets d=(a,,...,qa,). Bo3bMmem mobof

apyrofi obmuit nenutenb § stux uucen (§=4d). CornacHo onpepe-
Jenmio HauGonbiero obmero peaurensa ({(1), ycnosue 3) 6|d, Tak
4qt0 d==8g, ¥ nockoasky d>>0, {dl~(6] lq], [g]540, 1. e.
[gl=1, d=8|=05~d, 12Kk uto d>6

Teopema 29.  Ecau (ay, ..., au)—a’, bjld u b>0, mo

(‘11_ 2\ _ 4
p ) =g

a;
NMpunmeuanue. U3 b|du d|a; creayerb|a;, Tak uto BCe 4ucja ?‘uenme.

HJoxkazarteabctBo. 1) d >0, b>0, Tak 4O %>O.

b' npu Bcexi=1, ..., n,

3) Ilycts Gl—b‘— npu Bcex =1, ...,n; Toraaéb|a; (i=1,...,n);

0b—o6wuit neauTens 4uces a;, a, 3HauyuT, Ob— genurTeNb HX HaH-
Gonbuiero obmero nenme.uﬂ d, 1. e. 6b|d, a crenosarenpHO, IO

Toﬁ we TeopeMme 8, 8 , 5 b yAOBRETBOpSET y(!JIOBPIS{M n, onpezxe-

2) Uad|a; caenyer (teopema 8), uto

a,. -
ASIOMWHM HauOGoMbUTHE oéumﬁ AeNHuTeNb yucen % b yeas ,—b—
Teopema 30. (ay, ..., q,_3,a,)=((a;, ..., ,_1), a,).

Takun o6pasos, Hauboavuull obuguld deaumenv n qucen (n 3)
MOOKHO Halimit, HAldR. CRAOAR -Haubonsusud 06wl deamers n—1-
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qucen U 6356 3amem Hauboavwuti obuwjuli deasumenrs om noxzytteuuoeo

makum obpasom uucra d’'=(ay, ... ,q,_;) u nociednezo 4ucra a,
Hokasareabctso. Ilyctb p,y, ..., p,—npocroe Lmcna,
Zensimue Xorsd Obl ONHO M3 YHCeN @y, ..., Q,.
WV, L%
a1=j:p1 ce PSS ,oz,,_1=p1l co ple, a,=p'...ps",
rre Bce o;=0,..., n; =0, v; =0 neaste,
min (e, ..., pyvy) =min(min(a,, ..., k), vy),
min (e, ..., p, v)=min(min (e, ... ,n), v,

4TO COFJIacHO (2) M JoKa3blBaeT HaIlly Teopemy.
[MocnenoBatenbio  npuMeHsis Teopemy, nojyuyaeM, 4TO ecCJu

(a1, ay)=dy, (di, ay)=d,, ..., (d,_s, a,)=d, 4, 10 d,.; Oyrer
HauGOJMBIINM OOIMM JeJHTeNIEM UHCEN Oy, Oy, ..., Q.
_ Onpepeaenune 13. Ilycme aq, ..., a,—omauunbie om HYs yearole

uucaa. Haumernsvuiim 06u,§uM KpamRrom amux uwlces Hasviearom
RauMenbliee NOAOHCUMEAbHOE HUCAO, KPAMHOE 6CeM 3MUM HUCAAM.

Haumenbiuee ofliee KpaTHOe uHCeN a,, ..., a, OO0O3HaYaercs
la;, ..., a,
Takum o6pasowm, [ay,...,a,]=m o3Hauaer, YTO:
1) m >0 uenoe
2) a,|m,...,a,lm 4)
3) ecntu M>0u aq,|M,...,aq,|M, To m<<M J
TlonoxutenbHble KpaTHble JIOObIX TakHX 4ucena,, ..., d, obpa-

3YIOT HEKOTOpPOE MNOJAMHOXKECTBO HaTVPaJbHOIO PAja TaK, 4TO (Teo-
pema ) cpeam Hux wumeercsi HauMeHbinee. Takum o6pasoMm, AJIs
JM060ro KOHEYHOTO MHOMXECTBA UeJ/IbiX YHCeJ, He CofepKallero HyJei,
CYIIECTBYET HanMeHbllee obllee KpaTHOE.

Teopema 31. Ecau a, =4 pY ... pS*, ..., a,= = p* ... pd, 20e
gce a; =0, ..., v;=0—yervte uucaa, mo
m=[a1, e, ] p;nax (@1 ovey Y1) . p;nax(aa.....w). (5)
JokaszatenbcTBO. 1) m>0 HeJoe,
2) o, <cmax (0, ..., Yy), ..., 0 << max (o, ..., Y,), TAK 4TO CO-
riacHo teopeme 20 a, [ m. AHANOTHIHO noJayuaem, 4To g, | m, . . .,a, | m.

3) Ilycte M >0 uenoe u a, | M, ...,a,| M.
M= Pl ... ps"N (l; = 0 npu Bcex i).
Uz a |M,..., ,,]M CleAyet, uT0 o) < ll,...,ylsll, TaK 4TO

{, = max (e, ..., Y1)
AHalorugHO noJiydaew:

L= max (g o) Ya)y v v » s =TNEX (% ..., Yo)



Tak 4ro m|M, H, clelnoBareJbHO, NOCKOJBKY m H M nojoxu-

TeJbHB, M= M.
JIng m BBINOJIHEHEI BCe ycaoBus (4), U, 3HAUUT, /M — HaKMeHblliee

ofmee KpaTHOE Qy, ..., Q.
ITp nMep. Haiity HauMeHblliee ofIee KpaTHoe YHcen a = 333 333,

b=420 u ¢=—312.
Haxonum kKaHoHHuecKHe pasjioXeHHd a, b u c¢:
a=3-111111=3.111-1001 =32.7-11.13.37,
b=22.3.5.7, c=—28.3.13.

ITo dopmyne (5) moaydaem:
[a, b, ¢]=2%.32.5-7-11.13-37 = 40a = 13 333 320.

Teopema 32. Haumenovuiee obujee Kpamuoe 08yx UAL HECKOABKUX
yucen ecezda Asasemcsa Oesumenem 06020 Opyeoeo o6ue20 Kpamuozo
amux qucer, m. e.ecaum=|ay, ...,a,),a|M,...,a,|M, 10 m| M.

JokasareabcTBo. m>0, Tak YT0 M MOXKHO NpenCTaBUTH
B Buge M=mqg+r, tne O<<r<<m. HUs a;|M n a,|m crenyer,

uTO q, | r. AHaNOrHYHO TNoJy4aeM, YT0 @, |7, ..., @, |r, T. €. r KPaTHO
BceM 4HcJaaM @y, ..., d,. [IOCKOJNIbKY m-—HauMeHbIlee H3 BCex
HOJIOKHUTENbHBIX YHCEJ, KPaTHBIX @y, g, ..., d,, H r<m, TO r He
MOXeT ObITb NOJIOKHUTENbHbIM, T. €. r=0, M=mq, m|M.
Teopema 33. [a,, ..., a,_1, a,)=[lay, ... ,a,_,], a,}, m. e. Hau-

MeHovuiee 00uwjee kpamroe 1 uucer (n==3) MoHO Hallmu, Hatida
CHaYaAa Haumerbuice obujee KpamHoe n—1 uucer U 6348 3amem
Haumenbuee obujee Kpamroe Om NOAYHEHHO20 MAKUM O6PAZOM YUCAG
m'=[a,,...,a,_;] u nocreOnezo uucia a,.

Jloka3saTenbCTBO COBEpIIEHHO aHAJOTMYHO ZOKA3ATEJLCTBY
teopemnl 30. [loctaTouHo B NMpPOBENEHHOM TaMm PacCyXJIEHHUH BCIOLY
3aMeHHUTb B3THe HauMeHblleH BeJTHUHHK — HauboJblleH, T. e. Besje
BMeCTO ,Mmin®“ HanucaTb ,max*.

Teopema 34. IIycme a>0, b> 0 yeavee, (a, b)=d u [a, b]=m,
moeda dm=ab, m. e. npousselerue Hauboarvuiezo obuiezo0 Oeiumens
U HauMerbvliezo o6ujee0 Kpamro2o 08yXx NOAOKHUMENbHbIX YUCEL PABHO
ux npoussederuro.

HNokaszatenbcTBo. Ilycts a=p...pd, b=ph .  ph
(Bce a; =0, B; =0 uenne); Toraa (teopemol 27 u 31):

in (e, By in(asBs)
d=p™ 151.“p;ﬂ (@ 9
mzptrllax«h,ﬂx) ... plex @3B

min (o, §;) + max (o, 1) =+ By,

min (O(,S, ﬁs)+max (as’ ﬁs)=°‘s+ﬁs'
Tak u4to dm=ab. ‘ ‘
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Ipumep.a=132=22.3-11, b=90=2.32.5, rorgad = 2.3 =6,
m=22-32.5.11=1980 u, peficrutenpHo, 6-1980=90-132.

Teopema 34 mokasblBaeT, 4TO HaHMeHblllee ofmlee KPaTHOE ABYX
TIOJIOXKHUTE/IbHBIX uHCeJ @ H b MoxHO HaliTH mo ¢opMyJe

b
[a, b] =a m .
W3 nokasaTeqncTBA JIETKO BHAETb, 4TO €CJAH B35ATh He JBa, a
6osbmie ypceda, T. €. B3ATh @; >0,...,a,>0, rie n==3, To npo-

HaBefleHHe @, ... d, MOXeT OKasaTbcsi GoJiblue, YeM NPOH3BejeHHE
dm Hauboibliero oOILEro feJUTeNsl H HAUMEeHbIero o0ILero KPaTHoro,

2, AJITOPUTM EBKJHAA

Haxoxaenue Haubospluero cfuiero neduTesss mo dopmyde (2)
BO3MOXKHO, eCJIH NpelBapuTeJbHO HaljleHbl KAHOHHYECKHE Pa3jioikKe-
HHsl paccMmaTpuBaemblx uuces. JIns odeHb GOJMBIIMX YHCEJ HAXOMK-
JeHde TAaKUX pasjoXeHHIl CoNnpsikKeHo ¢ GOJLUIMMH TPYAHOCTAMH,
Jdns HaxoxAeHHs1 HauOosbllero obLIero AeaHTesst ABYX 4YHCEN CY-
mecTByeT eule ApyrcHd adropuTM, KOTOpHIH Obll AaH EBKAUIOM.
Anroputm EBKnuga Gasupyerca Ha Teopemax 35—37, B XOTOpHIX,
He OroBapuBas 3TOTO KaxAbl# pas, Mbl 6yJeM Bce pacCMaTpHBAaeMbie
BeJHYH HBl NpeAnosarath HeJbIMH YHCJAMH.

Teopema 35. Ecau bla u b>0, mo (a, b)=0.

HokasaTtenanctBo, 1) 5>0; 2) bla'u blb 3) ecau dla u
8|6, To, B uvactHoctH, O]b. TlockonpKy Anst b BHINOJHEHH! BCe yCJI0-
e (1), ompenengiomue HauGoJAbWINE OOWME AeauTesb @ U b, TO
(a, b)==0b.

Teopema 36. Ecau a=bg+r, mo (a, b)=(b, r).

Hdokasateawnctso. Ilycts (a, b)=d; Torga: 1) d>0; 2) us
dla, db u r=a—0bq caenyer (teopema 11) dlr; 3) ecmu b, d|r,
10 Ola; 6—obwmuil nenuresnb a u b, H, caefoBatenbHo, 6[d.

Takum oGpasom, Bce YCJIOBHS, omnpepensiomue d B KadecTse
Haubosblero OOMIEro AeJHTENs 4uce/n b W r, BHNOJHeHH: (@, b)=
=d==(b, r).

Teopema 37. [aa swbuix yervix @ u b>0, 2de bta npu ne-
KOMopom S CYWECMBYIOM yeable 4UCAQ gy Gy « oo s Gs U Ty, Fas ooy Pon
makue, wmo b>r,>r,>... >r,>0,

a="bgy+1, \
b=rg,+r,
ry="rys-+7rs
e e e . (6)
Fs—g=rs_1qs-1+ 7, |
Tgay =TG5 7
u(a,b)y=r,
HokasartensctBo. CornacHo Teopeme 1 aag a u b>0,
rae bYa, MOXHO HafTH gy H ry, TaKue, UT0 a=bg,+r, u 0 <<r, <b.
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IOns b u r, MOXHO HAATH YMCNA ¢, U r,, TAKHe, 4TO b=ryg,+r,,
rae 0<<r,<<r,. Ecnu r,=0, M 3aKaHYUBaeM Halll TPOLECC, eCu
x)e ry >0, To A ry U ry HAXOMUM §, H I'y, TAKHE, UTO ry=Tryfy+ 7g,
O<<rg<<r, u T, A

Boobute Mbl gaisl rp_y B 7u(0<<rp<<r,_,) HaXolUM g, ¥ ry.q
TaKHE, UTO ryy=Tpp+Tpi1, 01y, <<rp H eCHH 1y, =0, 10
Apolece 3aKaHYMBAaeTCH, a eCNu r; ., <0, Nponecc npojoLiKaercs
TakHM Ke nyTeM. [loJyyaem COOTHOLleHHS BHAA:

a=bqy-Fr,
b=ryqi+r,
ry="rofs+rg {
e b>ry>r,>. J
Ilpouecc moctpoenuss paseHCTB (7 ) He MOXKeT ObITh OECKOHEUHBIM,
TAaK KaK TOTZA CYINecTBOBaJ0 Obl 0eCKOHEUHOE MHOXKECTBO pasjini-
HBIX HaTypaJbHBIX YHCEeN r,, nexkamux vexay 0 u b. Bmecte ¢ TeM
1O YCJOBHIO CAMOI0O IOCTPOEHHS IIPOLECC 32KaHUMBARTCH TOJbKO,
ecyin Hekortopoe ry,,=0. TeM caMbIM JOKa3aHO, YTO HPH HEKOTO-
poM s Oyger r,,, =0, Tax uro (7) 3aKaH4HBaeTCsi COOTHOLIEHHEM
re.1=ryg, H Mb noiydaem (6), npudeM b>r, >r,>...>r, >0,
Tlosbaysice Teopemamu 36 u 35, mosyyaeM:

(ar b)=(b, r1)=(f1, r2)= ='(I’s__1, rs)—_—rs.

Tlpu b<C0 MOXKHO BOCIIOJNB30BATHCH OYEBHAHBLIM COOTHOLIEHHEM
(a, b)={(a,—b), Tak urto Teopema 37 BMecTe C JOMOJHSIOIMeH ee
TeopeMoit 35 faeT aJTOPUTM, NO3BOJIAIOMMUA HaXofHThb HAaUGOJBIIUI
o0wui nenuTenab ABYX JIOOBIX IEJBIX YHCEJ, H3 KOTOPBIX XOTs Obl
OJIHO OTJIMYHO OT HYJA.

[Ipumep. Halitu Haubonpmiuil obmuil genureap uucea 1173
H 323.

IlocnegopaTeibHBIM JeJleHHEM HaXOAUM:

1173=323-3 4204

323=204-1+119
204=119-1+85

119= 85-1-+34
856= 34.2417
4= 17.2,

Tak uto (1173,323)=17.

INonb3ysch anroputMoM EBKiuga, MoxHO HaliTH Haubosbuiui
o6muii Aenutenp Joboro KOHe'—IHOl"O MHOMKECTBA IEJBIX IOJOXKH-
TeMbHHIX YHCEN Gy, g, ..., 0 Jlns atoro, nonbaysch aJII‘OpHTMOM
nocnenosare.nbﬂo HaXOZHM: 1~(al, a,), dy={(dy, a3), ...,d,_ 1=
=(d,_s, @,) H corjacHo Teopeme 30 d, 1—(al,ag, AR ) B ciy-
Hae e, KOTJa 4acTb @; paBHA HYJIO HIH OTpHIIATEé/bHA, NOJb3Y-
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10TCS TeM, 4TO (@,;,4y, ...,a,)=(la,|, |as],...,|a,]) (teopema 5),
npHYeM, Kak ObljIo yxe omeqeﬂo, NPH BBIYHCJIEHHH HaMOGOJbIIEro
obmiero JAesuTeNs, Yucja, paBHBle HYJIO, MOMXHO BoofUle He TPHHH-
MaTh BO BHHMaHHe, AJII‘OpHTM EBKNNZa AaeT BO3MOXHOCTE HAXOXUTH
HauMeHbllee ofmwee KpatHoe JOGOr0 KOHEUHOro MHOXKECTBA I110JIO-
XKUTENbHBIX 4HCeN Gy, d,, ..., a,. s 3TOro, Noab3yach TeOpeMaMu
34 u 33, mocaenoBaTebHO HAXOXUM:

a1 a
dy = (ay, @), m; = f: [a1, a,), dy=(my, ay),
ma
my = (112 P=[my, a5] =[ay, a5, a5], ..., dy_y=(M,_p, @),
m, _sa
mn—l = ; = [mn—27 an] = [(11, gy - oy an]'
n-1
Ecau uactb umcenm a; orpuuare/ibHa, TO, HOJB3YSCb TEM, YMTO
lay, ..., a,}=[la,|,...,|a,|], BoluncieHHs NPOBOAAT AIS YHCE]
la,],....|a,

[ITpumep. Halitn naumenbuiee obuiee xpatHoe uucen 1403,

1058 u 3266.
Anroput™m Esknauga ana uncen 1403 u 1058 umeer Bup:

1403 = 105814345, 1058 =345-3 23, 345=23-15,

TaK 970
1058

d, = (1403,1058) = 23, m, =[1403, 1058] = 1403 - —5 =64 538.

. llpuMensin  anroputm EBxkaupa, Haxozmm Teneps  dy =
= (64 538,3266) = 46 H, HaKOHeu, =[1403, 1058 3266]

[64 538,3266] = 64 538 - =4 582 198.

3. B3AMMHO MNMPOCTBIE YUCJIA

Onpenenenne 14. Yucra a,, ..., a, HA366A10MCA 63AUMHO NpPO-
cmeoimu, ecat (ay, ...,a,)=1, m. e. ecau nauborbuwiuil obujuii de-
Aumensp amux qucer paser 1.

Onpenenenne 15. Yucaa a,, . . ., a, HA3LIBAIOMCA NONAPHO B3AUMHO

npocmetmu, ecau (a;, a;) =1 npu scex is=j(l<<i<n, l<<j<n).

IIpumepst. 1) 15, 21, 77—B3auMHO NPOCTHIE UYHCJI4, OLHAKO
3TH YHCJIa He $§IBJISIIOTCS IONAPHO B3aHMHO NPOCTHIMH.

2) 34, 53, 99, 115—mnonapHo B3aWMHO NPOCTble YHCJA, CJEN0-
Bare/lbHO, TeM GoJlee B3aHMHO IIPOCTHIE,

Teopema 38. [sa uucsa a u b, omauunoie om O u 41, e3aumno
npocmer mo2da u moAasbko moz0da, K020 UX KAHOHUYECKUEe DPA3Aodce-
Hus He codepacam O0UHAKOBHIX NPOCMLLX MRONCUMenel.

HokasateabctsBo. 1) Ilycrb (@, b)=1. Ecau 6u nis He-
KOTOpOTo MNPOCTOro yueja p 6uto pla u plb, 10 p Asasaock Ool
obmuM fenuteneM a u b, a nockonery (a,b)=1, To Obio bl
I=p=2. ’
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2) Ec/M KaHOHHYECKHE pasjioxKeHHS a M b He cojepXaT 0OmMHUX
NpOCTHIX MHOXHTeNe#l, TO @ H b MOXHO 3anucaTh B BHJE:

a=p™...p%, b=ph . pb
Tle B KaxkHoH nape a;, f; 6GyneM WMeTb OfHO YHCJO, PaBHOE HYJHO,
T. e. mpu Bcex i=1, 2,...,s umeeM y;=min(a;, B,)=0 u (reo-
pema 27) (a, b)=1.

Teopema 39. Ecau p— npocmoe qucro, mo pfa mozda u moasvKo
moeda, kozda (a, p)=1. '

I[oxa3aTeJ1bCTBo Ilpu a = 41 310 oueBuano. Ilpu a=& 41
pfa o3Hawaer, UTO KaHOHHYECKOe PAa3JIOKEHHE a He CONEPKHUT
NPOCTOFO MHOMHTENS p; COTJIAaCHO Npelblaylueil Teopeme 310 Gyner
TOraa W TOJMbLKO Torja, Koraa (a, p)=1.

a T oa
Teopema 40. Ecau (ay,...,a,)=d, mo wucra  , ..., esa-

UMHO npocmoie.
okasatenbcTBo. Teopema sBJsieTCcA YaCTHBIM CJydaem

Teopembl 29 npu b=d.
Teopema 41. Ecau clab u (a, c)=1, mo cb.
Hoxasatensctno. B cayuae ¢=21 ¢bp pas moGoro b
Ilpu c=£1 paccMOTpHM KaHOHMUYECKOE DA3jIOKEHHE €= -+ pi'...py.
[To ycnoBuio npu HeKOTOpPOM 1LieJoM g

ab = p1 e ps q, (8)
(@, ¢)=1, TaKk UTO MHOXKHUTENH p7*, ..., p¥* He BXOAAT B KaHOHH-
qeckoe pasjoxeHue a (teopema 38), a Torxa, NOCKOJIbKY KaHOHH-
YeCKHEe pas3fioxkeHRHs JieBofl H NpaBoH YacTd paBeHCTBa (8) ZOMKHEI
coBnanatb (Teopema 18):

Y. pdib, 1. e cb.

IMMpumeuanne. Ilonbsysch 310l TeopeMoii, Jerko JoKasaThk, YTO H3 pa-
BEHCTBA ABYX HECOKPaTUMHIX jpobeli clefyer paBeHCTBO HX HHCJHWTENEH ¥ 3RHa-

MeHaTeJiel, 7. e. ecan (a, b)=1, (¢, d)==1, —Z—:%, b=1, d=1, 10 a=c,

b=d. .

Teopema 42. Ecau (ay, b)=1, ..., (a,,b)=1,mo (a, ... a,, b)=1,
m. e. npoussedenue uucer, Kancdoe U3 KOMOPLIX B3AUMHO MPOCMO
C OOHUM U MeM JiLe HUCAOM, MAKIHCE G3AUMHO NPOCMO € SIMUM HUCAOM.

JdokasarteabcTBo. PaccMOTpUM TpH BOBMOXKHBIX cJyuas:

1) b=0. M3 ycaoBus (a;, 0)=1 noayuaem, uto npu Bcex {
a;==1u rvorpa (a,...a,, b)=1.

2) b=-11. B aTOM cayudae (@,...Qa, 4= 1)=1 npu mobux
neJbx ay, ...,

3) b=40, b;e 4 1. PaccMorpuM B 3TOM Ciyuae KaHOHHZECKoe
pasnoxenne b=+ pl*... p¥.Tlocromsky (@,, b)=1,..., (a,, b)=1,
MHOXHTENH pi', ..., pd corsacHo TeopeMe 38 He BXOZAT HH B OHO
H3 KaHOHHYECKHX Pa3joXKeHHH HHCEN @y, ...,Qq, a CJIeLOBATENBHO
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(npumeuanne Ha crp. 30), He BXOAAT H B KAHOHHYECKOE PasjiokKeHue
HX NpPOH3BejeHHA 4, ... a,, TAK 4YTO NO TOH XKe TeopeMe 38 HMeeM
(@,...a,b)=1
Teopema 43. 1) Ecau (a, b)=1, mo npu a0bsix yesvtx nHeompu-
YameabHbIX N U M UMeeM:
(a", ™) = 1.

2) Ecau npu kakux-aubo 08Yyx yeaslx ROAOHUMEAbHbIX 3HAYEe-
nusax n u m (a*, b™"y=1, mo (a, b)=1.

HokasartenscTtBo. 1) U3 (a, b)=1 coraacro npeamgymeit
TeopeMe NpH @, =...=a,=a(n>0) noaydaeMm (a",b)=1, a or-
cioa TakuM ke obpazoMm npu m >0 noayuaewm, uro u (a”, b") = 1.
Ecan xots Obl OfHO u3 uHcen n,m paBHo 0, TO yTBepxAcHHe
OUYEBHJHO.

2) Ecau (2", b™)=1, n>0, m>0 u (a, b)=d, 10 u3 dja, dpb
noc/efloBaTesbHO moaydaeM: dla®, d|p”, d|(a”, b™), d|l, d=1

Jra Teopema, B UYACTHOCTH, MOKa3blBaeT, YTO ecJH (a, p"')# 1,
rjge p-—npocroe uHcao, To (a, p)s=1, a craepoBatedbHO (Teo-
pema 39), pla.

Teopema 44. Ecau py, p,— npocmele wucaa U p, = p,, mo npu
aoborx yervix n=0, m=0 (pf, p3)=1.

IHokaszarteabctso. Iagd aByx pasHBIX NPOCTHIX YHCEN p, H
p, umeeM (teopema 38) (p,, p,)=1 u, NPHUMeHAd NpPeALIAYLIVIO
TeopeMy, noJayuaeM (p7, py)= 1.

Teopema 45. Ecau yesoe ROAOXCUMEAbHOE HUCAO d— Oesumens
npoussedenuss 08YX @3auUMHO npocmoix wuces a u b, mo d moocem
Ooime npedcmasneno U npumom eOURCmEeHHbIM 0bpasom & eude npo-
ussederus 08yx noaoscumenvroix ducea 8, u 8y, maxux, umo 8,la, 8,b.

HNoxkasateanbcTso. [Tyctb pit... ps*—KaHOHHYECKOE PaA3J0-
xkende d. Ilockosbky a W b—B3auMHO NpPOCTHie YHCJA, NPOCTOH
Renurenab p;, BXOAANIH B KaHOHHYECKOe pasjoxkeHWe d, He MOXKET
OLiTb ONHOBPEMEHHO JeuTeNieM a U b, T. e. ymubo p;fa, nubo p;tb.

PaccMoTpum cHawana cayuait, korja p;fa. Hs p;fa crepyer
(a, p)=1, (a, pi*)=1 (reopemt 39 u 43), W TOrAa, MOCKOJBKY
umeem pfilab, pilb (teopembr 6 u 41).

TouHO TaK XKe B caydae p;Xb monydaeMm pija.

Takum o6pa3oM, KaxJplii MHOXKHTeNdb d Buzxa p{ aBasieTca Ju6o
;xenuTeJIeM a, 1u6o penuteneM b, T. e. d=pP... ‘:’:6162, rle

8ila, &yfb.

TpencraBnesne d B Buge §8,6,, rne Ojja, &b, (a, b)=1,
€AMHCTBEHHO, TaK Kak uHaue Oblo Obl JBa pPasjHYHBIX
KaHOHHYECKHX Pa3JOMeHHs Ans 4ucaa d (CM. mpuMedaHue K OIpe-
nenenuto 11 wa crp. 30).

Teopema 46. Ilpoussederue 08YyX 63AUMHO NPOCMbIX NOAOHCUMENb-
HOlX qucen PaBHO KBadpamy uyeao20 wucra mozda W moasKo mozda,
Ko2da KaxcOblli u3 comuoscumened ecme Keadpam yeaozo 4ucid.
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HokasateancTBo. 1) Ecan a=s?, b=12, 1o ab=(st)%.
2) Myctb ab=n?, (a, b)=1. Ecnn kaHOHHYeCKOe pa3noXeHue n

HMeeT BHA n=p;'...ps’, TO KaHOHHYECKHM pasjoxeHHeM ab Gynet

ab=n?=p3*. .. pi™. [ockonbky (a,b)=1, Kaxablii XenurTeab ab
BHAa p;¥ sBasercsa aubo AenuTeneM a, JuGO JenHTeNeM b U, TAKHM
o6pasoM, a U b —TakxXe MNOJHBIC KBajparhl.

Teopema 47. Eciu ay, ..., a,—nonapHo 63aUMHO NPOCMbIE YUCAQ,
mo [a,,...,a,)=0a,...a,, M. e. Haumenvuiee 00ujee Kpamwoe no-
NAPHO 63QUMHO NPOCMbIX HAMYPAAGHBLX HUCEA DPABHO UX Npou3se-
Oexur,

NHoxasarteasncTBo. Ilpu =2 yrBepxKaeHue TeopeMnl BepHO,
TaK Kak U3 (a,, a,) =1 caepyer (Teopema 34):

a1y
[a, @} = AN a,4,.

IlpennonoxuM, 4TO yTBEPKAECHHE BEPHO A MOOBIX £ IONapHo
B3aHMHO TpPOCTHIX uHces (n==2). BospMeM mobule n- 1 nonapHo
B3aHMHO NPOCTBIX UHCAA Gy, ..., G, Q.4 Qn,q, OYAYYH B3aHMHO
NPOCTBIM CO BCEMH YHCJAAMH 4., ..., @,, B3aUMHO IPOCTO C HX HpO-
H3BefeHHeM (TeopeMa 42), H TorAa COIVIACHO CJAEJNAaHHOMY HpPeAMNo-
JOXKEHHIO H TOMY, YTO NDH n==2 YyTBepkKJEHHE TEOPEMBbl BepHO,
noJyvaem: :

(a1 v 18 il =[[00s -2 0,) Gpa]=[ay ... @y, 0,,,] =

=0 .. Ayl

CorylacHo NPHHUMIY IOJHOH MaTeMaTHYeCKOH HHAYKIIHH yTBep-
JKJIeHHe TeopeMbl BepHO HpH JwboM n == 2.

Teopema 48. Ecau ay, ... , a,—NONAPHO 63AUMHO RPOCMbLE YUCAQ
u a,b, ..., alb, mo a,...a,lb.

Hokasartenbcrtso. I[loycnoBuio b—obuiee KpaTHoe 4y, . . . , 4,.
Haumensiiee ofmee KpaTHOe NONapHO B3aMMHO MPOCTHX YHCEN
a, ...,a,, paBHoe (teopema 47) a,a, ... a,, COTAACHO Teopeme 32
JOJIKHO OBITH JesuTeNieM JI060r0 oflero KPaTHOTO 3THX YHCEJ,
T. €., B YAaCTHOCTH, AeJiUTeJieM b.

FJTABA 4
PYHKHHA [x]
1. PA3JIOXKEHHE 7! HA NPOCTbIE MHOXXHTEJIH

Onpenenenue 16. Llerod 4wacmow Oelicmeumensnoz0 4ucA@ o Ha~
3bt6aemca Haubosbliee yenoe 4ucao, He npesocxodfiuiee o, m. e. ye-
A0 4ucAo n, makoe, 4mo n<<a<<n-+1. Ilenras uwacTp uuclia o

oGosnauaercsi [a]. CnegoBarensHo,
[a] <a<<[a]+ 1. ()
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Onpeneaenne 17. [pobrod wacmero Oeticmeumensrozo 4ucia o
nasvieaemcs pasnocmo o—[a).

IlpoGuas uactb yumcaa o o6osHadaercs {a}. CiegoBarelbHO,
{e}=a—([c] u 0<<{a} <l.

[pumepn. [58]=5 [3]=3 [a]=3 [—T7.39]=—8;

[—e]=—3; {4}=0; {n}=0,1415...;
{_2_3}=£
7 7"

Teopema 49. [Tycme o—Oeticmeumensvroe noAOHUMELbHOE YUCAO,
d—uyenoe noaoscumensvroe, Yucio noaoscumMenbHbIX YlCer, He Rpeso-
cxo0auux o u dersuyuxca wa d, pasHo [%]

IJokasartesbcrBo. PaccMOTpHM MOJNOXKHTENbHbIE YHCJA,
KpaTHele d M HenpeBOCXOASIIHE &; NYCTb HanGosbIlee K3 HUX Oyger
paBHo sd, Tak uTo (S-+1)d yxe Oosbllle, HeM @; YHCJIO TAKHX
quced

d, 2d, 3d, ...,sd
paBHo 8, rhe sd << o << (s 1) d, cnegoBaTenbHO, S << %<s—l— 1, T. e.

s=[2].

Teopema 50, [as awboco Oelicmsumensnozo a0 u yeroeo

- CRE!

JlokaszartenbcTBO. Mexay [a] ¥ o HeT neanix uucena, u
[03TOMY YHCJO 4HCeJ, KpaTHhX d, B cermenTte 1, [a], paBHOe co-
riacHo NpeabAyumeil Teopeme [[—3—]] , PaBHO TakXe BeJHUHHE [—‘;—] R
Bhipaxkamomel 4HC/I0 4uces, KpaTHHX d B cermeHTe 1, a.

Teopema 51. Jlaa awboeo OelicmeumenrsHo20 HUCAQ O PA3HOCHb
[} —2 [%] mooicem pasnamecs moavko 0 uaw 1.

HokaszartenbcTBo. [na moboro o umeeM a—l1<[a]<aq,
TaK 4To o '

-2 (5] <a—2(5—1)=2

(@] —2 [-‘2‘-] >o—1—25=—1,

a
T. e. HeJoe yHcnO [a]—2 [—2—] MOXeT  paBHATBCA  Toabko O
~unu 1.
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Teopema 52, Hycmb p—npocmoe wucao, n=1 yeasce. [aa no-
Ka3ameas a HausolCuleld cmenenu p, ae/z;uqeu n! umeem:

o[£+ [3] 3+ g

m. e. npu a, pasnom cymme (2), p°|nl, Ho p**lynl.

Npumeuanue, Pag (2) npencranaser co6ofl KOHEUHHH PAN, TAK KaK,
€CJIH B 3HaMeHaTese MOABJSETCH Crenedb p®, GOAblIafg YUCTUTENA 1, CJATaeMble
B (2) o6pamaloTca B HYJH.

INoxasateabctrBo. Ilpu n<<p Bce cnaraemeie B psije (2)
PaBHBI HYJIIO, U BMeCTe C TeM JeHCTBHUTENLHO B 3TOM CJlydae IoKa-
3arteJib HaWBRICHIEH cTeNeHHW p, Jendied nl, paBeH HYMIO, Tak 4TO
Asl TaKHX p H 7 YTBePXKJAEHHE TeopeMbl BEpHO.

Boabmem Temeph [POH3BOJBHOE NPOCTOE UHUCAO P M NPHMEHHM
MeToA HHAYKUHH N0 n. Ilpn n=1 Teopema BepHa, TaK Kak B 3TOM
cayvae n=1<p. Tlpeanosnoxum, 4T0 yTBepKACHHE TEOPEMbl BEPHO
IpH BCEX M, TaKuX, 4YTO '

l<n<< N, rae N nenoe (N=2).
Ecnn N <Cp, To yTBepxjeHue TeopeMbl BepHOo Aist N, Kak 310

GBIIO OTMEUYEeHO BBIIe,
Ecnn N = p, 10 cpenu muHoxutenedt 1,2, ..., N npoussejenus N!

qHCIO JAeAsUEXCH Ha p OyjpeT paBHO (Teopema 49) [%] . Tipoms-

BeJleHHe BCeX OCTaJbHBIX MHOXHTeNe# uucaa 1:2... N 0603HauuM
yepes M.
Torpa

N!=p-2p.....[ ]pM p[ ] [%] M, the ptM. (3)

HUs N=p caegyer 1< [7] < N. ‘
Tak uTO COrjacHO NpPEANOJIOMEHHIO NoKasaTellb HaHBHICIIEH cCTe-
« IN
HeHH p, aeasmeid [7] !, paBeH:

BB -

(reopema 50). M3 dopmynsr (3) mosyyaeMm, 4to HaHOOJBIUMA MOKa-
o N N
3aresJb cCreneHd p, peadimeil N, paseH [1—:—]—}-[5‘3—] + [F] ...
TakuM 00pa3oM, yTBepXKICHHE TeOpeMu! BepHO Aast N U B 3TOM
ciayuae. CorjiacHo ofHoH u3 ¢opM NpHHHHUNA TIOJHOH MaTeMaruue-
ckOil MHAYKuuH (Teopema IV) Teopema npu npOH3BONBHOM HPOCTOM P
BepHa sl Jio0oro HarypajbHOro n.
IIpumep. Haitu Haunbonvluee o, Takoe, uro 3%1000!
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ITo dopmyane (2), umeem:

a= [%f+ [1900] 4 [200] . [1000] . [1000] . [1000] _ g,
tak 4ro 34°%|1000!, o 3*%941000!.

Teopema 52 gaeT BO3MOXHOCTL HaXOIHTbL KaHOHHUECKOE pasJio-
XeHHe nl, a MMEHHO, NOCKOJBKY Kaxjoe IPOCTOe p BXOAMT B Ka-
HOHHYECKOE pasjloxeHHe n! ¢ nokasaTeseM, paBHBIM

EIRAE
i I;Ip[ﬂ{‘ﬁ]*“'. @

Oast ¢yukunn T (x)= DInn Ha ocHOBaHMM paBeHcTBa (4) U

=X

paBeHCTBa [%]] = [%] , CrpaBeAJauBoro aas Joboro meaoro d >0,
noJjly4aem:
T(x)=ln[x]!=21np([%]—{—[g;]—l—...). ©)
F24

B dopmyne (5) MOXHO OrpaHUYHTBLCSA NPOCTHIMH YHCAAMH p <5 Xj
MpPH OCTaNbHBIX p cjlaraeMele pPaBHEBL HYJIO.

2, TOYKH C UEJNOYHCIEHHBIMH KOOPAUHATAMHU

BosbMeM Ha IJIOCKOCTH pelieTKy, o6pa3soBaHHYIO BCEMH TOYKAMHM
(x, y) ¢ ueNOYHCNEHHBIMA KOOPAHHATaMH X, y. Pynkuus [a] urpaer
GOJIbIIYIO POJIb MPH TNOACYETE Ta-
KHX TOYeK, JeXKalmuX BHYTPH Y
HEKOTOPOH 3aMKHYTOH KpHBOH.

Teopema 53. Ilycme f(x)—
HEOMPUYAMEAbHAR U Henpepols-
Haa npu a<<x<<b Qynrkyusa, .
Qucro mouek ¢ yeso4UCIeHHOLMU .
KoopOunamamu, AeHAWUML 8
KpusoauHelinod mpanejyul a<< .
sx<<h, 0<<y<<f(x) (ucxao- i
wan, makum 00pasom, mMoUKL,
Aexcauiue HA ompeske Ocu X},

pasHo
3_ @ ® ore. 2
as R<Ib

Hokasatenbctso. [ipu a06oM nejiom k(a<<k<<b) anuma
orpeska M'M (puc. 2) pasna f (k). YHcno ToueK c UeJHIMH KOOpP-
AuHaTaMH, JeXaliUX HAa 3TOM OTPe3Ke (HCKJIOYas TOUKY HA OCH X),
PaBHO YHCNY HEJbIX 3HAYEHHH Y, TaKuX, uyTo 0 <y << f (k), 1. e. paBHO
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[f (R)]. TTockonbKY BCe TOHKH C NenbiMu KoopauHatamu B A’ AMBB’
pacnoJiaraloTcsi Ha TaKMX OTpesKax, rie a<<k<<b, To obiee YHCII0
THX TOueK paBHO cymMe (6).

Ecin kpupas AB 3ajaHa ypaBHEHHEM C [apaMeTpoM, T. €.
f(x)=f(N,x), 1 npd H3MeHEeHHH 3Toro mapamerpa N ujowaisb
K pHBOJIMHEAHOK Tpaneuuu A’ABB’ HeorpauuueHHo BO3pacraert, To,
@CTECTBEHHO, BO3HHKaeT BONpOC 06 OlleHKe TOPAAKA poCTa YHC/a
TOYeK C IeNOYUCJAEHHBIMH KOOPIHHATAMH, JEXKallluX B 3T0i o6jacTy.
HuryuTuBHO ficHO, 4YTO eciu KpuBagd AB He sBAfeTCA CJHIUKOM
H30THYTOH, TO YHCJO TAaKHX TO4eK OJH3KO K NJOWAXH (UTYPHI;
OJIHAKO BOIPOC O TOM, KaK CHJbHO MOXKET OTJHYaTbCs paccMarpu-
BaeMoe UYHCJIO TOYeK C L{eJIOUHCJEHHBIMH KOOPANHATAMH OT MJOMAMH,
OOLIYHO BBI3LIBAET Cephe3HbIE TPYIHOCTH.

Ocobblit uHTEpEC 1151 TEOPHU HHCEJ NPeACTaBIAIOT CAy4aH, KOrja

n
Kpusag AB ectb ayra runep6oJst Y= HIK OKPYKHOCTH Y=
=V rr—xz. Ilpy paccmoTpeHHH YHC/A TOYEK C LEeJAOUHCJECHHBIMH
o o n
KOOpAHHATAMH B OGJACTH, OTPaHMYEHHOH TruMepOoJIol y=— , HaMm

nOHaﬂOGHTCﬂ CﬂeﬂyKﬁuaﬂ TeOpeMa.
Teopema 54,
1 1
E=1nx+C+O<—J—C—), (7)

N

1<t h<lx

/

20e C—Hekomopas nOCMOAHHAA.
HokasarteabcTBO. 3aMeHssl NOJBIHTEr PAJIbHYIO QYHKIIHIO ee
HauGOJbIUUM U HAHMEHBLIUUM 3HaUeHHAMH, MOJydaeM:

1 k+1dt i
k——+1<S7<f»
TAK 410 *
k+ldt I 1
0<7i‘—§ T<T EFT

xR
1 1
Hs cxongumocTH Pﬂﬂaz (73“—,;?1) COTJIaCHO U3BeCTHOMY NpH-
k=1
3HaKy CpaBHEHHUS PSANOB CAEAYeT CXOAUMOCTb psla a;-+d+...,

rue ak=~;e-—— S 7 . OGo3nayass cymMMy 3TOro psja depes C, ro-
k

Jydyaem:
=GN B-{H e @



Ecau B cymme (8) B3aTh uneHn HauuHas ¢ (N --1)-ro, To

1

°<Z( k§ 7)< i( —F1) =FE1

k=N+1 k=N+1
TaK 4TO
2 3 Nt1 )
C=(‘—§?)+(%*§d%)+ +(% ;; B+o(%),
1+}2*+-~+%=§,9}+C+O(}v)=m1v+m (%)

Takum o6pasoM, coorHowenue (7) NOKA3aHO JJS HeNhIX 3Ha-
YeHHUl x.
Ilyers [x]=x—6, rre 0=<<O < 1; Torna

)=lnx—l—1n(1——%>=lnx+0<—i~>.

In[x]=In{x—
%: }é —é:ln[x]—!—C—{-O(%):lnx-!-C—l-O(-J]c—).

1ssh<x
Yucao C HaswpBalor nocTosHHOH Jitnepa. M3 (7) cueayer, uro
. 1
C= lim (1+7+ —]—————lnN) )

Briuucaenusa jpaiwor, uro C=0,577215...
Teopema 55. Yucao S (N) mouex ¢ YerOUUCACHHBIMU ROAOHCU-
MeAbHBIMU KOOpOUHamamy e obaiacmu, 02PAHUYeHHOU eunepboiol

y =i;’— U KOOPOUKRAMHBIMU HOAYOCAMU, PABHO
S(NM)=NInN+@2C—1)N+0(VN), (10)
20e C—nocmosannan iirepa.

[Mpumeuanne JInd TAKHX TOuEK C UEJOYACTEHHEHIMH KOOPAHHATAMH
nMeeM l<Cx<C NV, Tak uto S(N) (puc. 3) corsacHo Teopeme 53 Moxer OHTH

3anucaHo B BHJE: N
swm=3 [4]-
k=1

Oas nonyuenns onenkH (10) mago mpexsapurensno npeictasuts S (N) apy-
roit dopmynoit.

N
JdokasaTeabcTbo. BosbMeM Ha rumepbose (puc. 3) Yy=—

“toukn D (V'N, V'N), A(1,N), B(N,1) u HX npoeKuuu Ha ocu
koopgunar: D’ (}/'N,0), D"(0, V'N), A’(1,0), B’ (0, 1). (Byxsul
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C OJHMM WITPHXOM O3HAYAIOT
IPOEKIHH  COOTBETCTBYIOMIHX
TOYeK Ha OCh X, a C ABYMA
IITPHXaMH—Ha OChb y.)
BBuay cuMmerpuu runep-
606l OTHOCHTENIBHO GHCCEK-
TpucH OD KoopAMHATHOrO yria
YHCJ0 TOYEK C [1eJOMHCJ/IeHHE -
MH KOOpAWHATaMu (MCKJiodas
TOYKH HA OCAX) B KPHBOJIH-
HeliHBIX Tpanenusx A'ADD’
u B'BDD" opuHakoBo H CO-
rJlacHO TeopeMe 53 paBHO

E|F]-

1<k<sVN

Puc. 3 Yycao Towexk € eJodu-
CJIEHHBIMH KOOpAMHaTaMu B

KBagpate OD'DD”, uckjawyas TOYKHM HA OCAX, PABHO

% [VNI=[VN].

1<k<VN

Taxum obpasom, ans S (N) monyuaem dopMmynay:
N
sm=2 X [F]-VFT. (1)
1ses<VN
Or6pacbiBast CKOGKHM BO BCeX CJIaraeMelX CYMMBI TNpaBofl 4acTH
paseHcrsa (11), T. e. 3aMeHuB [—j-v—] YyCJIaMU LZ—, Mbl H3MeEHseM

k
Kaxjioe cjaraeMoe MeHbIlle, YeM Ha 1, a BCIO CYMMY-—Ha BeJHUYHHY,

MeHburylo, ueM 2/ N. C APYrO# CTOPOHH, [l/ N]=V N—8, rue
0<0<1, Tak uro [V N]’=(V'N—0)*=N+0 (VN).

K3 papencrsa (11), noan3ysace TeopeMoil 54, mosnyuyaem

SW=2N ¥ L—N+0/F)=2N(InVN+C+0(5))—

r<VN
—N+O0(VN)=NInN+@2C—1)N+0(V'N).

Bonpoc o TouHoR ouenke uncya S(N) MoxkeT ObiTh IIOCTaBJeH
B BHJe ciepyomell npobnempl: B QopmyJe

S(N)=NInN+(@2C—1)N+0 (N (12)
HOJaYy4duTh A1 § BO3MOXKHO MeHbllle 3HaueHHe,
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Teopema 55, JOoKa3aHHas ¢
B 1849 r. dupuxae, naer 1as 6 sHa-

1
YyeHHe 6=—§. 3HaunutenabHo OoJgee

TOUHbI pe3ysbTaT OblI mNOJyHeH
B 1903 r. pyccKHM MaTeMaTHKOM
' &®. Bopoubm. CymecTBeHHO
yCOBEpLIEHCTBOBAB METOJ NOJcUYeTa
YHCJa TOYeK C [eJsbIMH KOOpAMHA-
‘tamu, BopoHo# noayuun mas 8

B (12) sHaueHue 9 =%—+e, rje e —

CKOJIb YTOfHO Manas WOJOKUTEb-
Hag BejuuuHa. McTHHHOE HauMeHb-
mwee 3HaueHwe O B dopmyne (12)
Jo cux mnop HeuspectHo. Co Bpe- Puc. 4.

MeHH nosiBjieHUs: pabotel BopoHoro

6LLIO TOJYYEeHO MHOFO pe3yJbTa-

TOB, I[IOCTENEHHO YMEHbIHABIIHX O; OJHAKO 3TH YTOUHEHHA OKa-
3a/IUCh He CJUINKOM 3HauyuTeTbHeiMM. Hanpumep, B 1959 r. gasa

13
6LIJI0 NOJYYEHO 3HAUYeHHe RRZ BMmecTe ¢ TeM H3BeCTHO, UTO

6;%, Tak 41O %<6<i%+e.

PaccMoTpHM ewe 3ajady NoJACYeTa YHCJa TOYEK C LEJbIMH Koop-
IMHATaMH, JeXamuX B Kpyre ¢ LEHTPOM B Hadaje KOOpJAHHAT,
paguyc KOTOPOro r HEOrpaHHUYeHHO YBeJIMuHBaeTCH.

Teopema 56. Yucao A(r) mouex ¢ yeromu Koopdunamamu

8 kpyee x®+ y*=r? ewpascaemcs opmyrol
A(ry=ar24-0(r). (13)

lokasaTeabcTBO, PaccMOTPUM TOUKH C HEJHIMH KOOpXHH-
HaTaMH, Jexamue B cektope 0<<x<<r, O<<y<<Vri—x%, 1. e.
(puc. 4) B MON, Bkiouad TOUKH, Jexalue Ha oTrpeskax OM,
ON u gyre MN. OGosHauuMm 4uCJIO 3THX To4eK uHepes B (r).

Ins Kaxkaoi Takoil TOYKH BO3bMeM KBajpar cO CTOPOHOH, pas-
HOit 1, JeBass HMXHSS BeplU¥Ha KOTOPOro COBHAJAeT C JAHHOM
Toukofl. Bce 3TH KBajparthl 3akmioueHbl B cektrope M'ON’, orpanu-
YeHHOM OKpYy2KHOCTBIO:

x4+ yt=(r-+2)2

HeficTBuTeNbHO, JieBasl HHMKHAS BEPIUHHA KBajpaTa IO YCJIOBHIO
yAaneHa OT Hauana KQOPJMHAT Ha paccTosHHe, He GoJjbluee, YeM r,
a nepeJBH)KEHHe B INpejleiaXx KBajpara co CTOPOHOH, paBHO# 1,
MOXeT H3MEHHTb PacCTOsiHHe OT HEeHTpa He OoJbILE, YeMm emle Ha
ABe eJIUHHIH.
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C Apyroit CTOPOHBI, 4aCTb NJIOCKOCTH, 3aHATasl STHMH KBaApaTaMH,
sakymoyaer B cebe cektop MON, orpaHHYeHHBI OKDYKHOCTbIO:

x2+y2=r2'

[leACTBATENILHO, €C/IH TO4Ka (X4, Y,) JIGKHT B 3TOM CEKTOpE, TO
OHA YjaJeHa OT HayaJla KOOpAHMHAT Ha pacCTosinye, He 6oJibliee, 4eM 7.
TockombKy [X,] << Xo, [Yo] << Yo, TOUKA ([X,], [y,]) Tak¥ke ynanena
OF Ha4aja KOODAHHAT Ha paccTosiHue, He Oosbiue, 4eM 7, T. €. OHA
SIBJIeTCs JIeBOH HHXHelt BepIUWHOM OJHOTO H3 paccmanuBaeMbe'
HaMH KBaJpaToB.

U3z [xl<sx,<<[xel+1, [Yol<Syy<<lypl-+1 3akmiouaem, uTO
TOYKA (X, Y,) NPHHALJEKHT 3TOMY KBajaparty.

Uncao B(r) touexk ¢ LeJIOYHCIEHHBIMI KOO (MHATAMH B CEKTOpe
MON pasho cymMme mjowageii BceX 3THX KBajparoB, T. €. Npex-
crasjser cobolt BeqHUHHY, 32KJIOUEHHYI0 MEXKAY NJIOMAABIO CEKTOPA
MON n nnowagsio cekropa M'ON':

1

—l—nr2<B(r)<Tn(r+2)2.

4

Mn nosnyuaem orcroaa, uro
OéB(r)—%-nr2<fln(r+2)2——;—nr2=nr+n,
B(r)=gart+0(r).

4B(r) paBHO YHCAY TO4eK C LEJNOYHCACHHBIMH KOOpAHHATaMH
B Kpyre x%-}y?<<r?, eciu cuutarTh KamAYI0 TaKyl0 TOUKY, Jexa-
IYI0 BHe ocell KOOpAMHAT, ONMH pa3, TOYKH, JexalllHe Ha ocsx
KOOpAMHAT,— ABa pasa, a Touky (0, 0)-—ueTnipe pasa.

Ortciona caepyer, yTo

A(r)=4B(r)—4lr]—3=gar2+0(r).

Onenka (13) Geoita wusBectHa eme [ayccy. IlpumeHsa  meton
Boponoro, nonsckuit MaremaTHk Cepnuuckuit B 1906 r. gokasan,

4yTO PopMyJia
A@)=ar®+0(")
. 9 ‘ 1
BepHa NpH v=-5. DBbu0 j0Ka3aHO TaKKe, YTO V=, T. e
-;—s:vg_—g—. B nacrosmee Bpema u3BecTHb OLEHKM A (r) €O 3ua-
YeHHAMH V, MEHBIIHMH, YeM g , OIHAKO TOUHAS. HAUMEHbINAS Bellu-
4pHa v B 3TOH dopumyne 1o CHX NOp HeH3BecTHa.' \
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Hcemopuseckue Kommenmapuun K 4-it 2aase

TeopeMa 52 BrnepBble BCTpeudaercss BO BTopoM H3janud 1808 r.
kuure Jlexxanapa ,Teopns uucen“. OCHOBHble pesyJbTaThl HCCJe-
nposanufi I1. JI. UeOblieBa [0 TEOpPHH NPOCTHIX uuces GasHpyorcH
Ha 3Toft TeopeMe, TouHee Ha ¢opMmyJe (D), KoTopyio OOLIMHO Ha3HI-
BaloT ToxkjaecTBoM Yebnilliepa.

2. Teopema 55 6uina ony6aukosaHa Jupuxse s 1849 r. Hemen-
kuii MateMatuk II. Jlexen-Inpuxyne (1805—1859), ceMbsi kKoToporo
npoucxonuaa u3 Ppanuuu, GoJbLIIYI0 4ACTh KH3HH NpoBea B bep-
nuHe. JlexeH-[upuxje-—OfHH M3 KpYNHeHIUHX MaTeMaTHKOB
XIX Beka, okasaBIIuil OoJbllioe BJAHAHWE HA Pa3BUTHE MaTeMaTH-
YeCKOro aHaju3a M TeopHH uucesd. B aHanuze ocobeHHO GoJbluoe
3HAYeHHE MMEIOT ero paboThHl 10 TEOPHH TPHTOHOMETPHYECKUX PAXOB
u nuddepeHUHATLHBM YpaBHEHHAM MaTeMaTHUeCKo# $u3HKH. B Teo-
pHH 4YHCeJl OH J0Kasal OCHOBHYIO TeOpeMy O MpOCTHIX YHCIax
B apudmerudeckoi nporpeccud. [IpuMeHeHHble UM NPH 3TOM psibl
noJayYusau HaspaHue pdanos Jupuxie (cM. 33-10 u 36-10 riashi).
Jupuxse nonxyuun GyHaaMeHTANbHBIA pe3yabTat O 4YHUC/e eRHHHL
3alaHHOro NoJsl ajJre6paHyecKHX YHceN U ONpeAe/HJ 4YHCI0 GHHap-
HBIX KBajpaTH4HBIX (GOpM € 3aflaHHBIM IHCKPHMHHAHTOM.

3. dopmyna (11) Bnepsrie BcTpedaerca B paborax llapas dpmura.

4. T'eopruit PenoceeBru BopoHoit (1868 —1908) —3ameuarenbHbIit
pyccKuil MaTeMaTHK, PaboTHl KOTOPOro MOUTH HENHKOM IOCBSIIEHbI
Teopud umcen. [. @. BopoHoli oCTaBuN cpaBHUTENBHO HEGOMBILOE
qyucao paboT, OAHAKO OHH [PeACTaBJAIOT CYLeCTBEHHBIH BKJaf
B TeopHi0 yuces. Ero paGorhl, NOCBSAILIEHHbIE TEOPUH KBaJPaTHYHBIX
(dopM, JaloT CymecTBEHHOE pa3BHTHE TAK HAa3blBAEMOTO MeToja He-
IpephHIBHBIX NapaMeTpoB. BopoHOH mocTpousa alrOpHTMBI AJsl  Ebi-
YHCJEHHS OCHOBHbIX €JHHHI KyOH4eCKOoro mnoJs.

Mewmyap I'. @. Boponoro 1903 r. ,,06 oxHofi 3anaue U3 Teopuu
acnmmomqecxux GYHKIHA®, B KOTOPOM OH MOJYYHJ OLEHKY

N o
2 I:—k—-], NOCJY2KUJ OTIPABHBIM IYHKTOM HCCHCNOBaAHMH aCHMIITO-

k=1
THUECKOrO NOBeJleHUsl Pa3MHYHLIX YHCJO0BHIX QyHKHu#. B uactHocTH,

sra pabora OKasaja 6osbluoe BAMSHHE Ha GOPMHPOBAHHE METOJOB,
PasBUTbIX B NEPBBIX TEOPETHKO-YHCJOBLIX paboTax HAIIEro BHfAo-
merocs coBpeMenHnka M. M. Bunorpaposa.

OneHka 5Tofl GYHKUHH HMeeT upe3BbMaliHO OO0JblUOE 3HAYEHHE
B TeOpPHH UHCeJ M paccMarTpyuBaeTcs KakK OJHA H3 HEHTpa/lbHHX ee
3agau (cM. 34-10 rnaBy). Hauwnasa ¢ Hupuxnae, BopoHoro # BujaoTh
[0 Haulero BPeMeHH HCCIeJOBAHHIO 3TOH (yHKIHH, 0603HAYEHHOMH
y Hac yepes S(N), nocesimeHo ogeHb GoJibilloe YHCNO PaGoT.

Pa6otsl -BopoHOro no aHaauTHYECKOA TEOPHH umceJ KacaloTcs -
Takxe OGW(MX BOMPOCOB O MeTOAAX CYMMHPOBAHHS (yHKuHi; OAHH
H3 5THX METOXOB HOJYYH] B MareMaTHke umsa Bopoworo. -
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T'JIABA 5
KOHEYHBIE HENHBIE APOBU

1. IPEACTABJIEHHE PANHOHAJIBHBIX YHCEJ
LHENHBIMH NPOBAMH

PaunoHa/bHbie YHCAa MOXHO 3a/laBaTh B pasHOH ¢opme, HanpH-
Mep, OBHO H TO € YHCJO MOXHO 3aNucaTh B BHAE OTHOLUEHHS
JIBYX HeJuiX guces —ZL WIM B BHJe cHcTemaruueckoH pApo6H mo He-
KOTOPOMY OCHOBAHHMIO g, MpHUEM 3Ta CHCTeMaruueckas ApoGb MOXKET
ObITh KOHeuHO# wau GecKoHeuHoll, B 3aBHCHMOCTH OT BhiGopa OCHO-
BaHUSA CHCTEMBl CUHCJEHHS. 3alUCh B BHJe CHCTEMaTHueCKo# Apobu
HMeeT Pl CyIeCTBEHHBIX IPeUMYILECTB 0COOeHHO MpH NpubnKeH-
HBIX BLIYHCJEHHAX, ONHAKO CYIIEeCTBEHHHIE HEYJOOCTBA BO3HHKAIOT
u3-3a TOro, 4ro (popMa 3anmMCH 3aBHCHT He TOJIbKO OT paccMaTpH-
BaeMBIX BeJIMYHMH, HO U OT OCHOBAaHHS CHCTEMBI CUHCJEHHS.

B sToii rnaBe MBI paccMOTpUM JApyryio (OpMy 3amHCH pagHo-
HaJbHBIX 4HCeN, a HMEHHO MNpejCTaBJieHHe HX B BHJE TAK HashlBae-
MBIX HeNpepLIBHBIX HJH LENHBIX Apobeil. BosbiruMm npeumyiectsom
annapaTa uenHeix ApoGeii ABJseTCA TO, YTO BLIpaXKeHHe JI0GOTO
palHoOHaJLHOFO YHCNA B BHJE LenHO#l APoOH He 3aBHCHT OT KaKHX-
JH60 ApYrux BeJNWUHH, KpoMe caMoro 3toro umcia. Ipyrue pocro-
HUHCTBA, a TakXKe H HeJOCTaTKH 3TOr0 amnapara 0O CpaBHEHHIO
C annapaToM JeCATHYHBLIX H JPYrHX CHCTeMaTHYeCKHX Apobelt 6yAyT
paccMOTpeHHl Mo3¥Ke.

Onpenenenue 18. Koneunoll nenpepeisroll Opoboro Hasvieaemcs
YUCA0, 3anUCAHHOe 8 ulde

by
a, + N 5
a
a, -+
.
L]
.
b
4%
ag’
ele a,, ay, ..., G by, by, ..., by—uyeavie wucra.

Mub 6yneMm, Komeuno, mnpejgmoJaraTh, 4YTO BCe 3HaMeHAartel,
BCTPeyaomuecss B 3TOH Apobu, oTnnyuHW oT Hyns. OdeBHiHO, 4TO
BeJIHYMHA TakKo# HemnpephiBHOM Jpobu MoxerT OwiTh 3anHCaHa B BHJE

TI; , rie P B Q—npearnle 4ucaa.

Ecnu b, =b,=...=b,=1, a;=>=1 npu Beex i=1,2, ...,5s—1
H a,> 1, TO TaKyi0 HenpepHBHYIO Apobb HashBalOT OO B KHOBE H-
HOH HenpepsliBHOH JAPOObIO HAH LENHOH JApobblo.
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Onpenenenue 19. Koneurnoll yennod Opobvro Hasvisaemcs 4ucio,
sanucannoe 8 eude

ay 1 i
1+a2+
. (D
' 1

+ T

as—1+_

g
rie a,, a4y, ..., @,—Hease 9ucaIa, o, =1, ..., g, =1, a,>1.

Hpumeuanue. Ilpy s=0 a; = g, MOXKeT GHITb JIOGHM IEeJBIM YHUCJOM.

Byzem ana yznoGcTBa 3amuchiBaTth HemHylo Apobb (1) B Bume

ao—}—yal-i——uag-i— ...—i——Uas_l-i——Uas

Yuena a4, a4, ..., a, OyleM HasHBaTb 3JEMEHTAMH NEMHOM
JIpobH.

Teopema 57. Jloboe payuonHaibHoe HUCAO PABHO HEKOMOpod Ko-
HeuHoll yenHoti Opobu.

HoxasateancTBo. Jlioboe panHoOHaJbHOE UYHCAO MOKHO

P
npeicTaBHTh B BHJIE —Q—l, rae P u Q uensle, npugeM Q =1. Asaro-
pur™m EBkaunga gas takux uuces P M Q JaeT HeNb PaBEHCTB:
P=Qay,+r,
Q=ra,+r,
Ty =Tyl 17,
....... ce e g (2)
rs—2=rs-1as—1+rs
rgo1=7rsl /

e Q>ri>r>...>r,>0.
PaBencTBa (2) MOXHO 3alHCaTb B CJASAYIOUIEM BHIE:

%=a2+(—£tj?>, ,::—_3 s‘_l—}-(rsr'l) f:l:d.g:
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OTKYyJa NOJydaeM:

P 1
5 =0 +———
q a1+-l-

o+

S
as—1+'(g

WM B COKpAHleHHOH 3allHCH:

—g————ao—l—ﬂalﬁ—ﬂ%-)—...+ﬂas_1+l’as.
Jas uejoro uncia, T. e. B caydae Q=1, B paBescrBax (2) Oyzer
TOJIKO OIHO fepBoe papeHcTBO P==1.-P+0, u unenHafa 1apobb
obopBeTcs Ha a,=

EcTecTBeHHO NOCTaBHTH BONPOC, SABJACTCH JM TaKoe pasioxke-
HHe B LeNnHY0 JApo6b eIMHCTBEHHBIM, T. €. MOXKET JH CYIeCTBO-
BaTh KOHeYHAs nenuas ApoOb, paBHas —S—, C 3JleMeHTaMH, OTJHY-
HBIMH OT HENOJHBIX YacTHBIX @&;, MOJYYEHHBIX B  aJTOpUTMe
Eerauga (2). Me pokaxeM, 9TO KaxJoe pPanHOHAJbHOE YHCJIO
MOXKeT ObITb €AMHCTBEHHBIM 00pa3oM MpejCTABJEHO B BHIE TaKoi
menHoft Zpo6H. ITOT (AT CYmecTBEeHHO 3aBHCHT OT TOTO, 4TO
B ONpefiejieHde KOHeYHOH IenHOH JApoOGH BKJIOYEHO YCJIOBHE, 4TO
nocjefHuil sngeMeHT a,>1(s==0). Ecau 6bl Mbl, paccmaTpHBas
BeIpaxKeHue BHzAa (1), JonycKasu sl MOCJAENHEro 3JeMeHTa 3Haue-
HHUe, paBHoe |, TO €JHHCTBEHHOCTb IpeJCTABJIEHHS yKe He HMeJa
6pl MecTa, Hanpumep:

o4 V4 4 Vg o gy Vg Vg

Teopema 58. Cywecmsyenm o0na © moabko 00HA KOMeuHAS yen-
Has Opobb, pasHas OGHHOMY PAYLOHAALHOMY HUCAY.
HogasatenncTBo. IlpeanonoxuM, 4YTO CYLHIECTBYIOT J[Be

P
pasnuuHble KOHe4YHble IelHble ,upoﬁn, paBHbIC -—Q—, T. €.

P
-Q—=ao—|——1‘/al—|—-uaz+...—|-yas=
=a;-|-—ua'l+-ua;+... +—Ua;, roe [ >=s. (3)
Ecau 6o Oblio ao——ao, al—al, cevy O =a,, TO, NOCKOJbKY

3TH JiBe lenube APoOH NPENIOJaralTCs pasnuqnmmu t>s.

OtnuMeM u3 obeux gacreli pasenctBa (3) a,=a,, UpHUPABHAEM
3HaMeHarTeJH NOJYyJalomuXca Tocse 3Tore Apobel (YHCAUTENH Y HUX

OJMHAKOBbIE), OTHUMEM TIOCJIE ITOrQ H3 OOeHX yactedt a, =a, U T. A.,
60 . ' -



TaK 4YTO B KOHIE KOHHOB NOJNYYHM a,=a —|——/ as +1+ +ﬂa;,trro
NpH a,=aqa; ¥ TOJOXKHTEJbHHX dgty, ..:, Gy HE MOXeT HMeTb

MecCTo.
Takum o6GpasoMm, Hailifercs Takoe R(0=<<k<Cs), uro

Qo=04, Ay ==0y, ..., Q_1=0g-y H A, F=0ap.

[Mocrynmast, kax H Bbiue, T. €. OTHHMas B (3) a,=a,, Opupas-
HHBas TOCJEe 3TOr0 3HAaMeHaTeJH M T. X., JO Toro Kak B (3) Hcues-
HYT Qy=q,, @, =0a, ..., Q,_y=0a,_, U obo3xavass a,+Va, ,+

+ ... —l—-’-/as gepe3 R, MOJYuHM:
R=a,+¥Ya ., +...+Ya,=a,+ Y2, +...+Y%, @

Ecau s=£k, T0 a,=R=[R].
Ecnu s=k--1, TO, HOCKOJNBKY COTJIACHO ONpelleJIeHHIO LEIHON

apobu a,,; =a,>1, GymzeM HUMETb 7:_ <1 na,=[R]L

Ecau s>k-+1, 10 a4, 4+ .. —I—Ja >1 u B 3TOM caydae
TakKe a,=[R].

Mui BHAHM, YTO BO Bcex cnyqaﬂx a,=[R]; coBepuenno anaJo-
ruaHo u3 ¢opMmyasl (4) nojaydaeM, dYTo ak—[R] T. €. Q,=ay,
B TO BpeMst KaK k ObLIO BRIGpAHO TaK, UTO @, %= @k IIpeanosoxe-
HHE, YTO CYIIECTBYIOT JBe pasjiHuHble KOHEUHBle IenHble ApoobH,

aBHble —— , TIPHUBEJIO Hac K TIPOTHBOpedHio, T. €. Jaioboe anuo-
Q r

HajIbHOE YHCJO TOJbKO €JHHCTBEHHBIM 06pasoM MoxeT ObThb pasJo-
KEHO B KOHEeuHYIO HenHywo Apolb.

Teopemb 57 u H8 ycraHaBAHBAIOT B3aHMHO OJHO3HAYHBIE COOT-
BETCTBHA MeXIY DallHOHAJbHBIMH YHCJAaMH M KOHEYHBIMH UEMHBIMH

JIpobsiMy.

-

2. NOAXOAAUIHE APOBH

Iln;x'na}moﬁ LenHOH ApobH
ao+ﬂal+yaz—l—...+ﬂas ()
6yzeM paccMaTpHBATh TaK HasbiBaeMble MOZXOAAlLHE APOGH:
Ay=a,, Aj=a,+Ya,, Agzao—l—ﬂal-i——”az,...
cens A =ao+ﬂa1+ﬂa —|-...—|—ya

Onpene.nemle 20. n-d nodxodaweld dpoboro (0 <<n<<s) K Kouey-
Holt yennotd Opobu (B) Gydem nasvieamo eesuwuny

A=ty tVo+ Y0+ 4P, O
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PaccMoTpum Tenmeph JBe II0OC/eA0BAaTeJILHOCTH YHCeJ:
Po» Py, ooy Pou Qg Qy, ..., Q
onpejielleHHble PEKYPPEHTHRIMY COOTHOIUEHUSMH:

Pn=Pn—lan+Pn-2’
2<n<s )
Q = Qn—la +Qn—2
H HadajbHHIMH YCJIOBUSIMHU:
Py=a, Q,=1, Pl—aoal-i-l Q,=a,. (8)
HenocpenctseHHo BHAHO, YTO COOTHOWIeHHsi (7) BMecTe C ycJo-
BUAMU (8) npH HaHHBIX @, Q;, ..., Qg OJHO3HAYHO ONpejeNsioT
BeJTMYHHBI:
Py, Py, ..., P Qp Qy ..., Q..
Teopema 59. Ecau a,, a4, ..., a,—asemenmst yenuoti opobu (5),
mo nocaedosameavrocme uducea P, u Q,(n=0, 1, ..., s), onpe-

Oeaennan opmyaamu (7) u (8) obaalaem mem ceolicmeom, 4mo

npu ecex amux n Omuoulerue 5_ pasro n-ii nodxodaueil dpobu (6).

HoxasaTenncTBo. IIpuMeHHM MeTol MOJHON MaTeMaTHye-
ckoll Muaykuun mo n(0<n<s). Ana n=0, n=1 u n =2 Heno-
CPeICTBEHHO NpoBepAeM, UTO
P, P, a1 1/ P, Pya,+ P, 1/

—_—==( — = —— = B e = 1
Qo ”Q a4 Gt Qs Qias+Q, G+ a1+ 02
COBIIAJAIOT C HYyJeBoH, NepBOH H BTOPoll noaxopsgueil Apobblo.
IpennosoxuM, 4TO yTBepKAeHUE TeOPeMbl BepPHO AJlA N(2<<n<<s),
T. e. yTo noxaxoxdmas apo6p (6) pasHa:
P P, _ia,}P
A —_n.__"n=1"n n-2 .
Qu Que12a+Qu_s (9)
Bosbmem (n-+1)-10 nopxoxsmywo Apobp A,,, ¥ 3anulleM ee

B BHJE:
1
Ap1=0a,+ TF ’

ay+

an+1
HenocpeacTBeHHO BHAHO, YTO €CJH B n nojgxoasmen npoﬁn
A, BeMUHMHY @, 3aMEHHTb BeJIHYHHOH a,~+——, T0 moayunMm A, ;.

P,,-l, P, Q._1, Q,.; BHIpaXKaIOTCH pexyppeﬂ'mbmn COOTHOMIe-~
nusiMu (7) u (8) uepes a,, a;, ..., @, H He 3aBHCAT OT &,,;.

3amenss B (9) a, Ha a,,—}-a—n:, nonydaeM A,,q T. €
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P
Py (an+"—l—) + Py_s Pn—lan+Pn-:+'_”:'l

Ap+1 —_ LT —_
Qi1 (an"i‘&‘l_*_—'l)“l'Qn-z Qu19,+4 Qn—2+'Qn_—1

Gn+1
Pn—l
Ap+1 __ Pnan+l+ Pn—l= Pn-l'l
Quo1 Quap1+Qur Qar’

Q"+an+1

CorstacHo mpHHUIHNY NOJHOH MaTeMaTHYeCKOH HHIYKUHH COOT-

An+1 =

Py

P
HOIIEHHe A,,=—Q—'-‘ BepHo mpu Bcex n=0, 1, ..., s

Onpeneneﬂne”2l. Qucaumeramu U 3HAMeHamessml no0xo0s-
wux 0pobell Kk KoHeuroil yenwold OpobGu (B) Hasvisaromes 6eAUMUHbL
P,u Q,(n=0,1, ..., s), onpedesennvie PexyppeHtmHbIMU YCAO0-
susmu (7) u (8).

DTH HA3BAHUS ONpaBJaHbl T€M, 4TO oTHolleHue P, K Q, coriacHo
TeopeMe 59 paBHO n-ii nopxoxsme#t xpo6u. My GyneM nosTomy

n

B JajbHeillleM n-10 moxxosmyn ApoGb (6) o6o3Hauarh depes Q.-
n

ITocsenoBatenbHoe BHUHCHAeHHE YHCJAHTeJell P, W 3HaMeHatelelr Q,
noaxoAsmux papobGell no ¢opmynam (7) yHoOHCG pacrojarath Io
cxeMe

273 ay Qg s [
P, ay apa -1 .o
Qn 1 ay ven “se ces

Kaxpas ciaepyrouias nycras KJeTKa 3anoJjHsAeTCs Pe3yJbTaToM olle-
pauuii Haj 4MCJAaMH JBYX NpeblAYMHX NO FOPH3OHTAJMHM KJETOK H
COOTBETCTBYIOUIUM d,,;, CTOSIKUM Haj 5Tof mycTod kJeTko# [cM.
tdopmyasr (7)].

Ilpumep. Hafitu nozxopsmue 1poOH K lemHo#l IpoGH

oY Yy pd3y Yy y Yy Vg Y3

P, 2 5 7 26 33 59 | 269 | 866

Qa 1 2 3 11 14 25 114 | 367




Ho,i:xo;mmne Apobu gi‘ (0<<n<7) paBHH COOTBETCTBEHHO
n

2 7 26 33 59 269 866

5
T2 3 10 T4 % T 37°

Nocneansas nopxonsdmas 1po6b, O4eBHAHO, PaBHA BejgH4HHE BCel
KOHEUHOH LiemHoH ApoGH. /

Paccmorpum psj cBoficTB mopxoasmHx ApoGeH, HX yucaHTeNe
H 3HaMeHaTeJeH.

Teopema 60. [Ipu n=1, 2, ..., s 6oinoansemcs pasercmeo

PnQn—l—Pn—lQn=(—1)n-l' (10}

HoxasatennctBo. Ilposenem muuykuuio no n. Ilpu n=1
pasernctBo (10) cnpasepnuBo. [leficTBHTENBHO,

Pi=aya,+1, Qy=1, Py=a, Q,=a,, Tax uro P,Q,—P,Q,=1.
Iycte (10) Bepno npu nekoropoMm n (1l <<n<<s—1); torna

Pn+1Q —P Qn+1 (P an+1+Pn-—1)Q —P (Q an+1+Qn 1)—'
= —(PnQn—l n—lQn) = _('—" 1)”-1.__ ('—' l)n,

T. €. DAaBeHCTBO (10) BepHo W mpH n-+1. CorsacHO HpHHIHNY
NOJHOH MaTeMaTHYeCKOH HHAYKIHH paBeHcTBO (10) BepHO mpH Beex
n(l<<n<s).

Teopema 61. Yucaumesv u 3uamenamens /uo6ou nodxodsuweti
Opobu—63aAUMHO NPOCHIble HUCAQ.

HoxasareascrtBo. Ilpp n=0 P,=a,, Q0=l, TaK 4To

(Py, Qp)=1.
0Hy(;)"n; n>0. O6osHauuM uepes dﬂan6onbumﬁ obmuil meauTeNb
P,uQ,1.e.(P,,Q,)=d. Uspasencrea P,Q,_.,—P,_;Q,=(—1)""1

(Teopema 60), MOCKOJIBKY diP,,, dQ,, nonyqaeM dl(——l)” 1 rpe
d>0 u, cnegoBarenpuo, d=1

P
Ecau panuoHanbHOe YHCTIO g~ PasMOXKHTH B HENHYIO Apobb, 10
P o
nocjeAHsAa NOAXoAsmas Apobb Q—‘ npejcrasiser coboifi Hecoxpa-
&

THMYI0 ApoOb, PaBHYIO % Takum 06pa3oM, pasiioxKeHHe B LENHYIO

JApo6b HO3BOJIfET OCYIIECTBJISITh COKpalleHue Apobef.

IIpumep. Coxpature ApoGs !—2)—92—?%.

IlpepcraBass 1y Apob6b B BHAe KOHeYHOH IenHOH ApoGH,
HaxOmuM: _ ,
S =0 gy Yy alg g Yy Yy i,
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Haxozum nozxozpsiimue apoGu:

P, | o 1 9 9 1| 2 131

Q, | 1 4 9 4 | 49 | 89 | 583

2227 131 131 5
@i—l——%, rne 5?3——}/}{(6 HecOoKpaTtuMasa ApOoOb,
Teopema 62, [Tpu l<<n<s
Py Pupa_ (=171
1) Qn Qn—l— QnQn—l ’ (11)
&;_ Prz—l — ! 12
2) Qn Qn—l ——QnQn—l' ( )

HoxasartenbctBo. P,Q,_,—P,_,Q,=(—1)""1, orkyna
- mosaydaem (11) m (12).

Teopema 63. 3ramenamesu nodxodsaujux Opobed K yennoi
Opobu (b)), Hauunaa ¢ nepsoeo, 06pasyiom MOHOMOHHO 803PACMAIOULYIO
nocaedosamenvHocme, m. e.

l:Q0<Q1<Q2<--- <Qs'

JorkasareancTBo. Q,=1, Q;=a,=1=Q,, TaKk uto Q,

H @, noJsoxurejnHb. COOTHOUICHHE

QnZQn—lan+Qn—2 (2<n<8) (13)
NOKa3bIBaeT, YTO U BCe caeiymoiue sHameHatedn Q,, Qi ..., Qs
NOJIOXHUTeIbHB, [IpH n==2, nockodbky Torja a,==1, u3s (13) no-

Jiyqaem:
Qn > Qn—l' 1 —I—O: Qn—l'

MMpumeuanne, Ecan nennas apofb MONOXKHTENBHA, TO, KaK 3TO HeHOC-
pencTBeénno ciefyer u3 dopmya (7) 1 (8), uwHCAMTENH ee MOAXONAWKX ApoGed
TakKe 06pa3yloT MOHOTOHHO BO3DACTAlOMYIO MOCJENOBATENLHOCTh.

Teopema 64, llpu n=2
P,Qu-2—P,2Q,=(—1)"a,. (14
IloxasaTedbCcTBO. 3aMeHsiss B jeBoil yactu (14) P, u Q,
no dopmyaaM (7) u Hcnoab3ys TeopeMy 60, moayuaem:
PoQus—P,u2Q,=(Py18,+Pr2) Queg—P,3(Quor8,+ Qnd) =
L =0y (P Quee—PpsQu ) = (— 1), = (—1)"a,
 Teopema 65. Yemmnoe nodxodaujue dpobu obpasyrom eospacma-

owyo, a HewemHoie noOxodawue Opobu — ybuisarowyno nocredosa-
meAbHOCHb. i
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HokasatenbcTso. U3 (14) nonyuyaem:

P Pps_(=1)Va,
@ Qne QnQas’

P P

TaK 4YTO HPHU 1 YETHOM HMeeM Q—" Q—"‘3, a np¥ N HEeueTHOM
n n-2

P, _P,_,

._<_"‘___

Qn Qn_z

P p
Je noxxonsmue ApobH Q"“ U Q—"—, Yy KOTOpPBIX HOMEp OTJIH-
n-1 n
daercd Ha eidHHNy, GYAeM HA3HIBATh COCEAHHMH.
Teopema 66. /3 Osyx coceOnux nodxo0swux Opobeldl 4emnas
Opobo scecda menvuie HeuemHol.
Hoxkasareabcrtso. CorjacHo TeopeMe 62 HMeeM:
Pn Pn—l (_l)n—l

Qn Qn 1 QnQn 1

P
Ilpr n ueTHOM —"< ,anpun HeeTHOM 7 > Pact ' rak uro

Qn— P P Qn 1 '
U3 JBYX COCeJHUX ppobeit Q"“ 5 Q—" YyeTHas Bceria MeHbIlle He-
n-1 n

4eTHOH.

Teopema 67. Jliw6as uemnas noOxodswan Opobe Menvuie a0bOL
HewemHol Opobu.

JdokasarteancTBo. Eciau 6 X0Th 0fHa uetHas JApobb Oblia
GoJibllle MJIH paBHA HEeYeTHOH, TO COrJIacHO TeopeMe 65 mociexusas
uyeTHasa Jpob6b ToXe Onujia Obi GoJibile nocieisell HedeTHOH, yTo
NPOTHBOPeYHT TeopeMe 66.

Teopema 68, Paccrmosnus (moOyauw pasHocmeii) mexncly coced-
Humu  nodxodaujumu OpobAMU  YMEHOUIAIOMCA C YBeAUYCHUEM UX
HoMepa.

JdokasarteabctBo. CornacHo TeopeMaM 62 u 63 umeeM:
Ppgy Puf 1 1 _|Py  Ppy
Qn+1 Qn Qn+1Qn Qn-lQn Qn Qn—l

[fpuMeuanue. Teopema 68 sBafercs TakXe HeMOCPEICTBEHHBIM cJef-
crsuem TeopeMm 65 u 67.

Itu TeOpeMBl NOKa3bIBAIOT, YTO HOAXOLALLAE JJ,pOﬁH C YETHBIMH
H HEUETHBIMH HOMEDAMH SHABJIAIOTCA JICBBIMH W INPaBBIMH KOHUAMH
BJIOKCHHBIX APYT B Apyra HHTEpBaJOB, T. €.
Po
Q
s

L P : o “
npu4eMm HoCHAeIHsAsT HenHasa IlpOéb Q_ COBHajgaeT ¢ BEJHUYHHOH BceH
§

Py
< 2<Q< <Q< <Q1

IenHo#l Apobu, '
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FTABA 6
HPPALHOHAJIbHBIE YHUCJA

1. KPUTEPMH HPPAHMOHAJILHOCTH

MHoxkecTBO nefiCTBHTENBHBIX UYMCE] 3ak/jiouaeT B cefe, B UacT-
HOCTH, BCe pailMOHaJIbHbie 9HCJa, BCe OCTaJbHble JeHCTBHTeJIbHbIE
uuCJa Ha3bIBAlOT HPPAUUOHAJBHBIMH.

Onpeneaenne 22; [edcmsumensroe 4ucio o HA3bleaemcs uppa-
HUOHAABHOIM, eCAL OHO OMAUYHO OM B8CeX PALUOHANLHLLX HUcen,

s (
m. e. ecau oaaéF npu ecex yeavtx a u b.

CyumecTBOBaHHE HPPALHOHANIBHBIX UHCEJd ObUIO JOKa3aHO elle

rpeyeCKMMH MaTemaTHKamu. MppaunoHasbHocTs uncaa V2 Goina
H3BeCTHa elle B V Beke [0 HalieH 3pbl MareMatHKaM mH(paropop-
CKOH IIKOJIBI, a [I0Ka3aTes]bCTB0 3TOr0 4acto npumuckiBaercs [Tuda-
TOPY, XOTfl TOYHO HEH3BECTHO, ObIJIC JIH OHO NOCTPOEHO HM CaMUM
HJIH KeM-J1H60 H3 ero yueHHKOB. ITOCKOJIbKY MHOMKeECTBO BCEX palHo-
HaJLHBIX YHCEJ CUYCTHO, OCHOBHYIO Maccy JeHCTBUTENbHBIX YHCeN
COCTaBJISIIOT HPPaHHOHANbHBIE YHCJIA.

B oTOl ryaBe Mb! pacCMOTPHUM MpOCTeilliNe METOAB!, I103BOJISIO-
HlHe YCTaHaBJHUBATh HPPANHOHAJIBHOCTb HEKOTOPBIX KJacCOB YHCeJ,
a TaxkxkKe JOKaxkeM HPDalHOHAJBbHOCTb HECKOJbKHX BEJHYHH, HacTo
BCTpEYalIUXCS B MarTemaTHke. [a nepBolfi B3rJf KaKercs He-
ONpaBAaHHBIM TO, 4YTO 3ajaua LOKa3aTeJabCTBA UPPANMOHAABHOCTH
Kakoro-ju6o [efCcTBHTEBHOrO YHCJIA o0 OTHOCHTCS K TEODHH 4HCe,
OJIHAKO BKJIIOYeHHe Takofi npobneMaTHKH B TEOPHIO Yucea CTaHO-
BHTCSl Cpa3y fACHBIM, eCJIH IIOCTaBHTb 3TOT BONpPOC B CJeAyioLleR
dopMme: 1oKaszaTb, YTO He CyHIeCTBYeT ULeAbLX Yucesa @ H b, TaKHx,
410 b ==q.

Hdanum cHadasa oHy TeopeMy, yCTaHABJIMBAIOULYIO HPPAILHOHAJIb-
HOCTb JOBOJIBHO UIHPOKOTO KJlacca ACHCTBHTENBHBIX YHCeJ, BCTpe-
YaomuXxcd oOcOOEHHO 4YacTo B IUKOJBHBIX Kypcax anare6psl H
FeOMeTpHH.

Teopema 69. ITycme [(x)=x"+cx"" 1+ ... +c, — MHO2041EH
C yeroimy Koppuyuenmamu, OelcmeumesvHoe HucAO0 o — KOPEHb
f(x). Tozda o aubo yeaoe, aubo UpPAYUOHAALHOE HUCAO.

HoxasatensbcTBo. 0—mesoe unciio, TAK 4TO MBI PaCCMOTPHM
ToJbKO cayuafi a=~0. IlpegmosoxuM, 4TO o He sBAseTcs Hppa-

a
IUOHAJbHBIM 4YHCJOM, T. €. YTO o — panHoHaJbHOE YHCIIO, OL==F ’

rie a u b wenne, b=1, (a, b)=1. IloacraBass a=% B ypaBHe-
Hue [(x)=0 n ymHOXas ofe uacTd ero Ha b, mojyuaeM: A
—a"=ca"" W+ ... +c,ab"" 14 b
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M3 3Toro cCOOTHOIIEHHS HENOCPeACTBEHHO BHAHO, uTO bla”.
ITockoabky (a, b)=1, 10 (TeopeMa 43) (a”, b)=1 u bja® Moxer
ObiTb TOABKO OPH b= 1, T. e. &= a—meJoe YHCJHO. .

IlpumMep. Eciu HatypanbHoe 4YHCIO @ OTJIMYHO OT BCeX 7n1-X
cTemeHedt HeJBIX uHces, TO 3/ @ — HPPAIHOHAJBHOE WHCJIO.

JlefictsutenbHO, 3/ a ecTh KopeHb ypasHemHs x"—a=0. Ecan
gncao /@ He HABASeTCS WEJHIM, TO COTJIACHO TeopeMe 69 OHO
nppanuonasshoe. Hanpumep, V2 — HppaunonanbHoe 4iclI0, TaK Kak
noCJIeI0BaTeNbHOCTb KBaAPATOB HeJblX uuces umeet Bun0, 1,4, 9, ...
H HY OAMH H3 3TMX KBagpatoB He paseH 2. Unciao f/Ql Hppauuo-
HaJpHOE, TaK KaK MOCJeN0BaTeNbHOCTh MOJOXKHTENLHBIX Ky6oB we-
JBIX yucesa umeeT BuA 1, 8, 27, ... H HU OJMH U3 HHX He paBeH 21.

MppannoHajbHOCTD HEKOTODBIX JEHCTBHTENIbHBIX YHCEJ MOHHO
YCTAHOBHTHL C NOMOLILLIO KpHTepueB, CHOPMYJHPOBAHHBEIX B CJERYio-
HUX JIBYX TeopeMmax.

Teopema 70. Ecau o — payuornassHoe 4ucio, mo cyuiecmsyem

¢ >0 maroe, umo 0aa awboii payuorarvroil 0pobu %séoa 6yner

CnpaBeJUINBO HEPABEHCTBO!:

o — 2%. (1)

=%

k
HoxaszatenbcTBo. Ilycts a=--, Tle [(=1. DBo3bmem

c:—;— . g moboft panuonanbHol apobu —g— 7&? 6ynet kb—al=£0,
a caeposatesbHO (Teopema 1X), menoe uneno |kb—al|=1, u toraa

|a_£%_£_i
5 1=|1

_ | kb—al] t c
=7

T TR

Teopema 71. Ecau 0aa 4106020 nOAOKLMEAbHO20 HUCAQ C CYlie-
a
cmayem xoms Goi 00Ka napa yeavlx qucer a, b, makux, 4mo - w=o u

lo—%|<%. @

mo o — uUppayUoHAIbHOEe HUCAO.

HoxaszatenbctBo. Ecan 66 o 6bJIO panuoHadbHbIM, TO [0
TeopeMe 70 Haumuvioch 66t ¢ >0 raroe, uTo JJI Aw00H Apo6GH ;iséa
BoiOJHAJOCh Obl HepaBeHCTBO (1), a 3TO NPOTHBOPEYHT TOMY, UTO
COTJIaCHO HAWIHM YCJAOBHSAM JJIst 3TOrC ¢ CYHIeCTBYET biséoa TaKoe,

4TO HMMeeT MeCTo HepaBeHcTBo (2). IlpenmoJdioxkeHue,. yto o — pa-
IHOHAJIbHOE YHCJIO, NPHBEJIO HAC K MPOTHBOPEUHIO, 3HAYHT, & Hppa-
ILHOHAJIBHO.
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ITpumep. Joxasare HppanuoHaJbLHOCTL WHCHA O

]t 1 1 (="
o=1 21+24 —2—;+.+'—En2—'—i-

BosbMeM npousBojibHOe ¢ >> 0 ¥ BoibepeM # HACTOJNBKO GOJBIIHM,
) !
yTo0Obl GBIJIO 22"+’>-c—. ToaoxuM,

2 2 11 (—1)7
b=29", a=2" <1—§+§;—..‘+ — >
a U b—uenvle yucna. [lpu Takux @ u b
a 1 1 1
’G—F = 2<n+1)2-2m+2>2 ) ,<2(n+1>2 b- 2‘”‘+1<

TaK 4TO O HpPpPallMOHAJbHO.
Teopema 72. Ecau npu Hexomopom g>>1 pasiomenue o ¢ cu-
cmemamudeckyro Opobe € OCHOBAKUEM CUCMEMbL CHUCAEHUS, PABHLIM g,
€o0epacum CcKoAb YeO0OHO OAUHHbIE KOHEYHble YEeNnouKi, COCMOAU4Ue U3
00HOL u moll sce Yugpsl, Mo o — UPPAYUOHAABHOE YUCAO.
Wuaye rosops, ecau B passomkeHHH

a=co+‘+ +... (0= <)

040 4106020 Ny HAUOYMCS Cp o1 ="Chrn= ... =Chop (R>>N,), npuuem
CoFChay M Chpy = Chpnars MO O UPPAYUOHAALHO.

HoxasatenpctBo. Ecim O6b o ObJIC panHOHANBHBIM, TO
pasyioKeHHe o B CHCTEMATHYeCKYIo Jpobb € ocHOBaHUeM g Guu1o bl
nepuognyeckuM (teopema XXIII). Takoe pasnoxeHHe He MoXeT
HMeTb ofHofl Luppb B mepuofe, TaK Kak sl 6ecUyHCIeHHOrO MHO-
WeCTBA N Cp,p F=Chyper- 1IPEANOJOKEHHE K€, YTO NEPHOR COCTOHT
U3 HeCKOJbKHX uU}p, TAKKe NPOTHBOPEUHT HAIIHM YCJIOBHAM, TakK
KaK B 3TOM Clly4ae He MOTJIH Obl CyLleCTBOBAaThb LENOYKH H3 ORHOH
undpsl AAHHOHK GoJiblle, YeM 4HCI0 UHODP B mepHoge.

IIpumep. Ydhcao o, s3amHchiBaeMoe B JECATHUHOH CcHCTeMe

cuHcseHus B Buge o =0, 121122 o1 122.0,02. .., uppanuo-
| N
n eAuHnL n ABOEK

HaJdbHO.

2. HPPALHOHAJIbBHOCTh € u T

Teopema 73. Hucao e uppayuonarvHo.
a
HdoxasaTtenscrtno. [Ipeanonoxum, dto e=4, tleau b—

HaTypa.anbIe yucaa. MaBsectHo, uro

1
-1 -
e l= ,+2| it
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HUs e=ib’— crefyer, uto ale~l—upemoe uMCHO, TAK UTO LENbIM

6yzer u uHCJIO

A——falle‘l—(l—ll—!+21! ...+(—1)")

al

1 1
al (<_a+1)t"(a"+' T ) .
Mu noayuaem orciona
1
(a+1)l

T. e. Mexay 0 u 1 gexur umenoe umcino. [lpennmodoxenue, uTo e
panvoHaJbHO, MPHBEJO HAC K MPOTHBOPEUHIO, 3HAYUT, € HPpalnuo-
HaJbHO.
Teopema 74. Yucao st uppayuonaibro.
JokasartenbctTBo. IlpefnojoxuMm, 49TO o palHOHAJBLHO,
a
T. e =+, [I¢ a H b—mHarypaasHole uyucna. [IpH yBeauueHun n
1 fa2\" .
BeJIMYUHA ?71(?) —-+0; mosTOMy MOXKHO HAHTH n Takoe, YTO Bbi-
TIOJIHAETCS. HEPABEHCTBO

1
0<cA<al a+1<1,

n fa®\" 1
A7) <z (3)
PaccMoTpuM mast Takoro n QYHKIHIO
f(x)= —x (e—x)" 4)

3amensia n qepe3 — W pasjaras (n—x)"= 7 (a bx)* mno cre-
neHsiM bx, MOXKHO rxpem:'rasmb f(x) B BHIe:

f(x) =% (CoX™ x4 ...+, 22, ()

tag yto f(0)=f" (0)=...=f""1 (0)=0. Ecnn pasercrBo (5) mpo-
audpepeHIpOBaTL S pas rjle S=n, TO NOJYUHM:
!
f“') (0) bl CS nS! =Cs n(s )’ r(::—;l—)_! .

o s!
BunoMuanbHb Koa¢¢nuneHTm HeJgoe 4YHCJAO, Tak YTo

f™(0), [+ (0), ..., f&» (0)—uensie yHCcIA.
M3 paBenctBa (4) BuAHO, uro f(x)=f(n—x), Tak uTo, AuUD-
(epeHnupys, mojayuaeM IJs Bcex R

O @) =(—D* P (n—x), f‘k’(ﬂ)—(—l)"f""(

U, énenosa’renwo, f(My=f()=...=f""V(n)=0, a f™(n),
, f@™ (%) —uenvie  uncaa. : _
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Unterpupys f(x)sinx no uactsM, nonyuaem;

§ F(x) sinxdx=FO)+f (m)+ § ' (x)cos xdx=

= [(0)+ [ (m) — S ' (%) sin xdx

g F7(x) sinxdx=f"(0) -+ ' (=) — S [V (x)sinxdx y, ®)

§ fem () sin x dx = fem (0) 4 [ ()

]

TaK Kak cjefywomasi npousBogHas f(2#+2 (x) TOXKIECTBEHHO paBHa
HY 0.
U3 papencrea (6) nodaydaeMm:
n

§ 70 sinxdx=(F () + F () —(F O)+ /" () + ... +
+ (— 1) (f™ (0) + [ (1)) = 4, )

rre A—uenoe gucho. ITockonbky B uutepBade (0; mt) nogbiHTerpadib-
Hast dyuknus f(x)sin x nojoxuTeJbHA, HHTerpas B JeBofi yactH (7)
6osbiue uynasg u A= 1. C npyrofi CTOpOHbI, H3 pPaBeHCTBA (4) BHIHO,
49To npu 0= X< HMeeM:

bn 2n__l aZ n
f)<ya?=—{+F

H HOCKOJbKY sinx<<1l, To npH HaweMm Boifope n (cM. (3)) nMeeM:
k44
.  [a®\* 1
A=Sf(x) sin xdxgr—ﬁ(7> <7
0

1
T. €. 7>A> 1. Ilpexnmosio:keHHe, 4TC 7 pPALMOHAJbLHO, NPHBEJO
HAacC K HPOTHBOPEYHIO, CJCNOBATENbHO, Jt-—— HPpPanHOHaJbHOE YHC/IO.

Hcmopuneckue xommenmapun k 6-ii 2aaee

1. Teopema 69 npunapnexur Iayccy.

2. HppanuoHa/bHOCTE YHcaa & Oblsia foKasaHa Brepsuie B 1761 r,
¢paHnysckum MatemMaTukoM Jlambeprom. HokasatenncrBo Jlambeprta
OCHOBaHO Ha NPHMEHEHHUH HenpepHBHHX JpoGeii. JloKasareancTBo,
npuBelleHHOe B 3TOM KHure, 6bijio gano Husenom B 1947 T,
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3. Apudmeruueckas NpUpoia MHOTHX BeJUUMH JO CHX MOp He-
n3pecTHa. COBPEMCHHBIM MaTeMaTHKaM IOKa He yJaJoCh YCTaHOBHTD,
SIBJISIIOTCH JIH PANHOHAJBHBIMH HJIH HPPalMOHAJNBHBIMH HEKOTOPBIE
TacTo BCTpeyalolpecsl MOCTOSHHble. Tak, Hanpumep, HEH3BECTHO,
ABJAETCA JIM PanHOHAJbHBIM HJIH HPPaLMOHAJbHBIM 3HJepoBa no-
croauHas C (cM. Teopemy 54).

FTTABA 7
CPABHEHMH

Bo Bceil s10ff ryase Mpl OyJeM pacCMaTpHBAThb TOJBKO 1eJble
yucJa M 0603HauaThb HX JATHHCKHMH OYKBaMmH.

BosbmeMm npom3BoJibHOE (PUKCHPOBAHHOE HaTypaJibHOe UHCJO 1
u 6yjleM paccMaTpHBaTh OCTAaTKH MNpH JeJEHHH Ha M Pa3JHYHBIX
Henplx uyucen. Ilpu paccMmoTpenuu cBOJCTB 3THX OCTAaTKOB M IIpoO-
BeJICHHH Onepaluil Haj HUMH YJA06HO BBeCTH NOHSITHEe TaK HasblBae-
MOTO CPaBHEHUSI HO MOJLYJIO.

Onpepneaenne 23, [leavie wucaa a u b HQ3618QI0MCA CPABHUMbBIMU
no modyaro m, ecanw pasHocms a—»b Oeaumca Ha m, M. e. ecau
mja—b.

Targum 06pasoM, cpasHenue npejacTaBiasger co6Off COOTHOLIEHHE
MeXAy TpeMs uHcjJaMH ¢, b B m, npuHueM m, HUrparwpllee poJb
CBOErc pOjJia 3TajloHA CPaBHEHHWS, Mbl Ha3biBaeM MoAayJeM. [las Kpar-
KOCTH MBI OyJeM 3TO COOTHOILIEHHe MeXAy a, b W m 3anHuchBaTh
caenyomum obpasoM:

a=b (mod m),

a U b OyzeM Ha3blBaTb COOTBETCTBEHHO JeBOH M NpaBoll yacTaAMH
cpaBHenus. Uucjo m, CTOsLlee N0J 3HAKOM MORYJsi, OylneM scerga
CYUTATh HOJOKUTCJIbHBIM, T. €. 3anuch modm OygmeT 03HAuarh, 4TO
mz1.

Ecan pasnocts a—b He jgenntcst HA M, TO Mbl 6yeM 3aNHCHBATH
3T0 Tak: @ Z b (mod m).
Coraacno onpeneneruo a==0 (mod m) o3HauaeT, YTO a JEJHTCS
Ha m. \

MpuMepn. 101 =17 (mod 21); —5=28 (mod 11).

Teopema 75. a cpaswumo ¢ b moeda u moasko mozda, Kozda
a u b umerom 00unaKosvie ocmamku npu OedeHuuw Ha M.

HokasateanctBo. 1) [Tyerb a=b(modm), 1. e. mja—b.
IlpepcrauM a u b B Buae a=mg,+r,, b=mgy+r,, rie
O<<ry<<m, O<<r,<m. W3 sTHX npeicraBieHHdl a u b noiydaem
a—b=m(qg,—qy)+r,—r,; HO mja—0b, Tagk uT0 HO Teopeme 10
Oylem uMeTh m|r;—r,. [lockonbpky —m <{ri—r,<<m, a cperu
yucey, abco/ioTHAS BeJHUMHA KOTODBIX MeHbIe, 4YeM m, ToJbKo 0
JeJuTcsl Ha m, TO nojdyuaeM r,—r,=0, ry=r,.
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2) ITycte ocTaTKM OT JefleHHs ¢ W b Ha m paBHH, T. e.
a=mgqg,+r B b=mg,+r; torma a—b=mq,—gq,), ma—>ob,
a= b (mod m).

Cornacuo 3TOff TeopeMe CPaBHHMOCT> @ H b [0 MORYJIIO m
9KBUBAJICHTHA YTBepHKICHHIO: ,a W b MMET OfHHAKOBBIE OCTATKH
npu pejeHud Ha m“. IlosToMy B xadyecTBe onpefie/ieHHs] CpaBHEHUS
MOXKHO OBLJIO B3fTb CJAELYIOMIEE.

Onpenenenne 23°, Lleawe uucia a u b HO36I6AOMCA CPABHUMBIMU
no moOyat0 m, ecAy OCMAMKU Om O0eACHUS IMUX YUCEL HA M PAgHDL,

CorJlacHO TOJBKO YTO CJAeJaHHOMY 3aMeUaHHIO onpenejeHus 23
1 23’ oKBHBAJICHTHBL. YCTaHaBJUBasi CBOHCTBA CPaBHEHHI, Mbl OyleM
3THM TNOJb30BAaTLCA JUISt  YIPOIUIEHHS HEKOTOPHIX JOKAasaTesbCTB.
Teopempl 76—91 nawT OCHOBHble CBOHCTBA CpaBHEHMH, KOTOPHIMH
MBI OyJeM N0Jb30BaThbCA BO BCeM JAaJbHEHINEM.

Teopema 76. Pegaexcusrocme omuowieHus CPpASHUNOCHIL

a==a (mod m).

JokaszaTeabCcTBO. @ U @ HMEIOT OJHHAKOBBIE OCTAaTKH MHPHU
JIeJIeHHH Ha nl.
Teopema 77. Cummempuyrocms OMHOUIEHUS CPABHUMOCIU: ecAl

a=b(mod m), mo b=a(mod m).

JdokaszarteabcTtBo. Ecau a u b uMeloT OJUHaKOBLIE OCTATKH
Opyu JeJileHHH Ha m, TO OCTATKH OT JeJieHHs b H a HA m TakKe
paBHBL.

Teopema 78. TpausumusHocms OMHOWEHUA CPASHUMOCMU: eCAl

a=b(modm), b==c(modm), mo a==c(modm).

JoxasaTeabcTBo. EcaM oCTaTKH OT JeJeHHS HA M ORHHA-
KOBBl Yy UHCeJl 4 M b, a TakKe y b ¥ ¢, TO ¢ H ¢ TOXKE HMEIT
OJUHAKOBBIE OCTATKH NpH JEJeHHH Ha M.

M3 Teopem 77 u 78 Jerko nodyuuTh, UTO ABA UHCJA, CPaBHHMBIC
C ONHHM H TeM Xe TPeTbHM, CPaBHHMBI MeXjy co6ofi mo ToMy xe
MO Iy JT10.

3anuch BHIA

a,=a,=...=a,(modm)
6ymer o3HauaTh, 4TO JoOble JBe H3 BeJHYHH: @y, Oy, ..., dg
CpaBHHMBI Mexny cofoli mo MORyJio m.
3anuce BHIA

G=...=0,=0,,,=...=a,(mod m)
6yier o3Hauath, 4YTO BCE &, ..., d, CPABHUMBI MeXIy coboll mo
MOLYJIO m, HPHYEM @, H Q,,, COBIAjamoT.

Teopema 79. Ecau a=b(modm) u k—npoussoronoe uyeice

4Ucao, mo
ka= kb (mod m).
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JdoxasatenbctBo. Ecau a=b(modm), T0 mla—Db,
mlk (a—b), mlka—kb, ka= kb (modm).
Teopema 80. Ecau ka=kb(modm) u (k, m)=1, mo .
a==b (mod m).

JloxaszateabctBo. Ecau ka=kb(modm), 10 mlka—kb,
mlk (a—0b), HO Torza corjacHo TeopeMe 41 ycaoBne (k, m)=1
Iaet mja —b, 1. e. a==b (modm).

Ecan ka=kb (mod m) u (k, m)=~£1, 10 MoxeT 6biTh a == b (mod m),
a MoxeT ObiTb a % b(mod m), Hanpumep, 3-14=3-2 (mod 6) u
14=2(mod 6), 3-10=3-2 (mod 6), o 10 = 2 (mod 6).

Teopema 81. Ecau a=b(modm) u k—npousgoivroe HaMYy-
paasroe ducaro, mo ka=kb (mod km).

Jdokaszarteancrso. Ecan a=b(modm), 710 mla—2>,
kmlka—kb, ka=kb(mod km).

Teopema 82. Ecau ka=kb (mod km), ede k u m— npou3B0AbHbIE
Hamypasvroe yucaa, mo a==>b (mod m).

JdoxasateanctBo. Ecam ka=kb(modkm), 10 km|ka— kb,
kml|k (a—b), k—uarypanbHoe, T. e. k==0, u Toria

mla—b, a=b(mod m).

Teopema 83. Ecau a=b(modm), c=d(modm), mo a+c=
=b-+d(modm) u a—c=b—d(mod m).

JdokasatennctBo. Ecan a=b(modm) u c=d(modm),
10 mla—b u mlc—d. Ilpumenss Teopemy 10, monyyaem

ml{a—b) 4 (c—d), m|(a &=c)— (b= d), a 3= c=b 4 d (mod m).

Teopema 83’ (o6oGmenne Tteopemnl 83). Ecau a, == b, (mod m),
a,=b,(modm), ..., a,=b,(modm), mo a;+a,-+...+a,=
=b,+b, +...-b(mod m,).

JlokasaTesbCTBO MOKeT ObITh MPOBEJCHO aHAJOTHUHO TpeablyIe-
My, mnpuyeM BMecTO TeopeMbl 10 MOXKHO npuMeHHTh TeopeMmy 11.

Tlepexon or cayuas pByX cpaBHemuil (Teopemm 83) x mobomy
yHCcJay n cpaBHeHHH (TeopeMbl 83') MokeT O6bITb, KOHEUHO, TaKiKe
OCYHICCTBJIEH NPUMEHCHUEM NDHHIMNA MaTeMaTHUECKOH HMHJYKIHH.

Teopema 84, Ecau a==b (mod m), c¢=d (mod m), 10

ac == bd (mod m).

HoxasaTtenscTBo. Ecntu a==b(modm), c=d(modm), 10
coraacuo teopeMe 79 ac = bc (mod m) u bc = bd (mod m); Teopema 78
(TPaH3HUTHBHOCTbL CpaBHEHHUI) jgaeT Toraa ac=bd (mod m).

Teopema 84’ (o6oCmienne Teopembl 84).

Ecau a,=b,(modm), ..., a,=b,(modm), 10
ay...a,=b;...b,(modm).

JokasaTteancTBo. IlocnenoparebHo npHMeHsAs TeopeMy 79,

noJyuaem:
0,0,04. . .a,=b,0,a...0,==bb,a,...a,=...=bb,b,...b,(modm)-
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Iloka3aTebCTBO MoXeT ObITh TaKXKe MNPOBEIEHO NpHUMEeHeHHeM
OPHHIANA MATeMaTHUeCKOH HHAYKIHH.
Teopema 85. Ecau a=b (mod m), mo npu aobom yesom
n=0 a"==b"(mod m).

HoxkasateanbctBo. Ilpn n=0 yreepxjcHHe BEPHO COTJIACHO
TeopeMe 76, a npu n>=1 OHO BepHO corjacHo Teopeme 84', no-
Jarag Tam

a,=...=d,=a u b =.,..=0b0,=b.
Tlepexon ot cpaBHeHwUit
a=b (mod m), c¢=d(modm)
K CpaBHEHHAM
atc=b4d(modm), ac=bd(mod m), a"=0b"(mod m)
OyneM HasblBaTb COOTBETCTBEHHO CJIOMKEHHEM, BBIUHTAHHEM, yMHO-
JKeHHeM, BO3BejeHHEM B CTeNeHb CpaBHEHMUH.

[Mockonbky w3 cpasrenus c==d(modm) caenyer d __c(mod m),
TO M3 cpaBHeHull a=h(modm) u c=d(modm) crexyeT Takxe,
uto a +d=b+c(modm) u ad==bc(mod m).

Teopema 86. Ecau a=b(modm) u f(x)=c,+c¢cx+ ... +c x"—
RPOUBBOAbHOILE MHO204AEH C YeaotMu Koaghuyuenmamu, mo

f(e) = (b) (mod m).
Hokasatenscrtso. Eciau a==b (mod m), To cornacHo teope-
MaM 85 u 79 umeeM:
a’=b°(mod m), ca°=cb°(modm) mpu s=0,1,...,n,

HO Torja mo TeopeMe 83’ noJyyaeMm:

Coteat ... +ea"=cytcb+...+c,b” (modm),
T. €.

f(a)=F(b) (mod m).
Teopemy 86 MoxHO 0000UTb B JaTb B CJAefyloliel dopme.

Teopema 86', Ecau a,=b,(modm), ..., a,=b,(modm) wu
F(xy, ...y X)) — MHO201ACH € YeroiMi KOdhpuyuenmamu, mo

flay, ...,a)=f(by, ..., by)(modm).

JorazaTenbCTBO COBepUIGHHO aHAJNOTHYHO JOKa3aTelbCTBY
TeopeMbl 86.

Teopema 87. Jlwboe caazaemoe aesoil uau npagod dacmu cpasHe-
HUA MOKCHO nepenecmiy ¢ RPOMUBONOAONCHOLM FHAKOM 8 OpYeyro 4acmo.

JoxasaTtenbcTB0. DBBHLY CHMMETPHYHOCTH OTHOUIEHHH
CpaBHeHusi (TeopeMa 77) JOCTATOYHO PACCMOTpeTb CJyuail, Koraa
AaHo cpaBHeHHe

o a-+b=c (mod m).
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CknanpiBas 370 CpPaBHEHHE CO CpaBHeHHEM

—b=—>b(mod m),
HoJy4aeM:
a=c— b(mod m).

TlpocTeiM chencTsueM 5TOH TeopeMbl SIBAfSETCA TO, YTO B JIeBOH
H npapol yacTAX CpaBHeHHs MOXKHO J06aBifaTb HJAH 0oTOpachBaTh
OHO H TO e CJaraeMoe.

Teopema 88. B cpasnenuu moxcuo omépacusams uiu 606asaame
caazaemvle, Oeasujliecs Ha molyas.

HokasartenbctBo. Ecau a-t+c=b(modm) u mlc, 1. e.
—c¢=0(modm), To, CKJaxeIBast 3TH CpPaBHEHHS, [OJYyYaeM
a=b(modm). Anamornuyno us a=b(modm) W m|c noxyuaeM
a4+ c=b(mod m).

[lockosbKy JeBYIO M MpaBYyIO YacTH CpaBHEHHS MOXKHO MEHSThb
MecTaMy, yTBepiAcHHe BEePHO M JAJS cJaraeMbix npasofl 4acTH.

Teopema 89. Ecau a=b(modm) u djm, To

a=b (mod d).

HoxasateabcTs0. Ecan a==b(modm), To mja—b. Ua d|m,
mla—b B cujly TPAaH3UTHBHOCTH OTHOIICHHS JeJUMOCTH (TeopeMa 6)
noayuaem dla—b, a=b (modd).

Teopema 90. Ecau a= b (mod m), mo muosxcecmso obujux Oeaume-
Aeii @ w m cosnadaem ¢ MHoxcecmsom obujux Oeaumeneti b u m.
B wacmuocmu, (a, m)= (b, m).

Hokasareanctso. Ecam a=b(modm), T0 mja—2>,
a—b=mg, b=a—mgq, mwboii obmuit neauteab O uucea @ H m
ABJasSeTCA OOLUIMM JesuTeseM uuces b M m, W, Haobopor, ecau )b
u §|m, 1o §la.

ITockonbKy mapa a, m 4 napa b, m HMeIOT OJHH U Te XKe 00llue
Jejutenu, To U (a, m)=(b, m).

Teopema 91. Ecau a=b(modm,), a=b{modm,), ... ,
a=b(modm,), mo a==b(modm), ede m=[m,, m,, ..., m.

HoxasaTteapcTBO. Ecqina= b(modml) a==b(mod m,), .
...,a=b(modmy), To myla—b, myla—>b, ..., mla—b n COT1acHO

CBOHCTBAM HaHMEHBLIETO o6mero KpaTHoro (TeopeMa 32) mja—b.

CpaBHeHHsi B TaKOM BHJe, KaK HX 3JleCb paccMaTpHBaeM, 6bIJIPI
BPeJieHbl BrepBble 'ayccoMm B ero sHameHHTOH KHHre ,Disquisitiones
arithmeticae® (,Mccaenosanns no apudmeruke®).

Hcmopuueckue xommenmapun Kk 7-it 2aase

Kapa ®puapux Iaycc popuncs B 1777 r. B BpayHusefire. B6b-
Y0 4acTb CBOEH MKU3HHM OH npoxkua B [erTHHrene, rae o B 1795 —
1798 rr. 6bl1 cryjenToM, a ¢ 1807 r. mo konua xusuu (Tayce
ymep B 1855 r.)—npodeccopoM T@'eTTHHreHCKOTO yHHBepCHTeTa.
C 15 ner Taycc nayan paboraTh B 06JacCTH Teopuu 4Hces. CHayaJa
OH CaMOCTOATEJbHO HOJYYHJ BaxHeHlUHe pe3yJabTatel B 3TOR 006-
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JIACTH, H3BeCTHHIE YKe ero NpeJlecTBeHHHKaM, a 3ateM OTKDhIJI
pAA HOBBIX (DAKTOB HCKJIIOUHTENbHOH BaXKHOCTH.

Faycc Hauan nucats ,Disquisitiones arithmeticae“ B 1796 r., u
3HAYMTeNbHAst 4acThb 3TOFO COYHMHeHHs WM Oblja HamucaHa B CTYyREH-
ueckne rojw. Ileuatanach sra KHura Kpaiine MejJleHHO U NOSIBHJIACh
tofbko B 1801 r. B mepsom oTnese kHurnm Iaycc BBOAMT DOHsTHE
CpaBHeHH . DTO NMOHATHE PAKTHUECKH B HESIBHOM BHJE ynoTpebasioch
MHOTHMH MaTeMaTHkaMmu J¢ I'aycca, onguako tosbko I'aycc Touno
onpeJeJiis ero 1 CHCTEMaTUUCCKH PA3BHJ COOTBETCTBYIOILYIO TEOPHIO.
[anbrefimpe ¢yHAaMeHTalbHble pe3yJbTaThl l'aycca, H3JOXKEHHbIE
B 3TOH KHHIe, U3 KOTOPHIX OCOGEHHO HafO BBLIGJHTH KBaApaTHYCCKHH
3aKOH B3aUMHOCTH, SBWJIHCh OCHOBOH BCEro INOCJEAYIOIErc pas-
BUTHS TeopuH umcesa. boabmas uacts ,Disquisitiones arithmeticae®
nocssmeHa passutodl Fayccom apudgmeryueckoidi TeopHH KBadpaTh-
yeckux (popM.

B cuaenyomue rojpl, 3aHHMasiCb PasJHYHBIMH BONpOCAMH MaTte-
MAaTHKH H ee NpuJoMeHHsMH, [aycc He Tepsiq HHTepeca K TEOpHH
yuceJl M HamucaJ JBe OYeHb BakHbe paborel B 3Tofl obJjacTH
MaTeMaTHKu. B meiom Hayynoe HacJenue laycca OueHb BeJUKO.
TlosHoe coGpanue counneHuii aycca Obuio uanano eme B X1X sexe
T'eTTHHreHCKHM HAy4YHBIM OOLILECTBOM.

I'TABA 8
KJTACCBH!
1. PACOPEJAEJIEHHUE YHCEJ B KJACCAX IO 3AJAHHOMY MOoAaVYJIIO

Onpeneaenue 24, Kaaccom no OanHomy MmoOyatc m Ha3viéaemcs
MHOJCECIBO  GCEX YCALIX HUCEA, CPABHUMbIX C HEKOMOPbIM OQHHbIM
UeAbIM HUCAOM Q.

Bynem ob6osnauarth TaKOH KJacc 3HakoM a. Takum obpasom, a
0003HAYaeT MHOMKECTBO BCEX TeX X, KOTOpBIE yIOBJETBOPSAIOT YCJAO-
BHIO ¥ == a (mod m). HanpumMep, nmo Moaymo 10 nmeeM 73 € 13,—17 € 3,
8 € — 2. B cuay cpBoficTBa TPaH3UTUBHOCTH CpaBHeHHH Bce dHcia
KJlacca CpaBHUMBI MeXIy coGofi, T. €. UMEIOT OJHHAKOBbIE OCTATKH
OPH JeNeHHH Ha MOAYJb.

Teopema 92. Kaacc 4ucer, CpasHumMbix ¢ @ no mMoOyawo m, Cosna-
daem €O BHOMEHUAMU AUHEUHOU @yuKkyuu a--mt npu uesslx 3Ha-
4eHUAx apeymenma t. _ ‘

HdoxasarenbcTso. [asgkaxaoro x € a umeem x = a (mod m),
m|x—a, x—a=mt, rie {—ueynoe, T. e. Xx=a-mt¢, rie {— oIHo
u3 uyuced: 0, =1, 42, ... Takum o6pasom, 3HAUEHHA X HAXOAATCH
cpend sHauvenuil auHefiHOH QyHKuHU @+ mi. [Tockonbky npu moGoMm
{ uMeeM a -+ mt=q(mod m), TO 3HaYeHHd 5TOH GYHKUUH HPH IHeJbIX
3HAuUeHHAX { COBNANAIOT CO MHOMKECTBOM UMCeJ, CPABHHMHIX € @ 10
MORYJIO m, T. €. ¢ 4uciaMy KJacca q.
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Sra TeopeMa, B 4aCTHOCTH, IIOKa3blBaeT, UTO KaxX bl KJacc
COAEePXKHUT OeckoHeyHOe MHOMKEeCTBO YHCe.

[Ipuwmep. Io mopymo 8 kaacc 11 cocromt u3 yuces:
oo —21, —13,—5, 3, 11, 19, 27, ...

Teopema 93. a=b mozda u mossko mozda, koeda a==b (mod m).

HokasarteabctBo. Ecau a=b(mod m), To ansa aoboro x € a
Oyner x=a (mod m); N0JNb3YACh TPAH3UTHBHOCTHIO OTHOLICHHS CPAB-
Henusi, nonydaeM x=b(modm), x€b. B cuay cumMmerpud @ u b
(Teopema 77) nns Joboroe x €b taxkxke Oyiem uMerh x € a. Kuaccsl
a u b, takuM o0pasoM, COBHANAIOT.

O6parHoe ytBepxkaenue oueBuiHo. Ecan a=¥b, 10 3710, B HacT-
HOCTH, O3Hadaer, 410 a€b, 1. e. a==b(mod m).

BBesnenue KJaaccoB HO3BOJSET, TaKUM OODPa3oM, 3aMEHSIThb CPas-
HEHHEe paBeHCTBOM COOTBETCTBYIOLLMX KJAcCOB M, HaocOOPOT, paBeH-
CTBO KJIACCOB— COOTBETCTBYIOHIUM CpaBHEHHEM. JTa TeopeMa BMecTe
C TeM NOKA3blBaeT PaBHONPABHOCTL BCEX 4YuUCeJa KJjacca. 3aMeHds
B HEKOTOpPOM KJacce @ 4MCJIO @ JoObIM YHCJOM b, npuHAMAJIeXK A UM
TOMY e KJaccy, T. €. CPABHUMBIM C @ 10 PaCCMaTPUBaeMOMY MOJYJIO,
Mbl HOJIY4YaeM TOT 3Ke KJacC.

Teopema 94. Ecau dsa kaacca umewm xoms 6vi oOun o0bujuii
JAeMeHnl, Mo OHW cosnadarom.

Hoxasateasctso. Ilyets c€au c€broraa, c=a(modm),

=) (mod m), Tak urc (recpeMa 78) a==b(mod m) u no npegbay-
meil teopeMe a=>o.

Teopema 94 nokaspizaer, 4TO JBa KJacca nmo MOAYJHO m Jaubo
He HMewT OOHIUX 3JeMeHTOB, JuOC HOJHOCTBIO COBHAJAIOT.

Teopema 95. Ecau Kaxle-mo 4ucaAo KAQcca no MoOyao m umeem
npu Oefenut HA M OCMAMOK, PABHBLE T, MO 8Ce HUCAQ KAQCCA UMEoN
6ud r-+mt, ede apeymenm t npusnumaem aobsie yeavie 3HOUEHUSA.

HoxasatenbctBo. llycrs a—uncio HekoTopoOro Kiaacca
no monymio m u a=mq-+r, roe O<<r<<m. Torma (reopema 92)
BCE YHCJa 3TOr0 KJAcCa HMEKT BHI:

at+mt=r+m{t+q)=r-+mt,

rie t'=t¢-4q w t’, Tak Ke Kak H [, HpuUHHMaeT JIoOble IeJble
3HAYEHHS.

Teopema 96. Yucao kraccos no modynro m KOHeHHO U PABHO M.

JdokasatTeabcTBo. Bhiue OHJ0 OTMEUEHO, YTO BCE YHCIA
KJacca HMEIOT NPH JejJleHHH Ha MOAYJb OJHH H TOT e OCTATOK.
Ilockonbky, HA060POT, KaXKJIOMY OCTATKY 7 COOTBETCTBYeT OIpeje-
JeHHBIl KJacc 4ucesa r, CPaBHUMEIX C 7, TO KJAacchl HO MOAYJIO m
MOryT OHITb B3aHMHO OJHO3HA4YHO COIOCTABJEHB OCTaTKaM 7.
‘Ocratkamu npu jesleHHH Ha m apaslorca yucaa 0,1, 2, ..., m—1,
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T. €. YHCJAO pAa3NHUHBIX OCTATKOB, a 3HAYHT, H YHCJO Pa3JHUHBLIX
KJaccoB PaBHO .
IIpumep. Ilo mogymo 6 mmeercss Bcero 6 KyaccoB, a HMEHHO:

0{...—12, —6, 0, 6, 12, 18,...}
{...—11, —5, 1,7, 13, 19,...}
2{...—10, —4, 2, 8, 14, 20,...}
3{...—9, —3,3,9, 15, 21,...}
I{...—8, —2 4,10, 16, 22,...}
5{...—7, —1,5, 11,17, 23, ...}

Onpenenenue 25. Bomemom Kaacca wassieaemces aoboe u3 ducen,
RpUHAOAeHCQUUX IMOMY KAACCY.

Cpenu HeoTpuuaTespHBIX (MOMOKHUTEAbHBIX) BHIYETOB KJjacca,
00pa3yiomuX YacTh MHOMKECTBA HEOTPHIATENbHBIX UHCeJ COTJIACHO
Teopeme I, comepXKHTCS HaHMeHbllee YHCJI0, KOTOpoe Mbl OyjeM
Ha3blBATh HAUMEHBUIUM HEOTPHIATSIbHBIM (TIOJIOKUTENBHBIM) BEIUETOM
kaacca. B kmacce (TeopeMa 1') umeercss HaUMeHbWUH 110 a6COIOTHOM
BeJHUHMHe BBIUET KJacca.

Teopema 97. Haumenowiuti HeompuyameasvHold goidem raacca o
no MoOyano m pageH ocmamey om OeleHUs a HaQ M.

HoxasarteascTso. O6o3HauUM Yepe3 r 0CTATOK OT JAEeNCHUS @
Ham,T.e. DONOKHAM a = mqg -+ r, rne 0 <<r<<m. Torpa a==r (mod m),
a=r. Jlioboe x € a umeer Buj x=r-+mt (reopema 95). Ilpn mennix
oTpHIATeAbHBIX { OymeM uMeTb r-+mt<<r—m<<0, T. e. I0JOXKH-
TeJbHBIE YHCJIa KJacca TOJIYYaloTcs NPH HEoTpPHHATeJbHBIX 3Haue-
HUSX ¢, a HauMeHblllee cpefyu HUX, noJaydaiomeecs nipH ¢ =0, paBHo r.

Teopema 98. Obosnauum wepe3 r ocmamox om deaerus a Ha m;

mozda HauMeHbuwiul no- AbGCOMOMHOL BeAULUHE BbIMEM KAACCA G PASEH.:
m m m
1) r, ecau O<r<3 ; 2) d=r, ecau r=%; 3)r—m, ecau o <r<<m.

HokasateasctBo. Ecmu a=mg+r (0==r<<m) u xé€a,
To x=r-mf, rAe { mMoXKer paBHaTbcH O, &1, &=2,... . Haw-
MeHblllee HeoTpHIlaTeNlsHOe 3HAUEHHe X PaBHO 7, a4 HAHMEHblee MO
abCcoMIOTHON BeJIMUMHE OTPHIATEJNbHOE 3HAaYeHHE X PAaBHO 7 — .
Ecan npu atom:

m o o
) O<sr<5, 10 r<<|r—m| HanMensumnit no aGcosioTHOM
BeJIMYMHE BHIYET paBeH r.
m
2) r= 3 (310 MOXeT OLITb TOABKO IIPH YETHOM M), TO = |r — m|.

VmeioTcsl 1Ba HaHMEHBLIHX MO abCOMIOTHOil BeJMUMHE BLUETA 7
Ur—m=-—r.

n’ ) : o .
3) -'-2-.-_<r <m, 10 |r—m|<r. Hanmeubumiufi no abcoioTHOU
BeJAHYHMHE BbIUET paBeH 7r—m
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Crenywomas TeopeMa OYyHeT MMeTb CYUIECTBEHHOE 3HaueHHe AJA
RaJibHelillero.

Teopema 99. Jucaa kracca a no modyamo m obpasyiom k Kiaccos
no modyaro km, @ UMEHHO Kaaccol:

a, a+m, a+2m, ..., a+(k—1)m. (D
Hpyeumu caosamu, 3sHadenus X, YO08AeMEOPAIOWUE CPABHEHUIO
x==a(modm), cosnadaom co 3Ha4eHUAMU X, YO08ACMBOPAOULUMY
COHOMY U3 CACOYIOWUX CPABHRHKUL:
x=a (mod km), =a-+m(mod km), x=a-2m(modkm), ...
., x=a--(k—1)m (mod km).
HokxasartearcTso. BosbMmeM HeKoTopbii KJgacC @ HO MO-
ayao m. Yneaa storo KJaacca uMmeroT Buf a--mt, rge (=0, =41,
42, ..., T. e.

e, a—2m, a—m, a, a-Fm, a--2m, ... (2)
Hokaxem, 4TO HAXOASILIHECS CPeNd HUX UHCHAA
e, at+m, at+2m, ..., a--(k—1)m 3

HONaDHO HECPaBHHMB HO MOAYJIO km, T. €. NPHHAAJMeXKAT PasjH4-
HBIM KJaccam Mo 3ToMy MogyJaio, JlefictButrenpHo, abcosioTHAsA
BCJNUHMHA PA3HOCTH MeXAY ABYMs H3 umcesa (3) O6yheT NOJOXKHTEb-
HOM M BMecTe C TeM He OoJplie, 4eM pasHOCTb MeXAY CaMbiM
GonpuiuM M3 HHUX a--(k—1)m H caMbpM MajJleHbKHM 4, T. €. He
Goapie, yem (B—1)m. Takas pa3HOCTb He MOKET HeJHTLCS Ha km,
a CJIefoBaTeIbHO, Cpeqd 3THX YHCes] HeT CPAaBHUMBIX 110 MORYJIO Riml.
Takum ofpasom, KJacchl

a,a+m,a+2m, ...,a+k—1)m
0 MOZAYJIO Rm pasiHuHBl, MpHYeM OYEBHAHO, U0 BCe UHMCAA KaxXK-
JOTO TaKOTro KJjacca LEeJUKOM BXOAAT B MHOMKeECTBO (2).
Hoxaxem Ternepb, 410 J060e 9HCAO U3 (2) CPABHUMO C OJLHHM

U3 yucea (3).
IelicreutenpHo, aw6oe ducao u3 (2) umeer sug a-- Nm. Ilpen-
ctaBiM N B Bujle N=kg+r(0<<r<k—1). Toraa

a+Nm=a-+rm-+4kmg=a-+ rm(modkm),

raie a-rm—opno u3 yucey mHoxecrsa (3). Takum obpasoM, Bce
uncJa Kjacca @ 1o MOAYJIO m [PUHAAJMeXRAT K PasJUYHbIM 110 MOAY-
Jito km knaccam (1), He cogepRaluM Kakux-auH60 duces, OTIHYHAIX OT
gucesl BUAa (2), U TeopeMa TeM CaMbIM JOKa3aHA INOJHOCTBIO.

2, KOJIbLO KJACCOB

BeelleM B MHOXECTBe KJ4acCOB IO MOAYJIO /M JBE OTEpariH,
KOTOpHle OyjneM HasbiBaThb CJIOKEHHEM M YMHOMKEHHEM KJacCoB.
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Onpenenenue 26. Cymmoli xkaaccos a u b nazwsaemes Kaacc a + b,
m. e. Kaacc uucer. co0epucauiuti 4ucaio a--b.
Onpenenenue 27. [1poussederuem KA0CC08 a u b HA3618a6MCA KAACC

ab, m. e. Kaacc uucea, coaepomamud qucao ab.
[TockoyibKY Kamiblil K/acC CONEPIKHT GeCKOHEUHOe MHOKECTBO

uhcesa, TO NpPH CJOKEHHM M YMHOMKEHHH KJAaccoB @ M b uHcna @
U b MOXKHO 3aMeHSITh JIOGHIMH ducIaMH @’ u b, OpUHALIEeRALLHMH
9THM e KJaccaM. Bo3sHHKaeT Borpoc, MEeHSItOTCSL JIU NIPH 3TOM OMNpe-
JieTeHHBle HAMH CyMMa ¥ TNpOH3BeAeHHe KJacCosB.

Jlerko nokasaTh, 4TO omnpejesieHHAss HAMH CyMMa KJacCOB €JHH-
CTBeHHa M He 3aBHCHT OT BLIOOpA OTACJBHBIX NpelcTaBUTeNell KJjac-
COB, UCIOJb3YeMblX MPH COCTABJCHHU CYMMEL.

HeiictBuTensHo, ecnua’ €a, b’ € b, roa’=a(mod m), b'=>b(mod m)
U, NpHMeHsIss CBOHCTBA CpaBHeHHI (Teopemnl 83 u 84), noayuaem:

a'+4b'=a+b(mod m), a’b’ = ab (mod m),
T. €. (Teopema 93)
a'+b'=a-t+b, a'b=ab.

Met BuanM, TakuMm ofpa3oM, 4TO CyMMa H [pOH3BEJleHHe KJac-
COB He MEHSIOTCsI OT 3aMeHsl a U b uncnamu a’ m b’. CymMa xJjac-
coB anb CofiepXUT cymMmy JqioGoro yucaa a’ €a u b’ €b, a npous-
BElCHHE KJACCOB @ W b CONCPIKHMT NpOM3BefeHHe JIOOBIX TaKHX

qucest a” u b'.
Jast cyMMBl KJacCoB BEepHO H 06paTHOe, a MMEHHO Jio0oe YHCIO

c€a-+b moxHO mnpeacTaBuTh B BHie c=a’+b’, rae a'€a, b’ €b.

HelicTBUTENBHO, cEa—i—b = @ -- b 03HavaeT, uto c =a + b (mod m),
c—a==b(modm), c—a€b, T. €. ¢ MOXHO NPeACTABMTb B BHJE
c=a-+(c—a), Tae a€a, c—ach.

Hanpumep, B KOJIbLIE KJACCOB IO Monymo 6 (cm. crtp. 79)
KJace 2 mpeicTaBuasieT coGofi cymmy Kiacco 3 H 5. JlioGoe uncio
KJacca 3, CJoxKeHHOe ¢ JIOGHM UHMC/IOM Kjacca b, JaeT HeKOoTopoe
YHCJIO KJacca 2, H KakJoe GHCNO KJaacca 2 sIBJAeTCS CyMMO# HEKO-

TOPBIX ABYX 4YHCEJ H3 KJaccoB 3ub.
Hasi npousBeneHHi nofoxeHHE MeHsieTcsi. Boofmie rosops, He

BCSIKOE UM CJIO M3 KJAAacca a-b MOXKHO TpPeACTaBHTb B BHAC NpPOH3Be-
I€HUs JBYX uHcesa M3 KJjaccoB a, b. Hanpumep, npu m=7 npous-

BeflcHHe 5-3=1, HO | HeNb3sd TpPeACTABHTL B BHje NPOH3BEACHHS
ABYX 4HCeN, AAIOIMX MPH ACJCHHH HA 7 octatku 3 u 5. CoorHouieHue

3.5=1 osHauaeT 37eCh TOJABKO TO, YTO Ji060e YKCJAO H3 KJacca 3,
YMHOKEeHHOe Ha Jio60e YHCJO H3 KJjacca B, naer HeKOTOpoe 4YHCJIO

u3 kJjacca 1.
Cpean KJjaccop ocofoe MeCTO 3aHHMaeT HyJeBO#l KJjacc, COCTOs-
A M3 9HCed, OCTaTOK OT JAeJieHHs KOTOpLIX Ha MOAYJb paBel
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HYJIIO, T. €. U3 YHCeJl, ReNAWHuXCs Ha MORY nb. Mui umeem xas noGoro
KJacca a:
a+0=a-+0=a, a-0=4a-0=0.

Teopema 100. Mroocecmso kaaccos no darwomy modyawo npeo-
cmasasem cobotd adoumusnyw 2pynny.

HoxasarenbcTeo. [IpoBepuM aasi MHOXKECTBa KJaccoB MO
HEKOTOPOMY MOAVJIO M CNPaBefAHBOCTb YCJOBHU, ONpenessiomux
ANJMTHBHYIO TPYHMY.

YcnoBne 1 (3aMKHYTOCTb ONEpalHH CJAOXKEHHS).

IleficTBUTEIBHO, TO ONpeleNieHHI0 cyMMa KJaccoB a ¥ b 1mo Mo-
RYyJo m npeicTaBifeT cO60H eIMHCTBeHHBI, BIOJHE Onpeje/eHHbIH
KJACC N0 3TOMY Ke MOAYJIo,

Ycnosue 2 (coyeTaTeNbHBIH 3aKOH S CJOMXKEHHS).

HeficTButensuo,

at(b+ec)=a+(b-c)=a+(b+c)=(a+b)+c=
=(a+b)+c=(a+b)+c.
Ycaosmne 3 (cyuecTsoBanHue HyJeBoro saementa). Posab Hyse-

BOI'0 3JjieMeHTa BbioJjiHseT Kiaacc 0.

JleficTBHTENIPHO, BHIIE OBIJIO [OKa3aHo, YTO E+6=b—.
Ycanosue 4 (cyulecTBOBaHHe i KAXKAOTO 3JIEMEHTa TPOTH-

BOIMOJO¥XHOTO emy). Hnas knacca a NPOTUBOIIOJ0KHBEIM  KJIaCcCOM

ABJSIETCSl KJacc —aq, T. €. Kjacc, copepxauldfi umeyao —da.
HelicTBuTRNbHO,

a4 (—ay=a+(—a)=0.
Ycnosue 5 (mepeMecTHTeNbHBIH 3aKOH NSl CJOMKEHHS).
HebhcTBuTeNbHO,

atb=a+b=bt+a=">b+a.

MoxHO OTMeTHTb, YTO 0PU MPOBEPKE BHINOJHHMOCTH YCJOBHH
1—5 AN KJacCOB CYILIECTBEHHO HCHOJb30BAJACh CIPaBENJIHBOCTD
THX Ke YCJOBHUI JJIS1 MHOMXKeCTBa LieJblX UHCes.

YcTaHOBHB, 4TC MHOMKECTBO KJIAaCCOB €CThb afJHUTHBHAs Trpynmna,
MBl MOKEM CYHTATH AOKA3aHHBIMH IJs KJaccoB Bce Te CBOMCTBa,
KOTOpBle BepHbl LIS BCeX aAUTUBHBIX TPy, Hanpumep: 1) cyuie-
CTBYET €IWHCTBEHHH HYyJeBo# 3deMeHT (KJaacc) 0; 2) anad KaxAoro
KJacca @ CYHMeCTBYeT eJMHCTBEHHBI NPOTHBONOMOXKHBIA 3/eMeHT
(knacc) —a; 3) omepauus BLIUMTAHUSA BCerfa BHIMOJHHMA H eIHH-
CTBeHHa, mnpHyeM a—b=aqa-+(—b).

Teopema 101. Mroocecm6o kaaccoe no OanHOMY MOOYA0 nped-
cmagasem coGoti KOMMYMamueroe KoAbYO. ‘

HoxasaTenbcTBo. IlpoBepuM BEIIOJHUMOCTh YCJIOBHI, Ompe-
IeJSTIOMIX KOMMYTaTHBHOE KOJBbUO, TOJNb3YACh TEM, YTO CAMO MHO-
JKECTBO UeNLIX YHCeJ mpeacTaBjsieT co6ofi KOMMYTaTHBHOE KOJbLLO.
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Ycnosue 1 (MHOXKeCTBO IpeicTaBJisieT cob0fl alIHTHBHYIO
rpynny).

CM. teopemy 100.

YcaoBue 2 (3aMKHYTOCTb ONEpALHH YMHOMNEHHH).

HeficTBuTENbHO, N0 OMNpEJeJIEHHIO NPOH3BejeHHe KJaaccoB @ U b
MpeACTaBJISIET cO60l €IMHCTBEHHEIH BIIOMHE ONpejeNeHubil Kaace ab.

Yecnosue 3 (coueraTesbHBI 3aKOH s yMHOXKenus). Hehct-
BHTEJIbHO,

ab-cy=a(bc)=a(bcy=(ab)c=(ab)c=(a-b)c.
Ycnosue 4 (mepeMecTUTeNbHBHIH 3aKOH AJAS YMHOMKEHHS).
HelicTBHTE ABHO,
a-b=ab=ba=05.a
Ycanosue b (pacnmpepeautedbHblll 3axon), [eficrBuTesnpHO,
(a+byc={a+b)c=(a+b)c=ac+ bc=ac-+bc=ac+ be.

IMocko/IbKY AJs1 MHOMKECTBA KJAacCOB NPOBEpeHa BhINOJHUMOCTD
BCEX YCJOBHH, ONpeletsiiONHX KOMMYTaTHBHOE KOJbIO, TeopeMa
JOKa3aHa. YCTaHOBHWB, UTO MHOXECTBO KJIaCCOB— KOMMYTATHBHOE
KOJIbIIO, MBl MOXEM CUMTATh JOKa3aHHLIMH JJISI BCeX KJACCOB BCe Te
cBOMCTBA, KOTOpbLlE BepHB! JJSI BCeX KOMMYTATHBHBIX KOJeH, HalpH-
Mep mnpaBu/a JeficTBHH cO 3HaKaMH, CHPaBeAJHBOCTL COYeTATENb-
HOTO 3aKOHA NPH CJAOKEHHUH U YMHOXKEHHH HEeCKOJNbKHUX KJACCOBHU T. .

Kosibio kJaaccoB mpefcraBJsieT coboit Koabio ¢ equHuieit. Poub
eAMHHYHOIO 3JeMeHTa BBIMOJAHAET KJaace 1. JleficTBuTeNbHO, A
Jieboro KJaacca a:

l.a=a-1=a-1=a.

OO6BIYHEIM A2IsT BeeX KoJlen 00pasoM BBOASITCS onpefesienust npo-
n3BefieHus na u crenenu (a)®, a HMeHHO:

Onpenenenue 28. [Tycmo yeaoe wucao n>>0, a—KAQCC 1O HEKO-
mopomy modyamo m. Ilpouseedenuem na 6ydem HazvlBame Kaacc,
pasnell cymme ata+...+a, ee a NoBMOPEHD CAQCAEMbIM N PA3.
11 pous@eaeﬂue—na onpeae/zum paseHcmeom — na = n(—a) a nod
npouseederiuem 0-a Gydem NOHUMAMb HyAeBoU Kaacc 0.

Onpenenenne 29. [Iycme n>0 yeaoe, a—kKaacc no HeKOMopomy
modyaro_m. Cmeneroio (a)* 6ydem nasvisams Kaacc, paswoid npousse-
denuto a-a...a, ede a nosmopeno muoscumeser n pas. Cmenens (a)°
6ydem cuumame pasuoi Kaaccy 1.

Teopema 102 1) Has aw06020 yeaozo ¢ u 406020 Kiacca a no
Modyato m ca=ca.

. 2) Jas_aobozo yeaozo n=0 u wmoboco Kracca @ no Modyiw
m umeen (@)’ =a”.
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HoxkasaTeabcTBso. JIerko BHAETb, UTO KJAaCChl i ¥ CQ HMEIOT

obuuit sMeMeHT ca, a Kaacesl (a)® u a®—oGumii saeMeHT a®, Tak.
YTO COTJIACHO OHpeJe/IEHHIO KJaccoB (onpeneneHue 24) uMeeM:

ca=ca n (a)" =a".
Onpenenenne 30. ITycme f(x) = Cox" ¢, x" "1 4. .. 4 ¢, — mHozo-
4neH C Yeabimu Koapuyuenmamu, a—HeKomopell Kaacc no modyaio

m; BHQHeHUeM 3MO20 MHO2042eHQ no MoOymo m npu x=a Oydem
HA3LIBANb BOLPANCEHIE

Fl@=c, (@ +¢, (@ 14...+c, 1.

Teopema 103. [lycmoe [(x)—muo2ouaen ¢ yeanmu Kodppuyuer-
mamu. Jaa a06o20 Kaacca @ no  paccmampusaemomy Mmodymo m

[(a) =] ).
HAoxkasareabcrso. Hyers [(x)=cx"+e X"~V +...+
+c,_x+c,. Torga, mompsysice Teopemod 102, moayuaem:

f(a):(:o (&)n_!_cl(a)n—]_{_ .+e, 1E+C '>1:W+Clan-l+...+
dep l=cod"fca" V.. Fc,=f(a).

Hns Konel KJaccoB eCTeCTBEHHO NOCTAaBHTH BONPOC: MOTYT JIH
TaKHe KOoJblua HMeTb JenauTenu Hynas? OKaseiBaeTcsd, 4YTO KOJbUO
KJacCOB MOXKeT OBITb KOJBLOM C JEJHTeIAMH HYJf, a MOXeT OHTh
H KOJIbIOM Ge3 jesuTesiell HYJSI, NPHUEM JIETKO YCTAHOBUTH, B KAKUX
cayuasx GyeT TO WM Apyroe.

Teopema 104. Koasyo xaaccos no cocmasHomy molyao nped-
cmagasem cobotl KoAbYO € 0eAUmeAamu HYyAs.

Hoxasateaberno. IlycTe MOAyab m-—cCOCTaBHOE YHCJO,
T. e. m=a-b, e 1<<a<<m, | <b<<m. Us ycaopusi 1 <<a<<m
nonyuaem a # 0(modm), a0 u ananornuno b <= 0. Bmecre ¢ TeM

a-b=ab=m=0, T. e. @ u b— Jenurenu HyJA.
Ilpumenp. Ha CTpaHnue 79 sanucaHbl KJacCel 10 MOAyJo 6.

B stoM cayuae 2 3=0, 2 u 3—gemutenu Hyaa. ITockoabky

uMeeM 3-4=0, To 4—TaKKe JIeJUTeJab HYJIA.
Teopema 105. Koasyo kaaccos no npocmomy molyawo npedcmas-
asem coboil Koavyo 6e3 Oeaumeneld HyiA.
HoxazateabcrTso. [lycte MOAyab m = p—mnpocToe UHCJIO,
a=~0, b==0. Torga a # 0 (mod m), b = 0 (mod m), T. e. pzra pib,
W Torja corjacHo TeopeMme 19 p 4 ab, ab % 0(mod p), a-b=ab 0.
Taxkum o06pasoM, Npou3BeJeHNe KJACCOB, HeDABHHIX HYJEBOMY,
Bcerfa OTJIMYHO OT HYJeBOro kJacca, T. €. KOJbLO KJAacCOB B 3TOM
cayuae—KoJabHO Oe3 genurtenelt Hyas. Ind NoJHOTH MOXHO OTMe-
THTh, YTO TNPH M=1 KoJbuO KJIaccOB He MMeeT MeJHTeNell HyJs.
B sToM caydae KOJBLO KJIACCOB COCTOMT M3 OAHOTO HYJIEBOrO KJacca.
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Kak Goiio orMeueno B TeopeMe 93, cooTHOUIEHHE papeHCTBA I
KJacCOB MOXKET ObiTh 3amHCaHO B BHJAE CpPaBHEHMS NSl uuces (Bbl-
yeToB) 3THUX KJaccoB. Ilostomy Teopemsl 104 u 105 MoXHO 3anHcaTh
emie B JApPYroM BHIE.

Teopema 104'. [lo coctmasromy modyaio m cytjecmsyrom 4€ucia
au b, maxue, umo a 7 0 (mod m), b %= 0 (mod m) u npumom, oduaxo,

ab == (mod m).

Teopema 105°. Ilo npocmomy modyaw p u3 as=0(modp) n
b #£ 0(mod p) caedyem, umo a-b % (mod p).

Takum o6pa3oM, mMpoM3BejeHHe IBYX YHCeJ CPABHHMO C HyJeMm
no NpOCTOMY MOJAYJIO TOJBKO TOTJa, KOorjga 1o KpafiHell Mepe OIHH
U3 COMHOXHTeJell CPaBHHMM C HYJEM IO 3TOMY MOAYJIO.

Meron maTemaTHueckKol HHAYKUMH HO3BOJSIET PacipOCTPAHUTD
nocjejfHee ToJOXKeHHe Ha IPOH3BOJBbHOE yHcio MHOKHTenel. ([Tpo-
U3BeJeHHe § uMces MpeAcTaBjseTcsd B BHIAE NOpOH3BelJeHuss S— |
NePBBIX UHCeN H ellle OFHOro nocjepHero.) Takum o6paszoMm, HMeeT
MecTo cJefyiomas obmasi teopema.

Teopema 105", [1poussedenue HeckoAbKUX YUCEA CPABHUMO C HYAEM
no npocmomy MoOyato moabko mozda, Koeda no kpaiwed Mepe 00uH
U3 COMHOMCUMeENEl CPABHUM C HYAeM NO 3momy molyao.

OrMeueHHasl 3jeCb pasHuua B cBOHCTBAaX CpPaBHEHHH MO COCTaB-
HOMY U HPOCTOMY MOAYJIO SIBJS€TCSI OCHOBHOH JJis BCell TEODHH
CcpaBHeHHMH u onpejesseT TO, YTO MHOrHe TeopeMbl 3TOH TeOPUH,
cnpasefJIUBBle AJS MPOCTHIX MOAYJeH, OYAyT HeBEePHLIMH MpH Nepe-
XOJe K COCTABHBIM MOJYJSIM.

FJTABA 9
MOJIHAA W NPUBEJEHHAS CHCTEMbI BbiYETOB
1. MOJIHAS CHCTEMA BbIYETOB

Onpepenenue 31. [Toanoti cucmemod 6ei4emo8 no HEKOMOPOMY
MOOYAH0 HA3LIEAEMCA CUCMEMA HUCeA, 63AMbLX NO O0HOMY U3 Kamcd020
Kaacca no amomy modyaw.

[Mpumep. Yucna 12, —23, 2, 63, —2, 5 o6pas3yoT HOJHYIO
CHCTEMY BBEIYETOB MO MOAyJO 6.

[MockonpKy B MONHOA CHCTEME BBIUETOB UYHCJIO BBIUETOB JAOJKHO
PaBHSATBCS YUCJAY KJACCOB, NMOJHAS CHCTEMa BBIUETOB 1O MOZYJIO M
cocTouT U3 m uucejq. OOHYHO B KauecTBe NpeacTaBUTeliell KJIacCoB
6epyT HaUMeHbIIHE HeOTpHUIATEJbHbIE, HAHMEHbIIHE NOJOXKHUTENbHbIE
UMM HauMeHpLIHe 1o aGCOJIOTHOH BeJIMUMHE BRIYETHI; TaKHe MOJIHBIE
CHCTEMH BHIMETOB HAa3blBAal0T COOTBETCTBEHHO: MOJHOH CHCTeMOH
HaNMEHBbUIHX HEOTPUIATENbHBIX BbIUETOB, TIOJHOH CHCTEMON HAaHMEHb-
WHX TOJOKHTEJbHHX BHYETOB, NMOJHON CHCTEMOI HAaUMEHBLIHX M0
a6GCoONIOTHON BeJIMYHHE BHIYETOB.
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CornacHo ‘TeopeMe 97 NOJHOR CHCTEMOll HAWMEHBITMX HEOTPH-
nAaTrenbHbIX BBIYETOB 110 MOAVYJIO 71 ABJAfeTCH cucTreMa uucea: 0, 1,
.., m—1, a NOJHOU CcHCTEeMOH HAHMEHLIIUX MOJOKHUTEJbHLIX BbI-
YeTOB —cHCTEMA 4YHceJ: 1, 2, ..., m.
CorjyiacHo TeopeMe 98 rpH HeweTHOM /1 HAMMEHbLIMMH To a6co-
JIOTHON BeJMUMHE BbIYETAMM KJjaccos 0, 1, 2, cen, m;l SIBJISIIOTCS

me—1 1 —
yucna: 0, 1, 2, ceey =5, @ VIS KJACcoB — s e, m—2 m—1—

|

3
4

m—1 o
HHCNA: ——5—, ..., —2, —1; mo3TOMY TpH HEYEeTHOM M NOJHON
CHCTeMOH HaUMEHbITUX MO 36COJIKOTHOﬁ BeJIHYHUHE BHIYCTOB SBJIFACTCH
CUCTEMaA YUCcCes.

m—1 m—1
_—Ta .oy _2v __17 Or 1) 2; v ey —_2—'

m o o
HpH HETHOM m JJs KJjacca <7> HaUMeHBIINH o abCcoJIIOTHON Be-

m
JINHUHE BbIUET PaBeH == —2—'; eCJiH JJi1 3TOTO KJacca, KaK 3TO 0OBIYHO

NPpHHATO, B3ATb BHIYET 2 , TO Mbl [OJYUYHM Cﬂelly{OUlyEO CcucrTeMy
HAauWMEeHBLIUX 1o 86€OJI}0THOI/I BelIHYHUHE BLIUETOB HETHOTO MOAY/Jist m:
m m
-—'-2——#1,...,-—2, -——1, O, 1,2, «v ey '—2"

Hpumepsn. 1) 0, 1, 2, 3—noanas cucreMa HaVMEHBIIHX He-

OTPHUATEJbHBX BHYCTOB MO Moaymo 4;
2) 1, 2, 3, 4, b-—nmnoJiHag cHCTeMa HaUMEHBIINX TIOJOKHUTEALHBIX

BLIUETOB MO MOAYJIW 5

3y —4, —3, —2, —1,0, 1, 2, 3, 4—noauag cucTeMa Hawu-
MeHBUIUX 110 abCOMOTHOH BeJHYHHE BHIYETOB [0 MOAYJO 9;
4 —-2, —1, 0, 1, 2, 3—nosHas cHUCTeMa HAaHMEHBLUIHUX HO al-

COJIIOTHOH BeJIMYHHE BBIYETOB IO MOZYJIO 6.

Ilonnyo cHCTeMy BBIUETOB 110 MOAYJIO M MBI OyJAeM 3amHcelBaTh
B BUNE X;, X5, ..., X,, [pHYeM, IOCKOJBbKY B HOJHOH cHCTeMe
BHIUETOB H3 KaXKJIOTO KJacca MoXeT ObITb TOJMbKO OJHH HpeicTa-
BUTeJIb, BCe X; NMOMAPHO HECPaBHHMBI MeXKjay coboil, T. e. MpH i F=j
x;# x; (mod m). CnpaselnuBo u oOpaTHOe YTBEPKIEHHE, a
NMEHHO MMeeT MeCTO CJeAyioulas TeopeMa.

Teopema 106. Jlwboe m uucen: x;, X5, ..., X, HONAPHO He-
CpagHUMOLX MexcdY co6oL no modyaw m, npedcmagasiom co6ol NOAHY0
cucmemy 6oiemos.

JlokasaTesbcTBO MNOJYYAETCH HEMOCPEACTBCHHLIM [1PHMeHeHHeM
SJIpuHUHNA sIMUKOB® (Teopema V). DByleM paccMaTpuBaTh KJAcChl
Kak ,SIUKHY, a ydcda Xy, Xy, ..., X, KaK ,JpelMeTsl” Jexamnine B
cooTBeTcTBYIOINX ,simukax®“. Torzaa:

1) Kaxpaoe M3 3THX yHCeJ MPHHANJIEKHT HEKOTOPOMY K.naccy,
T. €. KaxIblil ,MpeAMeT” JIEXKHT B OXHOM U3 ,SIMKOBY,
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2} IlockonbKy Jsio6ble ABa M3 ITHX YHCEJN X; U X; HeCDaBHUMEI
MeXAy co0oOH, HM B OJHOM ,aliHKe" He JexXuT OoJsee ORHOTO ,Mpei-
MeTa“,

3) UYwmcao umces m paBHO UHCJAY KJaccoB, T. €. YMCJAO ,TNpej-
METOB" paBHO uHCAy ,AHIMKOB". CorJlacHO ,IIPHHIMIY SILHKOBY
B K&KJIOM ,AIIHKe" JIeXKHT OAMH H TOJbKO OJAMH ,IpeiMeT”, T. e.
KOKAOMY KJaccy NpHHAMJIEKHUT OJHO H TOJbKO OIHO M3 3THX YHCeJ,
Uucna x,, x,, ..., X, 00pPasyoT NOJHYIO CHCTEMY BbIUETOB.

Teopema 107. Ecau (a, m)=1, b—-npousscivroe yeroe u X
npobeeqem NOARYO cucmemy ewuidemos no molyao m, mo ax-+b
Maxice NPUHUMAEM 3HAYeHUS, 00 PA3YIOULUE ROAHYI0 CUCTENY Bbi1enmo8
no amomy Mmodyaw.

HJokasatennbctio. Ilycrp x npuHHMaeT 3HaYeHHS X, X,,

.. X, oOpasymoliie NOJHYI CHCTeMY BBIYETOB 10 MOAYMIO M.
CocraBuM uucaa ax;-+b, ax,+b. ..., ax,-+b. Jlwobbole aBa us
3THX uMced ax;-+b W ax;--b(i=]) HeCpaBHUMB 1O MOAY/MIO M.
HelicTBUTEIBHO, €CIHU Ob 6bIJIO ax;+b=ax;+ b (mod m), 10 orciona
cJieoBano 66 ax; = ax; (mod m), 4 N0CKOJbLKY (@, m) = 1, TO corNacHo
teopeme 80 x;= x;(mod m). [Ipu i = j 5T0 NPOTUBOPEUUT TOMY, YTO
X1y Xgo vy Xp eCTh MOJHAs CHCTMa BHueroB. CrcTeMa dHCel
ax,=+b, ax,+¥b, ..., ax,+b, cogepKamas m nonapHo HeCcpapHH-
MBIX 110 MOAYJIO m uuces, corjacHo Tteopeme 106 mpexcraBhaser
co60H MOJHYIO CHCTEeMY BBIYE€TOB MO 3TOMY MOAYJIO.

DraTeopema ABASIETCS YaCTHHIM cJyyaeM cleayioulell 6osee obuieh
TeOpeMBbl.

Teopema 107'. Ecau (a, m)=d, b—npoussoaeroe yeaoe, x npo-

beaaenm NOAHYID CUCeMY Bbitemos no Molyaw LZ—, TO —Z—x+b makoce
NPpURUMAEM 3HadeHUs, 00pa3yiouilie NOAHYI CLCMEMY 6bi4eHo8 no
MOOY K0 -’Zii.

JokasaTenbcTBo. 31a TeopeMa noavyaeTcs u3 npeapigymes,
€CJIH NPUHATH BO BHUMAaHHUE, YTO H3 (a, m) =d caeayer <% %l) =1,

Teopema 108. Ecau (a, b)=1, x npobeeaem noanyio cucmemy
ebiernog no modyaw b, y npobezaem NOARYH CUCMEMY 6bIMeMO8 NO
Mo0yao @, ¢— a0boe 1ucAo, mo ax--by +c¢ npurumaem 3naderus,
00pasyrouiie NOAHY cucmemy avitemos 1o mooyawo ab.

HdokaszaTteabcTno. [1ycTh x npUHUMAET 3HAUCHHSA Xy, Xp, -+«
Xy, OOpasymolmye MOJHYI CHCTEMY BHIYETOB [0 Mojyawo b, y Tpu-
HHMaeT 3HAUCHUA Yy, Ys, ..., Yo, OOpasyoIlpe I[OJHYIO CHCTEMY

BbIyeTOB 10 Moay/io a. CocraBuM umcaa Buja ax;+by;+c, rae
l<i<h, Il<j<a, COOTBETCTByIOIH,He BCeBO3MOKHEIM pasuyHbIM
KoMmJiekcaM ((x;, ¥;))-

Hucno Takux KoMmiekcoB (teopema V1) paBHo a-b. [lokaxkenm,
4TO BCe MOJIYYAOLHECs NIPH 5TOM YUCJA BHIA ax; -+ by, + ¢ nonapHo
HecpaBHMMBl MexJy co6oii no Mopydaio ab. IIeI/ICTBPITeJleO €CJH
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ax; +by +-c=ax, + by, + c (mod ab), To corsacHo CBOHCTBaM cpas-
HeHHT (TeOpeMbI 87 u 89) ax;-+-by;=ax,+ by, (modb). Or6pach-
Basi (Teopema 88) caaraemele, JesisuiMecss Ha MOAYJb, MOJydaeM
ax; = ax, (mod b) H, NocKONLKY (a, b) =1, nonyuaem x; == x, (mod b);
Xy X5, ..., X,—TOJIHAS CHCTEMa BBHIUETOB N0 MOAYJNIO b H X;==
=x,(mod b) MoxKeT OBITb TOJNBKO NPH X;=X,. AHAJOTHUHO HMeeM
Y, =Y

Taxum ofpasom, coctaBus gb BeipaXeHn#di Buia ax-by-c,
COOTBETCTBYIOWMX pa3IU4HbIM NapaM, X=X;, y=y,;, Mbl NOJYUHM
cucTeMy ab nonapHo HecpaBHHUMBIX HO MOAYJIC ab uuceJ, T. €. corJjac-
HO Teopeme 106 nOJHYIO CHCTEMY BHIYETOB 110 3TOMY MOAYJIO.

Jra TeopeMa MoOKeT ObITb OCOOHIeHA HA IPOH3BOJIBHOE UHCIO
NonapHO B3aHMHO IPOCTBEIX MOAYJeHd B criegyoollell (opme.

Teopema 108", [Tycmo A=a,-a,- . ..-a,, ede6ce a; NONAPHO E3AUMHO

A .
npocmeol, Ai:? (i=1, 2, ..., s}, c——npoussoasbroe yeroe, x; NPo-
I

Geeatom cOOMBEMCMIBEHHO ROAHbIE CUCMEMbL 8HIMENI08 o MOJYAAM a;.
Toeda Apx;-+ Ayt ...+ Ax, -}-¢ npunumnaem snauenus, 06pasyio-
ujue NOAHYIO CUCHEMY BLIYEMO8 No Modyao A.

JlokasaTesbcTBO IMPOBOAMTCH COBEPLIEHHO AHAJIOTHYHO J0OKa3a-

teabcTBy Teopemsl 108. CocraBuM @,-a,-...-a, yucen Buga A,x,+
+ Ay, .+ Asxs—}—c, COOTBETCTBYIOIIHX BCEBO3MOXKHBIM Da3jHu-
HBIM KoMmIJieKcam ((X;, Xy, ..., X)), TOe Kaxjpoe x; NpHHUMaeT

COOTBETCTBEHHO @; HECpaBHUMBIX [0 MOAYMO @; 3HaueHuid. JlBa
TAaKHX 4HCJa BHAA Alx;+ e+ Axidc u Agxy . - Axec,
COOTBETCTBYIOMMX pasauynbiM Kommaekcam ((xg, ..., x ) u{(x1, ...,
X5)), HecpaBHHMBI 10 MOLYMO A. JleHCTBHTENBHO, €CaH Gbl GBIIO

Alxl oA xs+c__A Xy ... - Asx:—f—c(mod A),
To (Teopembl 87 u 89) 6bino Obl TakKe:

Alx;—}— oot Age= A X+ ...+ Ax; (mod a,).

Tax kak a,|4,, ..., a;|A,, T0, oTOpackBas WJeHBI, JEJIAUIHECS
HA MOJAYJb, uUMeJH Onl A;x; = A,x; (moda,). Torna nocxonbxy U3
(a1, a,)=1, ..., (a1, S)~1 cnenyer (reopema 42) (a., A;)=1, 10

x,=x;(moda,); x, u X;—/Ba 3HAYEHHS W3 MOJHOH CHCTEMBI Bbi-
YeTOB M0 MOLYJIO @;, TaK HYTO CPABHHMBIMH 5TH 4HMCJa MOTYT 6bITb

TOJNBKO NPH Xy == X,. AHAJIOTHUHO TIONYUAEM Xp==Xg, ..., Xe=Xq,
YTO IPOTHBOPEUHT TOMY, uTo Komraeker ((x, . .., %) u{((x7, ..., x5))
pasnuunble. DTO JOKA3LIBAeT HECPABHHMOCTb MO Mopymo A umcen

A+ ...+ Ax,+c.
A upcen Taxoro BHJAa, MONAPHO HeCpaBHUMBIX TO MOAy/O A,
cornacHo Teopeme 106 o0pa3yioT NOJHYIO CHCTEMY BBIUETOB HO

3TOMY MOXLYJIO.
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2, NIPUBEAEHHASI CHCTEMA BBIYETOB

B Teopeme 90 MBI BHJENH, UTO BCe YHMCJa JAHHOTO KJjacca, T. €.
BCE YHCJIa, CPABHUMblE C HEKOTOPBIM @ 1O MOAVJIO /M, HMEIOT C m
OJMH H TOT XKe HauOoJbIIMHA 0o6mMI HeauTesab, paBHbH (a, m).

Onpenenenme 32. Hauboavbuium ceiumensem KAACCA HA3LLQeMCA
Hauboabuiuil obujuil deaumens KaxKoec=4ubo HUCAA IMO20 KAQCCA U
MOOYAS.

Onpenenenne 33. Kaaccamu, s83quurno npocmoimu ¢ MoOyaem,
HA3LIBAIOMICA KAACCH!, Y KOmopolx Hauboaeuiull deaumens paser eou-
Huye.

CorsacHO 3THM OnpefeNIeHHAM KJacChl, B3aHMHO IPOCTbie C MO-
IyJeM, COCTOAT H3 B3aHMHO HPOCTRIX € MOJYJEM 4ucel.

Onpenenenve 34. [1pusedernnod cucmemol 65/4emo8 no HEKOMopPOMY
MOOYAIO HASLIBAEMCS CUCMEMA HUCeA, B3AMLLX NO O0HOMY U3 KAMO020
KAQCCa, 83QUMHO RPOCINOZ0 € MCOYAeM.

IIpuwmep. 1, 29, —5, 7Tl —npuBefenHas cucTeMa BHIUETOB IO
MoAyMo 12, Tak Kak U3 12K1AaCCOB 0 5TOMY MOAY /IO UMeeTcs 4 Kjacca
yHces, B3aHMHO NMPOCTHIX C MOAYJIeM, H H3 BCEX 3THX UETHIPEX KJACCOB
37€Ch B3SITO MO OJHOMY NPejsCTaBHUTENIO.

Teopema 109. Ecau 6 noanoti cucmeme soiiemos omgpocums nped-
cmasumenell 8cex KAQCCO8, HE 63QUMHO NPOCMbLX ¢ MOOyaem, mo
ocmasguinecs 4ucaa obpasyiom npueeCeHHy CUCMEMY BbIHEMOG.

HeficTBuTeqbHO, B TOJNHOH CHCTeMe BBIYETOB MMeEIOTCSI npejcTa-
BUTEIH BCEeX KJACCOB, B TOM UHCJEe [0 OJHOMY IpeACTaBUTEJIO
KJ4aCccoB, B3aMMHO IPOCTHIX ¢ MOAYJeM. Bce ocTanpHble yHCJa HOJ-
HOH CHCTEeMBHl BBIYETOB MO YCJOBHIO OTOPACHIBAIOTCS, T. €. OCTaeTcsd
IpHBeJeHHAasl CUCTeMa BBHIYETOB. B 4acTHOCTH, €cau B TOJIHOH CH-
CTeMe MOJIOKHUTENbHBIX BHUeToB 1, 2, ..., m OCTaBHTB TOABKO YHCAA,
B3aHMHO [IpPOCTHIE C MOAyJeM 1, TO MBI NOJYYHM HPHBEIEHHYIO
CHCTEMY HAMMEHBINUX IOJOKUTEJNBHBIX BbIYETOB.

Taxum obpasoM, OUEBHMIHO, UTO YHCJC KJAaccOB, B3aHMHO IPO-
CTBIX C MOAYJeM rm, paBHO YHCJY IeJBIX YHCeJ, He MPeBOCXOISIIIHX
m M B3aHMHO NPOCTHIX € m. UHCJIO TaKHX KJ/IacCOB 3aBHCHUT OT Be-
JIMYHHBI MOLYJIS U ABJSETCS, TaKUM 06pa3oM, PYHKIHeHd OT MOLYJI4.
D1y QyHKUHIO OOBIMHO Ha3bIBAIOT PyHKIHed Diaepa u o6o3HayaT
yepe3 @ (m). Mnl MoxeM, TakuM 00Opas3oM, AaTb JBa KBHBAJEHTHHIX
onpejeseHus 3TOH (QyHKUHH.

Onpenenenne 35. Pynxyued 3daepa ¢ (m) Hasvigaemces 4ucao
KAQCCO8 N0 MOOYAI0 M, 63QAUMHO RPOCHILIX € SMUM MOOYAEM.

Onpepenenne 35'. Pynxyueid Sidnsepa ¢ (m) Hasvieaemcs Huc-
A0 HAMYPAAbHLIX HUCEA, HE NPesocXO0AULUX M U 83QUMHO NPOCMOLX
cm. _

[Ipumep. Tlo momyno 1, oueBHAHO, HMeeTcss OJHH KJacc |
4yCesl, B3aMMHO NPOCTHIX C Mopyaem, nostomy ¢ (1)=1. Ilo mony-
aio 12, kak 6blI0 yKas3aHO BEHIIIE, HMeeTCs 4 KJiacca YHCeJ, B3aHMHO
npocThIx ¢ MoayJseM 12, 1. e. @ (12)=4. UtoOwl onpegenuts ¢ (24),
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BEIIMCHIBACM HATYpaJbHBIE uHchaa oT 1 go 24 u BhuepkHBaeM dHcJa,
HMeiollle He paBHble elMHHUE obuiue jenautean ¢ 24, 1. e. dueaa,
Jeasmuecs Ha 2 u 3. OcraBmmecs umcaa i, b, 7, 11, 13, 17, 19, 23
00pasyloT NpHBENEHHYIO CHCTEMY BLIYETOB N0 MoAysio 24; ¢ (24)
pPaBHO YHCJY 3THX 4Hces, T. e. ¢(24)=8

ITockonbKy npuBefieHHAss CHCTEMa BBIYETOB COJZEPKHT NpehcTa-
BUTEJIM BCEX ¢ (M) KJaccoB, B3aUMHO IIPOCTBIX C MOAYJEM m, TO
NpHUBEJCHHAA CHCTEMa BBIYETOB COCTOMT u3 @ (m) uucea. JloOas
IPHBEJCHHAS] CHCTEMAa BHIUETOB MO MOAYJIIO m OpeicTaBJasieT Coboii,
TakuM ofpasoMm, CHCTEMY (M) MHCEN 1y, Fy, ..., Ty, TH€
ryz=r;(modm) npu i==ju aaa Beex i (r;, m m) = 1. CupaBelinBo U
oépamoe yTBepK IEHHE.

Teopema 110. Jlrbovie @ (m) nonapro HeCpaHUMBIX NO MODYAI0 M
It B3QUMHO NPOCINGIX ¢ d3Mum modyaem 4ucea npeocmasasiom cobod
NpUGeOEHHYI0 CUCIMEMY BbLIYEMOE.

HoxasarteanbctBo. Ilyets ry, ry, ..., 1o, —moGbe ¢ (m)
YHCeN, OTHOCHTEJILHO KOTOPBIX M3BeCTHO: 1) 7; “£r, (modm) npu
i=j, 2) (r;, m)—l Tak ®e kak U B Teopeme IOé npHUMeHsieM
LIPHHIMN AmMUKOB®. Kuaccw!, B3aUMHO HpPOCTEE ¢ MOZLYJIEM /M, pac-
CMaTPHBACM KaK ,UHKH", & YUCHA Iy, Ty, « o+, Ty — KaK TIPEIMETHI".
Torpa:

1) nockosbKy Bce r; B3aHMHO HPOCTH C 71, BCe 3TH dHCJ]a TPH-
HamjnekaT KJjaccaM, B3aHMHO HPOCTBIM C MOAyJeM, T. €. Kamabii
LSIpeaAMeT” JIeKHT B OJHOM H3 3THX , AMHUKOB®;

2) Bce 3TH YMCJa I[ONAapHO HECPAaBHUMbI MeXAy CcoGOH, T. e.
HH B OJHOM ,AlUKe" He Jexut 6ojee OJHOIO ,npeaMera’;

3) uncio  npeameros” (4uces) @ (m) paBHO HYHCHY , ANLHKOB®
(k1accoB, B3aMMHO MNpOCThIX ¢ Mogysem). CornacHO |, NpHUHIHITY
SIMMKOB® B KaWKAOM KJacCe, B3aUMHO MPOCTOM C MOAYJeM, JEKHT
OIHO H TOJBKO OMHO M3 3THX HHCEJ, T. €. UYHCHAA Iy, Iy, «..y Tyim
00pasyoT NpPHBEJEHHYIO CHCTEMY BEIYETOB.

Teopema 111. Ecau (a, m)y=1 u x npobeeaem npusedennyto
CUCmeMYy BLiHemos8 no Modyawo m, mo ax Mmaksice RPURUMACH 3Hate-
Hus, 06pasyroujue npuseleHAY0 CUCMEMY BLIMEMO8 NO IMOMY MOOYA.

I.[OKaSaTe.HbCTBO ITycTb X UpHHUMAeT 3HAUCHUSRAF, Ty, .. .,
Toimy» OOPasyionie npuBefeHHYIO CHCTEMY IO MOAYJIIO M. IJTH yHc/a
COCTaBJISIIOT YaCTh NOJHOH CHCTEMbl BBIYETOB, H MO3TOMY COIJIACHO
Teopeme 107, rZe Mel B jaHHoM caydae Gepem b =0, MoxHO cpasy

yTBEPKAATh, UTO YMCJNA ary, Ary, . . ., A, HECPABHHMBI HO MO-
Ly m.
C apyro#f CTOPOHBI, TOCKOMBKY Fy, 7y, ..., F'ym— NPHBEJCHHAN

cucreMa BbIYeTOB, (r;, m)=1 1npu Bcex 1< z<q)(m) CornacHo
teopeme 42 u3 (r;, m)=1 u (a, m)=1 caenyer (ar;, m)=1. Hucna
ary, ary, ..., @ry, O6Pa3yOT, TakuM 0Opa3oM, CHCTeMy ¢ (m)
NMONapHO HeCPaBHUMBIX - 110 MOAYJIO M H B3aMMHO MPOCTBIX C 3THM
MOJAyJeM 4HHCes, T. €. corjacHo Teopeme 110 npuseaeHnywo cucremy
BBHIYETOB.
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dra TeopeMa sABJSETCS YACTHHIM CJydaeM cJaefyiolleii, GoJee
oflle#t TeopeMsl.
Teopema 111°. Ecau (a, m)=d u x npobeeaem npusederHyro

m a
cucmemy 6vi4emos no moOyao —-, mo ;X NPURUMAEM  SHAMEHU,

obpasyroyue npusedenHyo cucmemy 6614€mos No 3MoMy MOOYA.

Teopema 112. Ecau (a, by=1 u x npobeeaem npusedennyio cuc-
memy eu4emos no modyao b, y npobeeqem npusedenmyo cucmemy
soL4emMos no Modyaw a, mo ax -+ by npunumaem suaenus, obpasyoujue
NPUBEOEHHYIO CUCmeMY BbiMentos no Modyaro ab.

Hoxasarteanctso. IlycTh X npuHUMaeT 3HAYCHHS 7'y, 7y, .. .,
7.y, OOpasymooue npuBeIeHHYIO CHCTeMY BHYETOB 10 MORYJIO b, y
IPHHUMAeT 3HAUYCHHUS Sy, Sy, ..., Syuy, 00pa3yioliMe NPHBEICHHYIO
CHCTeMy BHIYETOB 1o Moayno a. CoctaBuM 4Yucia Bupa ar;-bs,
he l<<i<<o(b), Il<<j<9(a). Uucaa ry, ry, ..., r 4 —HacTh
HEKOTOPO# MOJHOH CHCTEMH BHUETOB X,, X, ..., X, 1O MOAYJIO b,
YHCHA Sy, Sp, + .., S,(g)—YAaCTb HEKOTODOIl MOJHOH CHCTEMEl BBIYETOB
Yy Yyy - .., Y, TO MoORYMO a. Uncna Bupa ar;+bs;(1<<i<<q(b),
I << j << ¢ (a)) cocTaBaSIIOT TOrga4acTb yuces Buia ax; 4- by, (1 <i << b,
1l << j<Ca), Kotopee coraacuo Tteopeme 108 06pa3yoT MHOJHYIO
cHCTeMy BBIYETOB 1o moxpyuio ab. PasobbeM uucna BHAa ax;--by,
Ha JiBa MOJAMHOXKecTBa. llepBoe mnOIMHOXKECTBO COCTaBHUM H3 TeX
unces ax;-+by;, y Kotopeix (x;, b)=14u (y;, @)==1, T. e. u3 uncen
ar; - bs;, BTOpOe — H3 BCeX OCTaJbHBIX UYHCEJ.

JokaxeM, 9TO YHCJa BTOPOro IMOAMHOMKECTBA SBJSIOTCS Hpel-
CTAaBUTEJSIMH KJIACCOB, He B3aHMHO IPOCTHIX C ab. [JeHCTBHTeNBHO,
ecnu ax; -+ by; NpAHANNEKHUT BTOPOMY NOJAMHOKECTBY, TO 5TO 3HAUMUT,
YTO BBINMOJIHEHO XOTs Obl OQHO M3 ycaoBuit: (x;, b) %=1, (y,, a) =~ 1.
B cayuae (x;, b)=d>1 nonyuaem (teopemel 11 u 9) d|ax;+by;,
dlab, 1. e. (ax;+by;, ab)> 1. Ecn xe (x;, b)=1, 10 (y,, a) #* 1,
M B 3TOM CJyYae aHa/JOTHYHO mojyuaeM (ax;-+by;, ab)>'1.

[okaxeM Tenepb, UTO CpeJH 4HceJ BTOPOTO MHOKECTBA HMEKTCH
NpPeACTABHTENM BCeX KJIACCOB, He B3aUMHO NpOCTHX ¢ ab. [leficTeu-
TeJbHO, €CJIN aX; + by; — npeACTaBUTe/Ib KJIacca, He B3aHMHO NIPOCTOTO
c ab, 1. e. (ax;+by;, ab)=d > 1, To, B3siB (TeopeMa 16) mpocroe
unciao p|d, Gynem uMets plax;-+by;, plab, u TorAa p— genuTeNb
no Kpaiineft mepe omnoro us coMmHoxuTeselt ab. Ecau pla, To n3
pla, plax.-+by, cnepyer p|by;; nockoabky (@, b)=1 n pla, T0
p 4 b. Haxkomen, corsacno Teopeme 19 us plby; u p{b creayer
ply;, 1. e., TakuM obpasoM, p—oOWHi genuTelIb @ M §;, a 3HAYHT,
() @) 1.

Ananornuno, ecnu plb, noayuaem (x;, b)==1, T. e. ax;-+by;
NpUHAANeKHT BTOPOMY noamuoxectsy. Uuena ar;-bs; (nepsoe
HOJMHOKECTBO), IOoJydYalolpecss I[ocjie OTOpachiBaHHSI B IIOJIHOH
CHCTEMe BHUETOB IIpeACTaBHTesiell BCEX KJACCOB, HE B3aHMHO MpO-
CTBIX ¢ MOAYJeM (YHcesl BTOPOro NOAMHOMXKeCTBa), 06pa3yioT COriacHo
TeopeMe 109 npuBeneHHYIO CUCTEMY BBIYETOB.
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TJIABA 10
®YHKLMS HJIEPA

B 310l raaBe 6yAyT pacCMOTpPeHH OCHOBHBEIE CBOICTBA (GYHKIIMH
diinepa @ (m). B cooTBeTCTBHM ¢ OmpejesieHHeM 5TOH (yHKUUH ee
apryMeHT OyJeM Bceraa CUHTATh HaTypaJibHBIM uHcjoMm. Haima ocHOB-
Hasi UeMb—HO0JYUuTh YA0OHYIO (GOpMyJy JIJAs BHIYHCJIEHHS 3TOH
(DYHKIIHH.

Onpenenenne 36. Dynxuyus [(n), onpedesennas Ha mruoxNcecmse
HAMYPAAGHOIX  HUCEA, HA3LIGAEMCA MYAbMUNAUKAMUBHOL, ecad Oafl
A006IX B3AUMHO RPOCTIGIX HAMYPAAGHOLX quces a u b:

[la b)=F(a)f (). (1)

Onpenenenne 37. Pyuruyus [(n), onpedeseHHas HA MHONCECMBE

HAMYPAAbHOIX YUCEA, HA3LIBAEIMCI GROAHE MYALMUNAUKAMUBHOW, ecau

paserncmeo (1) gounoansemen 048 MoGuX HAMYPAALHLLX 4Yucer a u b.

OueBUIHO, YTO MHOMKECTBO BIIOJIHE MYJbLTHIVIMKATHBHHX (OYHKUUH
€CTh YacTb MHOMKECTBa MYJIBTHMJIHKATHBHBIX QYHKUUH,

Mpumep. Pyuruus f(n)=n* srosane MyJbTUNIRKATHBHAS,

Tak Kax :
f(ab) = (ab)* =a’b" = [ (a) [ (b).

Teopema 113. Ecau [ (n) — myasmuniukamusians @yuKyus,
ay, a,, ..., G;,—NONAPHO B3QUMHO NPOCHIbIE HUCAQ, MO

faa;. . .a)) =F(a,) [(ay)...[(ay).

HNoxasateanctso. Ilockoabky (a;, a;)=1 npu Beex iz,

TO (@y-...-a,_,, a,)=1. Corynacuo onpeleseuuo MyJbTHNNHKATHB-
HOH (QYHKUHH nHMeeM:
fla, ...a,_qa)=Ff(a, ...a,_,)f(a,).
Ilpogomkas ToT XKe mpouecc, MOJydYaeMm:
flag ... a;_a)=[(a,...a,_)f(a)=
=:)c(al LR as—z)f(as—-l)f(as): LR ::f(al)' . 'f(as—l)f(as)'

Teopema. 114. Pyuxyua Jisepa mysomuniukamusqa, m. e.

¢ (ab)=¢(a) @ (b) npu (a, b)=1.

JamaM jaBa JokaszaTesNbcTBa STOH TeOpeMBL.

l-e gokasarenpcTso. Ilycte x npoferaer 3HaueHus r,,
Tas -+ s 'y 1, OOPA3YIONLE NPUBEACHHYIO CHCTEMY BBIYETOB MO MOAYJIIO
b, a y npoberaer 3HAUEHHUS] S;, Sy, ..., S, OOpasyioUUe nOpu-
BeJICHHYIO CHCTEMY BBIYeTOB MO MOAyJi0 a. COCTaBHM BCeBO3MOXHbIe
uucsia BHJA ar;--bs;, COOTBETCTBYIOUIME DA3NUUHLIM [apam r;, §;;
ypc/I0 TakKux umcen (TeopeMa VI) Oyger pasHO @ (b) ¢ (a).

C apyroi#i cTOpoHHE!, TTOCKOABKY (a, b) =1, T0 cornacuo teopeme 112
9TH 4Yucia o6pa3yioT NMPHUBEAECHHYIO CHCTEMY BHIYETOB IO MOJAYJIO ab,
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T. €. YHCJO TaKHX YHCeJ JOJ/IKHO paBHSIThCS ¢ (ab). Tlpomspelenue
o) (a) u @(ab) BHpaKAOT OLHY U TY Xe BeJHYHHY, T. €.
@ (ab) =¢ (a) ¢ (D).

DT0 H0Ka3aTesNbCTBO CYMIECTBEHHO HCIOJB30Bano TeopeMmy 112
0 3HaueHUAX JnuHeliHOH ¢opMul ax--by. lagum tenepp Apyroe
HermocpeACTBeHHOe AOKAa3aTelbCTBO TEOPEMBI.

2-e tokasatenbcTBO. CoctaBuM TabJuILy:

1, 2, 3. b
b1, b+2, b3, o 2n |
241 %+ 2. 9b-+ 3, | 3p. l} 2)

(@—1)b+1, (@—1)b+2, (a—1)b+3, ..., ab )

— M ONpeje M YHCJIO yuces B 9ToH TabJuile, B3aHMHO APOCTHIX C ab,
(kRb-r, b)=1 (Teopema 90) Torza u ToabKo TOrja, Koraa (r, b)=1.
Takum o6pasom, uHCaa, B3aHMHO NpocTeie ¢ b, a teM Gojee u c ab,
MOTYT GOBITH TObKO B cTOJA0UAX C HOMEpPAaMH 7, TAaKUMHU, uTto (r,b) =1,
rpe | s<<r=cb. Uueso Takux ctoadioB N0 OnpenesieHHo paBHO @ (b).
Kaxauiit Takoll cToaber, COCTOUT U3 YHCeN:

r, bdr, 2b4-r, ..., (a—1)b+r, (3)

T. €. U3 uHceJ BHAA bx -r, rle x npoberaer MOJHYIO CUCTEMY BBIYETOB
no moxymio a. Ilockoaeky (a, b)=1, To cornacuo Teopeme 107
yyucaa (3) o6pasyioT TaKiKe MOJHYIO CHCTEMY BBIYETOB 110 MOAYJIO 4,
H, CJeJoBaTesbHO, B (3) COIEPKUTCS ¢ (@) 4HCeJ, B3aHMHO APOCTHIX
¢ a. Mpl mumeeMm, TakuMm ob6pasom, B Tabauue (2) ¢ (b) croabios
4yHces, B3aHMHO TPOCTHIX € b, npuueM Kamablil Takoll crosben
COJEPKHUT @ (@) umces, B3aHMHO NMPOCTHIX ¢ @. Ecnau uucso s3aumuo
npocto ¢ b U ¢ a, To (TeopemMa 42) OHO B3aUMHO NpoCcTO ¢ ab.
Takum obpasom, tabauna (2) conep:xkut ¢ (b) @ (@) 4uces, B3aUMHO
IpPOCTHIX ¢ ab.

C npyro# cropoHel, 5Ta TabJMua COAEPXHT Bce YHCIa OT 1 70
ab, u, TakuM o6pasoM, B Hell @ (ab) unces, B3aHMHO IIPOCTHIX cab, T. e.

@ (@) 9 (0) = ¢ (ab).
[Ipumepn.

D o(3)=2, ¢(10)=4, ¢(30)=8;
2) 9(5)=4, @(8)=4, ¢(40)=16;
3) ¢(3)=2, ¢(6)=2, ¢(18)=6.
B nocnennem npumepe ¢ (3:6)=~¢ (3) ¢ (6), Tak Kak (3, 6)=2.
Teopema 115. ITycms p—npocmoe wucao, o= 1— woboe namy-
paasroe, moeda @ (p*)=p*~t(p—1).
HdokasaTtenpcTno. Hucno B3auMHO IHpocTo ¢ p* Toraa H
TOJIBKO TOTJa, KOTJa OHO He Jejutcs Ha p (teopemu 39 u 43). Cpenn

x
NepBLIX pP* HATypasnbHBIK uuces HMeeTcs (Teopema 49) ’;—= p*1
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qHced, NeNAWHXCsl Ha p; OCTalbHble p*— p*~! ynces B3aHMHO NMPOCTH
Qo -

cph T e @(p)=p*—p ‘——p“ ‘(p—l)

Teopema 116. Ecau m=pt'py. . PSS — KQHOHUHECKOE pasroxcerue
ducaa m, mo

;=1 O,—1 As—1 N
e(my=p:' p2*...ps (e —Dpe—D..(ps—D.

HorxasaTenbcTBO. Py, Pa, ..., Pg B KAHOHHYECKOM pas-

JIOXKeHUH oéosﬂaqamT pasJUYHbIE NPOCTble YHCJA, MN03TOMY (Teo-

pema 44) pft, pS, ..., pY—rnonapHO B3AUMHO IpocThie uYHCaAa i
cornacyo teopemam 114, 113 u 115 umeem:

@ (PP pS) =@ (p1) ¢ (p). .. @ (pF) =

=p17 (0, —l)p"‘”(prl)-.- p” (py—1).
IMpumeper

D @270)=¢(2-3%-5)=322—-1)@B-1)(—-1)=72;
2) @ (700000) = (29-5%.7) =2¢.5¢ (2—1)(5—-1) (7 — 1) =240 000;
3) @(45375) =@ (3-5%-112)=52.11.2-4.10=22000.

Teopema 117, llpu m>1

(p(m)=m£ln<1-—%>.

3nak 14 !m osHagaeT 3JeCb TO, YTO MHOXKHTeJNH I[pOU3BENeHHg
6€p}ITCH npU BCEBO3MOXHBIX NPOCTHIX AEJAUTENAAX 4HHEJIa 711,
11 0Ka3aTeJbCTBO HEMOCPECACTBEHHO BBITeKAET H3 IpeAbILy-

meit Teopemsl. Jli1o6oe m >>1 MOXKHO NpeACTaBUTE B KAHOHUYECKOM
dopme m=p{...p* n Torza

@(m)=py . pe T (py— 1) (p— 1) =
st s (i) =)= IL (=)

Teopema 118,
% @ (d)=m.

CymMMHpOBaHHe B JIEBOH 9acTH IPOU3BOAHTCSI N0 BCEM MOJOXKU-
TeJIbHBIM JenutesisMm yuciaa m. Hanpumep, mipu m=20 uMeeM:

d 4 20

5’10

N

ol e

Zo@=9(D+9 @+ (W) +eE)+9(10)+¢(20) =
=1+14+2+4+4+8=20.



HoraszarteascrBo. OO603HauuM HawWy CyMMy, 3HaueHHe Xo-
TOpPO#H, OYEBHAHO, 3aBHCHT OT m, uepe3 F (m), Tak uro F (m) =‘;,(p (d).
m

HoxasatenbcTBO pasofbeM Ha TpH YacTH. CHadana J[OKaXKeM, 4TO
F (m) —MyabTHIIHKaTHBHAS (YHKIHSA, 3aTeM BuYHCJAUM F (m) npu
m=p* W, HakoHel, JNOoKaxeM, uTo F (m)=m.

1) Ilyctb (a, b) =1; toraa ans mobeix 8|a, 8'|b 6yzmer (5, 8 )=1,
TaK 4TO, NpPUMEHSs NPaBMJIO YMHOMKEHHMS CYMMBl Ha CymMmy, T. €.
TPaBHJIO PAacKpHTUS cKOGOK H Teopemy 114, nonyuaem:

F (a) F (b) =% @ (6)6%] @(8)= % ‘SZ,IbCP (8) ¢ (8% =6§ ;,,‘P (86").

[Moayuennas cymma papHa ¥ ¢ (d). JleficTBuTeIbHO, POU3 Bee-
diab

nue 88, rne 8)a n 0 |b, oueBUOHO, PABHO HEKOTOPOMY OIpefeJseH-
HOMY Jenutesio d nponsseienns ab. C gpyro#t CTOpPOHH, ecju B3sITh
HeKOTOphIl Jenutesnb ¢ npousBeleHHss ab, To (Teopema 45) Mbl
uMeeM s JAHHOTO d BIOJHEe OlpejeleHHOe TpecTaBJeHHe B BUIEC
d=2008', rne 8|a, &'|b.

Pasencrso
) 66/ — N d
G’Za, g}bcp( ) d% ¢ (d)

Tenepb HENOCPEJCTBEHHO CJAeAyeT Hu3 TOT0, YTO MeXAY PaBHBIMH
cjlaraeMbpiMu JIeBOH M npaBoH uacTed MOXKHO YCTaHOBMTb B3aHMHO
OJHO3HAYHOe COOTBETCTBHE, comocTasiassd @ (868') ~ @ (d), ecnn
88" =d, 8|a, 8’ |b. Taxnum obpasom, nosayyaem:

F (ab) =d§ ¢ (d)=F (a) F (b).
2) Ilycte m==p*, rorza
F(py= XYo@ =9o()+o (@ +e(@)+...+e ()=
djp®
=1l+(p—D+@p*—p)+... +(p*—p*H)=p"

3) [Tyctb m = pi'ps:. . . ps* — KaHOHHYECKOe pasjoxenue m. Torza
corJacHo Teopeme 113

F(m)=F (p}) F (p%)...F (p3) = pY'ps:. .. pY=m.

Hcemopuueckue kommenmapunt k 10-it zaase

1. Jleonapa Diinep (1707—1783) poauncs B Ulselinapuu. B
1727 r. ou Obur nipuraalied B [lerepSypr B cO3jaHHyio TaM HE3aJ0JTO
10 Toro AxkajeMHio Hayx. Dilep xua H pabotan B IletepGypre c
1727 no 1741 r. u ¢ 1766 r. 10 KOHIA CBOell >XKH3HH.

Cpenn seankux matematukoB XVIII Beka, cosgaBummix OcCHOBEHI
COBPEMEHHOTO MaTeMaTHUYecKOro aHanuza, DHJep BbIAeNseTcsl coell
HCKJIIOUHTENIbHOH MHTYMIMeH; Jaxe Korla Jillep, HaXoXs HOBbie
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peayJabTaTh, OOOCHOBBEIBAJ HX He Bcerja emle crporo paspaboran-
HBIMH B €rO BpeMs MeTOJaMM, KOHEeUHhe BBLIBOAB €ro, KakK 3TO
BBISICHMJIOCE TMo3:Ke, OblIM Bceraa BepHel. B camplXx pasiuudbix
o6s1acTsIX MaTeMaTHKH M ee MpPUJIOKEHHH ¢ uMeHeM Diljiepa CBSI3aHO
upe3BpldaiiHo GoJiblLOe KOJIHYECTBO HOBBIX IVMIYOOKHX pe3yJbTAaTOB,
ABJSIOIMXCST OCHOBOH BCero jaJjbHefllero ee pasBHTHS.

B 1729 r. Dijep uavan mnepenHcky c ugeHoM I[letepOyprckof
Axagemnu Hayk XpuctuaHoMm Iosapabaxom, nposiBasiBiinM 00Jb1ION
HHTEpEC K TeOpPETHKO-YHMCJOBEIM 3ajayaM. DTa mepernucka U 1po-
Oyzuna, mo-BuaHMoMy, uHtepec JI. Ditnepa x Teopum uucesn. Ha-
upnasg ¢ 1732 r. u A0 KOHIA CBOeH KU3HU Dijep saHUMajJcs pas-
HOOOpa3sHbIMM BONPOCAMH TeODUH yHces u HanucaJs cpbite 100 pabor
B 9TOH obmacTH.

Pabots! Dfsiepa no Teopun uices MOCBSeHb! BecbMa pasHoolpaz-
HbIM BOMpOCaM, B TOM 4HC/ae npobjeMe pacmpefeseHHst IMPOCTLIX
yhgces B HaTypaJbHOM DSILY, PasIMuUHbIM 3afauyaM TeopuHH ¢opm,
pas0HeHHI0 yHcesJ Ha cjaraeMble. B cBoux paborax Diinep He
ynoTpeGasan TePMHHOB TeOpHH CPaBHeHHH, OJHAKO PSJ BayKHEHIIHX
ee pesy bTaToB, CPOPMYJIHPOBAHHEIX B TePMHHAX TEOPHH JEJIHUMOCTH,
Oulsid noJyueHbl uMeHHO uM. Ilas pabor JI. Diljgepa B TeopHM YHces
XapakTepHO CTpeMJeHHe HCHOJAp30BaTbh METOAE MaTeMaTHUYECKOro
aHanH3a. 310 NPOsiBHJIOCh He TOJNBKO B paboTax o pacripejesieHuIo
[POCTHIX UHCeN, SBUBIIMXCHA, Kak OBIO OTMeHeHO Bhille, HauajaoM
aHaJNTUUECKOl TeOpHH UHCeJ, HO M B paboTax IO Teopuu pasdue-
HHS YHCeNl Ha cJaraembie.

Tpynel Ditmepa no Teopun uuces OplaM M3gaHbl y Hac B Poccun
Axganemueit nayxk B 1849 r. Ha naTHHCKOM s3blke. [[Ba TOMa 3THX
TpynoB noj uasBanuem ,Commentationes arithmeticae collectae®
cojepxat 1235 crpanun. PyHKuus ¢ (m), NOoJyYHBLIAs B jAajbHeH-
imeM ero mMs, Obijla BBeJleHa UM B OiHOH pabote, ony6aHKOBaHHON
8 1760 r.

2. ToxpectBo TeopeMbl 118 BeTpewaercs BrepBele y I'aycca.

FJIABA 11
TEOPEMbI ®EPMA ¥ 3WJIEPA
. OCHOBHBIE TEOPEMbl

BosbMmem HeKOTOpOC HaTypaJbHOC 4HCJAC g, B3auUMHO 1nipocroe
¢ MoayJaeM m, B PacCMOTpHUM IOCJeJOBare/ibHble CTCNeHH 4.

a, a%, a®, ...

Bce uncna aroro GeCKOHEYHOTO MHOMKECTBA paclpelelieHbl B m
KJaccax, CJefoBaTeNbHO, no Kpafineil mMepe OXHH H3 STHX KJacCOB
JIOJDKeH cofiep:arb OecuHC/eHHOe MHOMKECTBO cren eHeH a. Bass ua
STOFO KJacca ABe CTeMneHH a ¥ 0603HaunB UX a’u a', re s> f>=1,
6y nem umeTb a®=a'(mod m).
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[Tockoabky Hu3 (a, m)=1 caenyer (@', m)=1, To {Teopema 80)
a*~t=1 (modm). Takum 06pa3oM, 1T HEKOTOPOro k == S—1 HMeeM
a*=1 (mod m), upuueM HOCKONBKY s >f, To k= 1. BMecre c TeM
TOrZla M TpH JIOGOM HaTypaibHoM n Gyjzem umetsh a*’==1(modm),
YTO IOKa3bIBAET CYILECTBOBAHKE GeCKOHEYHOT0 MHOXKEeCTEa CTeneHed a,

npHHALJeKaIMX Kaaccy 1. KoHeuHo, MOCKOIBLKY MBI C CaMOTro Haualla
HMeeM H3BEeCTHBIl MPOU3BOJ B EbIGOpe 9nced ¢’ 1 a', TO COOTBET-
cTByollce R He OmpejesisgeTcsi eAMHCTBEHHHIM OOpasoM. Hamnpumep,
npu m=43, a==6 umeem:

6% =262 (mod 43) u 62 ==63(mod 43),
Taxk uTo
6%=1(mod43) u 6°==1 (mod43).

Il. ®epma nans mpocroro mopyds, a JI. Dijepy Ans mo6oro
MOLYJISl VAAJIOCh YKa3aThb 3HayeHus k> 0, NpH KOTOPHIX HMeeT MecTo
cpasHenne a® = 1 (mod m). CooTBeTCTBYIOMHE TeOPEMBI, Mbl BX GyJeM
naspiBaTbh TeopemaMn Pepma—Diinepa, SBJAAIOTCS OCHOBOH BCek
TCODHH CpaBHEHH U HAXOAAT LWIHPOKOe MNpHMeHeHHe Kak B Teo-
peTHUeCKUX HCCIEJOBAHMAX, TaK M B apHUMeTHUECKHX I[pHJIOKe-
HHUAX.

Teopema 119 (®epma). Has aoboeo npocmoeo p u aobozo a==1,
He OeAswjeeocs HA p, CRPase0AUso CPaBHeHue

aP-1==1 (mod p). ' O

Teopema 120 (diinep). Han wobozo modysna m u awboeo az=1,
83QUMHO NPOCHIO20 C M, CnPageQAUBo cpasHeHue

a*™ =1 (modm). @)

Cpashenusi (1) u (2) mel OyleM HasplBaTh COOTBETCTBEHHO
cpaBHenusiMH Pepma H Dilnepa.

Jlerko BHIeTh, 4TO TeopeMa Pepma sIBASETCH YACTHBIM CJydaeM
TeopeMbl Diinepa. [leficTBHTENIBHO, eciM B TeopeMe DJillepa B3sITh
m=p, rie p—IpocToe HHCJO, TO YCJaOBUe (@, p) =1 3KBHBAJIEHTHO
ycaoBuio p 4 a (teopema 39), a ¢ (p)=p—1, Tagk uTO NpH Mm=p
Teopema Diljepa CBOJMTCA K YTBEDKAECHHIO, YTO NpH p 4 a clipaBen-
JUBO cpaBHeHMe aP~'=1 (modp), T. e. kK Teopeme Pepma.

ITockosbKy J0Ka3aTeslbCTBO TeopeMbl Jiljiepa He CJOKHEH, YeM
ROKa3areJbCTBO TeopeMbl Pepma, TpuBeneM J0Ka3aTesbCTBO TEOPEMEL
Ditnepa. Tem cameim OyzneT NOKa3aH U ee YaCTHBIH cjaydail — reopeMa
Depma.

HoxasaTenbcTBO TeopeMbi Diiiepa. IIyCTbry, 1y, oo\ Fogmy—
HeKoTropasl MpHBefleHHAsl CHUCTeMa - BbiueToB no Mmoxaynio m. Ilpu
(g, m)=1 coraacHo teopeme 111 umena ar,, ar,, ..., ar,,, TaKxke
06pasyioT NpPHBEIEHHYIO CHCTEMY BLIYETOB. Y CTaHOBUM B3aHMHO
ONHO3HAYHOE COOTBETCTBHE MeXKAY STHMH ABYMS CHCTEMaMH, COIIOCTABHB
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Ka¥ oMY H3 UHCEJ Qry, Qfy, ..., OFy, CPABHAMOE C HHM UHCJIO H3
CHCTEMBI 7y, Fyy ooy Fo(m TaK, UTO:

ar, =r, (mod m)

ar, ==r,(modm

D

ar =, (mod m)

TAe 7,, I5, .., Iy~ HEKOTODPEIM 00pa3oM NepecTaBJeHHbIE YUCIA 7y,
oy wovs Tomn Te € Folg o i IyS=r1 g il Ty
IlepemHoxasi Bce cpapHeHHS (3), noJayHaeMm
A ry T SR 1, (mod m). 4)
IMockoabry (r;, m)=1 1nas Bcex i, TO (r{ry «v. Iy M) =1
(reopema 42) u o6e uyactu cpaBHeHuSI (4) MOXKHO COKpaTHTb Ha
Fiorgs e Foum, TAK UTO @ “™ =1 (modm).

[MIpuwmepsr. Ilpu p=7 umeem 2°=64=1(mod7), 3% =729=
=1(mod7); npu p=11, a=2219=1024=1 (mod 11); npu m=9,
a=>5 umeeM ¢ (9)=06, 58 =106626=1 (mod9); npu m=21, a=2
umeeM @ (21) =12, 212 =4096 == 1 (mod 21).

3anuuem teopemy Pepma eme B Apyroit gopMe.

Teopema 119°. aa woboeo npocmoeo modyas p u a06Goeo Hamy-
PAAbHO20 HUCAQ @ UMeem MECMO CPABHeHUe

a’ =a (mod p). (5)

HokasateabcTtBo. Ecan p{a, 1o, ymHoKast HA a 06e yacTu
cpasHenus (1), nonyuaem a’=a (modp). Ecmu pla, 10 pla’—a,
TaK 4TO TaKxe :

a” = a (mod p).
Takum obpasom, cpaBHeHHe (5) MMeeT MecTo INpH JoGoM Hary-

pasbHOM a.
Teopembl ®epma—2iistepa MO3BOJNAIOT YacTO HAXOAHTh OCTATKH

OT jeJieHHSI Ha MOLYJAb OOJIBLIMX CTelleHell 3ajaHHOTO yucna., [dei-
CTBHTENBHO, €CJH HAM HaJA0 HaWTH OCTAaTOK OT jeseHHs aV Ha m,
rae (@, m)=1 u N =¢(m), To MOXXHO TIpeicTaBuTb N B BHJE
N=g¢(m)q+r, 0<<r<<oq(m).
Torna
aV = (a*"™)7.0" =a" (mod m),
rle a" MoxeT ObiThb 3HAYWTE/NBHO MeHbiie, ueM aV.

Ecan (a, m)=~=1, 1. e. (@¥, m)=d>1, To HalijxeM HauMeHb-
mee k, Takoe, 4yTo d|a, Tak 4T0 a*=a,d, m=mgd. O6oznauas
HUCKOMBIl OCTAaTOK OT JAejieHHs a®¥ Ha m uepe3 x, HMeeM;

x==a¥ = aN—*a, d (mod m,d)
M, CJejOBaTeJbHO, X = X,d, TaK 4To
x, =aMN—*a, (mod ny). -
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X, MOXeT GBITb HAWJEHO NYTeM BbIUUC/EHHS NPOU3BEJEHHS] OCTATKOB
OT JeseHust Ha m,; uucen a®* u @,. [ast OTHICKaHMS OCTaTKa
OoT JejeHuss a™* Ha m, MOXHO HCNOJb30BaTh TeopeMmy Dfijepa.

ITpumepuw. 1) Haiitu ocratok or genenus 1712'%7 na 52,

O6o3HauuM HcKoMmblil ocTaTtok uepe3 x. Mmeem: ¢ (52) =

x= 1712147 = 152489 +11 = | 511 == (3375)3.225 = (—5)* - 17 =

=-—21.17=7 (mod 52).

2) Hafitit ocTaTox ot jenennss 1261020 ya 138,

3pece (126, 138)==6. Ecau x==12692% (mod 138), 1o x=~6x,
x,=21.1261019=2] . {12246+ 7= 2.117= 119=6% = 9 (mod 23),
x=54=2mod (52). Octarox pasen 2.

2. OBOBILEHUE TEOPEMbI 3WJIEPA

Oyuknua Diyepa ¢ (n) He Bcerja SIBJASETCS HAUMEHBIIUM MO-
JIOXKUTE/AbHbIM 3HaYeHueM 2, TakuM, 4To a®== 1 (mod m). 1is Hax0X-
J€HUS] 3HAYEHUN £, MEHbIIUX, 4eM ¢ (m), YLOBICTBOPAIOUINX 3TOMY
CPABHEHWID, HMeeT CMBICJI BBECTH B paccMoTpenie o0GOOIEHHYIO
¢yaxnmo Jhnepa L (m).

Onpenenenue 38. 0606wennoil qbymcqueu Jiiaepa L (m) Hasu-
saemcs QyHKYUA, OnpefeieHHan 04 8CeX HAMYPAALHOIX ZHAYEHUL M
caedyrwouwum obpasom: L(1)=1, a npu m>1

Lm)=[py=(pr—1), p3~ " (py—1), ..., pB~t(p,— 1)},
ede m=php% ., . pl—KaHOHUYECKOE DPASAOJCCHUE M.

ITpumepsl.

1y L(360)=L (2°-32-5)=1{4, 6, 4]=12.

2) L(735)=L (3-5-7?) =2, 4, 42]=84.

3) L (45551)=L (11-41-101)={10, 40, 100]=200.
IMpu m=p* ¢ynkuuu L (m) u ¢ (m), o4eBHAHO, COBIANAIOT,
Teopema 121. IIpu wobom modyse m u (a, m)=1 umeer mecmo
cpasHerue
atim =1 (mod m).

Jloxasareascrtpo. Ilycts m=phpd ... pls—KanOHHYIECKOe

pH " py ~1)
pasnoxenue unciaa m. CormacHo Teopeme Oilnepa a’ Y ==

=1 (mod p) npu i=1, 2, , 8. Bospoas obe uactu storo cpa-
L(m) . L(m)

phi=t(p—1)’ Pyt (pi—1)

Tak Kak no onpefenenuio L (m) kparHO p‘;i'l(pi—l), noJjy4aem

al M =1 (mod p#). Us cpasuumocTH al™ u 1 no monyasm p%

p%, ..., p% cornacHo TeopeMe 91 celyeT CpaBHEMOCTb ITHX uucen

no Moay.mo m, T. e. a-m =1 (mod m).

4+ 99

BHEHHUA B CTEHNEHb —leJjoe 4ucio,



Mpumepn. 1) m=546, a=>5; umeem L (546)=L (2-3-7-13) =
=11, 2, 6, 12]=12; 5'2=1 (mod 546). [deficrBUTeNBHO,

512 — 6253 = 798 = ] (mod 546).

2) m=1360, a=3; 3gece L (1360) =L (2¢.5-17) = [8, 4, 16] = 16;
318=1 (mod 1360). eficTBHTeaBHO,

316 =65612==11212=1 (mod 1360).

Corsiacno teopeme ®epMa ecau m—1mpocroe uuciao u (a, m)=1,
10 @" =1 (mod m). EcCTeCTBEHHO mNOCTABUTH BONPOC: MOXKET JH
cpaBHeHMe @™ '==1(modm) HMeTb MeCTO ANt COCTABHOIO m INpPHU
BCeX @, TaKux, uTo (@, m)=1, HUJIU Xe 3T0 CpaBHEHHE SIBJAsSETCS
XapakTepHOH 0COBEHHOCTBIO TOMBKO NPOCTEIX MOAY Beit? OKasriBaercs,
UTO CYINECTBYIOT COCTAaBHBIE MOAYJAM m, TaKue, 4TO INPH BCEX @
B3aMMHO IIPOCTBIX C #1 MMEET MeCTO CpaBHEHHe

a™ 1==1 (mod m).

HefictBuTeIbHO, €CAM B3STh m=p;-p -ps, TaKoOE, HYTO
L (m)|(m—1), 10 cornacao reopeme 121 6yaeM HMeTh al im=1 (mod m)

m-—
H, BO3Beasi o006e 4YacTu cpaBn€nud B CTeNEHb m, HOJY4IUM

a” '=1(modm) npu Bcex a, Takux, uro (@, m)=1. Herpyanuo
nopobpaTh TakHe 2Hauenust m. Hanpumep, sto GyleT nMeTh MECTO [1pHU:

m=3.11-17 =561, L (561) =80, 80|560;
m=>5-13-17 = 1105, L (1105) =48, 48| 1104;
m=5-17-29 = 2465, L (2465)=112, 112|2464;
m=7-13-19=1729, L (1729)=36, 36|1728.

Coraacno Teopeme ®epma npu p4a ocTaTok OT jAejenus af~!
Ha MPOCTOE YHCJO p BCErga paseH ejuHume. MOXKHO NOCTaBHTH
Bonpoc: OGbIBaeT JIM OCTATOK PaBeH eJMHHIE NpH genedun a?~(a> 1)
Ha OoJjiee BHICOKYIO CTeleHb p, HalpuMep Ha p?, T. e, MOXeT JH
Opd KakoM-1u6o a>>1 ¥ [pPOCTOM p HMeThb MeCTO CpaBHEHHE
af~1=1(mod p?)? OxasblBaeTcs1, 4TO TaKHe 3HaYeHHS @ H p Cyuie-
crByor. Hanpumep, MoxHO B3siTh a =3, p=11 u Torna 31¢ =243%=
=1(mod 112).

OaHo BpeMss HeKOTOpble MaTeMaTHKH INpeANoJarajif, 4YTo cpa-
pHenue 2771=1(mod p?) He MOXKeT UMeTb MeCTO JJA MPOCTHX YH-
ceql p. DTO NpERINONOKeHHe OKAa3aloch HeBepHbIM. MoOKHO mnpose-
puth, uTo, Hanpumep, 2° " t==1 (mod p?) npu p= 1093, xorss 1093 —
HPOCTOe YHCJIO.

Hcemopuneckue xommenmapuu « 11-it 2aase

1. Ilbep Pepma (1601—1665) — n3pecTHH!l B CBOE BpeMs IOpPHUCT
U COBETHHK cyJie6HOro mapJjamenrta B TyJsy3e—HHTEHCHBHO H C 6OJIb-
LIHM YCIIEeXOM 3aHUMAJICHA PASJHUHEIMH MaTeMaTHUYeCKHMH BOIIPOCAMH.
Il. ®epma ABAsAeTCA OAHHM H3 TBOPLOB AH(depeHIlHaILHOTO HCHUHC-
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JEHHA W TEOPHH BEPOATHOCTel, HO ocobeHHC O6o0JblIce 3HaYyeHHe
AMeloT ero paoThl [O TeOPHUH UHCeJ. DOJbIIHHCTBO TeOPeTHKO-
yucaoBbiX pesyJbratoB II. ®epma 3sanmuchlBaJMCh HM Ha HOJSX
3Kk3eMnisipa couuHenuil [luodanta , Apudmeruxa“; ®@epMa 0GbIYHO
He 3alHUChIBAJ [0Ka3aTesbCTBA, a AaBaJ TOJbKO KpaTKHe YKasaHHUs
0 MeToJe, KOTOpHIH OH HpHUMeHAJ AJs NOJYuYeHHS CBOEro pes3yJib-
tata. Counnenuss Pepma non HaspanueM ,Opera Varia“ 6p111 u3AaHbl
Brepeoie B 1679 r.

Teopema ®epma, u3NoKeHHast B 3TOf rJaBe, OblJa BHICKA3aHa
B OJHOM H3 THCeM, MNocJaHHOM uM B 1640 r. ®penuxay. B atom
nucbMe PepMa mULIeT, YTO OH IOJYUYHJ J0KA3aTeJbCTBO 3TOH TEO-
peMbl; OJHAKO €aMO J0Ka3aTeJbCTBO He ObLJIO HM onyG8/JHKOBaHO.

IlepBoe U3 H3BeCTHBHIX AOKasaTeslbCTB Teopembl dPepma NpuHAA-
gexut Jleibuuny (1646—1716). Hdoxasarteanctso Jlefibnuua 6s110
OCHOBAaHC Ha PacCMOTPEHHH CPaBHEHHUS:

(@, +a,+ ... +a,)=a’4as+...-+a?(mod p).

DitJlep Aas HECKOJIbKO Pa3MHUYHLIX A0Ka3aTeadbCTB TeopeMul PepMma,
H3 KOTOPBLIX nepsoe oTHocHTcs K 1736 r. B 1760 r. Diiaep obobiua
TeopeMy, npujas el Buj teopemnl 120, nocsime#l ero mmsa. Hamo
IIpY 9TOM HMeTb B BHJAY, YTO TEPMHHOJIOTUS B o603HAUeHHus1 ¥ Pepma
¥ Yy Dijepa COBeplLIeHHO OTJMUHBI OT COBpeMeHHHIX. [IpuBeseHHOe
HAMH [J0KAa3aTeJbCTBO TeopeMbl Diijiepa mnpeactasisieT co0oil Heno-
cpefcTBeHHOe 0000leHne JoKas3aTeJbCTBa, jannoro B 1806 r. nas
Teopembl ®Pepma MaTeMaTHKOM AHBOpH.

2. Bmecro ¢yukuun L (m), onpenedennoit ¢opmyaoir (6), MoxHO
paccmarpuBaTh ¢yHknuo [ (m), Takywo, uyrto

L(m), npn 8% m,

l(m)———{ %L(m), npu 8|m,

W J0KasaTh CIPaBefJIHBOCTh cpaBHeHus a!(™ =1 (modm) npa
BCeX @, B3aUMHO NpPOCTHIX C m.

@yuxuuio [ (m) paccmatpupan (paHny3cKuil MareMaTuk Jlioka.

3. HoxasaHo, 4To i /M0GOro HATYPAJdbHOrO YHCJAA @ CYHie-
cTByeT GECKOHEYHOE MHOMXECTBO COCTABHBIX 4HHCea m, TaKHX, 4TO
a”~t=1(modm) (Jionapk, 1955 r.).

Heunspectno, GeckoHeYHO Jd MHOMKECTBO COCTABHBIX uHcea m,
Takux, uro a”~!'==1(modm) aas BceX @, B3aMMHO HPOCTHIX C .

TIABA 12 _
IPYNNnA KJIACCOB, B3AMMHO [POCTBLIX C MOAYJIEM
1. FPYNNA KJIACCOB

Bo MHOXecCTBe KJaccoB mo JIOOOMY MOAYJIO /i Bcerja BuIIoOJ-
HHUMBI OTlepalliil CJoXKeHMs, BHIUMTAHHS, yMHOXKeHHsA. B 3TOM MHO-

KECTBE eCTb €AMHHUHBII JeMeHT, a HMeHHO Kaacc 1, EcrecTBenHo
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HOCTaBUTL BONPOC O BLINOJIHUMOCTH ONepaluu JeJeHus, T. €, BBIsiC-
HUTh, ABJASETCHA JU MHOMXKECTBO KJacCOB TPynnodl MO OTHOUICHHIO
K BBeJCHHOH 3JleChb ONepalnud YMHOXKeHMs. Jlerko BUIETb, UTO MHO-
KecTBO BCeX KJacCOB HO MOAYJIO #1 He fBJsieTcd rpynnoi. 1o
cjefyeT xoTd Obl M3 TOro, 4To AJSl HYJEBOIO KJjacca He CYIIeCT-
ByeT 00paTHOro sjeMeHTa. [elfcTBUTeNbHO, NPU JOOOM X TPOHU3Be-

Jenne 0-x=0=£1. Takum o6pa3oM, H3 yCJOBHH, omnpelelsiolHX
rpymnny, oJHO YCJOBHe 3jech HapylleHo. BMecre ¢ Tem eciau
U3 MHOMKECTBA BCEX KJIACCOB BLIAGJAUTb TOJbBKO KJAacChl, B3aHMHO
NpPOCTBle C MOJIYJEM, TO HMEeT MeCTo C/CAYHoUlasi TeopeMa.

Teopema 122. Mroocecmeo Kaaccog, e3aUMHO NPOCMbLX ¢ MOOYAEM,
npedcmasasem coboli epynny.

HoxasareanctBo. Ilyers ry, 7, ..., Fem-—XKJacch,
B3aHMHO npocThie ¢ MOAyJaeM m. IlpoBepuM, 4To B 5TOM MHOKeCTBe
BHIIOJIHHMB BCe YCJOBHS, ONpeje/siouniye rpynmy.

Ycnopue [ (3aMKHYTOCTH oOnepanu# yMHOXKEHHS) BBIIOJHEHO,
TaK _Kak ecmn (r;, m)=1, (r;, m)=1, 10 (r;r;, my=1n rir;=
=r;r;=ry rvhe (r,, m)=1, 1. e. NIpoNU3BeJICHNE KJACCOB, B3AHMHO
OpPOCTBIX C MOJYJeM, TakXe mpeficTaBisieT cofoll Kjgacc, B3aHMHO
OpOCTOH € MOAyJeM.

Ycnosue 11 (coueTaTesbHBIEt 3aKOH) BBIIOJHEHO IPH YMHOMKEHUH
ao6eix Kaaccos (reopema 101).

Yenosue 111 (cylmectBoBaHHe eQMHHYHOIO 3JIEMEHTAa) BLITOJHEHO,
Tak KaK KJacCc 1 B3auUMHO NpPOCT C MOAyJeM H HOTOMY BXOJAUT
B nalie MHOMXecTBO. HaxoHern, BomosaxeHo u ycaosme IV (cymect-

BOBaHHe 00paTHHIX 3JeMeHTOB). Eciu B3Th 060l KJaacc 7, B3aUMHO
npocToit ¢ MORyJeM m, TO OGPATHBIM KJIACCOM (n™ OyJer KJjacc
r® (mM-1 paKxe B3aUMHO NpocTol ¢ MogyJeM. [leficTBuTelbHO,

7 e =1,

TaK KaK corjiacHO TeopeMme Difjepa r9(™ =1 (mod m).

Kanacc, ofpartuwifi kjaccy r, Mbl OyjeM 3amucChiBaTh TaKKe
B BHJE %, TaK 4To —r_1—=(r)‘1.

I'pynna Kjaccos, B3aHMHO HPOCTHIX ¢ MOJYJeM m, NpeAcTaBaser
cofoif KOMMYTATHBHYIO KOHEUHYIO TPYNNYy, W HOPAJOK ee, T. e.
YHCJO 3JEMEHTOB, paBeH ¢ (m).

B Teopunm rpynn m3BecTHa Teopema JlarpaHmxa, cOrJIacHO KOTO-
poii Ansi moboro aaeMenTa A KOHeuHof CpYNOBl HPH A, PAaBHOM
NopsiAKY TPyNnbl, UMeeT MecTo paBeHcTBO A"=E, rae E—eaununa
rpynnbl. Teopema JDiiflepa sBJAeTcss YACTHBIM CJaydaeM 3TOH Teo-
pemsl JlarpaHxa A/ TPYHNBI KJIACCOB, B3aHMHO HPOCTBIX C MOAY-
aeM m. Haa 3roit rpynnel TeopeMa JlarpaHmXa ODHHHMaeT BHJ
()™ =T, uro B npyrofi samucu M AaerT Teopemy Diinepa r®(m =
=1 (modm) npu (r, m)=1.
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2. NOJIE KJIACCOB 110 ITPOCTOMY MOAYJIIO

B xommyrtaruBHofi rpynne jaasi moObX ABYX 3jeMeHtoB A u B
MOXHO HaliTH s7eMeHT X, Tako#, uto A-X = X-A=B. Ilns taxoro

B
saeMeHTa X MOKHO MpHHATD OOO3Hauenwe X —--. B uacrnocru,
paccMaTpuBasi TPYNNY KJAAcCOB, B3aHMHO HPOCTLIX C MOAYyJeM i,
b
MOXHO, TaKuM 06pasoM, BBeCTH ApO6H —, y KOTOPBIX UYHCJAHTENb
a

W 3HaMeHareJb— KJAacChi, B3aUMHO NPOCTHIE C MOJAYJEM. My JajanimM
6onee oémee onpejescHue, IO3BOJAAIONECe paccMaTpuBaTbhb B Jadb-

o b
HefimeM JpobH BHJA — M TOTAA, KOILJAA KJacc b He B3aUMHO NpOCT
a

C MOAyJeM.
Onpenenenue 39. [Iycmo a u b—«xaaccor no modyaro m. Yacm-

b . - .
HOlM — Hassieaemcs aoboll Kaacce x (ecau OH cyuwecmsyem), maxoi,
a

4o

) ixi="

b
3anuch £ €— OyaeM NOHHUMATe B TOM CMBIC/e, YTO £ BXOJUT
a

B HEKOTOPHIH KJacc = CornacHo onpeaenenuio 39, ecan a

SYIY

- b
H b—KJAacchl [0 MOAYJIO M, 3anuck k€ = 03HAYAET, 4TO
a

ak ="b (mod m).

Teopema 123. [laa aoboeo kaacca b u kiacca a, 63aUMHO APO-
Moo ¢ modystem m, cyujecmeyeny, W NpPUmMom eOUHCHIBEHHOE, 4aciL-

b
HoEe — .

a

HokxasareabctBo. Ilyets (a, my=1. Torpa ¢— sjiemenr
IPYNNbl KJ1acCOB, B3aHMHO MPOCTHIX C MOJAYJeM, H JJsl HEro cyiue-
cTByeT ofpatubiil Kiaace (a)~!.

- 7 -
Ecau cylecTsyer uacTHoe x=-—=, TO @ x=2>0, H, yMmHOXKas obe
a

yacTd 3Toro pasencTsa Ha (a)~1, noayuaeM, uto x =b(a)~1, 1. e. 3ua-
Yepue x MOXeT OBITb TOJBKO eRUHCTBeHHBIM. HenocpencTBeHHEs
nposepka nokaseiBaer, 4to a (b (@)~ =b a(a)~'=b-1=0.

Taxkum 06pa30M, €IMHCTBEeHHOCTh U CYLeCTBOBaHHe KJacca

8l

IOKa3aHbl, NPMYEM YCTAHOBJIEHO, UYTO —= b (@) ! =b.a? W~-1,

8l o
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Mpumeper. 1) o Monymo 8 yactnoe ==14.5 Lo me
=4.55=4.

2) 1o mopy o 14 yactHoe

U‘II-N

=3.11 =81l Go-1="3.11%= 3.

[Tockosbky apobu BHAA — npeACTaBJAAIOT co0Ofi KJaaccht, NPH

onepanMax Haj TAKHMH ADOOGSAMU MOMHO NPHMEHSTH MepEMeCTHTENb-
HbIfl, coueTaTeIbHBIA ¥ pacnpelesUTENbHBIH 3aKOHBI.

b d
paCCManHBaH ILpO6I/I = H = CO 3HaMeHaTe/JsIMH, B3aUMHO NPO-
a c

b
CTBIMH C MOAYJEM, MbI 6y11€M, KakK 06bIlIHO, PaBeHCTBO —=
a

b d
HHUMaTh B CMHICJIe COBNajeHHA KJaCCOB =— H =— .
a 4
Teopema 124. ITycmo @ u C—KAACCHL, B3AUMHO NpPOCHbiE C MO~
b d
oyaem m. Pagenemso — == umeem mecmo mozda u moAvko mozoa,
a ¢

Koeda
ad == bc (mod m).

b d
HoxasateabctBo. 1) Ilycrts i::. Bosbmem unciao k,
a ¢ _

d
npHHajJexauee atoMy Kaaccy. Ilockoabky kE—— u kEf TO
JNOJIZKHBL BBIIOJIHSITBCS CPABHEHHS: :

ak="b (mod m), ck=d(modm). (hH
O6o3uauum (k, m)==0, Ttorna cpaBHenusa (1) HOKaA3HBAIOT, YTO

6lb udld, T.e. k=~kr 06, m=m8, b=5b,6,d=4d,6, r,ae(kl,ml)—ﬁl
Coxpamas (Teopema 82) 06e 4acTH 3TUX CPaBHEHMA u MOAY/b
Ha 0, mojyyaem:

ak,=b, (mod m,), d,==ck,(modm,).
ITepemuoxasi 5TH CpaBHeHHsI W COKpaumias Ha k,, B3aUMHO HPO-
cToe ¢ MOmyJeM m;, NOJyuyaeM I[OCTeN0BATETbHO:
- akydy =byck, (mod my), ad, = b,c (mod m;).
¥YMHuoKas Tenepb ofe YacTH M MOAYJb Ha &, moJayuaem:
ad == bc (mod m).
2) Hycrs ad=bc(modm), (a, m)=1, (¢, m)=1. BosbmeM

ke.—l_l., T. e. k Takoe, uTo ak=b(modm). ¥Ymuoxkasa ofe uactu
a
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9TOro CpasHeHUS Ha ¢, mnonydaeM ack==bc(modm), T. e.
ack=ad (mod m). Hakonem, cokpamas Ha @, B3aHMHO IIpOCTOe
C MoayJeMm, NpPHXOAHM K CpaBHeHHIO ck==d(modm), 1. e. noay-

yaeMm kei.
c

LA onpepe-

EY

[Mockonbky (@, m)=1 u (¢, m)=1, Kaaccu

a

JCHBl OJHO3HaUHO ¥ uMeloT ofmee UYUCIO K, a CJEeA0BATeJibHO
b d

(Treopema 94), ===.
a c

Onpeneneiiue 40. Tpu (a, m)=1, (¢, m)=1 Odse dpobu g—n%
HA3LIBAOMCS  CPABHUMbBIMUL N0 MoOyaro m, ecau be=ad(modm).
Mb 6ynem B 3TOM ciydae mucaTb i—.-— (mod m). CoraacHo saTomy

b d
onpejelIeHHI0 CpaBHEHHe EE?(modm) Oyner o©os3Hauarb, 4UTO

(@0 my=1, (¢, m)=1 u 4ro be=ad(modm), a crerOBaTe/bHO,

b d
no teopeme 124 mpl 6ygem B 3TOM CJyide HMETh: — == = .
a [9

Taxum o0pa3oM, CpaBHHMOCTb JBYX JApoGeli Io paccMmaTprpa-
€MOMY MOAYJII0 03HA4aeT COBNAJEHHE COCTBETCTBYIOMIMX KJA4CCOB.

B uactHoM cayuae, ecau -Z—Ek(mod m), To ak=b(modm), T. e,

ke_,;=E

Teopema 125. Ecau

b __
E::E,—(mod m),
mo:

be + ad b’c +a'd

ac a’c’

1)

bd _bd
2)(—12_:_ ,,( mod m).

(mod m),

JlokazaTeaAnbCTBO.- 1)—2—52—,(mod m) u —f—z% (modm) o3-
HayaloT, YTO
ba’=ab’ (mod m) u de¢’ = cd’ (mod m).

YwMuoxkasi ofe yacTd IepBOrO U3 5THX CpaBHeHUH Ha cc’, a BTo-
poro—Ha aa’ M CKJIaAbBas, NOJyYaeM:

(bc+adya'c’ = (b'c’ +a’d’) ac (mod m).

ITockoanwky npu arom us (a, m)=(a’, m)=(c, m)y=(’, m)=1
 CaeAyeT Takxke, 4To (ac, m)={(a'c’, m)=1, TO nocaeaHee cpa-
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BHeHHE MOXHO 3anucaTb B BHJE:
bct-ad ___b'c' +a'd
ac —  d'c
J1st pasHOCTH AOKa3aTesJbCTBO COBEPIIEHHO aHAJIOTHYHO.
2) Tlepemuoxas cpaBHeHns ba” =ab’ (modm) u d¢’ =: cd’ (mod m),
noJyvyaeM:

(mod m).

ba'dc’ = ab’cd’ (mod m), g‘gz% {mod m).

TakuM oOpasoM, COrJacHO 3TOH TeopeMe oOnepauHu CIOKEHHS
1 YMHOMXEHMA CPaBHeHUH ¢ JAPOOHBIMH 4YJleHaMH T POU3BOAATCH
0o TeM K& 3aKOHaM, KakK ofepalld ¢ oOBIKHOBEHHBIMH APOOSIMH.

Crepysomas TeopeMa $BJSETCA .HENOCPELCTBEHHBIM CJEACTBHEM
TeopeMmb 101 aas cayyast, Korpa MOAYJIb—POCTOE YHCJO.

Teopema 126. Muoowecrnso ecex KaQcco8 HO NPOCMOMY MOOYMO
npedcmasasem coboli noae.

JdoxasaTeabcTBO. ¥Yxe panbme (Teopema 101) 6mi0 noka-
3aHO, YTO MHOXKECTBO KJaccoB 10 JOO0MYy MOAYJIIO NpejcTaBiserT
co00il KOMMyTaTHBHOE KOJbLO 11O OTHOILCHUSIM K BBEJCHHBIM HaMH
ollepauUsiM CJIOXKEHHA ¥ YyMHOxeHusi. Ecnum moaynb p-——mnpocroe
YHCJO, TO, OYEBHJHO, CyIlecTByeT IO Kpafinefl Mepe ORHH KJacc,
HanpuMep 1, oTaMuHmI oT HyJeBoro. Ecau kmace a0 u b—mnpo-
H3BOJILHBIH Kaacc, To pfa, (a, p)=1 u, clegoBareqbHO, COrJacHoO
TeopeMe 123 cymecTBYeT €AMHCTBEHHOE BROJHE ONpejejeHHOe 4act-
Hoe x= 2
a

[TockoabKy Yc/OBHe, NPH KOTOPOM KOJbIO SBJASIETCS TOJIEM,
BBITIOJIHEHO, TeopeMa [0Ka3aHa.

ITo cocraBHOMY MOAYJIO KOJBLO KJAaCCOB MMEeT NeJTUTEH HYJIs
{reopema 104) u, ciaegoBaTeJbHO, 3aBeJOMO He SBJASETCS IOJEM.

, T. e. ax=>b.

FJIABA 13
CPABHEHHUA C HEM3BECTHOH BEJIMYHUHOH

1. CCABHEHHS € OJAHOW HEU3BECTHOH

BosbMeM MHOroujleH ¢ HeJHMH KO3((pHIHeHTaMH:
F(x)=cox"++cyx" 14 ... +c,.

Paccmorpum cpaBrenue f(x)=0 (mod m), xotopoe OyleM Ha-
3BIBATb CPaBHEHHEM C HeH3BeCTHON BeJMuuHON x. EciaM Mb 6ylem
B 3T0 CpaBHeHHe BMECTO X MOACTABJSATbH pAa3/IMUHHE [eJble YHCIa,
TO, BOOOHIE FOBOpPS, HEKOTOpBIC 3Ha4yeHHsi X MOTYT YAOBJETBOPATDL
CPaBHEHHIO, T. €. COOTBETCTBYIOLlUe 3HAUeHHs [(x) MOTYT OKasarbCs
Jejsmumucs Ha m. IloctaBum 3agady OTLICKAHHSI MHOXKECTBA BCeX
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TaKHX 3HAYEHHHA X, NpHYEeM HE HCKJKYeHa BO3MOKHOCTb H TOrO,
YTO 3TO MHOMECTBO MOMET OKas3aThCsl NYCTHIM. JTa 3ajaya aHajo-
rHyHa aJareGpanueckoH 3ajlaue HaxOXJAeHHS pellleHUH ypaBHeHHSA
[(x)=0. B anrebGpe Mpl HIleM 3HaueHuss X, NPH KOTOPHIX f(x) 06-
pamaercst B HyJb. Peuias cpaBuenne f(x)_O(mod m), Mbl HIIEM
3HaueHHs X, W NPHUTOM lLeJble, OpPH KOTOPHIX f(x) jenurca Ha m,
T. €. UMeeT NpHU JeJEeHHH Ha m OCTATOK, PaBHBIE HYJIO.

OkasbiBaercsi, uTo cpaBHeHue f(x)=0(modm) nubo BoOOULIE
He uMeeT MeCTa HM IPH KaxkuxX 3HaueHHsx x, Jubo cymiecTsyer
OecKOHEUHOe MHOXKECTBO LEJbIX YuCeJ X, YJIOBJIETBOPSIOMHUX CpaB-
HEHMIO, MpHYEM BCE 3TH 3HaueHHd x o0pasyi0oT HEKOTOPOe YHCJI0
KJIacCOB IO MOAYJIO M.

Teopema 127. Ecau Hexomopoe wucso a yoosiemeopaem cpa-
BHEHUIO

f (x) =0 (mod m),

Mo 8ecb KAACC Q4 COCIMOUM U3 4icen, yOos8AemsopaouUx momy cpa-
BHEHUID,

Hoxasareabcrso. Ilyetb @ yAOBJETBOPSIET CPAaBHEHUIO
f (x)==0(mod m), T. e. f (a)=0 (mod m) n b €a. Torga b =a (modm)
u coraacHo Teopeme 86 [(b)=f(a)==0(modm). Takum oGpasom,
BMecTe ¢ @ J00oe 4HCI0 b KJIacca a Takike YAOBJIETBOPSeT NAHHOMY
CpaBHEHHIO.

CorJjacHO 3ToOll TeopeMe ecsM B KJacce HMeeTca XOTs Ol OAHO
4HCA0, YAOBJAETBOpAtomee cpapHenuio f(x)==0(modm), TO Bech
KJACC COCTOMT M3 YHCeJl, YLOBJETBOPSIOWIHX CPABHEHHIO, a eClH
B KJacce HMeeTcsl X0Tsl OBl OJHO UMCJO, He YIOBJAETBOPSIOLEE Ccpa-
BHEHHIO, TO M BECh KJAaCC COCTOUT H3 UHCeJ, He YROBJETBOPSIOLIHX
cpaBHeru1o. [IpunuMasi 370 BO BHHMAaHHe, €CTECTBEHHO pPeLIeHHSIMH
CpaBHeHHS HA3hLBATh He OTJeJbHbIe UHC]A, YIOBJICTBOPSIOH[HE Cpa-
BHEHHIO, A& COOTBETCTBYIOHIHE KJACCHIL

Onpenenenne 41. Pewenuem cpasuenun [(x)=0(mod m) rna-
30(6aeMCA KAQCC NO MOOYAO M, COCMOAWLE U3 uucea, yaoe/lemeopﬂro-
Wux SMomy CpasHeHuro.

Ecan kaacc @ yuces mo MOJYJNIO m sIBJsieTCs DPellieHHeM cpa-
BueHust f(x)==0(mod m), To roBOpHAT, YTO KJacC @& YNOBJETBOPSET
naHHoMy cpasnenuto. CooTBeTCTBeHHO ompefesenuio 41 uuciaom pe-
ulenufi  cpasHenust [(x)=0 (mod m) HA3EIBAIOT YHUCJAO KJACCOB
[0 MOJYJIO 1, YAOBJETBOPSIIOMIUX 3TOMY CPaBHEHHIO.

3azaua HaxOXKJeHHS UHCeJ, YAOBJETBOPSIOUIHX CpPaBHEHHIO
f (x) =0 (mod m), cBoauTCA K HAXOKAEHHIO KJAacCOB, YAOBAETBOPSIO-

KX _ypaBHEHHUIO f(x)=0. IeiicTeurenbHo, ecan [ (@) =0 (mod m),
10 f(a)=0; no Torna coraacuo Teopeme 103 f(a) =F (a) =0. Jlerko
BHAETb, uTo H, Haobopor, us f(a)=0 caenyer f(a)=0(mod m).
Pemenne cpapHeHHAI mpelcTaBJjsieT COGOH 4YaCTHBIH caydal o6uieil
3afauu pellenus ypasHeHH#, OcoGCHHOCTBIO STOTO HACTHOrO CJydast
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AIBJISETCS] TO, YTO 3HAYEHHSIMH HEU3BECTHOrO SIBJSIOTCH KJacchl
[0 HEKOTOpOMYy (GUKCHPOBAHHOMY MOAYJIO.
Huc10 KJIaccoB MO JAHHOMY MOAYJIO KOHEYHO, a HMeHHO IO Mo-

IyJi0 m Mbl umeeMm m Kjaccos: 0, 1, ..., m—1. Ecan nmam jpano
cpasHentie [(x)=0(modm), To Mbl MOXKeM, nepefpaB BCE 3TH
KJ4CChl, BBIICHUTD, KaKHe KJacChl YROBJCTBOPSIOT 3TOMY CPaBHEHHIO,
a Kakde HeT, T. €. HaliTH BCe ero peleHus.

Coraiacno Teopeme 127, aaist Toro utoOnl y3HaTh, YAOBAETBOPSET JH
KJacC CPaBHEHMIO, AOCTATOYHO B3ATb KaKoe-jiuGO UuCa0, mpHHAL-
JeXallee KJaccy, M TNPOBEPUTb, YJOBJETBOPAET JIH OHO 3TOMY
CpaBHEHHIO.

Takum ofpasom, uToObl pemuTb cpaBHeHHe f(x)=0 (mod m),
MOXHO B3ATb JI00YIO [MOJHYIO CHCTEMY BbIYETOB [0 MOAYJIO 1
Xy, Xgy «..y Xp, BBUHCAUTB [ (x;), [(x,), ..., f{x,) u oToGparh
T€ X;, NIPH KOTOPHIX f(x;) pensitcst Ha m. COOTBETCTBYIOMHE KJACCH X;
RajyT BCE PelleHHusi 3TOro cpaBueHHs. OGBIYHO B KAUECTBE Xy, Xy, ... X,
6epyT NOJHYIO CHCTEMY HaHMeHbIUUX MO abCoJIOTHOH BeJHyHHE
BLIYETOB.

Ecau cpaBHeHHe HMEET HECKOJIbKO pellleHUH a,, ..., Q;, HHOTAa
3TH PelleHHd 3allUChIBAIOT B BUJle X=4a,, ..., a,(mod m). Takum o6-
paso™m, x==aq,, ..., a,(modm) O3HayaeT, 4TO X NPUHHMAaeT JO6be
3HAYEHHS, CPABHHMbIE C OJHHM H3 4MCeJd @, ..., d,.

[Ipumepn. HalfiTu Bce pelleHUs CHAEAYIONMKX CDABHEHHMH:

1) x®*—2x+46=0(mod 11). Henocpencteennas mnposepka mno-
Ka3biBaeT, 4TO B IMOJHOR CHCTeEMe HAaHUMEHBIIMX nO abCoJIOTHON
BeJIMYUHE BLIYETOB

—5 —4, —3, —2, —1,0, 1,2, 3, 4,5

CPAaBHEHHMIO VIOBJECTEOPAET TOJMbKO OJHO uucino 5. Penienue sanu-
ceiBaeM B Buje x==>5(mod 11).
2) x*+-2x346=0(mod 8). B noaHo#l cucreMe BBHIYCTOB

-3, —2, —1,0, 1, 2, 3, 4

1M OJHO UMCJIO He YJOBJETBOPSIET CPABHEHIIO H, CJeZOBaTeJIbHO,
cpaBHeHHe He HMeeT pelleHuil.
3) xt—x3—x?4-b5x—2=0(mod 6). B nonHok cucreme BLIYETOB

—2, —1,0,1, 2,3

CpPaBHEHHIO YJIOBJIeTBOpsIOT ABa umcaa: —1 u 2. CpaBHeHHe HMeer
InBa pemtenusl: x=—1(mod 6) u x==2 (mod 6).

Mp  BHAMM, UYTO 3ajaya pelleHHs CpaBHeHHH BHJa [(x)==s
==0(mod m) ropasjio npoule, 4eM paccMaTpuBaemas B aJjreGpe 3a-
Jaua pelleHusi ypasHenu#t f(x)=0. Pewas ypasuenue f(x)=0,
Mbl OOBIUHO HIIeM pellleHUsl B HEKOTOpPOM OeCKOHEYHOM moje, Ha-
IpyMep B 0oJie REHCTBUTENbHBIX HJH KOMIVIEKCHBIX YHCEN, H He
MOMKEM NyTeM HCIbITaHH# NepeOpaTh BCe YHCJA TAaKOTO NoJjsd. Pemas
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cpaBHenue f(x)==0(mod m), Mbl HIllleM pellleHHe B KOHEYHOM KOJIbIle
KJacCoB 1O MOAYJIO M M MOTOMY MOXKeM C HOMOILIBbI0O KOHEYHOro
yncsa onepallufl Hailth Bce pemteHHs. Teoperuuecku 3ajaua pelile-
HHUs1 cpaBHeHHE Buga [(x)=0(modm) 3TUM pellleHa MOJHOCTBHIO.
Bumecre ¢ TeM Hajo HMeTb B BHAY, UTO HAaXOXKJEHUE peINeHHH IIy- -
TeM TaKHX HCObTaHUH npu OOJbUIHX MOAYJSX JAOBOJBHO 3aTpyA-
HUTEJBHO,

Janpnefimast TeopHusl TakHX CpaBHEHHH HMeeT LUeJblo JaTb CIO-
cobbl, MO3BOJSIONINE ONPEAEeNATh YHCJAO PElleHHH, a WHOTAA U Ha-
XOJHTb 3TH pelEHHs] C NMOMOINLbIO BO3MOXKHO MEHbIUEro yHcja one-
pauuil. : ,

Hast cpaBHenuii Bupa [(x)=g (x)(modm) moxHo chopmysn-
poBaTh TeopeMy, COBEpLIeHHO aHaJOTHUHYIO TeopeMe 127.

Teopema 127°. [lycme [(x) u g (x)—mHozouqenor ¢ yeaoimu
Kospgpuyuenmamu. Ecau  Hekomopoe ducao a  ydosiemeopsem
CPABHEHUI

f(x) =g (x) (mod m), M

Mo 8ecb KAacc a RO MOOYA0 m COCmoum u3 4ucea, yoo8iemeopaoujux
3MOMY CPABHEHUI.

Hoxrkasareabcreo. Eciau a ynosnerBopser cpasuenuio (1),
TO OHO YAOBJIETBODSAET M CPABHEHHIO

() —g () =0 (mod m). @

BwMmecre ¢ a moboe b€a Takxe yJ0BJAETBOPsieT CpaBHEHHIO (2),
a cJjaefoBsaresbHc, W cpasHenHIO (1) (reopemmt 127 m 87).

Onpenenenne 41°. Pewenuem cpasuenus (1) Hasvieaemcs kaace
no modymo m, cocmoawiuli U3 wHuces, yOOGACMBOPAOUUX IMOMY
CPABHEHUID.

Onpenenenrie 42. [lsa cpasHenus

1 (%) =g, (x) (mod m,) (3

[> (x) = g (x) (mod m,) 4)

HOA36IBAIOMCA  IKEUBANEHIMHBIMU, ECAU MHONCECME0 Hucer, y0084ems0-
pAOWUX 00HOMY U3 HUX, C0BRAOGEm C MHONCECMBOM Huces, YO0eAe-
MeoPUOUUX OPY20MY CPABHEHLIO.

Ecnan m; =m, n cpaprenua (3) u (4) UMeOT OAHU H Te Xe pe-
LIeHysi, TO Mbl, OUEBHJHO, OyAeM HMeTh JBa IKBHBAJEHTHHIX Cpas-
HeHHsl [0 OJIHOMY H TOMY XK€ MOAYJIO. '

Teopema 128. 1) Ecau k obeum wuacmam cpasHenus f[(x)==
=g (x) (mod m) npubagum m060i MmHoeoureH © (X), MO noAywuM
cpasHerue, 3KBUBAACHMHOE NePEOHALANbHOMY.

2) Ecau obe uwacmu cpasuenus f[(x)=g (x) (modm) ymrosxcum
HQ 00HO U MO Jice HUCAO, B3AUMHO NPOCMOE C MOOYAeM, MO NOAYLUM
CpasHerue, IKBUBANCHIMHOE NEPBORAYANOHOMY.

u
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3) Ecau obe 4acmu cpasHenus u molyasv YMHONCUM HA 00HO u
mo oce 4ucro k>0, mo norydum cpasHexue, KUSANEHMHOE NEPEO-
HA4QN6HOMY.

HoxkasareabctBo. 1) Ecan npu nHekotopoMm x,

[ (%) =g (xo) (mod m),

[ (%0) + @ (x0) =g (%4) + @ (x,) (mod m)

u, HaoGopor, H3 f(x,)+ o (x,)=g (x;) + @ (x,) (modm) caenyer
[ (x0) =g (x,) (mod m).
2) Ecau npH HeKOTOpOM X,

[ (x0) =g (%) (mod m) u (k, m)=1,

TO

TO
kf (xy) = kg (x,) (mod m),
a us kf(x,)=kg(x,) (modm) cnepyer f(x,)=g(x,) (modm) (teo-
pemst 79 u 80).
3) Ecau npH HexOTOpOM X,
f (%) = g (%) (mod m), (5)

kf (x,) = kg (x,) (mod km), (6)
a u3 (6) caenyer (5) (reopemet 81 u 82).

U3 teopembr 128 (1) HemocpeiCTBeHHO cJejyeT, YTO CpPABHEHHE
f(x)=g (x) (mod m) MOXKHO 3aMEHMThb SKBHBAJIEHTHEIM CpaBHEHHEM
f(x)—g (x) =0 (mod m),

NO5TOMY B JajibHedlieM JOCTATOYHO paccMaTpuBaThb CPaBHEHHsS BHAA
F(x)=0 (modm) (F (x)=[(x)—g (x)).

Teopema 129. Ecau cy= ¢o (mod m), c,=c, (modm), ...,
C, = ¢ (modm),  mo CpasHerus. F)y=cex"4cyx" T+ ...+
+¢,=0(modm) u g(x) = CyX —f—clx"‘l—}- —]—C,,,EO (mod m)
IKGUBANCHMHYL,

HdoxkasateabcTBO. 1) YMHOXUM CpaBHeHHS

TO

¢, == ¢, (mod m), ¢y =c,(modm), ..., ¢,==cp (modm)

COOTBETCTBEHHO HA Xy, Xo ', ..., 1, TAe X,—HEKOTOpoe meoe
upcao. CkJajpiBasi NOJYYEHHbIE CPABHEHHs, HMeeM:

f (%) = g (%,) (mod m).

OGe yacTH 3TOr0 CPaBHEHHS MOFYT TOJBKO OJHOBPEMEHHO GBIThH
CPABHHUMBI € HyJieM HO MOAYJIO m, H, TakuM o0pa3soM, CpaBHeHHUA
f(x)=0(modm) n g(x)==0(mod m) s3KBHUBANEHTHHI.

CorjacHo 310fi TeopeMe, B YaCTHOCTH, CPaBHEHHe 3aMeHHTCH
SKBHBAJIEHTHBIM, €CJIH OTGPOCUTh WA JOGaBHTH Cjaraemple ¢ Kodd-
(hUnMeHTAMH, JeANHMHCA Ha MOAYJb.
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Onpenenenne 43. Cmenenoro cpasuenusa [(x)=0 (mod m), ede
F(x)—mrocousen ¢ yeaoimu Kosghgpuyuenmamu, Haseisaemcs cmeneub
muoeousena f(x).

CoraacHo sToMy OllpeleseHHIO SKBHBAJEHTHbIE CPABHEHHUS MOTYT
HMeTh pasHyoo crenenb, Hanpumep, cpaBuenns 2x+ 1=0(mod3)
u x3 — 1 =0 (mod 3) sxBuBanenTHol. CTeneHp nepBoro H3 HMUX pas-
Ha 1, a creneds BTOpOro 3.

2. CHCTEMbI CPABHEHUW

Dosee ofmeii sABAsgercd 3ajaya pelleHH CHCTEMBl CpaBHeHHH:

fl (x) =0 (mod m,) 1

()C) =0 (mod m2) (7)
f (x)“—O(modm)
e f,(x), f;(x), ..., [;(¥)—3anaHHble MHOTOUJEHH C UEJBIMH
KO3(p(huIIueHTaMH.
Econ HexoTOpOe uucAO @ YAOBJAETBOPSAET 3TOH CHCTEME, T. €.
ecmn milfy (@), mylf, (@), ..., mJf,(@) u M=[m, m, ..., m]—
HauMeHblilee KpaTHoe m,, My, ..., M, a b—mio0oe 4UCIO, Takoe,

uro b=a(mod M), 1o (reopeMa 86) pas Bcex I(l=Ci<<Cs),
f: (b)=F;(a) (mod M), a, caeloBaTeqLHO, COIJIaCHO TeopeMe 89
f: (b)==F;(a) (modm,), T.e. [, (b)=0(modm;) (1 <<i<<s).

Mbl BHAHM, 4TO BMeCTe C KaXJbIM YHCJIOM @, YAOBJETBOpSIO-
muM cucteme (7), 3TOH Ke CHCTEMe YAOBJETBOpseT H Jofoe 4ucio
Kaacca a no monymo M =|[m,, m,, ..., mg]. EcTectBenHo Bechb 3TOT
KJIacC YpcesJ paccMaTPUBATb KAK OJHO pellleHHe 3TOH CHCTEMHI.

Onpenenenne 44. Pewenuem cucmemor cpaguenuti (7), e0e
Fi(x), ..., [s(x)—mnocousenst ¢ yeavimu Kodppuyuenmamy, Ha-
svigaemcs Kaacc wucea no mooyamo M =|[m,, my, ..., mg], cocmosn-
wuil u3 wucesr, yooBAEMBOPAIDUUX 6CeM CPABHEHUSM CUCIEMOL.

CooTBeTCTBEHHO 3TOMY YHCJIO DPeuleHH cHcTeMbl (7) O3Hauaer
4HCJIO KJACCOB M0 MOAymo M, yAOBJeTBOPSIOIHX BCeM 3THM Cpas-
Henusam. [lo Mopymo M mHMeeTcst BCero TOJbKO KOHEUHOE UYHCJIO
KJaccoB. B3siB MOJMHYIO CHCTEMY BBIYETOB 11O 5TOMY MOJYJIIO, MOXKHO
_HPOBEpPHUTH, KaKHe HMEHHO YHCJa 3TOH CHCTEMEI, a 3HAUMT, H COOT-
BETCTBYIOIME KJacchl yaoBaerBopsiioT (7). IlocTynmas Takum o6pa-
30M, Mbl MOMeM 75 060N cHCTeMBl CpaBHEHHH HalTH BCe pelie-
HHs. B uactHOM canyuae, KOrja MOJY/AH BCeX CPaBHEHHH OJMHAKOBHI
U paBHH i, DEeIlEHHsIMH SBJSIOTCS KJacchl II0 TOMY e MOJAYJIO.

[Ipumepnr. 1) Halitu peienne cucreMsl CpaBHEHH:

x4 x+4+7=0(mod9), ¥*—x+3=0(mod9).

B noJsHO¥ cHCTeMe HAaUMEHBLIHNX HO aGCOMIOTHOH BeJHUMHE Bhl-
YeToB No MoOAymo 9 cHCTeMe VY/OBJETBOpSieT TOJIBKO YHCIO 4.
Pemenune cucrembl—kiace x =4 (mod9). :
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2) Hafitn pellleHMA CHCTEMH CpaBHeHHH:
—3x-4-2=0(mod 6), 2x%+x-+2==0 (mod 4).

3pece M =[6, 4]=12. B noJaHoil cucreMe HaHMEHBIUUX IO
aGCco/IOTHOW BeMUMHE BBLIYETOB IO MOAYMI0 12 cucreMe yZOBAETBO-
PSAIOT Ba YHCJIA, & UMeHHO == 2. Pelienus cucTeMbl—aBa KJjacca MO
Moayao 12; T.e. x= 4 2 (mod 12).

Eue Gonee obwel siBasieTcsl 3ajaya pellleHHsl CHCTEMbl CpaBHe-
HHH C HECKOJBKHMM HEH3BeCTHBIMH:

filxg, x5y o o., %) =0(modm,)
e ©
Folxy, Xgp .., %)==0(modmy)
tie fy (X, Xo ooty Xp)y evvy fo(Xgy Xy oo, X)) —MHOTOUJEHBL C le-
JBIMH K03(hUL HeHTAMH.
Ecmu ((ay, a5, ..., @;)) —KOMIJEKC 4HceJ, YA0BJETBOPAOILUX
cHCTeMe, T.e. eC/H
fi(ay, ay, ..., a,)=0(modm,y), ..., f(a,, a, ..., a)==0(modm,);
=[my, my, ..., mg] nb,=a,(mod M), b,=a,(modM), ...,

eo., by=a,(mod M),

70, MOJB3YSACH TeopeMo#i 86° u paccyxpas COBepHIEHHO Tak ke,
KaK B CJAydae CHCTEMBl C OJHHMM HEH3BECTHLIM, [CJAYYHM, 4YTO
komnJaekc ((by, by, ..., b,)) Takxke yIOBJETBOpAET cHCTeMe (8).
ECTeCTBEHHO NO3TOMY pellleHUsIMH CHCTeMbl (8) HasbBaThb COOTBET-
CTBYIOULHE KOMIJEKCH KJIACCOB IO MOAyJMO M.

Onpenenenne 45. Pewernuem cucmemor (8) Ha3bisaemces KOMHAEKC
kaaccos ((ay, @y, ..., a;)) no modymo M=[m,, m,, ..., m],
yOoeremsopsioujutl scem amum cpasHeriiam. CoomeemcmsenHno amomy
qucao pewienuil cucmemor (8) NOHUMAEMCA KAK 4UCA0 MAKUX pA3-
AUYHBIX KOMMAEKCO8.

[Tockoseky no Mopaymwe M Kaxpaas u3 f KOMIOHEHT KOMILJeKca

MOXEeT npuMHUMatTh M pasIMUHbIX 3HAUYEHHH, HCKOMBIE pelieHHs
NPHXOAUTCS OTOUPATHL CPefH M koMiiekcoB. IlpoBepas, yaosier-
POPsieT JH KoMIJeKC ((ay, @y, ..., @;)) CUCTeMe, U3 KamJIOTO
KJacca a,, ds, ..., Q;, 0ObuHO OepyT HaMMeHbiline MO abCOMOTHOM
BeJIMYMHE BHIYETHl M HOACTABJSIOT HX B PAacCMATpUBaEMEble CpaBHe-
nusi. Iockoabky M' naxe upu HeGosbmux M u ¢ MOKeET OKasaThed
CPaBHHUTEJbHO GOJIBIIMM YHCJIOM, BBLIYHC/eHHS OOBIYHO NOJIYYAIOTCS
JUIHHHBIMY.
ITpumep. Hahitu Bce pemienuss cCHCTeMbI:

x2—y?+2=0(mod6),
B+ x4+ y+ 1=0(mod 3).

3nece M =6, 3]=6. Cpeau 36 xoMnJeKCOB uuces BHAA ((a, b)),
rie —2<ta<<3, —2<Cb<<3, uMeeTcad TOJBKO JABa KOMHJEK(a:
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((—2, 0)) u ((1, 3)), yzosaerBopsiomux o6ouM cpaBHenusiM. Cu-
cTeMa HMeeT JBa peElleHHus:

1) x=—2(mod6), y=0(mod6), 2) x= 1 (mod6), y==3(mod6).

I1 paMeuaHue, CpaBHEHHe HaspIBa€TCA TOXJECTBEHHBIM, €CJH OHO clipa-
BEJJHBO NpH NPOUIBONLHEIX 3HAYE€HHSIX HEU3BECTHRIX.

TIABA 14 ,
CPABHEHUA 1-A CTENEHU
1. CPABHEHHUE 1-i CTENEHHU

PaccmoTpuM cHauaja cayvalt opHOro cpasHeHus 1-fi cremesnu
C OJHUM HEH3BECTHBIM, T.€. CPDaBHEHHS

¢x +¢; =0 (mod m).

Takoe cpaBHende YJO0Hee 3amucaTbh, HEPEHECH ¢; C OOPATHBIM
3HAaKOM B NpaBylo 4acTb B BHAe ax =b (mod m).

Teopema 130. Ecau (a, m)=d mn d4fb, mo cpasuenue
ax ==b(mod m) He umeem peuwieruil.

Hoxasarteabctpo. Ilpeanosoxum, UTO CYIECTBYeT XOTs Obl
OJHO YHCJIO X, YIOBJIETBOPSIOLIEe CPABHEHHIO, T. €. ax, == b (mod m).
Torga mnockoasky dja u djm, to (treopema 90) dib, Ho 310 mpoTH-
Bopeuut ycaoeuw d4b. Ilpeanonoxenne cymecTBoBaHUs XOTsl Obl
OJHOTO YHCHA, YIOBJIETBODSIOIEr0 CPaBHEHHID, NPUBEJO K NPOTH-
BOpEUHIO, T. €, TAKUX uuces HeT.

CorsacHo 3TOfi TeopeMe peilieHUs] cpaBHeHHs ax=b (modm)
O6yAyT pa3biCKUBATbCS TOJBKO B caydae, korja d|b. B stom cayuae
uMeeM a=a,d, m=ind, b=0>b,d. 3anucaB cpaBHeHHe B BHIe
a,dx=b,d (modm,d), Mo wmoxem (reopema 128) samenurp ero
5KBHBAJIEHTHHIM '

a,x=b, (mod m,),

rae (a,, my)=1. Mbl BUauM, 4TO U3y4eHHe cpaBHeHHH l-iI cTenmeHH
CBOJHTCS K YaCTHOMY cJyyaio, KOTjaa KO3(DhUIHEHT NPH HeH3BecT-
HOM H MOZAYJb—B3aHMHO IPOCTHE HHCJA.

Teopema 131. Ecau (a, m)=1, mo cpasHenue

ax = b (mod m) (15

umeem 00HO U mMOAbKO O0HO pelieHue.

Hagum [Ba JokasaTeJbcTBa 5TOH TeopeMbl. B mepeBom joxasa-
TeJIbCTBE MBl 00xoJuMcsi Ge3 TeopeM ryaBbl 12. Bropoe nokasarenb-
CTBO KOpoude, TaK KaK OHO OCHOBAHO Ha TeopeMax TIJyiaBbl 12.

l-e fokxasaTeabCcTBO. Bo3bMeM HOJHYIO CHCTeMy HaWMeHb-
HIHX HEOTPHHATEeJNbHBEIX BbIUETOB MO MOAYJa0 m, T.e. yucaa 0, 1,
2, ..., m—1. Ilockombky (@, m)=1, to corjaacuo Tteopeme 107
upcaa a-0, a-1, a-2, ..., a(m—1) tTakxe 00pa3yioT NOJHYIO CH-
CTEMy BHIUETOB, & 3HAuHT, CpPejd HHUX HallJeTcs ORHO H TOJbKO
ORHO, NpHHajJeXailee TOMY e KJjaccy, 4To u uucjao b. O6o3nauuB
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3TO MpousBeleHHe uepes ax,, rle O<<xy<<m—1, GymeM mHMeThb
ax,=b(modm), T.e. KJacc x, yAoBaersopsier cpapHenmio (1).

OTo pelueHHe eUHCTBEHHOe, TaK Kak cpead ymcen 0, 1,2, ...,
m-—1, Kpome X,;, HET YHCe/, yAOBJeTBOPSIOMUX ITOMY CpaBHEHHIO,
a sua4ur, cpean kaaccos 0, 1, 2, ..., m—1, xpome x,, HeT pe-
mweHn# cpaBHenus (1).

2-e 1oxkasateabctBo. Ecau (a, m)=1, T0 Kaacc a npu-
HaJJIeRHuT (Teopema 122) rpynme KJaccoB, B3aUMHO MPOCTHIX € MO-
dyneM, a nostoMy (TeopeMa 123) cymecTByeT eAMHCTBEHHHIH KJacc

—

—-_— b o pu— pa—
X,=—=, Takofll, uTo ax,=>b, T. e. cpaBHenmne ax=b (mod m) umeer

OJHO H TOJbKO OJHO peiICHHE.
ﬂJI’H HaXOXJEeHUsT 3TOro pellieHUss MOXKHO MoJb30BaTbhCsA CJACAYIO-

med TeOpeMOi.
Teopema 132. [Tpu (a, m) =1 pewenuen cpasrenus ax ==>b (mod m)

ABAALMCA KAACC
X == ba® ™ -1 (mod m).

HdokaszateabctBo. Ilpumenas teopemy Pepma, noayuyaem
a (ba® (mM-1) = pg® (™ =p (mod m),

H Torjga corjiacHo Teopeme 131 x=ba® "™ -1 (mod m)—egHHCTBEN-

Hoe pertenue cpaBHeHus (1).
ITpumep. Pemurs cpaBhenne 9x=8 (mod 34).
3necp (9,34)=1, ¢(34)=16 u Mb nomyuaem:

x=8.99==8.3%0=8.3"=8.(2187)2=8.112= 16 (mod 34).
[Tpu Goapmwom m u (@, m)=1 HeuenecoobpasHo pasbICKHBATHL

pelwieHue cpaBHeHHst ax==b (modm), nojcTaBisisi BMECTO X YHCJA
MOJIHOf CHCTeMbl BbIYETOB, MJIM MCKATh €ro no ¢opmyse

== ba® ("™m-1 (mod m);
O6BIYHO 3HAYMTEJABHO MPOIE OBIBaeT BOCHOJL30BATHCS ClEAYIOUEH

TeOpeMOoH. :
P P P P m
Teopema 133. Ecau =%, =2, ..., ==L f=""__ nocaredoaa-
P Q’ Q Qs_1’ Q@

o m
meabHocme nodxodauux Opobell pasioncerus - 8 Uennywo dpobis
u(a, my=1, mo peuweruem cpasrerus ax==>b(modm) ssrsemca
Kaacc
x=(—1)bP,_, (mod m),
HokasatennctrBo. Ilo ycaosuio (a, m)=1, a coriacuo

Teopeme 61 (P,, Q;)=1; moatomy %"=-a”1 eCTb pPaBeHCTBO JABYX
$
HEeCOKpaTUMBIX ApoGeil, Tak uro (npuMeuyaHue x teopeme 41) Py,=m,

Q,=a.
114



CornacHo teopeme 60
Ps—le"—PJQs—l =(— )%,
TaK 4To :
aP,_y=(—1)'+mQ,_,, aP,_y=(—1)*(modm).
YMuoxkas 3To cpasHenue Ha (—1)°H, moayuaem:
a((— 1)°bP,_,)=b (mod m).
Takum obpasom, uuciao (— 1)HP,_, YyIOBJAECTBOpSIET CpaBHe-
o (1) u (reopema 131) coorBercTBylomuil KJacc npeipcrapiasier

co00H eJMHCTBEHHOE pellleHHe 3TOr0 CpaBHEHUd.
ITpumep. Pewnrs cpaBuenue 55x==7 (mod 87).

Pasnoxenine B UenHyio jApobp JaeT cjexaywoulylo Tadaumy

55
3/1eMEHTOB @, W uYHcauTesell P; NoaXoAswux Apodefi:

w | [

|
|
|
|

N

-

1
|
V
]
{
3 8 19‘87

|
i

3nech s=6, Tak uto Kaacc x==(—1)%.7-19=46 (mod 87)—
HCKOMOE pellieHHe.

Teopema 134. Ecau (a,m)=1, a|b-+ sm, mo x=
pewenue cpasnenus ax=0b (mod m).
HJokasatedbcTBO. a(b+sm>=b—]—sm:b(modm)

[Toabsysice 5TOH TeOpeMoH, cpaBHeHue ax==b (modm) nocmaeno-
BaTe/IbHO 3aMeHAIOT 5KBHBAaJeHTHBIMH (Teopema 129) cpaBHeHHsAMHU:

—}-sm

(modm) —

ax=>b 4 m(mod m), ax=b £ 2m (mod m),
ax=b+3m(modm), ...,

[HOKA HE MOoNaJercst CPaBHEeHHe, B KOTOPOM JeByIO H NPaBYIO YacTH
MOXKHO COKpaTHThb Ha a.

TTockoabky yeaoBue al|b--sm npu a==0 o3Hadaer, Y10
ms=—b(moda), rpe (m, a)=1, To s Moxer OLTb HaHAEHO
B TOJHOH CHCTEME BBIUETOB 10 MOAYJIO @, T. €. YUCJIO HCIBIThIBaE-
MbIX cpashenufi Oyger He CoJblle, ueM a.

Aror cnocob ocoberHo uenecoodpasen npu neboapmiux a. Hanpu-
Mep, s cpaBHeHHH Buaa 2x=b (mod m), rae 24m npu 2|b perue-

HueMm Oyjer x::i(modm) a npu 24b Gyper xs?—m(mod m).

ITpumep. Pemmnts cpasrenne 3x==20(mod 161).
[Ipu a=3 uucio s MOXKHO BBIOpaThb cpexn uucen —1, 0, 4 1.
B pansoM cayuae 3[20—161 cpaBhenne 3x=20 (mod 161)
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S5KBUBAJIEHTHO cpaBHeHHIO 3x=—141 (mod 161), Tak uro x=
=—47 (mod 161).

Teopema 135. Ecau (a, m)=d u d|b, mo cpastenue ax =>b (mod m)
umeem d pewenull. Bce amu pewenun o6pasyrom 00UH Kaacc No

MO0y a0 % .

HokasarensctBo. Bbue (ctp. 113) 6ns10 mokasano, 4ro npu
(a, m)=dud|bcpasnenne ax = b (mod m) 3KBHBaJEHTHO CpPaBHEHHIO

m
BHAA a,x==b, (mod m,), rae my= T (a,, my) = 1.
Corsacio Teopeme 131 Takoe cpaBHeHHe HMeeT pelieHHe,

o m
peacrapldiouniec cofofl OfMH KJacc Io MOAY IO i T. €. 3TOMY

m
CPAaBHEHHMIO V/OBJETBOPSIIOT YHCJAA Buja x—r:*oc(mod 7), rfe o

MOXKeT OBITh HaHjeHO NpHMEHeHHeM Crnoco00B, H3JOKEHHLIX B Teo-
pemax 132—134.

m
Uscaa 3Toro Kjaacca no MOLYJIO - o6pasyior d xjaccos mo

Mopy/mo m (TeopemMa 99), m peileHust cpaBHenuss ax==b (mod m)
MOryT ObiTb 3anucaHb B BHJe:

x=a (mod m), xza-{-%(modrn), x—a+(d—1) (modm)

ITpumep. Pemnrs cpaBuenne 20x =44 (mod 108).

3zecs (20, 84)==4 n 4|44. Coxpamas obe 4acTH CpPABHEHHS U
MOAYJb HA 4, noJgyYaeM 3KBHBaJeHTHoe cpapHenue 5x == 11 (mod 27)
nau bx =65 (mod 27), T.e. x==13(mod 27). MHOXeCTBO TakKUX X

obpasyer no moaymo 108 uetnipe kaacca: 13, 40, 67, 94. Cpasue-
unue 20x =4 (mod 108) umeeT uerbipe pelneHus.

2. HEONPEAEJEHHOE YPABHEHME 1-d CTENEHH

ITonp3ysce TeopeMaMH NPeAbIAYILEro pasfiera, MOXKHO [l JIo-
6oro cpaBHeHMA 1-fi CTeneHH BBIACHHTb, UMEET JIH CHO pelleHHs
WM HeT, U eC/JH HMeeT, TO ONpefleINTb HX YHCHAO0. DTH TeopeMbl
MOXKHO IIpHMEHNTH K PeiIeHHI0 HeOnpeJeseHHbIX, HJIH, KaK HX HHaue
Ha3bIBAOT, AMOMAHTOBLIX, ypaBHeHHH 1-i cremeHu.

Onpenenenve 46. Juopanmosuim ypaswenuem 1-ii cmenexnu ¢ n
HEU3BECMHbIMNU HA3LIBALTICA YpasHeHue 8uda

a X, Fasx,+ ... +-a,x,=0, (2)

20e 6ce KOIppuyuenmor U HeussecmHole—yeable 4ucia U xoms Ool
o0no a;5=0.
Onpen,eneﬂue 47. Pewenuem Ouopanmosa ypasenus (2) Hasot-

saemcs Komnaekc yeroix aucen ((X1, Xsy ..., Xp)), yO0ossemsopsio-
WU IMomy Y pasHerur.
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Teopema 136. [lpu esaumno npocmotx Kosuyuenmax a,,
a,, ..., a, OQuogarnmoso ypasHeuue

mx tax,+ .. Fax, =1 ) 3)

UMEEN peUleHUe 8 YeaAblX “UCAax.
HoxasateabcTtBo. OGo3HaunM depe3s M MHOXKECTBO Tex
NOJNOXHUTENbHBIX HHCEN b, JJIs1 KOTOPHIX ypaBHEHNe

QXX+ ..o Fax,=b

HMEET peudleHHe B UedblX yucaax. Al, oueBUjAHO, He MYCTO, TaK Kak
OpH 3ajaHHbIX Q, @y, ..., 4, MOXKHO n0A00paTh Hefble 3HAUEHHSA
X1y Xay .., X,, TAKHe, YTOOBl @ X, QuX, - ...+ a,X, OBLIO HOJIO-
YKHTEJIBHBIM YHCJIOM,

B muoxectBe M (teopema I) cymecTByer HauMeHbLIee YHCJIO,
KoTopoe MbBl obosHauuMm udepe3 d{(d € M). O6Gosnauum uepes
X1, X2, ..., X, UeJble YHCHA, TaKHe, UTO

a Xy +ax ... Fa,x,=d.
Ilycry a, =dg+-r, rre O0<<r <<d; Torza
r=a,— (0 X7+ aXs+ ... +a,%,) =
=a, (1—gx)+ay (—gx )+ ... +a,(—gx).

Mbl mofo6pasu uenple sHaYEHHS: X; = 1 —gx;, X,= —qXx5, ...,
ve., X,= —(QX;, TaKHE, HYTO OyX;+QyX,+...+@a,x,=r, HO
0<tr<d, a d—HauMeHblllee NOJIOKUTeJbHOE YHCIAO B M, T.e.
r ne MoxXer ObiTh TOJOKHTENbHBIM, r =0, a,=dq, d|a,.

Ananoruuso moayyaeMm: d|a,, ..., d|a,.
Mpt BuAMM, 4TO d—oO6WHUH JesnuTeN: UHCEN @, 4y, ..., 4,,
C/IcI0BATENBHO, TOCKOMBKY (@, ..., a,)=1, d]1, d=1, 1eM,

T. €. ypaBHeHHe (3) paspelluMo B U.EJIbIX YyucJIax.

Teopema 137. Hycmb d—mnaubosvuiuii obwuil deaumeno rcoscf)
¢uyuenmos ay, a,, ..., a,. Huogarnmoso ypasrerue (2) umeem pe-
wernue mozda u mosvko moeda, kozda d|b. Yucao peweruti makoeo
ypasHerus pasro aubo Hywo, Aub0 becKoHedrnocmu.

JloxkakeM MoC/]e[JOBATENLHO BCe TPH YTBEPXKAEHHUS TCOPEMLL.

1) IMycte d|b. IOns ypasHeHus

a. a
e R R IR - AP

a
rie (71, d’, d)—.l CYILECTBYIOT LEJIblE YHCAA: Cp, Cqy vt ., Cps
yAOBJeTBOpsIOilHe eMy (Teopema 136), T. e. Takue, 4TO
a1

a a
'd—‘cl +Egc2—|‘...—|‘—d'—lcn::;l.
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Torpa
a, (Cl %) + a, (c2 %) +...+a, (cn%) =b,

b b b
T. €. Ci—g s Cagy +++» Gy ) ) —PElCHHE yDABHEHHS (2).

2) Ilycrs Teneps dfb. Torna nesas wacTb ypaBueHus (2) npu
JI06BIX  LeJbIX Xy, X, ..., X, JEJAMTCA Ha d, a npasas Ha d He
JEJMTICS, TaK YTO PaBEHCTBO (2) NpHU Le/bX 3HAYCHUAX Xy, Xz, « . ., Xy,
HEBO3MOMKHO.

3) Ecau ((%y, X2, ..., Xp)) —KOMIUIEKC YHCeJ, VIOBJIETBOPIIO-
mUA ypasHeHHIo (2), TO, HaupUMEp, BCE KOMIJIEKCHI

((xi+ant, xs—af, x5, ..., Xp)) 0pu t=0, =1, =2, ..,

TaKKe YJIOBAECTBOPHIOT TOMY YPaBHEHHIO M, TakuM 00pa3oMm, y Hac
au6o coBcem He Oyjaer pemenuit, au6o ux OyigeT OeCKoHeyHoe
MHOXECTBO.

Ecau xorst Obl 0AHA napa KO(xpULIHEHTOB B3aHMHO TPOCTasl, TO
d=1, u ypaBHenue (2) uMeer OecuHcJeHHOE MHOXECTBO pelIeHHUil.

IIpumepsn. 1) [duodanroso ypasrenue 9x,—21x,+ 6x,=100
He HMeceT pelleHMi, Tak Kaxk 3gech d=3 u 34 100.

2) NuodantoBo ypasHenue 20x, - 6x,— 15x,+ 3bxs =12 umeer
6GeCKOHEUHOEe MHOXECTBO pelleHHH, Tak Kak 3jech d=1.

Teopema 138. Ecau x, ydosaemsopsem cpasweruo ax==c (mod b),

c—ax
mo Komniaexc <<x0, —5—9>> ecmb pewerue Ouopanmosa ypasHeHus

ax--by=c.
C—ax,
Hokasateascreo. M3 axy=c(modbd) caepyer, uro —-b—"
€CTh 1IeJIoe 4HCJ0, H HENoCpelCTBeHHad NMPOBepKa IOKAas3blBaer, 4To

ax,+b (C—bax") =C.
Teopema 139. Iycmo d—naubosvwnli obuwuii Oeaumers a u b,
20e as=0, b0, dic u ((x,, Y,))—Hexoniopoe pewenue Juogharmosa
YpasHeHua: ax+ by =c. , )

Tozda muoocecnso pewenuti ypasuenus (4) 6 yeawx wucaax cosna-
b
daem co muoscecmeom Komnaexcos ((x', y')), rie x'=x,—- ¢,
a
y'=yo+3t, a t—awboe yenroe 4UCcAO.

Hdoxkaszateabctro, Ilyers ((x', y'))—npousBoipHOe pelile-
HHe jauodpanToBa ypaBHenus (4), T. e. mycrb

ax’ by =c. : (5)

[lo ycnosuo, x,, Y, YHOBJNETBOPAIOT YypaBHeHHW (4), T.e.
ax,-+by,=c. Bbluutas paBeHcrBo (5) M3 NOCAeJHETO PaBEHCTBA M
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JleJIl Bce YJieHB Ha d, nojyyaem:

’ b,
Z (—x") =7 (4" — ),

a b al|b ’
rae o M - —Ilejble YKca. Torna ] F(y —1y), TpudeM (Teope-
b
Ma 40) (g—, F>: 1, Tak uto corsnacHo teopenme 41 umeewm:

a Q a
ﬂy’—yo, Y—to=7t Y =h+gt
rie ! —-HeKoTopoe nesoe uucio. Iloactapiss HaliienHoe suaueHue
y’ B (5), monyuaewm:
a X ab
ax' =c—b (yo—}— Ft> =axg =11,
’ b
OTKyJa X =x0——7t.

Takum oOpasom, Jwboe pelllende ypasHerus (4) Oyaer uMeThb
BHJ;

14

b a
X =x0_'gt’ y’:yo_f'"gt’
rje *—HEeKOTOopOoe 1eJoe YHCJIO.
O6patHoe yTBepxkaeHHe Takxke BepHo. Ilyern ((x', y’))—Komm-
JeKC, TakoH, 4To

14

x =x0—%t, y’-——y0+%t.
HenocpeacTseHnass npoBepka NOKa3biBaeT, UTO
a(xo—%t>—|—b (yo—i— %t) =ax,+ by, =c,

T. e. ((x', y')),—pewenue aunodaHTOBa ypaBHEeHUs (4).

[Tpumeuanune. Teopema BepHa W TOTJAA, KOTJAa a WJAM & paBHE HYJ/O.
Hanpumep, npu @=0, T. e. B cayuae ypaBHedus 0.-x-4by=c, noayuaem d=

c
=(0, b)="> u npu b|c gna y nMmeeTcs eAMHCTBEHHOE 3HaueHue yo————? , a X

NpoK3BO/bHOE Lenoce. JlioGoe pelleHye 3TOTO ypaBHEHMS MOMKHO NPEACTABUTL B
Buae x =x,—1:¢, y' =y, +0-f, u npu nobom ¢ Taxkie x’ Uy’ yAOBIETBOPAIOT
ypaBHEHHIO

0-x+by=c.

IIpumep. Pemnrp ypaBnenue 50x—42y=34.
3nece (50, 42)=2, 2|34, PaccmarpuBas  cpaBHeHHe
50x =34 (mod 42), HaXOAUM NOCJENOBATEJHLHO:
4x=17 (mod 21), 2x=19 (mod 21),
x=20(mod 21), x,=20,
Tak uto 25-20—21y,=17, y,=23.
Jlio6oe pellieHHe naHHOro AHOMaHTOBA yPaBHEHUS HMeeT BHA:
x=20421¢, y=234+25¢. <
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3. CHCTEMA CPABHEHMW 1-# CTETIEHU

I[Tepefinem Temepb K PacCMOTpEHHIO CHCTeMbl cpaBHenuit 1-# cte-
HEHH C OXHHM HEeHM3BECTHBIM. PacCMOTPUM CHadaJja CHCTEMY BHAA:

(6)

x=¢; (mod m,)
x==c, (mod m,) }

Has xpatkoctn 6yjeM Ha3blBaTh 3TH CPaBHEHHS COOTBETCTBEHHO
NEPBLIM H BTOPHIM.

Teopema 140. [lycme d—wnauborvwuti obuwjuii Oeaumeis, a
M —wnaumenvuwee Kpamuoe m, u m, moeda ecau dfc,—c,, mo
cucmema cpasrerull (6) we umeem peweruli, a ecau d|c,—cy, Mo
cucmema (6) umeem 00HO pewenue, npedcmasasrowee coboll Kaace
qucen no modyaro M.

HokxasartenbcTBo. M3 nepsoro cpaBHeHHs (6) mnoaydaem
x==c;+m,;t. Ilpu moboM wpenom ¢ TakHe x YAOBJETBOPSIOT mep-
BOMY CpaBHEHUIO. 3ajjaua HaXOXJIEHHs pelleHHH cHCTeMbl (6) cBo-
JUTCH, TakHM o0pasoM, K TOMy, uTtoObl BuOpaTh Takue £, npH
KOTOPHX X YAOBJETBODSIeT M BTODOMY CDaBHEHHIO, T. €. HaHTH Bce
LeJible f, Takue, 4TO

¢, +myt =c, (mod m,).

Otpickanne TakHX f CBeJOCHh K pelIeHHuIo CpaBHeHUdA 1-i cTeneHn

C HeHU3BeCTHOH f:
myt = c,—c, (mod m,). )

Ecan npu (m;, m,)=d Oyuper dfc,—c,, To (teopema 130)
cpaBrenue (7) He HMeeT pelleHHH, T.e. Cpeid BCex 3HaYeHHH x,
YIOBJAETBOPSAIOWUX CpaBHeHMIO x==c,(mod m,), HeT HH OAHOrO,
KOTOpOe YJOBJICTBOPAJO Opl CpaBHEHHIO X==c,(mod m,), H CH-
ctema (6) necosmecTHa. Ecan dlc,—c¢,, TO pemenne cpaBHenus (7)

m
MOXHO 3amucaTh (Teopema 135) B BHIe KJaacca IO MOAYJIO 7’,
T. €. B BHJE:

=a (mod’g?), =os—i—%2y (y=0, +1, 42, ...)

MOACTABASSA STH 3HAUEHUS { B ypaBHeHMe X =c, -+ m,f, BbAeJsieM
H3 MHOXeCTBA 3HAUeHHH X, YJOBJETBOPAIONHX NePBOMY CpaBHe-
HHIO, Te, KOTOpble YJOBJETBOPSIOT -H BTOPOMY:

myimy , Myiny

X=0Cy+my (‘Vi—%y) =C +mo+——y=P =5y
(y=0, &1, +2, ...).
DTH sHaueHHs x 06pa3yxoT KJacCc no MOAYJIIO m—T—”:M (Teo-'

peMa 92), 1. e. x=0 (mod M), rae no téopeme 34 M =[my, my).
B cooTBercTBHH C omnpejejeHneM 44 chucTeMa HMeeT OAHO pe-
IIeHHe,
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IMpumeuanue., Ecan m; u my, B3auMuo npoctH, 1o d=1, M=mym,;
MOCKONBKY B STOM cayuae NpH JaoCHX ¢ H ¢ 6yaer 1|cy—cy, cucrema (6) nas
TakKHX MopyJel BCerjga HMeeT OJHO pellleHHe, mNpejpcrasasiomee cobofi Kaace
M0 MOAYJIO mymMy. :

IIpumepn. 1) HccaenoBaTh, HMeeT JH pelleEHe CHCTeMal
x==9 (mod 34),
x=4(mod 19),
0 ecJid HMEeT, TO HafiTH ero.
Iockonbry (34, 19)=1, cucrema HMeer pemenne. Haxopum:
x=9434f{=4(mod 19), 15/ =—5(mod 19), t=—1=
=18 (mod 19), =6 (mod 19), £ =64 19y.
Ioactarasis 370 sHauenue { B BLIpa)eHHe JJISl X, HMeeM:
x=9--34(6+19y) =213 4 646y; x=213 (mod 646).
2) HccaepopaTth, nMeeT JH pelleHHE CHCTeMa:
x==29 (mod 63),
x=9 (mod 35),
K ecAM HMeeT, TO HalTH ero.
(,Hocxo.nbxy (63, 35)=7 u 7429—9, To cucTeMa He uMeeT peLie-
HIm’i‘eopema 141. Cucmema
x=c¢; (mod m,)
s nmet ®
=c, (mod m)
AUbBO cosceM He umeem pewleHuii, AuGo umeem O00OHO peuierue.

NpuMmeuaHue. B coorsercTsuy ¢ onpefeneHueM 44 pelieHHe NOHHMaeTcs
KaK KJacc Mo MOAY/M0, PaBHOMY HaMMeHbIIeMy KpaTHOMY HHCes:

my, My, ..., Mg

HoxasatenbcTso nposejem uHAyKuHeH no s. [Ipu s=2 yTBepk-
JleHHe TeOpeMbl BepHO B CHJy Ipeabliyledl TeopeMbl.

[IpeanonoxuM, YTO yTBePKIEHHE TEOPEMbl BEPHO AJs JIOOBIX
s cpasHeHHH BHJa (8), u BosbMeM s+ 1 NPOH3BOJBHBIX CPaBHEHHH:

x=c, (mod m,)
SR IRICRITICI I O 9
x==c,(mod m,) )
X=Cgyq (mod myy,)
O6osnaunm: M=[m,, ..., mg u M’——’—[ml, ceey Mg Mgyl
Hasecrro (Teopema 33), uro [M, mg, ]=M". Cornacso npexnoo-
MEHHI0O MOTYT INPELCTABHThCS TOJBLKO CJeAYIOUINe B¢ BO3MOMHOCTH:

1) Ileperle s cpaBHeHH# He HMeloT pemleHHH. B arom caydae n
cucrema (9) He HMeeT peuleHH.
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2) Ilepsme s cpaBHeHHH HMEIOT pellleHMe, INpejcTaBJsIONEee
coboil kJacc mo Mopyaio M. Torza sHaueHHS x, YAOBJETBOpSIOLIHe
IepBbIM S CPaBHEHHAM, COBMNAJAT CO 3HAaYEeHHSIMH X BHlA
x=a(mod M), rge a-—HeKoTopoe uejoe, U cHcteMa (9) 3KBH-
BaJIEHTHA CHCTEME:

x=oa(mod M),
-’CECS+1(YHOd ms+1)'

Ecan 8= (M, mg,,) u 8fc,, ;—a, TO cucTeMa He HMeeT pelie-
Hus, a ecau O|c,,,—®, TO CHCTEMAa HMeeT OJHO peuleHue, mpei-
craBiasiomee coboii Kaace no mopyawo [M, m, ,|=M".

Takum oGpasoMm, U3 CHDaBeJHBOCTH YTBEDKACHHS TeOpPeMbl A
aio0blX S CpaBHEHHH paccMaTpHBaeMOro BHJAA CJefyeT ClOpaBeaJu-
BOCTb YTBEPXKACHHS TeOpeMbl AJsl M06GHIX S+ 1 TaKMX CcpaBHEHHH,
CorslacHO NMPHHOUNY MaTeMaTHUeCKO#l MHAYKUMH YTBEDKIEHHE Teo-
peMbl BEpHO IJs BCeX §=2.

Ecau cucrema (8) uMeeT pemieHHs, TO HX MOXHO HalTH, PELIUB
CHauaJja NepBble 1Ba CpaBHEHHS, NOOABHB NOTOM NOCJeNOBATENbHO
TpeTbe M T. 1., NOKa He OyJeT ucyepHnaHa BCSI CHUCTEMA.

Teopema 142. Ecau my, m,, ..., M,—NONAPHO 63QUMHO NPO-
cmele uucaa, mo cucmema (8) cosmecmHa u umeem 00HO peuierue,
npedcmasasiowjee co6od Kaacc no modyao M=m -my-... mg

JorkasateancTBo. IlpH s=2 yrBepXieH4e BepHO B CHAY
teopeMnl 140 (cM. mpumeuanue Ha crp. 121). IlpemnosoxuM, uro
YTBEPXKACHHE TeOopeMbl BEPHO s JI00BIX S cpaBHeHHH BHua (8),
rae (m;, m;)=1 npu is=j, u BosbMeM s+ 1 Takux cpaBHeHHH (9)
C NOHapHO B3aHMHO NPOCTBIMH MOJYJISIMH.

CorgacBo npelHOJOKeBHIO 3HAUEHHMA X, VIOBJETBOPSIOULHE
NepBHIM S CPaBHEHWSIM, COBHAJAlOT CO 3HauYeHMaMu x =o (mod M),

rae M=m,, ..., m,, U cucTema (9) 5KBHBaJeHTHA CHCTeME:
x=o (mod M)
— . (10)
x=c,,, (mod mg )

[ockoabky myg,, B3aMMHO NPOCTO C KaXIblM H3 MOAyJel: my,
..., Mg OHO B3aHMHO NPOCTO H C MX NPOU3BEACHHEM, TaK 4TO
(M ’ns+1)—1

Cucrema (10), a caejopatenbHo, W cucTeMa (9) cormacHo K rteo-
peme 140 umeer pewleHue, mpejcTaBJsiiomee cob6ol kJjacc no Momy-
amo Mmg, ,=m,...mgng, ., U, TaKkuM 06pasoM, YTBePXJeHUe BEpHO
A1 moOelX S--1 cpaBHeHHM#l paccMaTpHBaeMOro BuJa € NONapHO
B3aHMHO NPOCTEIMH MOAYJAsAMH. CorJiacHO NMPHHUHNY NOJHOH MaTema-
THUECKOH HHAYKLIMH YTBepKJeHHME TeopeMbl BePHO NpH JiiocGoM s.

ITpuMep. PewnTp cucteMy cpaBHeBUE:

x=2(mod 7),
x==5(mod 9),
x=11(mod 15).
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PeitaeM cHayajia CHCTEMY, COCTOAMIYI0 H3 ABYX 0epBbIX Cpas-
HEeHui:

x=5-+9f=2(mod 7), 2t=-—3(mod 7), £t=2(mod 7),

=247y, x=5-+-9(2+7y)==23(mod 63).

Taxkum 06p83OM, JaHHas HaM CHCTeMa 3KBHUBAJICHTHA CHCTEME.

x=23(mod 63),
x=11(mod 15).
3necy (63, 15)=3 u 3|23—11, Tak YTO cHUCTeMa COBMECTHA.
Pemraem ee:
x=234-63y=11(mod 15), 3y=3(mod 15),
y=1(mod 5), y=1+4 5z, x=23-+63 (1+5z) =86 315z.
OrBeT. x=86(mod 315).

Jna HaxomIeHHs pellleHUsl CHCTeMbl CpaBHeHMH 1-fi cTemeHu
C B3aMMHO NPOCTHIMH MOAYJSIMH MOXKHO MOJb30BaTbCH CJaeAylomed

TeopeMoil.

Teopema 143. [Iycme my, m,, ..., M,—NONAPHO B3AUMHO RPO-
cmole uucaq, M =my,my. ..My Yy, Yo -+ » Y N000OparsL max, 4mo
M M
o = 1(mod my),—— — Yy = 1 (mod my), ..., Y = 1 (mod my),

M
Xg 2“‘.’41 1+ S Y26 3 --+_@yscs'
Tozda pewerue cucmemol
x=c, (mod m,)
Xx=c, (mod m,)
x=c,(mod m,)
6ydem umems 6ud: x=x,(mod M).
M M
I okaszateanctBo. Ilockoabky m, b oeee s Myl — H
mg s
M
—M—yl__ 1 (mod m,), moay4aeM x,=—— y;c; =c, (mod m,). Ana-
my
JIOTHYHBIM o6pa3oM npoBepsieM, UTO X,=C,(mod my,), ... , X,==

=c,(mod m,), T.e. X, YAOBJETBOPSET BCEM CPABHEHHAM cHCTEMBI.
CornacHo TteopeMe 142 petieHne 3TOH CHCTEMBl HPEACTaBJSET
co6oit Kaacc no moaymo M, T.e. x==x,(mod M).
I[Tpumep. Pewmuts cucremy:

x=6 (mod 17),
x==4(mod 11),
x=-—3(mod 8).



Haxonum:

11-8y,=1(mod 17), 3y,=1(mod 17), y,=6;
17.8y,=1(mod 11), 4y,=1(mod 11)," y,=3;
17-11ys=1(mod 8), 3y,=1(mod 8), y,=3;

X,=11.8-6-6417-8-3-4—17-11-3.3=125(mod 17-11.8);
x==125(mod 1496).
PaccMoTpumM Temepb cucTeMy cpaBHeHHH 1-H cTemenu ofiiero
BHJA:
a,x=b, (mod m,)
a,x = b, (mod m,) . (11)

Ecan xots 66 npu omHoM i (l<<i<Cs) pas (al, m;)=d; 6ymer
d;4b;, To (teopema 130) He CyuieCTBYeT 3HaueHHH X, YJOBJIETBO-
pAOMHUX {-MY cpaBHeHH0, a, CJejoBaTeJbHO, cHcTeMa (11) He uMmeer
peleHui.

Ecan ke aas Bcex § d;|b;, T0 Kakaoe cpaBHeHHe MOXKHO pe-
WHTh OTHOCHTENbHO X H BaMeHHTb cucreMy (l1) axBHBaNeHTHOH

CHETEMOI:
m
x=0q <mod ?1) ,
1

..........

Takas cucreMa corjgacuo Teopeme 141 qu6o He uMeeT pelleHuil,

Au60, €CJu pelleHUs eCTh, TO 3HAYEHHS X, Y/AOBJETBOpSIOULHe eii,
: my my ﬂlS

06pasyloT KJacc HO MOAYJIIO |——, —=, ..., 5=

d, * 4, d,

ITpumep. PelinTh cHCTeMy CpaBHeHHI:
Tx=3(mod 11),

I15x=5(mod 35),
3x=2 (mod 5).

Pemas Kam,u,oe CpaBHECHHE, 3aMeHseM 3Ty CHCTeMy SKBHBaJIEHT-
HOH el CHCTeMOH CpaBHeHHH

x=2(mod I1),
x=5(mod 7),
x=4 (mod b5).
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Ilpumenss teopemy 143, Haxonum:

7-5.-y,=1(mod 11), y,=6; 11-5y,=1(mod 7), y,= —1;

11.7.y,=1(mod 5), y;=3;
Xy=7-56.2—11-5-54-11.7.3.4 =299 (mod 11.7.5).

OrBeT. x=299(mod 385).

Hcmopuueckue vommenmapun x 14-it zaaee

1. Heonpenenenunie ypaBHeHHst l-ii CTeleHHM Hayajaud paccMar-
pPHBATBCA ellle MHAYCCKUMH MaTeMaTHKaM{ NPUMEPHO ¢ V Bexa.
HexoToprle Takne ypaBHEHHS C JBYMs W TPeMs HEH3BECTHbIMH IO~
SIBUJIACL B CBA3H C npobJieMaMH, BOSHHKIIHMH B acTPOHOMHMHU, Ha-
IpHUMED, TMPH PACCMOTPEHUM BOMNPOCOB, CBSI3AHHEIX C OINpENeJeHHEM
[epHOJUYECKOTO MNOBTOPEHHS HeOGEeCHHIX sIBJIEHHUI.

2. Bo 2-M H3jaHHH KHHTH (paHUy3cKoro MareMatHka Damge je
Mesuposika , Problémes plaisants et delectables qui se font par les
nombres”, sbimenmeM B 1624 r., pemaercs HeonpejpeseHHoe ypas-
Henne ax—by=1. Dame ne Me3suprsk ¢akTHUECKU NpPHMEHSET
[pOLecC, CBOAAIIMICA K IOCHCROBATEIbHOMY BLIYHCJIEHHIO HemoJd-
HBIX YACTHBIX H PACCMOTPEHHIO HOAXOAAMIHX Apobeil; OJHAKO OH He
paccMaTpHBaJl HellpePLIBHBIX Apobe#l, KaK TaKOBLIX, H HE ynoTpebas
ob6osHauernii suaa (1) 5-if raasel. lonyasipuoe counnenue Bae ne
Mesupnsika 0Kasano 0oJbllloe BJAHSHHe Ha pa3sBUTHE TEOPHH YHCe,
Tak Kak CHOCOOCTBOBAJIO BOBHHKHOBEHHIO HHTepeca K 3TOH objactd
MaTeMaTHKH.

Bame pe Me3upbsiK H3BecTeH H KaK IN03T, MUCABUIHH CBOH
CTHXH Ha MHOTHX fi3bikaX. B 1621 r. oH BRHINYCTUJ H3JAHHE COUH-
Henu#l /IModaHTa co CBOMMU TNpHUMEUaHUAMH.

3. Tlocne Bame pe Mesupoaxka B XVII n XVIIT Bekax pas-
JU4YHble TpaBHAAa JIs  peUIeHHA HEONPelCJEeHHOro YpaBHEHHS
1-ii cTemeHH ¢ JBYMS HeH3BeCTHbIMH pAaBaju Poanb, Diinep, Cayu-
JAepPCOH H ADYrHe MaTeMaTHKH.

[lennrie npo6u K pelIeHHI0 TaKHX YPaBHEHHN ObIJIK MpHMEHEHbI
JlarpaHxeM, KOTOpDHI, OfHAKO, 3aMeuaeT, YTO GaKTHYeCKH 3TO TOT
®e crnocob, Koropwii Obal paH Bame ne MesHPbSIKOM M JADYTrHMH
MaTeMaTHKaMH, pacCMaTPHBABUIMMH HeonpeJeseHHble YDABHEHHS KO
Hero.

‘Heonpegenennrle ypasHeHHs l-ifi cTemeHHM CTajll 3alMHCBHIBAThLCH
¥ pewaThCsd B (OpMe CpaBHEHHs 3HAUHUTENbHO IO3XKe, HAUHHAA C
Taycca.

4. 3ajgaud, CBOAAIKECcS K pacCMOTPEHWUIO CHCTEMBbl CpaBHEHHH
1-it cremeHu, paccMaTpHBadUCh B apudMeTHKe KHTaHCKOro Marema-
tuka Cyn T3y, XKHBLIEro npuMepHO B HauaJe Halued 3pnl. ¥ Hero,
KaK y LeJOoro psaja KHTalCKUX, HHAYCCKUX, apaOCKUX H eBpomneii-
CKHX Y4YeHBIX, pelaBINHX TaKHe 3ajaud I[Oc/jie Hero, BONPOC CTa-
BHJICS B cleAyooued ¢opMe: HaHTH YHCA0, jJaloulee 3afaHHbe
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OCTaTKU NPH JeJeHHH Ha 3ajaHHble gucaa. CyH Tsy gaer cmoco6,
(akTHUECKH 3KBHBaJIeHTHBIH TOMY, KOTOpPBIH JaH y Hac B TeOpeMe
143, u nostomy TeopeMy 143 uHOria HaspBalOT KHTaficKoH Teo-
pemoit 06 ocrarkax. Pabora Cyu Tay crana ussecrHa B Eppome
B 1852 r. HesaBuCHMO OT KHMTaHCKMX MaTeMaTHKOB croco6 pelie-
HHS 3aJau Takoro poaa OblJ AaH HHAYCCKHM MaTeMaTHKoM bpame-
rynra (588—660).

Jleonapno Pubonayun B cBoed kHHre ,Liber abaci“ paccmar-
pHBaJ 3ajgavyy HaxoXAeHHS uncha N, Jessiuerocs Ha 7 H UMeiOmero
OCTaToK, paBHull 1, mpu gpesenun ra 2, 3, 4, 5 u 6.

5. CucteMa HeonpeJesJeHHBX YpaBHeHHM l-Ii cTeneHd BhepBbie
BCTpeuaeTcss Yy KHTaliCKHX MaTeMaTHKoB VI Beka. 3ajaum, mnpuBo-
JSIHe K TaKHM CHCTemaM, BeTpeuatotrcsa y Jleonapao dubonayuu u
y Bawme ne Mesupbsika.

CucTeMa n CpaBHeHHH C n HeH3BeCTHLIMH H3yuaJjach [ayccoM.
TTonHoe uccielOBaHHE CHCTEM JHHEHHBIX CPaBHEHHH GblJIO JaHO B
paborax ®pobennyca u Creiinnuna B KoHue XIX Bexa.

F1TABA 15
CPABHEHHSA MO NIPOCTOMY MOAYJIIO

1. CPABHEHHE O NPOCTOMY MOAYJIK ¢ OAHWUM HEM3BECTHbLIM

[Tlepexopsi or cpasHeruit 1-i cremeEM K cpaBheHHsM 060Jee
BBICOKHX CTeneHell, mesecoo6pasHO CHayala paccMOTpeTb TOT CJy-
yali, Korja MopyJb— NpoCcToe 4uciao. B sToM ciyuae HMeeTcs DAX
BeCbMa BaXHBIX TeOpeM, KOTophie, BOOOLle TOBOpS, HEBEPHHl AJA
COCTaBHBIX MoayJeli. BMecTe ¢ TeM TeopHsi cpaBHEHHII MO NPOCTOMY
MOJYJIO SIBJSIETCS OCHOBOH, Ha KOTOPOH CTPOHTCS H3ydeHHe CpaBp-
HEHHH IO COCTaBHOMY MOJYJIO.

Bo Bcell 3T0il rjase GykBoil p 6yieM 0603HayaTb MOAYJb, NPEJ-
cTaBJsliomuil co60f HpoCTOE YHCIO.

Teopema 144. Ecau p 4 ¢,, mo cpasHenue

Cox"+cx" "1 ... 4-c,=0(mod p)

Mmoocem Goimd 3AMEHEHO IKGUEANEHNMHOIM CPABHEHUEM C Ko3pguyuen-
mom npu cmapuwiem 4ieHe, PasHOM eduHuye.

HokasateancrBo. PaccmorpuM cpasHenue 1-fi  cTenend
c,y =1 (mod p); nockoaBKy p4c,, T0 (¢, p)=1 B (reopema 131)
cpaBHeHHe HMeeT pemenHe. Halfigem uHCH0 Y,, YAOBJAETBOpsiOUlee
STOMY CPaBHEHHIO, T. €. Y, TAKOE, 4TO CoY,=1{(mod p).

Torpa cpaBrenme ¢ x"-+c¢x"~'+...+4c,=0(mod p) skBuBa-
JenTHO (TeopeMa 128) cpaBHenHIO

(Colo) X" H(Caye) X Y+ . ..+ (C,8) =0 (mod p),
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a cnefoBaTtesibHO (Teopema 129), cpaBHeHuIO

X' Lbx" ... +b,=0(mod p),
rae by =c,y,(mod p), ..., b,=c,y,(mod p).

I[Tpumep. 3aMEHHTb CpaBHEHHE
27x% + 14x2—10x 4 13=0 (mod 59)

3KBHBAJEHTHHLIM CpaBHeHHeM ¢ KO3(DhHIUEHTOM NPH cTaplieM yJjeHe,
paBHbIM 1.

Pemiaem cpasuenue 27 y,=1(mod 59) u naxoxum y,==35. Han-
HOe HaM CpaBHEHHe SKBHBAJICHTHO CPaBHEHHIO

x4+ 14.35x2—10-35x 4+ 13.35 =0 (mod 59),

T. €. cpasHenuo x3--18x2+4x—17=0(mod 59).
Teopema 145. Ecnu f(x) u g(x)—mro2ourenvt ¢ yervimu Koagp-
puyuenmamu, mo cpasHerus N0 NPOCMOMY MOOYAO

f (x)=0 (mod p) (1)
[ (x)— (" —x) g (x) =0 (mod p) (2)
SKEUBAACHMHDL.

HJokasateanctBo. IlycTh x, ynossersopsier cpasHenuo (1),
T. e. f(x,)=0(mod p). ITockoabKy npH J06OM X, COrIaCHO Teo-

peme ®epma (teopema 119°) x{—x,==0(mod p), To
F (25) — (x5 — x5) & (%) =0 (mod p).

[Tonb3ysice Tolt xe Teopemolt PepMa, mHosayuaeM, 4TO €CHH X,
yno NETBOpAeT cpaBHeHMIO (2), TO f (Xo) == (x5 —x,) g (x,) == 0 (mod p),

akuM o6pasom, cpasHenus (1) # (2) skBHBaJIeHTHbL.

" s stoi TeopeMbl HernocpejCTBEHHO BBITEKaeT CJAeLylomas.

Teopema 146. Cpaswenue no npocmomy modyao p, cmenews
Komopoeo Goabiue, 4eM 3Mom MoOyAb UAU PABHA emy, Modicem Ouimb
3AMEHEHO JKBUBANEHITIHbIM CPOBHEHUEeM CMEneni, Menollel 4em p.

HJokasateasctBo. Ilyets f(x)—MHOrounes ¢ ueamiMH Ko-
adunre HTaMmun crenedn n>==p. [lpu genennu f(x) na x»—x co-
IJIaCHO M3BECTHOMY cnocoly JejieHHs MHOrodJieHa Ha MHOrouJjieH
HEeNnoJIHOe 4acTHoe g (X) M ocTaTox r (x) 6YAYT TaKKe MHOrOUYJeHAMH
C LeJBIMH KO3(hHUIHEeHTaMU:

fx)=*"—x) g (x) +r (x),

rje cTemeHb r(x) MeHblle cTemeHH XxP—x, T. €. MeHbllie, YeM p.
CornacHo  npexwiayumieil TeopeMe cpaBHeHHs [(x)=0(modp)
r () =0 (mod p) 3KBHBaJECHTHHI.

u

NMpumeaanne. [pagruuecku ynoéﬂeﬁ noJIb30BaThCs Teopemoii 145, 3ame-
HAS KaXJA0e cjaraeMoe MHOToujeHa x°, Te S==p, CllaraeMbM

x5 —(xP —x) xS P =x5"(P-D
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crenenu, MeHblllel yeM s. Cieposarennro, ecid s=(p—1)gtr(l<<r<<p—1),
r0 x¥ moxHo 3amenuts Ha x7. IlpopenwiBas 3Ty omepanuio AJIs BCeX Cjaraemuix
MHOrOUJIEHa, AOCTHTHEM TOTO Ke pe3yJnpTaTa, YTO W NpHMeHEHHeM TeopeMul 146.

Mpumep. CpaBHenne x'®--3x8—5x7—x*+6x—2=0(mod7)
3aMeHUTh 5KBHBAJIEHTHBIM CDaBHEHHMEM CTelleHH, MeHbined uyeM 7.

Pemenune. CornacHo NpHMeuyasuio K TeopeMe 146 Mrl moJay-
9UM 5KBHBAJIEHTHOE CpaBHEHHE, eCJU 3aMeHHM x!® Ha x18-28=xt,
x8 na x2, x” Ha x. Takum obpa3oM, 3aJlaHHOe CpaBHeHHe SKBHBaA-
JEHTHO CpPaBHEHHIO

(x*4 3x*—bx)—x*+-6x—2=0 (mod 7),

T. €. cpaBHeHH 3x2+x—2=0(mod7).

Teopema 147, Ecau f(x), g(x), £ (x), r(x)—mnocourenot c ye-
nomu koagppuyuenmamu: | (x)=g(x)h(x)+r (x), u éce xospppuyu-
enmot r(X) Odeaamcs HQ NPOCMOe 4ucA0 p, mo A060e peuienue

CPasHeRUu s _
f (%) =0 (mod p) (3)
ABASEMCS peuleHuen no Kpatlineldl mepe 00HO20 U3 CPABHEHULL:
g (x)=0(mod p), h(x)=0(mod p). 4)

JlorkasateabctBo. Ilycrs x,—peiledHne cpaBHeHus (3),
T. e. [(x)=0(modp). Ilockoabxy Bce Ko3DPUIHEHTH r (X)
Jeastcst Ha p, OyjaeM Takxe HMeTb r (x,)=0(modp), a nosTomy

g (%) h (x5) = [ (%4) —7 (%) =0 (mod p).
Cornacho teopeme 105” 3 cpaBHUMOCTH IPOH3BEACHUSA g (X,) £ (X,)
C HyJIeM 0O MOAYJI0 p CcleiyeT, UTO NO KpailiHell Mepe OAHH H3
3THX MHOMKHTeJeHl CPABHHM C HyJeM IO 5TOMY MOAYJIO, T. €. Xy—
pelleHde no KpaliHeH Mepe OXHOTO W3 cpaBHeHHH (4).
Ilpumep. B cpaBHenun x*-18x*+45=0(mocd 31) aeByiwo
4YacTb MOXKHO npeicTaButb B BHae (x2—4)(x2—9) 4 (31x2—31),
H Mbl HaxoAuM BCe pelleHHs 3TOrO CPaBHEHHS, peliasi CpaBHEHHUA:
" x2—4 =0 (mod 31), x2—9=0(mod 31), 1. e. x==4 2(mod 31)
U x=4 3(mod 31). Bce sTu ueThipe KJjacca YIOBJETBOPSIIOT Ha-
lIeMy CpaBHEHHIO.
Jlns cocraBHBIX Moaynefl sT4 TeopeMa HeBepHa. Hanpuwmep,

cpaBHeHMIO ¥2 -+ 4x=x (x4 4)=0(mod 12) ynosneTBopser xaacc 6,
He sBJASIOIKICS pellleHHeM HH OLHOTO M3 cpaBHeHui: x == 0 (mod 12),
¥-+4=0({mod 12).

Teopema 148. Cpasnenue cmenenu R NO APOCOMY MOOYA0 D
C Kosppuyuenmom npu cmapuiem Haiene, He OCASUUMCA HA D,
Moxcem umems He OOAbLie uem N petuenul. )

JloxaszaTenbCcTBO. YTBepKICHHE TEOPEMEBI BEPHO NpH n=I.
JeficTBUTENBHO, B 3TOM Cjydae Mol HMeeM cpaBHeHHWe 1-fi cTemeHm:
cx+¢;=0(modp), rae pLcy, 1. €. (¢, P)=1, a Taxoe cpaBHe-
HHe (Teopema 131) HMeer B TOUHOCTH OXHO peueHHe. Ilpumenum
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Tenephb AJsl NOKA3aTe/JbCTBa TeOPeMbl METO], NMOJAHOH MaTeMaTH4YeCKol
HHIYKIUH, N

ITpennoniokuM, 4YTO yTBepXKJeHHe TeOpeMsl BepHO JJs Bcex
MHOro4JieHOB (n—1)-if crenedn co crapwaMH xoadhduilmeHTaMH, He
JeJsIMUMHACS Ha npocron MoLyJb p. BosbMmeM Teneph npousBodb-
HbI MHOrouJieH n-fi CTeneHu:

f(X)=cox"+cx"" 14 ... +c,,
The p{c, W PacCMOTPHM CpaBHEHHe
} (1) =0 (mod p). 5)

Ecau sto cpaBHeHHe He HMMeET HM OJHONO peELUEHHs, TO YHCJO
pelieHHH MeHblIe 4eM A.

Ecnu e 3T0 cpaBHeHHe HMeeT pelIeHHs, TO BO3bMeM Jro0oe
YHCJIO X,, YAOBJETBOpsiomee eMy, H pasfenuM f(x) Ha X—x,.
Cornacno teopeme Besy (reopema XII) Gyzem unmers:

[ (%) = (x—x0) g (0) + [ (x,)-
Kospduruentst MHOrouNeHa (n— 1)-it crenenu
glx)=bx""1+...-+b,,

MOryT ObiTh, Kak H3BeCTHO, HalifeHnl No cxeme ['opHepa u npej-
CTaBNAAIOT coOOH wesbie 4HCa, NpHYEM b, = c,.

[Tockonbky X, ynoBJeTsopsieT cpaBHeHHIO (D), p|f(x,), T. e.
3nech NpHMeHHMa TeopeMa 147, To Bce pewmeHHs (D) HaxopsTcs
cpenu peumenunil cpaBHeHH# x—x,=0(modp) u g(x)=0(mod p),
VAOBJETBOPSsA JHOO OJHOMY H3 HHX, Jub6o o6omM.

CpaBHenue x—x,=0(mod p) uMeeT OFHO pellieHHe, a CpaBHe-
Hie g(x) =0 (mod p), npexcraBasiomee coboil cpaBHeHHe (n—1)-i
CTeMeHH MO NpPOCTOMY MOAYMI0 C KO3PdHUIHEHTOM HpPH CTapileM
uyjeHe b,=c,, He JeJsllleMcd Ha p, COIJAcCHO MPeANOJIOKEeHHIO
MOXeT HMeThb He GoJabiie yeM n—1 pemenuii. Taxum obpasom,
cpapHeHue (D) mmeer He Gospure ueM 14 (n—1), 1. e. He GoJblue
YeM n pellienuil.

YTeepxkaeHue TeopeMsl Owlo mpoeepeHo npu n=1. U3 cnopa-
BEJJINBOCTH YTBEPXJEeHUA AJSl MHOIOWIEHOB (n—1)-i cTeneHnm ciae-
IyeT CIpaBefJHBOCTh 3TOTO JKe YTBePXKAEHHA LIS MHOrOYJeHOB
n-# crenenn., CorjacHo NPHBLUIY NOJHOH MaTeMaTHYeCKOH HHAYK-
I{MH CNpaBeJJIHBOCTb TE€OPEMHl 10Kas3aHa,

I[Ipumep. x,=3! yrosaersopser cpasHeHnio 1 1x2 =65 (mod 103).
HaifitH BCce peweHHst 3TOro CpPaBHEHHS.

OueBHZHO, UYTO BMeCTe ¢ KJaccoM 31 3ToMy CpaBHeHHIO YHOB-

naersopser U gaacc—31. Koadduuuent npu crapmem uneHe 11 He
AeqHTC Ha mpocToit Moayab 103, MOSTOMY CpaBHEHHe He MOMKET
HMeTh GoJibllle IBYX pelieHHH.

OtBerT. x==-4 31 (mod 103).
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IOna. cocTaBHBIX MoAyJdefi sTa Teopema HesepHa. CpasHeHHe
CTeNeHH 7 N0 COCTABHOMY MOAYJIO C KOI(pHUHMEHTOM NpH CTapiueM
yjeHe, He JensuieMcss Ha MOAYJb HJIH JaXe B3aHMHO IIPOCTOM
C MOAYJEM, MOXKeT UMeThb Oosblie uyeM n pewennii. Hanpuwmep,
cpapHene x*—3x+2=0(mod6) umeer 4 pewenna: 1, 2, 4, 5.

Teopema 149. Ecau cpasrenue cmenenu n no npocmomy modyro
p umeem OGoibwie wem n peuienutl, mo ece Kodppuyuenmeor cpasHe-
Hus Oeasames Ha P.

HokasatenncTBo. Bospmem moboe npocroe uucao p. Ecan
CpaBHeBHe cux ¢, ==0(mod p) umMeer Gospllle YeM OZHO pelieHHE,
TO cornacHo TeopeMe 131 (¢, p)==1, T. e. plc,, a TorAa u p|c,.
Takum ofpasom, mpu n=1 Teopema BepHa. [IpeanosoxuM, 4To
YTBepXKJieHHe TeOpPeMb! BepHO JAJi MHOTOYJIEHOB CTENleHH, MeHbIued
YeM 1, T. €. NPeANOoJOXKHM, YTO UHCJO pelleHHH CpaBHEHHS CTe-
NedH, MeHblled YeM n, MOXET NPEBOCXOJUThL CTeleHb CpaBHeHHus
TOJIKO TOrja, KOrja Bce KO3D(UIHEHTH JIe]siTCd Ha MOAYJb p.

BospMem Jio6oe cpaBHeHHE CTENeHH A:

CX" ¢ X"~ 4 ... +c¢,=0(mod p), (6)

HMeiolllee Gosblie deM n pemenuil. CorsacHo TeopeMe 148 B Takom
CPaBHEHHUH ¢, JEJHTCA Ha p, a TOr4a CpaBHeHHe

X" ... 4 ¢, =0(mod p), ()

sKBHBaJeHTHoe (TeopeMa 129) cpasHennmio (6), TakXe nMeeT GoJible
YeM n pellieHHH.

B cpaBuesun (7), CTeneHb KOTOPOrO MeHbllle 4YeM 1, a YHCJO
pelieHHH IMPEeBOCXOAUT CTeMeHb COTJIACHO NpejnoJoxeHHIo, Bce
KO3(pUUHEHTH JO/DKHBI JeJHThCA Ha p, T. €. plcy, ..., plec,.
[TockosnbKy yxe paHbiue ObLJIO YCTAHOBJEHO, YTO p|c,, yTBepHKie-
HHe TeopeMbl BepHO Aast n. COIVIACHO NPHHIHNY MOJHOA MareMa-
THYECKOH MHAYKUMH COpaBeLJHBOCTb TEOPEMbl JOKa3aHa.

Teopema 150. Tycmo [(x)=x"4¢;x" '+ ...+c,— mHozouren
c yemimu Kosgpuyuenmamu u ce0600HbLmM urenom ¢, Z 0 (mod p),
ede p—npocmoe 4ucio, nputen p = n. Cpasuenue f (x)==0(mod p)
umeem n pewienutl mozda u moabKo moeda, Koeda ece Kospguyuenmor
ocmamKka om Oeaenust xP~1—1 wa [(x) kpamnes p.

HoxasateabctBo. Ilycre xP"'—1=f(x)g(x)-+r(x), rme
g(x) # r(x)—MHOrouJeHs ¢ UeJbIMH Kos(UIHeHTaMH, NpHYeM
cTeneHb r (x) MeHbIIE YeM n.

1), oxaxeM JHOCTATOYHOCTb YycaoBHA. I[lycTe KoshdHUHEHTLI
r (x) .Jenarca Ha p.

O6osnauuM uyepes S u T COOTBETCTBEHHO UHCJIO PelIeHHH Cpas-
HeHHH ’
f(x)==0(mod p), (8)

g (x) =0 (mod p). )
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Cpagsnenue x7~1'—1=0(mod p) no teopeme Pepma umeer p—1
pewennii. Kaxzaoe n3 stux p— 1 peweHn#i coriacHo Teopeme 147
ABJISIETCSl pelleHHéM XOTst Obl ONHOTO M3 cpaBHeHHM: (8) uau (9),
T.¢. S+ T=p—1.

CpaBueHe (9) creneHd p— 1—n umeeT KoahdunHEHT NpPH
cTapuieM ujieHe, paBHbIA eJUHUIE, TaK UTO (TeopeMa 148) T << p—1—n
H, CJel0BaTeNLHO,

S=p—1)—T=p—1—(p—1—n)=n.

[TockonbKy npu 5TOM B CHJAY TOH e TeopeMel 148 S<Cn, mo-
JyuyaeM S=n, T. e. H3 AeJUMOCTH Ko>)DHUIHEHTOB r (x) Ha p cJe-
JAyeT, 4TO YHUCJO peleHHii cpaBHeHus (8) paBHO n.

2) JoxkaxeMm Heo6XomxuMoCThb ycaoBHsi. IlycTs cpaBneHme (8)
UMeeT n peweHud. Ecam x,—pemenne cpaBreHus (8), TO
f (x,) =0 (mod p) 1 BMecTe C TeM, IOCKOJBKY p 4 €, TO p £ X4, a CJeLO-

BaTeJbHO, coraacHo TeopeMe ®Pepma xh '—1=0(mod p), Tak u4TO

p-1 —
r (%) = (%0~ —1)—F (%,) g (%,) = 0 (mod p).

Takum 06pasoM, Kaxjoe H3 n pemleHull cpaBHeHHd (8) siBAsieTCA
pelreHueM cpaBHeHHs 7 (x)= 0(mod p), cTeneHb KOTOPOro MeHblle
ueM n. CoryacHo TeopeMe 149 Bce KoahUIHEHTH r (X) JesqTcs Ha p.

ITpumep. Cpasuenmio x*==1(mod13) yJOBJETBOPAIOT Kilac-
coi 1 1 3. MMeer siu 3To cpaBHeHHe ellle OJHO pelleHHe?

Hena x12—1 na x®—1, naxoaum:

M—1=—1) (x* +x°+x*+ 1),
tak 4To r (x)=0, u, cjJefoBaTeJLHO, 3TO CpaBHEHHE Hme‘ef‘: TPH
pelieHus. ‘

2. CPABHEHHE 0O NPOCTOMY MOZAYJIIO
C HECKOJIbKHMH HEHW3BECTHbIMH

HekoTopble H3 pacCMOTPEHHBIX HAMH TEOPeM MOXHO Jerko 06o0-
WHTL Ha cAydyall cpaBHEHHH € HeCKOJbKHMH HEH3BeCTHHIMH BHJAA

f (x4, X35 +v.y %) =0(mod p), (10)

rae f(xy, X3 «.., X;)—MHOTOWJIEH C LEJbIMH Ko3(h(hHIHCHTAMH,
a p—rnpoctoe uucjao. HemocpeacTBeHHEIM 0OOOmeHHEM TeOPEMbl
146 spasierca caeaymomas.

Teopema 151. Ecau 6 aesod wacmu cpasuenus (10) nexomopeie
U3 HEU3BECIHbIX 8CMPetAOmCa 8 eude cmenenu ¢ nokasameiem ==p,
mo cpasuernue (10) MONHO 3ameHume SKBUBAACHMHOLM CPABHEHUEM,
8 KOmOpOM cmenensb Kanc0oeo U3 Heussecmublx He npegocxooum p—1.

JHorasareancTBo. PaccyXkzas coseplieHHO Tak ke, KaK #
IpH JOKasaTeJbCTBe TeopeMbl 145, ybemumcs, uro cpapieHue (10)
SKBHBAJIEHTHO CPaBHEHHIO

f(xl’ Xoy oo xg)—(x?—xi)g(xl’ Xas o0y xs)EO(mOdp)»
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rae-g(%y, X5, ..., X;)—TMPOH3BOJIbHLIRA MHOroOuJeH C UeJbLMH KO-

addunHenTaMH. . ‘
Ecau cpexn caaraembx f(xy, X3, ..., X;) €CTb YJeH BHJA

A xF L sl (1<<i<s), tre k;=p, To MH MoxeM, B3sB

g (Xyy Xgy oo vy x)=AxE . xF7? . xF*, samenmnts ero ujenom

Axfr o xfm0mD ke garem Axfro L xBTRCD xRy oo

Ecau k;=(p—1)q;+r;, the 1=<<r;=<<p—1, TO B mokasareie
IJs x; MOXHO OT6pocuTh (p—1)g; H NOJAYYHTHL 3SKBHBAaJEHTHOE
CpaBHeHHE, B KOTOpPOM cJaraemoe Axf‘...xf‘...x’s" 6ymer 3a-

MEHEeHO Ha Axf‘ R L.} [Tpopenas Takue onepaiuy AJsi BCeX
cJlaraeMblX MO OTHOLIEHHIO K KaXKJOMY H3 HEH3BECTHBIX, BXOZAIEMY
¢ MOKasaTeJeM ==p, MNOJyYHM CpaBHeHHe, SKBHBAJEHTHOE MePBO-
HavaJIbHOMY, B KOTOPOM CTemeHb IO OTHOIUEHHIO K KakJOMy HeHus-
BeCTHOMY Oyner He GoJbue ueM p—1.

Teopema 152. Ecau cpasuenue f(xy, X3, ..., %;)==0(mod p),
Cmenens Komopoeo no KamOOMYy HEU3BECMHOMY MeHbUe HeM p,
ydosremeopsemca npu 6cex UEAblX Xy, Xa, ..., Xg, MO 6ce Ko03p-
puyuenmor muozounena f(xy, Xy, ..., x;) Oeaames HQ p.

HokasarteabcrBo. [IpoBefieM HHAYKIHIO [0 YHCAY HEH3-
BeCTHHIX . IIpu s= 1 yTBepxnaeHue teopeMn BepHo. [Ipexnomoxum,
YTO YyTBepXKIEHHE TeOpeMbl BEpHO HDH S=n, H BO3bMEM IIPOH3-
BOJIbHOE TOX/ECTBEHHOE cpaBHEHHE [(Xq, ..., X,, X,,,)=0(mod p),
CTENeHb KOTOPOI'0 MO KamAOMY HEeH3BECTHOMY MeHblle yeM p. Ecam
k—mnanboabmnil MoKasaTeb CTeNneHH HEH3BECTHOIO X,,, TO Cpas-
HeHHe MOXKHO NpPeJCTaBHTb B BHAE:

go(Xy, ..o, xn)xﬁ+1+gl (X1 -+ 4, xn)x:{l:i-i_ oot Grl(Xys o ey Xp)=
=0 (mod p),
rae Bce g;(x, ..., X,)—MHOrowjeHb ¢ UeJbIMHA KOa(hHIHEHTAMH,
CTENEeHH KOTODHIX MO KaXIOMY HeH3BECTHOMY MeHbule 4eM p. Ecan
BMECTO X, ..., X, NOJACTaBHTHL JioOble 1ejble YHCJHA, TO NOJYYHM
TOXKJAECTBEHHOE CpaBHEHHe € HeHM3BECTHOH x,., cTeneHd R<p.
CoraacHo Teopeme 149 Bce Ko3(hGdHIHEHTH 3TOro CpaBHeHHS:
GolXy, .o os %), ovvy (%4, ..., X,)—HO/DKHBI IPH JIOOBIX 3HAYe-
HUAX X, ..., X, AeJHTbc Ha p. IlockosbKy corsacHo mpejnoso-
JKEHHIO [ MHOTOYJIEHOB OT A apTyMeHTOB YTBepKAeHHE TeOopeMbl
BEPHO, BCe KO3D(QHUILHEeHTE 3THX MHOroYJeHOB, a CJeJOoBaTeJbHO,
¥ MHorouJeHa f(Xy, ..., X, X,.1) LOMKHBI JeJHUTbCA Ha p.
Corsac#o NpUHUMNY TNOJHOH MaTeMaTHYeCKO# HHAYKIHH yTBep-
XKJieHHe TeopeMbl BepHO IJs1 M06OTO 4HCJa apryMeHTOB.

3. MPUJIOKEHH SI: TEOPEMA BWJIbCOHA, TEOPEMA HIEBAJILE

B xauectBe npmioxenus TeopeMunl 150 joKaxkeM HHTepecHoe
CBOHCTBO NPOCTHIX YHCEJN, KOTopOe OOBIYHO HA3HIBAIOT TeopeMOil
BuabcoHa.
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Teopema 183. [Iaa awobo20 npocmozo uucaa p umeem Mecmo

cpasrenue:
(p— 1)1+ 1=0(modp).
HoxasateabctBo. [lycte p=3, T. e. p HedetTHO H
(—1y-t=1.
CBoGOAHbIA 4YJIeH CpaBHeHHS
fx)=(x—1)(x—2) ... (x—(p—1))=0(mod p), (an
pasubit (p—D!=1.2...(p—1), He geautcs (teopema 105") Ha p.
Knacent 1, 2, ..., p—1 yHoBJIETBOPSIOT 3TOMy CpaBHEHHIO, T. €.
yucao pemeHnll cpasBHerHs (11) paBHo ero cremeHu. PaccmoTpum
PaBeHCTBO
21— =F(x)-14r (),
rae r(x)—ocTtaTok oT gejeHust x*~'—1 na f(x). Torma cormacho
TeopeMe 150 Bce ko3hdHIMEeHTH OCTaTKa
rx)=E"t—)—(x—1)(x—2)... (x—(p—1)

JeJsaTcs Ha p. B uacTHoeTH, Ha p jeauTcd cBoGOJHBIA 4jeH r (X),
paBHBH no abcosoTHOi BejuuuHe (p— 1)+ 1. IIpn p=2 yTBepxk-
JeHue TeopeMbl MpPOBEPSETCSl HENOCPEACTBEHHO.

[Tpamepn.
1) p=35, 414+1=25, 5|25.
2) p=7, 614+ 1=721, 7|721.
Teopema 154. Ecau n—cocmasnoe 4ucio, mo
(n—1)! 1 5= 0 (mod n).
HoxasaTteabcTBo. Ilycth n cocraBHoe, T. €. n=a-b, rie
l<<a<<n, l<<b<n; torma a|(n—1)! u, -caegoBaTeNbHO,
af(n—1)!+1, HO Torga M mnojaBHO (IpHMeuyaHHe X TeopeMe 6)
ng(n—1nl+41.
Teopemn 153 u 154 nokaspiBaioT, 4TO HEOGXOZHUMEIM H JOCTa-
TOUHBIM YCJIOBHEM TOTO, YTOOB YHCJIO 1 => 1 GbIIO NPOCTLIM, ABJAAETCA

Jeanmocts (n—1)1+1 Ha n.
Wnorga npocroe umcio p Moxer OuiTh JeauteseM n!-4-1, npu

3HaueHHAX n<<p—1, HanpuMep,
18!+ 1==0(mod 23), 611+ 1 ==(mod 71).
Caenyromwasi TeopeMa Gblia gokasaHa Bnepsbie Illesanne B 1936 r.
Teopema 155. Iycme [(xy, X5, ..., X;)— MHO204ACH C YEAbIMLU
KO3hghu i e mamu co c60600KbIM HAHOM, pasHbIM HYyAo. Ecau cmenens
91020 MHOLOYACHA MEHbUIE HeM HUCAO Heu3eecmHblX, mo CPASHeHUe
no npocmomy Mooyaw p

f(xy, x5, ..., x)==0(mod p), (12)
kpome ouesudnozo pewenus ((0, 0,..., 0)), umeem no Kpatined
Mepe euie 00HO petlieriue.
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. :JlokazateawscTBo. Ilycts [(x;, %5, ..., )—-MHOFO‘-!JIeH
CTEeNeHH 11 <S €O CBOGOJHBIM YJEHOM, PaBHBIM HYIIO.
PaccmoTpnM cpaBHeHHe
. -1 p-1 p-1
(F(xgy Xgyeees x)P1=1—(1—x1") (1 —x571) ...
oo (1—x§7Y) (mod p). (13)
Cornacuo teopeme 151 cpaBHerHe (13) MOXHO 3aMeHHTb 3KBH-
BaJIeHTHEIM CpPaBHEHHEM

J— -1 P—1
F(xg, X3, vvvy x9g=1—(1—2"Y(1—x37") ...
) -1
oo (1—457%) (mod p), (14)
B KOTOPOM M JjieBast 4yacTb 6yJeT HMeTb MO OTHOIICHHIO K KaXIOMYy
HEU3BECTHOMY X;, X3, ..., X, CT€leHb, MeHbINYIO 4eM p.
Crenenp F(x,, %, ..., X, He Oojpme 4YeM CTeNneHb
(F(xy, x4, ouv, x))P7L, T. €. He Oosbuwe uyeM n(p—1), H, caeno-

BaTeJbHO, MeHbLie YeM § (p—1). Crapmum useHoM B cpaBHeHHH (14)
sisasercst usmen (— 1) 1xf 'x07 . xf7', kotopbii He MoxeT co-
KpaTUThCHA C JIEBOH YacCThio, TAK KaK €ro creneHb s (p—1) Goabiue
CTeNEeHH BCeX WIeHOB JieBoit yacTH. KosdduiueHT npu sToM cTapuieM
yjeHe He JeJHTCS Ha p, W, CJEL0BaTe/IbHO, COIJIaCHO Teopeme 152
cpaBHenHe (14) He sBasercss ToxjecTBeHHbIM. CpasHenme (13),
9KBHBaJIeHTHOe cpaBHeHHi0 (14), TakkKe He 6yneT TOXKJECTBEHHHIM,
TaK YTO CYHIECTBYET CHCTeMa 3HAUCHHH X; =0, X, =0, ..., X;= O,
He yJXoBJerpopswomas cpasHenuio (13), T. e. Takasd, 4TO

(Fo, o ooy o)) P& L= (1= (1—a™") ...

. (1—af ™) (mod p). (15)

IMockonbky cBoGOZHBIH uieH f(X;, X,, ..., X,) paBeH HYJIO,
HEMOCpPeACTBeHHad MPOBEPKa NMOKasuBaeT, 4ro KoMnaekc ((0,0,...,0))
yIOBAETBOpsieT cpaBHeHHI0 (13), a 3HAuUUT, BCe STH Oy, Oy, ..., O

He MOTYT OZHOBPEMEHHO NpHHaAJeXaTb HYJEBOMY KJaccy, H Cpeau
HHUX Halfiflercst no kpafiHei Mepe OJHO o, Takoe, yTO p }to;.
[To Teopeme Pepma (teopema 119) mpu p 4 o; Hmeem:

1 —af ™' =0(mod p),
Tak 4TO M3 cpaBHeHHs (15) mosyuaem:
(f(a’lr 052, ML as))P-l :r’—é— l (mOd p)

CornacHo Tofi ke Teopeme Pepma 3T0 MOXeT ObITh TOJIBKO,
ecsu
floy, a,, ..., a,)=0 (mod p),

T. €., KPOME OYeBHJHOTO HYJIEBOTO DellleHHs (0, 0, ..., 0)), cpas-
Hexue (12) uMmeer mo KpaiiHed Mepe elle OJHO, oTIHuHOE OT HYJle-
BOT0, pelleHHe. .
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[Ipumep. Ilpu moGux nenuix a, b u ¢ cpam{eﬂne no npoc'romy
MOLYJIO p
ax?4-by? +-cz* =0 (mod p)
HMeeT pelleHHe, MPH KOTOPOM HO KpaiiHell Mepe OZHO HEH3BECTHOE
He JeJIHTCA Ha p.

Hcmopuuecrue xommenmapun « 15-it 2nase

1. Teopema 148 6nina goxkasana JlarpaHxkem B 1768 r. Jlarpanx

He pacCMaTpHBaJ KJacchl pelleHHH, a (OpMYJHpOBajd TeopeMy,

roeops o HanOGoJbUIeM YHCJe HeMblX X, JieXalmux Mexay -——-g— H g s

OpH KOTopeIX f(x) HeauTcs Ha p. JlokasaTesbCcTBO, NPHBEJEHHOE
y Hac, 6JH3KO K JOKasaTesbCTBY, ARanHoMy [ayccom.

2. Bapuur B cBoeM counmHenud ,Meditationes Algebraicae®,
BhILIeAWeM B cBer B 1770 r., npnao.um 6e3 J0Ka3aTesJbCcTBa TeO-
pemy 153. BapuHr nmHueT, 4TO TeOpeMa NPHHAJJICKHUT €r0 YUEHHKY
Jxony Buabcony. HepBoe JI0Ka3aTe/IbCTBO TeopeMbl BHJbCOHA
6ui10 gaHo B 1771 r. Jlarpanxem. I'aycc o6o6mua Teopemy Buabcona
Ha cayuaii cocTaBHOro MozyJs (reopema 198 20-# raasm).

I'JIABA 16
CPABHEHHUA MO COCTABHOMY MOJAY/JIIO

B sr0fi raaBe GYAYT paccMOTpeHHl cnocoObl MPHBEAEHHS Cpas-
HEeHHH [0 COCTABHOMY MOZAYJIO K CPaBHEHHSM IO IPOCTOMY MOZAYJIO.
Crnepylomass TeopeMa MOKasbiBaeT, YTO pellenye CpPasBHeHHA no

MOAYMO m=p3*...ps’, The p;—NPOCTble ‘U/ICJIa, MoXKeT OHITb
NpHBeJeHO K DElLIeHHI0 CpPaBHEeHHH MO MOy JISIM pi*. Bo Bceft sTof
raaee f(x) GynerT o6o3HauaTb MPOH3BOJIbHBIA MHOTOWIEH € LEJIBIMH
Ko3hdUnHeHTaMU,
Teopema 156. Ecau m=p3' ... ps*—KQAHOHUYECKOE DA3A0NEHUE
M00yas m, mo cpasHeHue
f (x) =0 (mod m) 8]
IKBUBANEHIMHO CUCIEMe CPABHEHU:
f () =0 (mod p¥)
.......... . @)

f(x) =0 (mod p)

HokasareanncrBo. Pewenus cucremn (2) (onpenenenne 44)
npejicTapisiior cofofi KJacCH MO MOAYJIO /7, pPaBHOMY HaHMEHb-

meMy ofmeMy KpaTHomMy ducesd pY, ..., ps'. Ecam.kaacc a no
135



MOAYJI0 m  YyIOBJETBOpPseT cucreMe (2), T. e. ecau
1 F@), ..., ps*lf(a), To cornacio Teopemam 32 u 47, f(a)

JleJIUTCSA Ha m,
f (@) =0 (mod m),

T. €. @ npeactasjster coGoil pewmenue cpasHenus (1).

Hao6opor, ecin kJjacc g yAoBaeTBopsieT cpaBHenmio (1), To
m|f (a), 1 nockoabKy pi|m, umeem: pi*| f(a), f (a)==0 (mod p{*) npn
i=1,2,...,s8 T e a—peleHne CHCTeMbI 2).

I[Jm HaxoXjeHHusi pemeHH#i cucreMul (2) o6bluHO mpeiBapHTENbHO
pemarT Kaxloe H3 cpaBHeHUH 3ToH cucreMul. Ecam xord 6 ofHO
U3 CpaBHeHHH (2) He MMeeT pelIeHHH, TO M BC CHCTeMa HeCOB-
MecTHa, T. €. B 3TOM cJyuae - cpaBHeHHe (1) He mMeeT pelneHHH.
Ecau xaxjoe H3 cpaBHeHHH HMeeT XoTd OB ojHO pelieHHe, TO
HaxoJuM HX B BHJE:

X=a, (mod Py )

. ®)

1=a, (modps )

3naueHus x, yAOBJETBOPAIONHE BCeM 3THM CpaBHEHMsM C B3a-
HMHO IIPOCTBIMH MOZYJISIMH, CYIIECTBYIOT M ©06pasyioT KJjacc 0o
MoayJiio m, ABJAIOMUiCA pelieHueM (3), a ClefoBaTesNbHO, pelle-
HHeM HCXOfHOH cuctemnbl (2) u cpaBHeHus (1).

Ecau Hekoropsle u3 cpabHeHuil (2) umetor Goablue YeM IO OA-
HOMY pelIeHHI0, TO MbI IIOJYYUM HECKOJbKO CcHCTeM Buia (3), a
HMeHHO, ecau cpaBHeHue [ (x)==0(modp]') umeer k, peweHnus,
f(x) =0 (mod p3*) umeer &, pewmenHi, ..., f(x¥)=0(mod ps*) nme-
eT k, peweHu#i, TO MH MOKEM COCTaBUTb R,-R,-...-R, CHCTEM
Bupa (3), kKaxjas H3 KOTOpbIX JacT IO OZHOMY peNeHHIO0 CH-
cteMul (2), 1 Toraa cucrema (2) u cpasHenne (1) uMeloT ky-ky-... -k,
pelleHui.

MoxHo chopMynu poBaTh MOJYYEHHBI HaMM pesyJbTaT B BHIe
cllefyiomeil TeOpeMEI.

Teopema 157. Hucao pewenud cpasnenusn (1) pasuo Ry-ky-. .. -k,
20e ky, ky, ..., B, cOOMEEMCMEEHNO pABHO HUCAY pewienull Kadic-
Ooeo u3 cpagrenuti (2).

[Tpumep. Pemuth cpaBueHue x%—3x-23==0(mod 63).

CpaBHeHHe 5KBHBaJIEHTHO CHCTEMe:

—3x+23=0(mod7),
x2—3x-+423=0(mod9).

Jdasa cpaBHenusi x®—3x-+2==0(mod7) HaxoauM JBa peleHHs:
x=1(mod7) u x=2(mod7), a miA BTOPOr0 CpaBHEHHS:
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x#—3%x +5=0 (mod 9) — zxBa pewenns: x=4 (mod 9) u
xr==8(mod 9). Pemaem ueThipe CHCTeMBI: :
1) x=1(mod7), 2) x=1(mod7),
x==4(mod 9); x=8(mod9);

3) x=2(mod7), 4) x=2(mod7),
x=4(mod 9); x=8(mod9)

H HaxoiuM cjelylomue pemreHus: 1) x=22(mod 63),
2) x=8(mod 63), 3) x=>58(mod63), 4) x=44 (mod 63).

PaccMoTpuM Tenmepnr cpaBHeHHe MO MoAyJlO p®, TAE p-——IIPOCTOE
uncao. [JokaxkeM, 4YTO HaXOXKJAEGHHE peLIeHHH TaKHX CpaBHEeHHi
CBOAMTCSl K PeLIeHHI0 CPAaBHEHHH IO NPOCTOMY MOAYJIO.

Teopema 158. B xaxdom kaacce @ no npocmomy Modyato p, ydos-
aemeopsrouenm cpaswenuro [ (x)=0(mod p), maxom, umo pXf’ (a),
wucaa, ydosremsopsouue cpasienuro [ (x) =0 (mod p¥) (k= 1), o6pa-
aytom Kaacc no modymo p*.

HoxkasartenbcTBo. [IpuMenuM MeTof moMHOA MaTeMaTHUe-
cKofl HHAYKHHH 1O 4. IlycTb [ (x) —IpoH3BOJNBHEIH MHOTOYNEH C
UeJbIMH KoapduuueHTaMH H a, Takoe, u4to p|f(a), p{f’ (a). Cre-
neHp f(x) obGosHauum uepe3 n(n==1). Ilpu k=1 yrBepxkueHue
BepHO MO ycJjoBHIO. [IpeAnosoXuM, YTO YTBepXKIEHHe BEPHO NpPH
HEKOTOPOM R, T. €. NpPeANoJOXKHM, 4TO CPejH 4Hcel

.., a—p,a, at+p, at+2p, ...
quciia, YIOBJETBOPSIOUIHE CPaBHEHHIO

f (x) =0 (mod p¥, (4)
00pasyioT OJHH KJacC MO MOAYJIO p" BHJIA
x=b (mod p*). (5)

UYncio b € a, Tak uto b=a (mod p), [’ (b)) =’ () (mod p) (teope-
Ma 86) n us ycaosua pAf’ (a) caeayer p{f’ (b). ITockonbky b ynos-
JeTBopsAeT cpasHenmio (4), To [ (b) = 0 (mod p*), f—(i—) —IeJI0e MHCJO.
CpaBHeHue nepBoil creneHy [’ (b)-t—]—f;%ﬁ(j(mod p), y KorTo-
poro Ko3(dHUHEHT NPH HEH3BECTHOM H MOAYJ/b B3aHMHO MPOCTHI,
HMeeT pellieHHe, TaK 4TO MOXKHO mnogo6paTh YHCIO f,, TaKOe, YTO

F’ (b) p*to+ f (b)) =0 (mod p*+1). (6)
Torpa xjacc umcen no Moayaio p*+1 :
x=y (mod p*+1), (M
rie y=>b-- p*,, ymoBieTBOpsieT CpaBHEHHIO ‘
' ’ f(x) =0 (mod p*+1), ®
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IleficTBUTENLHO, B DPa3jioKeHHH f(o+p*) mno CTeneHAM p*t
(Teopema HbioToHA) '

Fo4pM0) = (0)+ ' O*a+Ca (P2 + . .. 4, (0*10)",

(€5}
BCE cs=f—s!(—b)—ueﬂb1e yWcJa, M NOCKOJAbKY npu k=1 Oyjer

2k=Fk 41, T0o Bce cnaraeMble, HauMHasd C TpeTbero, JeJasTCA Ha
pF+l. tak uro

F(¥)=F (b4 pfto) =T (B) + pPt.f’ (b) =0 (mod p*+1).

Taxum o6pasoM, Kjaacc (7) mo moxpyaio p**l ynosnersopsier
cpaBHeHHIO (8).

HokaxeM, uto cpeau umncen Buga (B), kpome kJjacca (7), He
CymecTBYeT APYTHX KJacCoB Mo Mozymio p**l, ynosjersopsiomux
cpaBHeHHuio (8). 3aMeTHM Iipexje BCero, uTO MOCKOJbKY y=b=
=a(mod p), To p{f (y). BoseMem cpean umcen Buga (5) Kakoe-
aubo uucsao y; =a-+p°t,, yiosjleTBopsiollee cpaBHeHHio (8); Torxa
Yi—Y=p*(t;—1,), Tak uTo, pasmaras no ¢opmynae Teinopa,
HMeeM:

Fv)=F+p*ti—t ) =F () +p* (t,—1) [’ (v) (mod p**1).  (9)

Iockonbxy p**1|f(y,), p**1[f(y) u Bmecte ¢ TeM ptf’(y), To
(9) nokasmBaer, uTo p|#,—1,, Tax 4TO M3 Y;—Yy=p” (¢, —1,) mo-
JdyyaeM vy, =y (mod p**1); y, mpHHagleXHT 0O MORYJIO p**1 Tomy
Ke KJjaccy, 4TO H Y. '

Mul BHauM, YTO H3 CHpaBelJIHBOCTH TeOPeMH Al R clenyer
cropaBelJILBOCTb yTBepxAenus A k-4 1. CorjacHo npUHLHANY NOJ-
HOH MareMaTHUeCKOH HHAYKIIHH TeopeMa BepHa NpH JjioboM k== 1.

Mu BupuM, uTO AJA TOro, 4TobHl, 3Has peleHHe x==b (mod p")
cpasHenus (4), Takoe, uro p{f’ (b), Haditu pewenne x =1y (mod p**1)
cpaBuenus (7), Hago B3ATb y=b--p,, Tae ¢, yHoBJeTBOpser
cpaBHeHHIO (6).

JloKka3aTenmbCcTBO TeopeMbl TakUM 06pa3oM 3(peKTHBHO H JaeT
BO3MOXKHOCTb AJIsl KaXJOro peuleHHs a cpapHenus f(x)==0 (mod p),
Takoro, uro p{f’(a), HalTH nocjeXOBaTeILHO PEIICHHS CPaBHEHHH
f(x) =0(mod p?), ..., f(x)==0(mod p*) npu mo6oM CKOAb yrOZHO
6oJIBLLIOM Q.

[Tpuwmep. Peuunts cpaBHenne x3 — 2x2 —30x 441 =0 (mod 125).

3rech  f(x)=x®—2x>—30x-}41, 125=05%. Pemaem cnavana
cpasuenue [ (x)==0(mod 5), sKkBHUBaJeHTHOe CpPaBHEHHUIO Xx3—2x% -}
+ 1=0(modb), 1 HaxoguM ajs Hero pewenue x==1(mod 5). Co-

CTaBJfgeM CpaBHeHHe f’(l)t—]—f(%—_:"O(modS), T. e. —31t42=

=0(modb) mnn f=2(mod5). DBepss f,=2, HaxoguMm pelleHHe
cpapuenus f(x)=0(mod25) B Buze x=1+2-5=11(mod25).

CocraBnsieM cpasHenue f'(11)¢ +L‘2‘3‘l§0 (mod 5), 1. e. 289¢ -
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'+32=0(mod5), pemenuem koToporo sBasercsa ¢==2(mod5),
T. €. B KadyeCTse f; 3JeCh TakkKe MOKHO B3fATb f,=2.

Pewenne cpaBnenus f(x)=0(mod 125) 6ygmer umers BHA x==
=11+ 2.25(mod 125), 1. e. x=61 (mod 125).
Teopema 159. [Tycme p|f' (a)u

x=a (mod p*) (10)
peuweriue cpasrenus [ (x)=0 (mod p*).
1) Ecau p**1Xf(a), mo cpedu uucen (10) nem Hu o0dHo20 4ucia,
y0081eMBOPAIOUE20 CPABHEHUKD

f (x) =0 (mod p*+1). (11)

2) Ecau p**1|f(a), mo sce uucra (10) ydosremeopsaom cpagHe-
nuro (11).

JokasateabcTso. PasnoxuMm f(a--p*f) no cremenmsm p®i:

fla+p*)y=F@+F (@) pPt+c, (P24 ... +c, (p*)",  (12)

S
rae n—crenesb f(x), cs=£(—$@—uenbxe unciaa (2<<s<<n). Ilo
yenouio p|f'(a) m npn k=1 2k=k-+1, Tak urOo BCe cJjarae-
Mbie TpaBoit yactu (12), HaumHas co Broporo, jeasrcs Ha pitl,

1) Ecam p**1Xf(a), T0 npaBas 4actb paBeHcTBa (12) He aenutcs
Ha p**1 (mpumeuanne k Teopeme 11) HH mpH Kakom £, M H3 3TOrO
paBsencTsa mnoJdyuaem p**lYf(a-p®t), T. e. cpemu uucen (10) Her
HH OJHOIO, YJOBJIETBOPRIOMmEro cpaBHeHHIO (11).

2) Ecau p**!|f(a), To mpaBas uactb (12) npu mo6oM uenoM ¢
Aeautcs Ha p**l; pE*1|f(a--p*t), 1. e. Bce wucaa (10) ymosier-
BOpSIOT cpaBHeHHIo (11).

Teopema 159 nokasviaer, uro B cayuae p|f’(a) cpeau 3Haue-
HHH X, YROBJETBOPSIOMHX cpasHenHwo [ (x)=0(mod p), MoxeT He
ObiTL 4HCes, YAOBJIETBOPSIOWHX CPaBHEHHIO

[ (x) =0 (mod p*), (13)
HO MOXeT OblTh H HeCKOJIBKO KJIACCOB [0 MOAYJIO p*, sBIAIOUHXCS
pemieHHAMH cpaBHeHHs (13).
TTABA 17
CTENEHHBIE BBIYETbI
1. IOKA3ATEJIH KJIACCOB MO 3AJAHHOMY MOAYJIIO

B sToif riiaBe Mbl PAacCMOTPHM BONpPOC O pacHpefe/ieHHH B
KJaccaX MO MOAYJO m MOCHAeHOBATE bHOCTH:
a, a®, ad, ..., )
e ¢—HEeKOTOpOe YHCJO, B3aHMHO IPOCTOE C MOLYJEM.

B Hauyajie rnaesl 11 6GBLIO 1MOKa3aHO, YTO CPeIM 3THX CTeleHEH
HOKHBl CYUleCTBOBAaTh CTeNeHH a¥, CPaBHHMble C ENMHHLEH M0
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MOxyJio m. Mu 6y,zxeM _paccMaTpuBaTh HAMMEHbIIEE TOJIOXKHTeb-
Hoe k, npu kotopom a= 1 (modm), u HasHBaTL ero mokasateseM
a 1o MOZyJio m.

Onpepenenve 48, ITokasamesem a no modysro m (6yzeM o6osHa-
yaTh ero 4epes P, (a)) Hasveaemcs HOUMEHoWUL NOAOHUMENbHOLE
nokasamenv cmenenu @, cpasHumotli ¢ eduruyed no modyaw m.

Ecau Moxyne m ¢HkcHpoBaH, TO mokasareas P, (a) 3aBHCHT
TOJIbKO OT BHIGOpA @, B 3TOM cJydae OyiaeM o603HayaTb €ro Iasi
kpatkoctd P (a). CoryacHo 3ToMy onpegeneHuto P (a) osHagaeT
HOJIOKHTEJNLHOE YHCJIO, Takoe, 4TO

a? @ =1 (mod m),

NpHYEM NpH BCeX r, TaKHX, 4To l<<r << P(a), a” % 1 (mod m).
[Mpumepn. 1) Hafitu Py, (3).
Jlerko npoBepHTh, 4TO

31, 32,33,34, 35 1 (mod 11), a 3¢==1 (mod 11), Tak uto P,; (3)=6.
2) Hairs 1o moaymto 15 P(2) u P (11).
21, 22 93 1(mod 15), a 2*==1(mod 15), Tak 4TO0 P (2)=4.

112=1 (mod 15), Tax uyro P(11)=2

Paccmorpum cBoficTea ¢yHKUMH P (@), npuHueM BO BceH 3TOH
riage, He OTOBapHBas 3TOr0 KaXxpjplH pas, OyjeM CYHTaTh, YTO
(a, m)=1.

Teopema 160. Ecau b=a(modm), mo P (b)=P (a).

HokasateascrtBo. Ilpy b=a(modm) pias moboro Hary-
panbHoro s b’=a‘(modm) (Teopema 85). Uz oeP@ =1 (modm)
caepyer bP@=1(modm), a us a" % 1(modm) npu 1 <r <P (a)
caefyer, 4ro npu Ttakux r Oyger Takxke u b ¥ 1 (modm), T. e.
LeHcTBuTeNbHO P (b)=P (a).

CorytacHo 3TOH Teopeme JJist BceX YMCeJ, NpHHAaJJeKAmMHUX Of-
HOMY H TOMY € KJlacCy @, 10KasaTe/b 10 MOAYJIO /1 OJHHAKOB.
Mpbl MoxeM mosToMy paccMatpuBaTth P (@) Kak (OYHKLIHIO, ompeje-
JIEHHYI0 Ha MHOXECTBE KJacCcoB, B3aHMHO INPOCTHIX C MOAYyJIeM, H
o6osHayaTe ee B BuHAe P (a).

Teopema 161. Ecau a*=1(modm), mo P (a)|n. HHbMEH cio-
BAMH, II0Ka3aTeJd BCEeX Crenenel a, CPaBHUMBIX C ejuHHIEH MO
MOZAYJIO 11, KPATHH HAaNMEHbLIEMY HOJIOMHTEJbHOMY H3 HHX.

JlokasartedanscTBO. Ilpencraeum n B Bufe n=P(a) g+ r, rie
0<<r <P (a). Nockoabsky a"=1(modm) u a? @=1 (mod m), T0O

l=q"=qP @ a+r = (gP @)9.4"=q" (mod m).

Coraacno ONpeJeJIeH HIO 48 npu Bcex 7, Takux, uto 1 <<r < P (a),
@" HECDAaBHHMO C €RHHHIEH 0O MOAYJIO M, H, TaKHM o6paaoM r
MOXET pDaBHATBHCS TOJbLKO HYMIO, T. €. :

n=P(a)q, P(a)|n.
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Teopema 162. P (a)| ¢ (m).

Hokxasartennctso. Ilo Teopeme ditepa a? ™ = 1(mod m),
CJIeI0BaTeNbHO, COTJIACHO MpejpiAylleil Teopeme umeeM P (a)| @ (m).
Ecan BMmecTo umcesn a GpaTe Kjacce a, TO Teopema 162 6ymer
npeacTaBiaaTh cOO0M YacTHBIf cjy4ai oOled TeOpeMbl TEOpHH Tpynd,
COrJIaCHO KOTOPOH HOPSiZOK Jito0Oro 3JEMEHTAa TPYIIbl— JeJHTeNb
NOPSIAKA T'PYMINBL.

Teopema 162 MoxeT GbiTh faHa B HECKOJNBKO OGojiee YCHJEHHOM
BHJE.

Teopema 162°. P (a)|L (m), ede L (1n)—obobujennas ¢ynkyus
Diirepa (onpenenenune 38).

HokasareasctBo. [Ipu (a, m)=1 ak™=1(modm) (reo-
pema 121), u Toraa coraacHo Teopeme 161 P (a)|L (m).

Teopemnt 162 u 162’ mokaswiBaloT, 4TO IOKa3aTeJH [0 MOAYJIO
m JOCTATOYHO MCKATh CpelH AejuTesedl ¢ (m) m Jaxe cpeid JejH-
Teaehh L (m).

IIpumepn. 1) ITo moaymo m=22 naéitu P (3) u P (7).

¢ (22) = 10, nosromy 3HaueHussMH P (a) Moryr 6LITh TONIBKO 1, 2,
5 u 10. Haxomum 3, 323 1 (mod22), 3%°=1(mod22), P(3)==5.
Ona a=7 umeem: 7,72, 7° # 1 (mod 22) u, ciejgosaresnsro, P(7) = 10.

2) ITo mopymo m =133 Hafitu P (2).

Haxomum L (133)=18, Tak u4ro P(2)—o0AHO M3 cleAylOmHUX
ances: 1, 2, 3, 6, 9, 18. IMTockonbky 21, 22, 28, 26, 2% = | (mod 133),
To P (2)=18.

Teopema 163. Cpasnenue a’*=a'(modm) umeem mecmo moeda
U moaeko moeda, koeda s=t (mod P (a)).

Hoxasarenbcmao 1) Ilycre a*=a' (mod m), s=1; Torza,
NOCKONBKY (@, m)=1, o06e uYacTH 3TOro CpaBHEHHS MOXHO (Teo-
pema 80) cokpatuTe Ha ', Tak uro a®~'=1(modm). CoraacHo
TeopeMe 161 Gymem umerb P (a)|s—¢, s=t(modP (a)). Cayuait
t>s>=0 cBOAUTCH K YyXKe pAacCMOTPEHHOMY, TaK KaK JEeBYK H
NpPaByIO YaCTH CPAaBHEHHSI MOXHO IOMeHSTh MECTaMH.

2) Ilycre s=t(mod P(a)), s=¢=0. Torna s=?¢-}-P(a)y,
rae y Lejioe HeOTPHUATEJBHOE.

a®=qat+P @ v =gt (aP @)’ =d' (mod m).

Cayuait 1 >5=0 CBOZHTCH K yXe pacCMOTPEHHOMY.

Teopema 164. B nocaedosameavrocmu (1) ece uucaa npuxadie-
acam P (a) xaaccam, npedcmagumersimu (6videmamu) KOmMopolx 8-
ASOMCA HUCAQ:

a, @, ad, ..., aP @, @)

HokasareancTtBo. Uncna (2) nonapHo HECPABHHMEL MKy
coboft. [leiicTButeibHO, corylacHO Teopeme 163 a=a (mod m)
TOJIBKO TOrXa, Korga s==f (mod P (a)); HO cpexn NOKasaTejiell cTe-
neHell @ B 10OCJeAOBATENBHOCTH (2) HET CpaBHHMBIX o MOAyJo P (a).
C Zzpyroit cropoHb; B CHAY TOH JXe TeOpeMBI, €CJIH MOKa3aTeJH
IBYX CTemeHeH @ cpaBHHMBI MO MOAYJIO P (a), TO CTeNEeHH CpaBHUMH
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0 MORYJIO m, NOITOMY B MOCJeloBaTesbHOCTH (1) He Moxer GHITh
Goabule ueM P (a) HECPAaBHUMBIX IO MORYJHO m YHCEJ, T. €. KaxK-
noe uucyo Buga aV¥ (1 << N << o0) CPaBHHMO € HEKOTOPBIM YHCJIOM
HOCJIeIOBATENLHOCTH (2).

Mpumep. Ilo mopymo m=21, P(2)=6. Cpeau creneneit oc-
HOBaHHS 2 MONapHO HECPABHUMBIMH BEJIHYHHAMH SIBJISIOTCS CTeNEHH:
2!, 22=4,628=8, 2¢=16, 25=11, 2°=1 (mod 21) 1, TAKHM 0Gpa-

30M, BCe 4HCjia BHa 2° npuHajjexar Kiaccam 1, 2, 4, 8, I1, 16.
Teopema 165. P(a’)=P (a) mozda u monbxo moeaa, K020
(s, P(a)=1.

JokasarteasnctBo. 1) Ilycrs (s, P(a))=1. Haliznem HaumeHb-
1iee MOJOKHTENbHOE [eJIoe YHCJI0 i, Takoe, 4ro (af) =1 (mod m).
W3 nocaennero cpaBuenus noayuaem a*¥ == 1 (mod m), 1. €. coryiacHo
Teopeme 161 gomkHO 6miTh P (@)|Ssy; HO, NOCKOABKY (S, P (a))=1,
5T0 MOXeT ObiTh TOJNBKO NpH P (@)|y, H HauMeHblee NOJOMXKHTENb-
HOe 3HaueHHe y, yAOBJETBOPSIOIee NOCTABJEHHOMY YCJIOBHIO, paB-
o P (a).

2) INycts (s, P(a))=d>1. Torna f—(—) H 2~ —1eJible Yucsa H
P (a) s P (a)

(@) ¢ =(aP@)d =1(modm), T. e. P(a®)< << P (a).

Ora Teopema MOKA3BIBAET, UTO Cpefd CTeneHen nocJenoBaTeb-
HOCTH (2) Bce cTeneHH a’, Y KOTOPHIX S B3auMHO npocro ¢ P (a),
HMEIOT TOT e [OKasaTesb IO MOAYJIQ m, KaK H CaMmo da.

IMTpumep. Ilo mogymo m=19, P(5)=9. Cpenm crenenei
ocHopaHusa 5:5', 5%, 53, b4, 5%, b8, 57, B%, 5° — noguepkRHYTH Te,
Y KOTOPHIX TOKasaTeJH B3aHMHO npoctsl ¢ 9. Jlis Bcex 3THX cTe-
NeHed M BCex YHCeJ COOTBETCTBYIOMMX KaaccoB 5, 52=6, 5%=17,

55=19, 57=16, 5®= 4 mokasaTelu TaKXe paBHH 9.
Teopema 166. Ecau no modysmo m P(a)=~k, mo raaccot

a, a, ..., d (3)
npedcmagasiom coboti pasAUdHbIE PEUIEHUS CPABHENUS:
x*=1 (mod m). 4)

JlokasaTeabcTBo. Ecau P(a)=+k, 10 a*=1(modm), u
TOrja npu mobom s =0 (a®)*= (a*)*= 1 (mod m), TaK uTO Bce uHCIa
a® YHOBJNETBOPSIOT cpaBHeHHIO (4), T. e. Kjacch (3)— peuieHHs
9TOTO CPaBHEHHS,

Corsacuo teopeme 164 Bce 3TH pemleHHsl pasJIMYHEL

MMpumeuanue. Kpome xnaccos (3), cpasaenue (4) mMoxer, BooSme roB0-
pst, MMeTh W_Jpyrae peilenus. Hanpmvxep, npu m=36, P (5)=6 kaaccH 5,
52=75, 58=17, 54=13, 58=29, 58=1 sBAAIOTCA DELICHHAMH CPABHEHUS X8 =2
==l (mod 36), HO 3TO CpaBHEHHe WMeeT npyme pememm. a HMeHHO (KJacCH)

7, 11, 19, 23, 31, 5.
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‘OkasbiBaercsl, ¥ MBl 9TO YCTaHOBMM B cJelyiouedi TeopeMe, B
Ciy4ae, KOria MOJYyJb M-—IpPOCTOE YHCJO, KJacch (3) ucuepnbl-
BalOT BCe pPEIUCHHSI CPaBHEHHs (4).

Teopema 167. Ecau no npocmomy modyso p umeem P (a)=k,
mo Kaaccot

a, a, ..., a* (5)
npedcmasasom coboll 6ce peuieHus CpasHeHus
x*=1 (mod p). (6)

HokazarteabcTBo. B TeopeMe 166 yxe Gulio YCTaHOBJICHO,
YTO KJIACChl (5) ABJSIOTCS PA3JIMYHBLIMHM peIUeHHSIMH cpaBHenus (6).

ITockonbky Momysmb p—mnpocToe 4ucio, cpaBHeHHe (6) (Teo-
peMa 1[48) ne Moxer uMeTh Gosblle ueM R pelleHHH H, TaKuM
00pa3oM, Kjacchl (5) HCUEDPNBIBAIOT BCe BO3MOMKHBIE PeLIEHHs 3TOTO
CpaBHEHH .

ITpumep. 3Hast, uto 2 yHOBJIETBOPSET CPAaBHEHHUIO

x8=1(mod 17),

HaliTH BCce peLIEHHS STOrO CpaBHEHHS. .

Tak kak @ (17)=16, To P,,(2) Haxofutcs cpemu uucesa 1, 2,
4, 8, 16. HenocpeacTBenHast nmposepka MOKasbiBaeT, 4to P (2) =8.
PemenusiMe 1aHHOrO CpaBHeHHS SBJSIOTCH KJACChI: :

=4, =8, 20=16, 2°=15, 2°=13, 27 =9, 28 =T,

N

2. YHCJO KJIACCOB C 3AJAHHDBIM NMOKA3ATEJIEM

Eciau MBl BO3bMEM Bce KJlacChl, B3aHMHO TPOCTHIE ¢ MOAYJeM m,
TO KaIbll TakOH KJacC @ MPUHALNEKHT HEKOTOPOMY MOKAa3aTelio
k=P (a), npuuem (teopema 162) k| (m).

Mbl Gyzem paccMaTpHBaTh NpPH 3alaHHOM fI YHCJO KJAaccoB,
AN KOTOPBLIX TOKasaTelb IO MOAYJI m paBeH £, H 0603HAYATb
9T0 uncyao uepes P (k).

[lpu kf@(m) uucio k He MoxeT GuiTh 3HaueHHeM P (a), Tak
4T0 npH R{¢ (m) umeem ¢ (k) =0.

IIpumepwn. 1) Tlpy m=11 umeem ¢ (11)=10. Bosmoxube
sHavyenuss k=P (a) JOMKHO Otk cpefu Aeaureneit 10, T. e. cpexn
aucen 1, 2, 5, 10. CocraBuMm caenywoomyto Tabauny 3HaueHuii P (q):

3 10

4 8'9

T

k=P @l!l1l [10 |5 |5 10 10 5 2

5'10

B neprofi CTpoke BHIHCAHH NPEICTABHTENH BCEX KJaccoB, B3a-
HMHO HpPOCTBIX C MOJYyJeM, a BO BTODOHl CTpPOKE—COOTBETCTBYIO-
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mue sHauenua P (@). Taxum oGpasom, no moxymaio 11 HMeeTcs opuH
KJlacC, TOKasaTesJb KoToporo paseH 1, oauH KJaace, NOKasaredb
KOTOpOro paBeH 2, YeThipe KJacca, NMOKasaTesJd KOTOPHIX PaBHH 5,
H 4eTHipe KJiacca, MOKa3aTeJsin KOTOpuiXx pasubl 10, T. e. npH m=11

HMeeM:
P(hH=1, $2) =1, p(B)=4, p(10)=4.

2) Tlpn m=20 ¢ (20)=8. BosMmoxHbLe 3sHaueHus k=1, 2, 4, 8,
Coorsercreyomas Tabauina 6yJaeT ¥WMeTh BHA:

a 1 3!7,9 11 13’17!19

P@|1]4]4]2

|

4’2

(=1, $(2)=3, v(4)=4, $(8)=0.
Teopema 168.
2 P (k) =g (m).
k@ (m)

JoKasaTeaAbcTBO. DBhIHIIEM BCE NOJOXKHTEJbHBIE JEJH-

Tequ @ (m), o6o3Hayasa uX 4epes k; =1, k,, ..., ky=¢ (m). Beero
MO MOAYJIO M HMEETCH ¢ (m) KJAccoB, B3aHMHO NPOCTHIX € m, H
KaxApld H3 9THX KJAcCOB HMeeT B KaueCTBEé MOKasaTess OJHO U3

uncen: &y, ky, ..., k; (TeOpema 162).

Hexkotopsie B3 3THX KJaccoB HMEIOT IOKasaTeJieM k,, NpHUeM
YHCJIO TAKHX KJIACCOB DaBHO 1 (%;), HEKOTOpHle MMEIOT noKasare-
JgeM k,, mpHY4eM UHCJIO TaKHX KJacCoB pasHo (ky), m T. A HO
Aoc/efHel 4acTH STHX KJacCoB, B KOTOPYIO BOHAYT P (k) KJaccoB
€ MoKasaTeJisiMH, paBHbIME k.. CymMa

P (k) + P (Ro) ..+ P (R)

paBHa ofmeMy 4YmCJAy KJacCOB, B3aHMHO IPOCTHIX C MOAyJeM m,
T. €. paBHa @ (m) M, TaKkuM o0pasom,
kaé I)P(k)=\b(k1)+¢(kz)+...+il>(ks)=fp(m)-
¢ (m
IIpumep. B mpumepe 1 K npexviiymeit TeopeMe OBIJIO BHIUHC-
aeHo, uro no moxpyimo 11 Y (I)=1, $(2)=1, ¢y (6)=4, ¥ (10) =4,
k|21]1l>(k)=1l>(1)+1l>(2)+1l>(5)+1l>(10)=10=€P(11)-
0

Teopema 169. [To npocmomy modyao p 842 amobozo yerozo k=1

~ P (k) < @ (k).
HJdokasateabcTBO. PaccMOTpHM KJacCel, MJIsi KOTOPBIX MO~

KasaTeqid MO MOAYMIO p paBHH k. Ecim Takux xaaccos He cyme-
creyer, 10 P(k)=0, T. e. P(R)<@(k). Ecau cymecrsyer xorp
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OMMH TaKOR KJacC @, T. e. eciu P (@) =k, To coryacHo TeopeMe 167
KJacchl - - —
a, az’ LR y a (7)

o6pasylor Bce pelleHHsS CDaBHeHHs x* =1 (mmod p).

[To Teopeme 165 P(a’)=P (a) Toraa H TOJLKO TOrfa, KOTAa
(s, ®)=1. Yncno rakux s (1 <<s<< k) paBHO @ (%), Tak uTO HHCIO
KiiaccoB B (7), y KOTOpHIX IOKasaTesb paBeH k, ToXe paBHO @ (k).

C Japyro#t cropous!, JjoGo#t khacc b, 'y KOTOpPOro mokKasareib no
MOZYJIIO p TOXE€ paBeH £, KOJKeH YJOBJETBOPATh cpasHeHHIO (6),
H T03TOMY b JOJIKeH HaxXONHThCA Cpeid KJaaccoB (7).

dro 3HauHT, uTo, Kpome ¢ (k) Kxaaccos, uMmelomuxcs B (7),
Boo6lle He cymecTByer APYTHX KJaccoB, y KOTOPbIX [0Kasarelb
paBHsieTcsa &, T. e. P (k)=¢ (R). Mpl BuguMm, TakuM o06pas3oM, UTO
P (k) moxeT paBHATBCA JuOO HyJo, Ju6o ¢ (k), T. €. BO BCSIKOM
cayuae P (B) << @ (k).

Teopema 170. Ilo npocmomy modyaro p npu k|p-—1 sceeda
¥ (k) = ¢ ().

JdoxkaszateabcTBo. CoriacHo teopemam 118 u 168 npu mo-
AyJie m, paBHOM NPOCTOMY UHCJY p, UME€eM:

2P E=p—1 @®
AP E)=p—1. ©)

Tlockoabky B q)opmy.nax (8) H (9) k npoGeraer oann ¥ Te XKe
8HayeHHs, TO, BouuTas (9) u3 (8), MOKHO OOBEeIHHHTL NONAPHO
cjlaraeMble C OAHHMH H TeMH e 3HaueHHSIMH £, TaK 4To

2 o ®—v @) =0 (10)

CorjiacHo Teopeme 169 P (k)<< @ (£), T. €. Bce claraeMbie B Jie-
Boll wacTtu paBeHcTBa (10) HeoTpHuareJbHbl. CyMMa HeOTpHUATENb-
HBIX CJlaraeMbiX MOXKeT DaBHATbCH HYJO TOJLKO, €CJd BCe CJa-
raemple paBHBl HYJIO, T. €. NpH Beex k|p—I1 .

@ (k)—p (k) =0, ¥ (k)= (k).

Mpumep. Hua npocroro Momyas 11 B npumepe Ha C'rpaxm-

ne 143 6nuwto HailigeHo, yro P (1)=1, 1p(2)—-1 P (5)=4, P (10)=4,
u JefictBuTesbHO HMeeM Takke @ (I)=1, @(2)=1, ¢(B)= 4
¢ (10)=4.
rJIABA 18
NMEPBOOBPA3HBIE KOPHH
1. MEPBOOBPA3HBIE KOPHH M0 MPOCTOMY MOAYJIO

Onpenenenne 49. Kaacc a, 2de (@, m)=1, Haseweaemcs nepeo-
0BpasHbIM KOPHEM NnO MOOYAl0 M, ecAu NnoKasamerb @ no smomy
Mmodyno pasen @(m), m. e. ecau P(a)-—cp(m) ' S
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‘Bmecre c' knaccom @ Mbl GyfeM HasbiBaTh TepBoOGpasHuiMH
KODHSIMH H Bce 4YHCJla STOTO KJjacca.

[Ipu (a, m)=1 a® ™ =1 (mod m) u (Teopema 162) P (a)|¢ (m),
NO3TOMY, €cjil Bce cOOCTBEHHBIE HEJHUTENH (M) He SABAAITCH 3Ha-
veHussMH P (a), To P (a) MOXeT paBHATbCA TOJAbKO @ (m). Takum
obpasom, uTOOb yGeiuThCs, 4TO @, TAe (@, m)=1,—nepBoo6pas-
HbIl KODeHb MO MOAYJIO /m, JOCTATOYHO IPOBEPHTh, 4TO a* &
# 1 (mod m) npu Bcex k|9 (m), Takux, uro 1 <<k <o (m).

IMpumep. Ilo mogymo 54 kiacc 5—mnepBoo6pasHbl KOpeHb.
Heiicreutennho, ¢(54)=18. CoGcTBenHble ZnesuTenu ¢ (54) paBHBI .
1, 2, 3, 6, 9. Jlerko npoBeputh, uto 5* % 1(mod 54) npu k=1,
2, 3, 6, 9.

Jag npocroro Moayas m=p umeeM ¢ (p)=p—1. IlepBooGpas-
HBIMH KODHSIMH II0 IIPOCTOMY MOAYJIO p SIBJASIOTCS KJacChl, NOKa-
3aTeJl KOTOpPBHIX IO 3TOMY MOIYJIO PpaBHW p—1, T. €. KJacchl
@, pas Koropelx P(a)=p—1.

IIpu pfa (r. e. (a, p)==1) kaacc & 6yaeT nepBoOGPaA3HBHIM KOP-
HeM MO MOAYMIO P, €CJii NpH Bcex k{p—1, Takux, urto 1=k <<
< p—1, a* £ 1 (mod p).

Ilpumep. Ha crpanune 144 Obsm yKkasaHh [OKasarejH Mo
Moayno p= 11 ans Bcex Kaaccos, He peasmuxcd Ha 11, Ilokaza-
TeaH, pashble p—1, 1. e. 10, uMmeror veTnipe knacca: 2, 6, 7, 8, aB-
JISIIOIIMECsl, TAaKUM 06pa3oM, NepBooOpasHbIMH KOPHSAMH MO MOAY-
aie 11.

IlepBooGpasHbiX KOpHeHl MO MOAYJIO m MOXeT COBceM He OBITh
M, TakuM o6pasoM, UHCAO IepBOoOOGpasHBIX KOpHeil MOXKeT paB-
HATbCH HyJuo. Tak, HanpuMep, Ha cTpaHuue 144 GnuiH yKasaHbl
nokasareyqu no MoAyiawo 20 Ajas BCeX KJaccoB, B3aHMHO HPOCTHIX
¢ MOAYJeM. JIJs BceX 3THX KJIACCOB NOKasaTenb OTJHUeH OT ¢ (20) =
=8, T. €. nepBooOpasHuX KopHe#i no Moxy/o 20 He CymieCTByeT.

Teopema 171. [lo awbomy npocmomy moOyaio p cyujecmayem
9 (p— 1) xaaccos nepeoobpasnbix Koped.

JlokasaTtenbcTBo. IlepBoo6pasHble KOPHH N[O MOAYJIO p—
KJIacchl, Y KOTOPHIX MoKasaTesb k paseH p— 1. Coraacho Teopeme 170
npu k=p—1 unucio Y (k) Takux kJjaccos paBHo @ (k)=¢ (p—1).

Ecin @—xgiacc nepooOpasHbIX KOpHEH 0 IPOCTOMY MOJLYJIO p,
TO corjlacHo Teopeme 165 Bce kJaccel a° npu (s, p—1)=1,
1Ss<cp—1 uMeloT mo MORYJIIO p TOT Ke mokasaTejr p—1, T. e.
TakKXKe SBJISIOTCS KJaccaMH nepBooOpasubix KopHefl. [lpumaBas s
3HaueHHsl, 06pa3yoniiHe NPHBEACHHYIO CHCTeMY BBIYETOB [0 MOZYJIO
p—1, nonyunm ¢ (p—1) kJaccoB MepBooGpa3HBIX KOpHEH, T. e.
BCe I1epBO00pasHble KOPHH IO MOAYJIO p.

Ipumep. Ilo mogymo 13 kaacc 2 sBasieTcsi nepBooOpasHLIM
KOpHeM, TaK Kak npu k=1, 2, 3, 4, 6 (coOcTBeHHble pesuTenn 12)
2% = 1 (mod 13). ‘ :
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Mu nmonyumm Bce mepBooGpasHbie KOPHH mo Moxymo 13, ecam
BO3bMEM KJAacCH BHAa 2°, MpHiaBasi s 3HaueHmst 1, 5, 9, 11, o6pa-
ayouHe NPHBEAEHHYIO CHCTEMY BBIYETOB IO MORyJw 12, Haxome
YeThipe MepBoOGPasHBIX KOpHS 10 MoAyJmo 13:

N=2, ¥=6, =11, M=7.

Teopema 172. Ecau a— nepeoobpasHeili KopeHs no molyaw m,

mo wucaa
a, a?, a4, ... ,a%™ (§))
obpasyrom RpuedeHKYI0 CUCMEMY 6biemo8 No MO0y M.,

HJoxasarteanctBo. Ecim a-—nepBoobGpasHbifi XKopeHp IO
MOJAYJIIO m, To P (@) = ¢ (m), u Toraa corsacHo Teopeme 164 uncya (1)
[oNapHO HeCpaBHHMHI 10 MoAyJio m., M3 (a, m)=1 creayer (Teope-
Ma 43), yto Bce umcaa (1) B3aHMHO MPOCTH C MOAYJIEM.

Takum o6pasom, cucrema ¢ (m) uucen (1), nomapHo HecpaBHH-
MBIX 110 MOAYJIO /m H B3@HMHO NPOCTHIX C 9THM MOAyJeM, o6pasyer
(Teopema 110) nmpHBefEHHVIO CHCTEMY BBLIYETOB.

3ameuaHnHue. B uactHocTH, eciH a—nepBoobpasHulii KOpeHb
IO MPOCTOMY MOAYJIO m=p, T0 @ (p)==p—1, 4 4ucia

a} a2) o sy aP—l (2)
06pasyior NpHUBeJEHHYI0 CHCTEMY BBIYETOB MO MOLYJIO p.

ITpumep. Ilo mMopymo p=11 uucio 2—mnepsoobpasHbill Ko-
pedn. Crenenu 2 oT nepBofi ZO JecsiToff, T. e. YHCJa:

21, 22=4, 8=8, 24=b, 8=10, 26=9, 2"=7, 2=3,

29=6, 299 ==1 (mod 11), :
06pas3yioT NMPHBEJEHHYI0 CHCTEMY BHIUETOB mo Moxymwo 1.

Hns HaXOMAEHHS NepBoOOPasHBIX KOPHeH MO MPOCTOMY MOAYJIO
MOJKHO IO0JIb30BaThCH CJEAVIOUIHM KpHTEPHEM. _

Teopema 173. Ecau p% p% ... p%s—KaHOHU4eCKOE —Pa3A0dCeHUe

wucra p—1 u
pP-1 p=1

a? %1 (modp), ...,ars = 1(modp),

mo a— nepeoobpasHbLll Kopero HO NPOCIOMY MOOYA0 p.
JdokasaTeabcTBO. JIi0GoH COGCTBeHHEN JeauTenb B yHcHa

p—1 sBasieTcs AeJHTeNieM XOTsi OBl OJHOTO H3 YHCeJI ’1;—"_1 | Torja
i
p—l =4kl. Ecim 6m gias Takoro k(l<<k<<p—1) O6uioa*=s
-l(mod p), TO
p-1

a P = a*=(a¥)’=1 (mod p),

YTO MPOTHBOPEYHT YCJIOBHIO. Takum o6pasom, Aajas BceX coOCTBeH-
HBIX JednTenelt R uucia p—1 HMeeM a".,=f_=1(mod p) B, ciejosa-
TeJIbHO, a@-—INepPBooSpasHbii KOPeHb NO MOAYMO P.
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‘ p-1 :
Ouepupno, utTo ycnoBHe @ P 2= 1 (mod p) ans Bcex mpOCTHIX p;,
BXOJSIIIHX B KaHOHHYECKOE pasjioXeHHe p—1, SIBJAETCS HE TOJbLKO
AOCTATOYHEIM, HO H HEOOXOXHMBIM yCJAOBHEM TOro, urobnl a ObL1o
NepBOO6pasHLIM KODHEM IO IPOCTOMY MOAYJIO p.
[Tpumep. JloxkasaTe, 4T0 2 eCTb nepBOOGPasHBEI KOpeHb MO
mMoxyJmo p =53. ’

83
p—1=52=2%.13. Hmeem: 23 =2¢:£ 1 (mod 53),
52

- 27 =22 (8192)%=(30)2=—1 (mod 53)

H, TAKHM 006pa3oM, -COTJIaCHO Teopeme 173 umcio 2—mnepBoobpas-
HBIA KOpeHb 1o Mopyao b3.

2. NEPBOOBPA3HBIE KOPHHU MO COCTABHBIM MOAVYJISIM

Paccmorpum Temeps BOmpoc O CyIECTBOBaHHH IepBoOOpasHbIX
KOpHed 1o cocraBHOMY MoRyJio. Ilpexzae Bcero oTMeTHM, UTO NepBo-
o6pasHble KODHH 10 MOAYJIO p® HAXOASTCA Cpeid NepBooGpasHBIX
KOpHeH 1o MOayJio p.

Teopema 174. IIycmo p—npocmoe wucao. Jlwoboi nepsoobpas-
Holt Koperb no modyaw p*(oz=1) seasemca maxsce nepeoobpasHolm

KOpHem no molyawo p.
‘ JdokaszarenbctBo. Ecan a He nepBooGpasHbli KopeHb IO
MOLYJI0O p, TO CymecTByeT £ Takoe, 4to l<<k<p—1 u a*

=1 (mod p). Torga a*=1--pt u, pasnaras a’:l’inl_lm——_—l(l-l}-pt)”m"1
1O cTemeHsiM pt, nonyuaeM a*? =1 p*~1pt-t+ E_%Ll(pt)ﬁ.{_

+...=1(mod p%), rpe kp**<<p* ' (p—1)=9¢(p®), TaK uTO @ HE
nepsooGpasHslil KOpeHb N0 MOAYJIO p°.

Takum ofpasom, 3afjaua OTBICKaHHs MEpPBOOGPA3HBLIX KOpHe# IO
MORYJIO p* mpu o >>1 CBOZHUTCS K TOMY, YTOOBI CpeiH nepBoolpas-
HHIX KOpHe#l 10 MOAyJIO p OoTOOpaTh 4MCJa, SBJSIOMHECS TaKKe
nepBooOpasHLIMU KOPHSIMH W [0 MOAYJIO p*.

Teopema 175. Ecau a—nepeoobpasrelli KOopers nO RNPOCMOMY
Modymo p u

=

a?""* (P=1) £ | (mod p*),

20e a==2, mo a ABASEMCA MAKKHCE NepBOOGPA3HbIM KOPHEM NO MO-
Jyato p°.

HokasatenbcTBO. [lycrs mo Mopymo p* P(a)=4k, Torna
a*=1(mod p*) u k| p*~! (p—1) (Teopema 162). Bmecre c TeM GyzeT
COpaBeJJInBO H cpaBHeHHe a”==1 (mod p), Tak 4TO MOCKOJIbKY 4 —
nepBoo6pasHbii KOpeHb N0 MOAYMO p, To (TeopeMa 161) p—1]4&,
k=(p—1)t,(p—1)¢t|p*~*(p—1), t|po~1, t=pF, rne O0<Pp<a—1.
Taxkum obpasoMm, k=pb(p—1),

a?Pe-n =1 (modp) O<Pp<<a—1).
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Eciau 6b1 6oto 0<<P<<a—2, To, BO3BOAs 0Ofe YacTH CpPaBREHHS

@ -1 =1 (mod p)

B cTenedb p*~2~f, moayunan Ol
a-2
ar ~ (-1 =1 (mod p%),
4YTO NpPOTHBOPEUHT YCJOBHIO TeopeMsl. TakuMm oOpasom, § MoxeT
PaBHATBCA TONBKO @—1, Tak uTO

P@)=p* Y (p—1)=9¢(p%,

T. €. a—nepBooOpasHblfl KopeHb HO MOAYJIO p°.

Teopema 176. Ecau a nepeoobpasubiti Kopews ho npocmomy mo-
Oyamo p>2, mo u3 d8yx uucer a u a-+p no rcpauHeu mepe 00HO
ABASEMCS NePBo0GPASHBIM KOPHEM RO MOOYal0 p2.

IHokaszaTeXbCTBO. a-p BMeCTe C @ TakkKe sBjseTCs Mep-
BOOGpa3HBIM KOPHEM 1O MOAYJMO p, mpuueM p4 a. Ilpeamosoxum,
YTO @ M a- p He ABJSIOTCS NepBOOOGpPa3HBIMH KOPHSIMHU 110 MOAYJIO p2;
TOTJa COTJIACHO MpeJplAYINeH TeopeMe:

a’ =1 (mod p?) u (a4 p)’~1==1 (mod p?),
(a+p)yi—a?~t=(p—1)a*2p+Cp-1 0" % p*+ ... =0(mod p?),

TaK 4t0 p*|(p—1)af~%p, p|(p—1)aP~2, 4To NPOTHBOPEUHUT TOMY,
uro pfp—1 u pfta.

IMockonbky yxke panbme (TeopeMa 171) 6blJIO YCTAaHOBJEHO CY-
[eCTBOBaHHE IePBOOOpA3HLIX KOPHEH Mo Jio6oMy NPOCTOMY MOAYJIIO,
Teopema 176 aoxasbmae'r CYIIECTBOBaHHE NepBo06GPa3sHBIX KOpHEH
10 MORYJIIO p?, rie p-—HedyeTHOE MPOCTOe UHUCIIO.

Teopema 177. Ecau a—nepeoobpasnblll KopeHv NO Moay/uo pe,
20e p—Hedemnoe NpoCcmoe 4UCAO, MO G SBASEMCS NEPBOCOPA3HbIM
KOpHem no modyao p* npu mobom o ==2.

HJokasaTteancTso. JlokaxkeM cHauaja, uTo NpH n=p*~2,

n! Th—ai s=2,

8 —
Tle p-——HeueTHoe MpocToe 4ueio, =2, Ch=q =3

6yaer
p | Cs. 3)
Heficteutensno: 1) npu s=2 p“‘”{n"—-;——l , T. € p*T2|Ch
2) npu s=3 p*~? ABaseTCH AEJHTEJIEM UYHCJHTEJS BhIpameHHS

s_nn—=1).. (n—s+1)
Cr= 1. 2

- — ...
a p[ ”] [”'] €CTb HAHBBICHIAS CTeNeHb p, Ae/slas 3HameHa-
TeJb (TeopeMa 52), mostomy

T -

|t
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Ecnu s=3, TO . ’
=[5~ [3] et [f] s
a ecu s=4, 10

Aa—.2——[pi]—[;)%]—s...>a—-2-—(%+%+ )z

T. . p*~f|Cs.

IMepefizem Temepb K JAOKa3aTeJbCTBY TOrO, 4TO @ SIBJSETCA
nepsoobpasHbIM KOPDHEM 1O MOAYJAK p°.

p%a, Tak uto coraacHo teopeme ®Pepma af~i=1 (mod p),

af~t=1+4pt (4)
H BMECTE C TeM NOCKOJbKY Pp(a)=p(p—1), 10 pft.
BosBoxst (4) B crenenp n=p*~2, rje o >>2, nojsyyaeM

af* -V = (14 pt)" = 1+ npt + Ci (pt)?+ ... +Cr (pt)".
U3 (3) npu s=2 noayuaem p*|Crp® H, cllegoBaTelibHO,
p*|Ca(p)?+ ... +Cr(pt)".
BMecTe ¢ TeM npt=p*~lf He mesMTCA Ha p°, TaK 4TO
a?" "% (0-1) % 1 (mod p*),

H corjacHo TeopeMe 175 a—nepBooOpasHulil KOpeHs O MORYJI0 p*.
ITpumep. Hailtu nepsoobpasusiit Kopenb nmo mopyio 625. [To

MOAYJI0 5 KJjacc 2 sBJfieTCSl NepBOOGPA3HHIM KOPHEM, TaK 4TO
(reopeMa 176) u3 mByXx wumces: 2 u 2-+5=7-—mno kKpaiue#t Mepe
OJIHO [HO/DKHO OhITh NepBOOGpa3HBIM KOPHEM N0 MoOAyJdio b2
2% =£1 (mod 5%, Tak uto corsacHo TeopeMe 175 2 —nmepBooGpas-
Hplff KopeHb 0o MoayJo 5%, HO Toraa (reopema 177) 2—mepso-
0o6pasHBil KOpeHb H MO MOZYJI0 5%==625. :

Teopema 178. Juas aoboeo modysn p*, ede p—Hewemroe npo-
cmoe wucao U yeaoe a =1, cyuecmsyrom nepeoobpasieie KOPHU.

HdokasarteanctBo. TeopeMa siBJsieTcss HemocpeACTBEHHBIM
ciegcreieM Teopem 171, 176, 177.

Teopema 179. Ilo modyamo m=2p*, 20e p— a0boe Hewemroe
npocmoe wucao u o =1 yeaoe, cyujecmeyom nepgoobpasHuie KOpHU.
JIroboii Heuemnbill nepsoobpasHeili Kopews no modyao p° ssisemcs
maxoice nepeoobpasHbLM KOpHEM no moldyao 2p°.

HNoxasateabcTBo. Eciu a Hewero n a*==1 (mod p*), TO
a®*=1(mod 2), a crenoBarensuo (reopema 91), a*=1 (mod 2p%).
Us a*=1 (mod 2p%), ouemumno, ciegyer a*=1 (mod p®). Takum
o6pasoM, J/s HEYETHBHIX @ NOKa3aTeay [0 MOLYJasM p* U 2p* paBHHI,

T. €. .
Pape (@) = Ppe(a).
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HNpu HeueTHOM p B mOGOM KJjacce NO MoAy/Mo p* H3 ABYX CO-
CeJlHHX 4YHCeJ OJHO HeweTHoe. B3siB M3 Kaacca nepBooGpasHBIX
KOpHelf 1o MOAYJ 0 p*, CYHeCTBOBAHHME KOTOporo OBLJIO JI0Ka3aHO
(TeopeMa 178), Taxkoe HeueTHoe YHCJO a, GyeM HMETh

Pypa (@)= Ppe (@) = @ (p*) = ¢(2p%),
T. €. a Oyier nmeppooOpasHBIM KOPHEM H IO MOZYJIO 2p°.

ITpumep. Haiitu nepBoobpasnsiii KopeHb no Moxymaio 50.

B npumepe Kk Teopeme 177 Obiio HalifieHo, 4TO 2 ecTh mepsC-
o6pasHbif KopeHb 1o MopyJwo 25. Jlio6oe HeweTHOe HHCJO, CpPaE-
BEMoe ¢ 2 mo mopyao 25, 6yjer nepBoo6GpasHhIM KOpHEM IO MO-
aymo 50. Hanpumep, TakuMm nepBoobpasHeM xopHeM Oyxet uncio 27,

Teopema 180. [Ipu 24 a, a==3 umeem mecmo HepageHcmso:

Poa(a) < 2°~2. (5)

HJoxkasaTteabctBo. Ilycts a— mofoe HeweTHoe yncio. Joka-
XeMm HepaseHCTBO (5) muaykuuel no . Ilpu a =23 HepaBeHcTBO (B)
BEPHO, TaK Kak U3 a=1-2f caenyer, 4ro

Q=144 (t+1)=1(mod 2%, 1. e. Pgla)<<?2
HonyctuM, uTo HepaBeHCTBO (D) BepHO HpH a=n==3; TOrja
"1, ~(©)
BosBoast 06e yacTH paBeHCTBa (6) B KBajgpar, moJydaeMm

=] - 27 2872 = | (mod 2n+1),

T. e. (H) Bepﬂo H npH a=n-1.

CorylacHO NpPHHIUIY MaTeMaTHUeCKOH# HHIAYKIHU (’reopema I1I)
TeopeMa JOKasaHa JJig BCex o ==3.

3ameuanune. Tlockombky @ (2%)=2%"1, Teopema [IOKasbiBaer,
qr0 mo MomyJsio 2° nmpH o>=3 P(a):;&cp(Q“), T. €. IO TaKOMY
MOAYJII0 He CYIIECTBYET NMepBooOpasHbIX KOpHeil.

Teopema 181. [Tepsoobpasneie kKopuu no molyao mcyugecmeytom
mozda u moavko moeda, Koeda:

1) m=p*® 20e p— moboe Hewenmroe NPoCMoe Yucao, o — a0boe

2) m=2p" }

3) m=2" npyn O0<<o=<2.

HJoxasateabcTBo. CymecTBoBaHHe nepBooGpa3HLIX KopHelh
B cayuasax | ¥ 2 npu a>0 Obuio fokasaHo (Teopembl 178 u 179).
B ocrapmuxca caydasx m=1, 2, 4 MOXHO HeNOCPeACTBEHHO yKa-
2aTh NepBOOOpasHbie KODHH, paBHHE COOTBETCTBEHHO !, 1, 3.

JoKkaxkeM Tenepb, 4UTO NpH BceX JAPYrHX m MNepBooGpasHHX
kopuedl HeT. B cayyae m=2°, a>=3 nepBooOpa3HbXx KOpHeH He
CyHmecTBYeT, COIJIACHO 3aMeyaHHIo K Teopeme 180.

Ecan m nMeer x0T Obl gBa pas/IMuUBbLIX HEYETHHIX HPOCTHIX Je-
JUTeNA Py B Py, TO, MOCKOJbKY p;—1 M p,— I—He B3aMMHO Npo-
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cTeie uucna, dopmysna (6) I‘JIaBbI 11 nokasmBaer, uro L (m) << ¢ (m).
L(m)<<e@(m) a npy m=2° pl, a>1, p=1. B oboux stux cay-
4agx corJjacHo teopeme 162’ P(a)<q>(m) T. €. [0 MOAYJIO /m He
CYIIEeCTBYET NepBOOOpA3HHIX KOpPHEH.

TJTABA 19
HHAEKCBI

1. OBUIME CBOHCTBA

OGimensBecTHO, Kakoe GOJblIOe 3HaUeHUE B PasAUYHBIX pasfienax
MaTeMaTHKH ¥ B OCOGEHHOCTH B BBINHCJIHTEJLHOH NpAKTHKE HMEIOT
Jgorapubmel. B Teopum umMces BBORMTCH CXOJNHBIH C Jorapudmamu
annapar, xoropbli Mu 6yjJeM HasbiBath HHAekcamH. Jlorapudmom b
N0 OCHOBAaHMIO @, KaK W3BEeCTHO, HasbIBaeTCsl NOKas3aTeb CTENEHH a,
pPaBHBIA b. B TeopuH unces aHaJIOMHUHO 3TOMY PacCMaTpHBAlOT NOKas3a-
TeJIb CTeNeHH @, CPAaBHUMOH ¢ b mo paccMarpHBaeMOMYy MOZYJIO M,
H TaKoll Mokasaresb Ha3bBIBAIOT HHAEKCOM b 1O MOAYJIIO m M OCHO-
BaHHIO @.

Onpeneaenue 50. [Tycme (a, m)=1, (b, m)-1 HUCAO0 S HO3bl-
eaemcs unOekcom b no moOyamo m u OCHOBAHWIO @, ecau

= b (mod m).

Has Kparkoct#t npu (HKCHPOBaHHOM Moxyne m Mbl Gynem 3a-
NHCLIBaTh 3TO B BUJje s=ind, b, a ecin QHKCHPOBAHO TaKiKe H OCHO-
BaHHe @, TO ellle Kopoue, B Bujge s=indb.

Takum o6pasoM, corsacHo onpeneJeHHIO:

ainda b =} (mod m). 1)

Ecau b, €b, 10 u3 a*==>b (mod m) crepyer takxke a°="b, (mod m),
T. €. HHJEKC YHC/A b ABJsercH TakXKe HHIEEKCOM H BCeX qHCesl U3
b, M Mbl MOXEM TaKoe UHCJIO s HasblBaTh MHAGKCOM KJjacca b.
Onpenenenne 50°. ITycmo (a, m)=1, (b, m)=1. s nasweaemcs
undexcom Kaacca b no MoOyar0 m U OCHOBAHUI @, ecau no smomy
MO0y At0
5 =5,

Mpumepn. Ilycrs Momynp m=13, ocHOBaHHe a=2, Torga
20=12 (mod 13), T. e. ind, 12=6, u mna moboro b==12 (mod 13)
Gyxer Takke ind, b=6 213—“2(mod 13), 1. e. ind,2=13, u BMecTe
¢ TeM, MOCKOMbKY 2'=2(mod 13), uMeeM TakKe md 2=1.

¥CTb MonyJib m =21, ocnosanne a=5. Torga 5¢= 16 (mod 21)
5%==1 (mod 21), 1. e. mo mopymo 21 ind;16=4, ind;1=6. Ilo
aToMy MoAyJo ind;2 He cymecTByeT, TaKk KaK He CYIIECTBYeT S
Takoro, uro 5%==2(mod 21).

Ec/M B KaueCTBe OCHOBaHHS B3fTh WHCJIO @, He SIB/ISOMEECs
nepBoo6pasHLIM KOPHEM 1O MOZYJIO i, TO HHAEGKCH OynyT cymie-
CTBOBaTb He JJia BCEX HMCe/, B3aHMHO NPOCTHIX C MOAYJeM m.
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Heficreurensso, eciu P(a)=k<<¢@(m), TO corjacHo Teope-
Me 164 cpenu crenmeHeldl a HMeeTcsl TOJNBKO £ pPasyiuyHbX, H I/
uHCceJ, TpHHAAJIEKAUHX OCTaAbHBIM ¢ (m)—*Fk KiaccaM, HHEEKCOB He
cymecrByer. Huaue o6CTOHT Jeno, eCJH OCHOBAaHHE €CTh HEpBO-
o6pasHBIl KOpeHb 1O MOAYJIO m. B 3TOM ciyuae, KaK Mbl J0KaKeM
B crepylomefi Teopeme, Jio6oe YyHCJO, B3AUMHO HPOCTOE C MOAYJEM,
uMeeT GecKOHEYHOR MHOMXKECTBO HMHJIEKCOB.

Bynem B 310lf riaBe nepsoobOpasHble KOPHH IO MOAYJAI m
0603HauaTh GyKBOit g, 4TOOBl OTJAHMYATL HX OT APYTHX OCHOBaHHMIA.

Teopema 182. I1ycme g— m060i nepsoobpasueill Kopers no mody-
a0 m. [an rgawcdoeo wucaa b, e63aumno npocmoeo ¢ modysem m,
cyujecmsyrom UnOeKChl NO OCHOBQHUID g, M. e. Cyujecmsyom S ma-
kue, 4imo g*="b (mod m).

Mpuooscecmso scex maxux unlekcogd s 043 OanHo20 puKCUPOBAH-
K020 b cosnadaem ¢ HEOMPUYAMEALHOIMU HUCIAMU HEKOMOPO2O KAACCA
no modyao @ (m).

HokasatenbctBo. CornacHo Teopeme 172 creneHH nepso-

o6pasHoro KopHs g: g, g% ..., g™ (2)

— 06pasyioT NpHBEACHHYI0 CHCTEMY BBHIYETOB 1O MORYJIO 1.

Ecan B3siTh mo6oe 4uciO b, B3aHMHO MPOCTOE C M1, TO B IPHBe-
JeHHOH CcHcTeMe BHYeTOB (2), KOTOPYI0O MOKHO 3aMEeHHTb TaKXKe
cucremoii g°=1,g,g% ..., g%, cyuecTByeT 4HCIO ¥ NPHTOM
TOJALKO OAHO, NpHHAAJexKallee TOMY e KJjaccy, 4to u b, T. e,
cpaBHEMOe ¢ b mo Moxymo m.

Takum  o6pasoMm, 1npH HekotopoM s (O<<s<<q(m)—1)
g'’=0b(modm), T. e. CymecTByeT N0 KpaiiHeii Mepe OXZHH HHIEKC b
110 OCHOBaHHIO g, NMPHYEM 3TOT MHJAeKC He GoJibiie 4deM @ (m)—1.

JlokaxxeM Temepb, 4YTO 4YHCJIa § TakKHe, 4To g°==b (modm) cos-
azaloT C HEeOTPHUATEJNbHBIMH YHCJaMH HEKOTOpOro KJjacca Io Mo-
RyJo @ (m).

Ecnu s 'm s,—JBa uymcna, Takux, uto g'=b(modm) u
g% ==b (mod m), 1o g =g*(mod m), ¥ Toraa, nockoALKY P (g) = ¢ (m)
corjacHo Tteopeme 163, s,=s(mod e (m)), T. e. Bce HHAEKCH b
NpHHAJIeXKAT OJNHOMY KJlacCy mo MOAyJw ¢ (m).

Bce HeoTpHuaTe/bHBE YHC/A 9TOTO KJacca ABJSIOTCT HHACKCAMH,
TAaK KaK COTJIaCHO TOH Xe Teopeme H3 s,=s(mod ¢ (m)) ciaexyer
gh=g°(modm), u ecnu g°==b(modm), To u gh==b(mod m), T. e.
J1060e HeOTPHULATEbHOE §;, CPABHHMOE C S IO MOAYJIO ¢ (/m), TaKKe
ABJIsIeTC HMHAEKCOM b.

Teopema 183. I[lycmb g— nepeoobpaswbili KopeHo no MoGYa0
m, (b, m)=1; cpasnerue

c=b(mod m) 3)
umeem mecmo mozda u moAsKo mozda, Kozda
ind,c=ind, b (mod ¢ (m)). 4)
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TMipuMmeuanne. Buue GHJIO OTMEUEHO, YTO uACNIa ¢ H ‘b, CpaBHUMHeE N0
MOAYJIO m, MMEOT N0 3a]aHHOMY OCHOBaHHIO g OJHY H Te e MHAeKCH, [lpunu-
Maf 3TO BO BHHMaHue, TeopeMy 183 MOXHO NOJYYUTh U3 TeopeMul 182.

JlaguM HenocpejCcTBeHHOE JOKasaTeJbCTBO TeopeMul 183

HokasateabcTBO. 1) IIycts c=b(mod m); Toraa coraacxo
onpefenieHnto HHgekca (1):

ind ind b
g™ =c=b=g""%" (mod m);
HO NOcKoJbKY P (g) =@ (m), To no teopeme 163 u3

gindgc Egindgb (mod m)

caenyer . _
ind, c=ind, b (mod ¢ (m)).
2) Nycres ind,c=ind, b (mod ¢ (m)); Torpa corsacHo Toil xe

Teopeme

indgc Egindgb (mod m),

T. e. c=b(modm).

Ilepexon ot cpaeHenust (3) K cpaBHeHuio (4) Mel OyieM Hasbl-
BaTb HHAEKCHpORaHHeM cpaBHeHHus (3), a nepexox or (4) k (3) no-
TeHLHPOBAHHEM. .

Teopema 184. [Tycmo g— nepsoobpasublii Kopernb no modyawo m,

(a, m)=1, (b,m)=1.
Toz0a
ind, (ab) = ind,a+ ind b (mod @ (1m)).

HoxasareancTtso. CornacHo onpejelieHuI0 HHAeKca (1):

gindg(ab)EabEgindga . gmdgb =gindga + indgb (mod_m),
HO MOCKOJABKY P (€)= @ (m), To corjacHo Teopeme 163 u3s
gindg(ab) Egindga+ indgb (mod m)

caenyer
ind, (ab)=ind, a + ind, b (mod ¢ (m)).

Teopema 184’. Ilycts g-— nepsoobpasweili KopeHv no Mo-
dyaro m,
(a;, m)=1, (a5, m)=1, ..., (a,, m)=1.
T 020a
ind,(a;-a,- ... -a,)=ind,a,+ind,a,+ ... 4ind,a, (modg(m)). (5)

JoxasaTe/lbCTBO. ¥YTBepKICHHE TEOPEMBI BepHO IIpH n =1,
IlpeAnOJIOKHEM, 9TO YyTBePXKJAGHHE TeOpeMbl BEPHO IIPH HEKOTODPGOM 1
(n=1). Bosbmem mo6nie n-1 umcen ay, ..., a, a,,;, B3aHMHO
npocteix ¢ MozyJdem m. CoraacHo teopeme 184 ,

ind, (a, ... a, a,.;)=ind,(a, ... a,)+ind,a,,, (mod g (m)), (6)
H NOCKOJBKY 1O MPEIOJIOKEHHIO

ind, (a, ... a,)=ind, q, 4 ... +ind, a, (mod ¢ (mm)), 7
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70 H3 (6) u (7) mosydaeM CnpaBefJIMBOCTDb YTBEPXKACHHS IJIs UHCEJ
a,q, ..., 0, i

CorsiacHoO NMpPHHUMIY MOJHOH MaTeMaTHYeCKON HHAYKUHH CpaB-
Henne (5) BepHO sl moGoro wmcaa 4HCeN @;, B3AHMHO MPOCTBIX

¢ MOAyJeM m.
Teopema 185. [lycmo g —nepsoobpasnoili Koperv no modyao m,
(a, m)=1, n=0; mozda

ind, a" =nind, a (mod @ (m)). €]

HokasarenbcrBo. g'=1(modm), Tak wuro ind,1=
=0(mod g (m)), ind,a’=ind,1=0=0ind,a(mode(m)), T. e.
cpaBHeHue (8) BepHo np¥ n=0.

IIpn n=1 neBass n npapas yacTH B cpaBHeHuu (8) coBmazaror,
a npu n=2 Tteopema 185 mnpencrasiifger coOOH wacTHBIH cJaydai
Teopemsl 184’ npu a,=a,=...=a,=a.

Onpenenenne 51. Ecau —Z—Ek(mod m), {(a,my=1, m>1, mo

. b .
nod mdgz- 6ydem nonumame ind,k, m. e. undexc a106020 uucia

us Kracca k no modyao m.
Teopema 186. ITycme g— nepsoobpasubiii Kopeno no moOyar0
m>1, (a, my=1; mozda

N N .
ind, 5= ind, b —ind, a(mod ¢ (m)).

Hokasatennbctso. Ilpu (a, m)=1 cymecrsyer (reopema 123)

eIMHCTBEeHHbIH KJace & mo MORYJA m, TaKo#, uto a-k =b. NHjek-
cHpys cpaBHeHue ak=>b (mod m), noayuaewm:

ind, a4-ind, k=ind, b (mod @ (m)),
HJH
. b . o .
ind, - =ind k= ind, b—ind, a (mod ¢ (m)).

Teopemnl 184, 185 u 186 mokasbiBawT, YTO ONEPANHH C HHIAEK-
CaMH TIPOH3BOAATCS [0 TeM Ke NpaBHJaM, 49TO H ONEpauHH C JIO-

rapupmMamH.
B uwacTHOCTH, KOHeYHO, MOXKHO 6paThb TaKHE 3HAUYeHHS HHAEKCOB,

yro indab=inda-+indb.

2. HHAEKCHI M0 MPOCTOMY MOAYJIIO

OcobenHo OGoJbllioe 3HaUYeHHe HMeeT cJiyyal, KOrZa MOAYJb—
npocroe uuciao. ITockosbKy, kKak 6wlJI0 MoKasaHo Bhlie (TeapeMa 171),
no mo6GoMy [OpOCTOMY MOJZYJI0 p CYHIECTBYIOT NepBooOpa3Hble
KOpHH, TO, B35B 32 OCHOBaHHe KaKOH-iIHO0 H3 HHX, MOJYYHM CH-
CTeMy HMHJIEKCOB, B KOTOpOH KaxJjoe 4HCJIO, He Jensmeecs Ha p,
6yleT MMeTb CBOH HHIEKCHI. ,
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Hnnekcol KaXporo TaKOro 4Hc/a COTJIACHO Teopeme 182 mpen-
CTaBJISIIOT cOG0H HEOTpHuATeNIbHbIE YHCAa HEKOTOPOro Kjacca mno
mMoxymo p—1, a Teopemb 183 —186 paloT caepyomHe npasusa
onepauHi ¢ HHACKCAMH 1O MOAYJK p.

l. Ecan a=b(mod p), 10 inda=ind b (mod p—1), u, HaoGo-
por, u3 inda=ind b (mod p—1) caepyer a==b (mod p).

2. ind(a,...a,)=inda,+ ... +inda, (mod p— 1).
3. inda"=ninda (mod p—1).
4. ind 2 =indb—inda (mod p—1).

Hast KpaTKOCTH 37ech Be3lie ONMYINEH 3HAYOK g, YKasblBaIOUWHH
OCHOBaHHe, KOTopoe MpejamosaraeTcs OLHHAKOBHIM B JIEBOH H mpa-
BOH vactdx. Bce HHIeKcHpyeMble UHC/A NpejnoJaraiorcs He Jedisi-
muMHcs Ha p. Ilo mpocToMy MOAyJ 0 p AJA KaXKAOTO YHCHA CYIie-
cTByeT GeCKOHEUHOe MHOXECTBO HHJEKCOB, CPABHHUMHIX N0 MOAYJIIO
p—1, U B KauyecTBe HHJEKCa MOXHO Gpath Joboe u3 HHX. OObUHO
H3 BCeX BO3MOXHBLIX 3HaueHM# HHAEKCA N0 JaHHOMY OCHOBaHHIO
6epyT HauMMeHbIlee; IPH TAKOM BLIOOpe HMHIEKCOB OHH HMeIOT 3Ha-
YeHHUs, MeHbIIHe HeM p— 1.

Tabauus HHAEKCOB AJISI NMPOCTBHIX MOAYJEH p COREPKAT HHAEKCHI
unces oT 1 go p—1. Jas KakJOro TAKOTO YHCJIA M BCEX CPAaBHH-
MBIX C HHM IO MOAYJIO p B Tabjuue yxasblBaeTCsi HHAEKC, Npel-
craBasiiomuil cobofi ogHo u3 umceq: 0,1, ..., p—2. B HekoTopbx
Ta6NHIAX B KauecTBe HHJAEKca eNUHHIbI ykaseiBaercs He 0,ap—1.
Tabmuubt HHAEKCOB COCTABJASIIHCH MHOTHMH aBTopamu. B 1839 r.
TaGJHLIBE HHIEKCOB JJIs NMPOCTBIX uHcesd, MeHbIIHX 4yeM 1000, Gpliu
ony6aukosann Hkobu (Jacobi ,Canon Arithmeticos®).

B konue kHurm (ctp. 372 — 378) npusefeHb TaGJHIIE HHACKCOB
IO NpPOCTBIM MOAYJAsIM p << 109.

3. MHAEKCHI MO0 COCTABHBIM MOAVIIAM

Jasi  cocTaBHRIX MOAyJed BuHAA p® H 2p°, rje p—1pocroe
yncio (p>2), xak Oblio HoxkasaHo (Teopemnl 178 u 179), cyme-
CTBYIOT mepBooOpasHble KOPHH, H MO3TOMY AJjs JI00Oro 4uchaa, B3a-
HMHO IIPOCTOTO C TaKHM MOJYJeM, CYIIeCTBYIOT MHAEKCHI.

[Tpumep. CocraBurs TabJully MHIEKCOB Io MOAYJIO 27 c OCHO-
BaHHeM g =5,

Co6cTBenHble geauTean uuHcaa @(9)=6 paeam 1, 2, 3.
ITockoasky 5%, 52, 5% HecpaBHHMH ¢ 1 mo mozymio 9, To 5—mepso-
o6pasHbiii KopeHp 1O MORyJio 9 = 32, a ciieoBaTesbHO (TeopeMa 177),
B no Moyt 27 =33. TlonyuaeM mocJieJJOBaTeJbHO:

50= ], Bl=5, 52=25, 5%=17, bt=4, b*=20, 5* =19, 5"=14,
58 =16, 5°=26, 51°=22, 5'=2, 512=10, 51¥=23, S =7,
516 =8, 518=13, 517=11 (mod 27). ’
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1 19

Tabnnua HHAEKCOB NO MoAyJio 27 HMeeT BHI!
a 2 20l22

1o IH |
l“l l EECECARREE

Teopemer 183—186 ycramapamsaiOT NpaBHJa ONepanHi ¢ HHJIekK-
CaMH 1O TakUM MOAYJIAM, NPHUEM B STHX Cay4asix

¢ (p*) =9 (2p*) =p*-t(p—1).

HoctaTouHo umeTb TabjaHIbl HHAEKCOB O MOXYJSM p® C OCHO-
BaHMSIMH g, NpeXCTaBJsOHMMH Co6oji HeueTHble NepBOOOpAa3HbLIe
kopHu. Kak Obuio gokasano B TeopeMme 179, ecsiu HeueTHOE OCHO-
BaHHEe g sIBASETCS NepBoo6pasHLIM KOPHEM MO MOAYJIO p®, TO OHO
ABJseTcs NepBoo6pasHBIM KOpPHEM H N0 MOAYJI0 2p%, mpuyeM, Kak
Mbl JOKaXeM, NPH TaKOM OCHOBAHHHM HHAEKCHI JHceJ ITo MOAYJIIO 2p%
TakHe Xe, KaK H N0 MOAYJIo po.

Teopema 187. Iycms g— Hewemnuoili nepsoobpasusil KopeHs no
modyaro p* (p=>2), (a, 2p)=1; moeda Kaocloii undexc uucia a no
MOOYAI0 pP* U OCHOBAHUID g ABASEMCS UHOeKCOM a no modyawo 2p% u
OCHOBAHUIO .

HJoxkasateancTBo. IlycTh s—HuHAGKC @ N0 MOAYMIO p* U

OCHOBAHHIO g, T. €.
’ g'=a(mod p%).

Ipu 24%a, 24g umeeM g*=a (mod 2), Tak uto g'=a (mod 2p%),
T. €. S—HHIEKC @ H MO MOAYJIO 2p®.

Tabauubl HHAEKCOB NO COCTABHOMY MOJYJIO BHAA m=p® HJH
m=2p% rie p—HEYeTHOE NPOCTOE HHCJO, COAECPXKAT HHJEKCH BCeX
uHcea @, TakHX, 4to l<<a<<m—1 (a, m)=1. HUugekc Takoro
qpcjia a sABJseTCS TakKiKe HHAEKCOM BceX YHceJ, CPaBHHMBIX Ca IO
MOLYJIO M.

B rabnunax fko6u AaHb HHAEKChI AJIs MOLY el BuAa m = p®<1000.

B Tabnuupl HHAEKCOB, KOTOpbie MOMEMEHH B KOHIE KHHTH,
BKJIIOYEHBl HHAEKCHl N0 COCTaBHBIM MOAzyasm m=9, 25, 27, 49, 81.

[py a=2 ansa MoOmyass m==2% cyllecTByeT nepsoobpas3HbIN
KOpeHb g==3.

Ilpu =3 ansa Mopyns m=2% He CyUECTBYeT HepBooOpa3HbBIX
KopHe#i (TeopeMa 181), M Mo3TOMY CTeneHH OJHOI'O OCHOBAHHS He
MOTYT SIBJISITbCS IPEACTABHTEJNSIMH BCEX KJACCOB, B3aHMHO NPOCTHIX
C MOZYyJIEM.

IMousiTHE HHAEKCA MOMKHO 0000LIHMTHL, BBEAs HHAEKCH M IJA MO-
myneit Buga m=2% npu o= 3. VHIekcH MO TakuM MOAyJisM GyRyT
npexcraBisaTh cobofl y:ke He uHMcaa, a mapel uhceda. [as mocrpoe-
HHS TaKOH CHCTeMbl HHJEKCOB HaM NoHaJ00HTCH cliefylolias Teopema.
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Teopema 188. ITpu a=2 dea wucra euda (—1)*5° u (—1)*'5”
(v, v'=0) cpasrnumst no .uoay/uo m=2% moa0a u MmoAbLKO moeaa,
Ko0z20a

u==u’'(mod2) u v=0'(mod20-2).

JoKkasarteabcTBo. MeToJoM noMHOK MaTeMaTHYECKOH HHIYK-

IHH JIOKaKeM, YTO NPH JIOGOM n=>2 HMeeT MECTO PaBeHCTBO:

5" " =14+27,, rne 241, 9)

Ilpu n=2 paseHcTBO (9) BepHO, Tak Kak 5==1-22.1. Ilyctp
paBeHCTBO (9) BepHO NpHU HEeKOTOPOM n (n ==2), Toraa, Bo3Bojs obe

HYacTu paBeHCTBA B KBajJpaTr, NOJYUYHUM

n
5% = 1 2nHI(f, L 2" = 1427,
rae
tyor=1t,+2"" 15

Iockonbky nmpu n=2 2| 2"~%, 24¢,, To 24¢,,,, T. €. H3copa-
BeJJIMBOCTH paBeHcTBa (9) anst s ClefyeT ero CHpaBelJIHBOCTb
u gas n+1, CorilacHoO NpHHUUNY NOJHOH MATEMATHYeCKOH HHAYK-
nuE paseHCTBO (9) BepHo mnpu Beex n. CooTHouleHHe (9) NMOKasbl-
BaeT, 4T0 NpH n=2 Py (5)=2""2,

Paccmotpum cpaBHeHue

(—1)"5°=(—1)*'5" (mod 2°). | (10)

Ecim u=u'(mod2), 0 cpaBHeHHe (10) npnﬂnmaer BHE
5?=5" (mod 2%), uT0, NOCKOJLKY ,

P« (5) =201,

corJgacHo Teopeme 163 MoxeT HMeTh MECTO TOrAa M TOJILKO TOTZa,
Koraa v=v’' (mod 2““2).

Eciu Xe UE U ’(mod 2), To cpaBHerue (10) HeBO3MOKHO HH NPH
KaKHX v HU', TaK Kak NpH o == 2 u3 5°==—5%" (mod 2%) cyiexoBao Gul
=—1(mod 4),

YTO HEBRPHO.
Takum o6pasom, cpaBHeHHe (10) HMeeT MeCTO Torja M TOJNBKO
Torja, Koraa u=u’(mod2) u BMecte ¢ TeM v=v’ (mod2°-2,)
Teopema 189. Ilpu o==2 awboe HedemHoe YUCAO CPABHUMO HO
MOOyat0 2% ¢ OOHUM U MOALKO OOHUM HUCAOM U3 MHONCECEA:
0-2 ]
-5 °,...,—b%—5,5, 52, ..., 5% . 1
JNokasateabcTso. Yucaa (11) umetor Bua (— 1)*56%, rae u pas-
Ho O man 1, 1=<<v=<2%2 CorsacHO mpeppiaymiell Teopeme OHH IoO-
NapHO HECPAaBHHMBI 110 MoAyJio 2% Bce 3Tu uHcAa npHHAeXar,
Takum 00pa3oM, pas3iMyHBIM KJiacCaM HeYEeTHHIX YHcesl Mo MOAYJio 2°,
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M TaK Kak HMX 4YHCAO 2.2°72=2""1 papHO yuC/ly HEUETHBIX KJIaCCOB
no Moy 2%, TO COIJIACHO ,MPHHUMNY SIMHKOB* B cucteMe (11)
HMEeTCHl . 10 OAHOMY H TOJBKO OJHOMY IDEACTABHTENO KaXKAOro
TaKoro KJjacca.

Onpeneneune 52. Hnlexcom wnewemnozo 4ucsa a no modyso 2°
npu az=3 xasvsaemcs napa uucea ({4, v)), edev =0, makas, umo

(—1)*5° =g (mod 2%). (12)

Takyio napy ((u, v)) 6yieM HHOrJa 3amMCHIBATL TaKXKe B BHJE
inda. Teopema 189 nokaseiBaeT, uto npu «==3 M06oe HeueTHOe
YHCJIO HMeeT HHJIEKC 00 MoAyJaio 2°%

Mpumep. Tlapa ((0, 0)) sBasercs umHAekcoM 1 mo JoGomy
monyso 2% (a = 3). HefictButeabno, (—1)°.5°=1 (mod 2°).

Onpeneaenne 53. [se naper: ((u, v)) u ((u’, v')), tne v=0,
v’ = 0—nasosaromes cpasHumoimu no 0sodnomy modyawo ((m, n)),
ecau

u=u'(mod m), v=v'(modn).

Cpasuumocts map: ((¢, v)) u ((¢’', v'))—mno xBoiHOMY MonyJi0
((m, n)) OymeMm sanucbiBaThb B BHJE:

(2, v))=((w’, v"))(mod ((m, n))).

OueBHjHO, YTO JBe Napbl, CpPaBHHMbE NO JBOHHOMY MOZAYJIO
€ ONHOM H TOH e TpeTbell, CPABHHMBI MeXAY CoO0oii.

B cpasHenun (12) uncio @ MOXKHO 3aMeHHTb 4HCJOM b, cpaBHH-
MBIM C @ MO MOAYMIO 2%, TaK 4TO HHIEKC a [0 MOAYJio 2° ABAsieTCs

BMeCTe C TeM HHJIEKCOM BceX uuces KJjacca a. Teopema 188 moka-
3BIBaeT, UYTO MHAEKCOM JaHHOro 4HCJa BMecte ¢ napo#t ((¥, v))
AaBJseTcs TakkKe Jwobas mapa, cpaBHHMas ¢ ((#, v)) 1o ABOHHOMY
monyno ((2, 2°~%)). Teopemy 188 npH « == 3 MOXHO 103TOMY 3anu-

caTb B chaenywouedt ¢opme.
Teopema 188’. [lpu a=3 a=b(mod2%) moeda u morvko

mozda, Kozda undekc a cpaskum ¢ urndexcom b no Osolinomy mo-
oyao ((2, 2°72)).
Onpeneaennte 54. Cymmoi undexcos ((uy, v))+ ...+ (4, v,))

nasosaemen undexce ((uy+ ...+u,, v;+...-+9,).
Teopema 190. [Ipu a==3 0ra modyan 2% undexc npoussedenus
HeHemmuolX 4ucen CpasHum ¢ Cymmoll wurOexcos comuoscumeneii no

dsodinomy modyao ((2, 2°°%)). ,
HoxasarteanctBo. Ilycts a,, a,, ..., a,— HeueTHble UHCIA.

(—1)%.5% =g, (mod 2%, ..., (—1)*-5%=a,(mod 2%).

nepeMHO}Kaﬁ 3TH CpaBHECHHUSI, [noJyJdaem:
(= Lyt -¥imgor ¥z g (mod 2%). (13)
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Ilycrs uHpekc a,...a, paBeH ((u, v)), T. e.
(—1)*.5=a,...a,(mod 2%, (14)

CornacHo Teopeme 188 wu3 cpaBhenuidi (13) u (14) caenmyer, uro

((ur v))E((ul-’_ LI +un7 vl+ se0 +vn)):
= (81, v+ ... +((u, v,)) (Mod((2, 2°72))).

B cayuae, korga a,=...=a,, BMECTO ((4,, 0y))+...((%,,0,))
6yaeM AJs1 KpaTKOCTH mucath 4 ((¢y, v4))-
Mb mosyuniin, Takum ‘obpasoM, 4TO [asi MoAayasi 2° (== 3)
HHJEKC cTenieHH a” cpasuuM ¢ ninda no Mmomyawo ({2, 2°72%)).
Tabaunb HHAEKCOB MO MOAYJsAM BHAA m=2°% rie a =3, nawrca
B Buae nap ((¢, v)). Ta6Gauna HHAEKCOB MO TAKOMY MOJYJIO YKa3bl-
BaeT JJs1 Kaxj0ro KJjacca HeueTHBIX YHCeJ COOTBeTCTBYIOILYIO mapy,
HpeACTaBASAIOmMYI0 Co00fl MHAEKC YHCeN AAHHOro KJacca.
ITpumep. CocraBurh TabJauly HHACKCOB IO MOAYJIO M = 64,
64=2% naa uncen Buma (— 1)*B° rae w paseo O wiam 1, a v
npo6eraer NoJHYI CHCTEMY BhIYeTOB o Moay.o 22 = 16 (0 << v << 15),
HaxoauM:
+58=41, £5'=45, 452=+25, 4 53=+61,
+54=+49, +5°=53, £5=49, 3-5"= 4 45,
+ 58 =433, L 5%= 437, £ 50=157, L5 =429,
4512 =417, 4 5¥=421, L5 =1141,
-+ 518 = 4 13 (mod 64).

Ta6awua ungekcos no mopyJo 64 Oymer uMeTb BHA:

a inda a inda a inda a ind a
1 1((0,0) 171((0 12)) 33 1(0,8)) 49 1(0,4))
3 1((1,9) 19 [((1,7)) 35 |((1,11) 51 1((1,15))
5 1((0,1)) 21 1((0,13)) 37 1((0,9) 53 1((0,5))
7 4((1,10)) 23 1((1,14)) 39 ((1,2)) 55 [((1,6))
9 (((0,6)) 25 1((0,2)) 41 1((0,14)) 57 |((0,10))
11 ((1,5)) 27 |((1,9) 43 ((1,13) 59 1((1,1))
13 ((0,15)) 29 [((0,11)) 45 1((0,7)) 61 1{(0,3))
15 [((1,4)) 31 1((1,8)) 47 ((1,12)) 63 1((1,0)

HHaeKcH MOXHO HPHMEHSTb IJis BBIYHCJIEHHSI OCTAaTKOB OT feJie-
HUSI Ha 3aJaHHbil MOJYJb M NPOU3BENEHHH C JBYMS HJH HECKOJb-
KHMH COMHOXHTEJSIMH H, B YACTHOCTH, CTerneHel.

VmMesi Tabnuny MHAEKCOB IO MOAYJIO M, YTOObl HAaHTH OCTaToOK
OT JelleHHS a,...Q, Ha m, Tje ‘BCe a; B3aHMHO IPOCTH C m, MBI
HCKOMBIH OCTaTOK 06o3uauaen yepes X H IHILIEM

x==a,...a;(mod m). ' (15)
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Hupexcupysn cpaprenne (15), monyuaem:
indx=inda,+ ... +ind a, (mod ¢ (m)).
Haxomum B Tabiuue uBpekcoB s=inda,+ ...+ inda,, TaK4ro
ind x = s (mod @ (m)).
HaxoguM umc/0, HHAEKC KOTOpOro paBeH s, T. €. 7 TaKoe, 4TO

s=indr. Torma
ind x=indr (mod @ (m)),
oTKygna (teopema 183)
x==r (mod m).

B uwacTHOCTH, ecsiH @, =...=aqa,=@a, Mbl [OJyuYaeM NpueM Iis
BBIUHCJIEHHSI OCTATKA OT JeJeHHs HA MOAYJb /M CTElNeHH a”,

ITpumep. Iloabaysce Tabmuiueii HHACKCOB, HAlTH OCTaTOK OT
Jeneuns Ha 61 umcaa 3720.2312, .

x=3720.23'% (mod 61), ind x=20 ind 37 -+ 12ind 23 (mod 60).
B rabauuax no mopymo 61 ¢ ocHoBanueM g=>59 nan g= —2
HaxoauMm ind37=9 u ind 23 =27, Tak urto
ind x= 504 = 24 (mod 60).
Ilo sHaueHHI0 HHAeKcA HaxomuM x. Uucso 24 aABjsieTcss HHIEK-
com 20, tax uro indx==ind 20 (mod 60), x=20 (mod61).

Ecan m=p{' ... p¥, T0 11a HaXOXKIEHHs OCTaTKa OT JeJICHHA
Ha m TpPOM3BEJEHHS HJH CTeNeHH HAXOMHM OCTATKH ry, ..., I'sIIPH
IEJIeHHH Ha MOLYJH pi', ..., Ps°M 3aTeM PellaeM CHCTeMY ypaBHEHHU]

xX=r (modp )

x=r (mod ps*).

ITpu p,=2, a; > 1 ocraTok oT AejieHHs Ha 2% HAXOAUM IPYTHMH
MeTojaMH (6e3 TNpHUMeHEeHHS TEOPHH HHAEKCOB) HJM paccMaTpHBaeM
HHIEKCHl N0 MOAyJdio 2% (onpeaenenue 52).

Ilpu p;=2, @ =1 MB MOXKeM INpEACTaBUTb M B BHI

(2p%"), ..., ps* ¥ HaXOAMThb C TOMOUIBIO HHAEKCOB OCTATKH OT jeJe-

Hus Ha 2p%%, ..., ps'.

Mpumep. Hafitu ocratok or menenus Ha 1242 uucaa 351
1242=2.33.23.

HaxoguM ocrarok r; OT Jenenus 3519 pa 2.3% =54:

- r;==35'"(mod 54), indr,==100ind 35 (mod 18).
B Tabiuite WHAEKCOB TNO MOAYMIO 27 ¢ ocHOBaHueM g=05 Haxos
HM -
8 ind 35 =ind 8 = 15,

6 A. A, Byxmral _lﬁl



TaK uTO , o
ind r, = 1500 =6 (mod 18).

Mo momymo 27 maxomuM, uro 6=ind 19, Tak uTO
ry =19 (mod 54).
Haxonum ocratok r, or gedeHus 35!%° pa 23,

ry = 35199 =121 (mod 23), indr,==100.ind 12=100-10=
==10(mod 22), r,==12(mod 23).

Pemasi cucremy x=19(mod54), x=12(mod 23), Haxomum:
x==127 (mod 1242). Ocratok pasen 127.

Hcmopuueckue xommenmapun x 17-it, 18-it u 19-it 2sa8am

I. Teopus cTemeHHHIX BBIUETOB BO3HHKJAa Ha O0ase MeMmyapa
Ditnepa ,Teopema o0 BHUETax, MONYYAIOMHUXCSl OT JeJeHHs CTelle-
Hei” (1755). llonsitne nmoxkasaresiss NaHHOrO OCHOBAHHs OblIO BBe-
neHo ["ayccoM.

2. Tloustue nepBoO6GpPasHOro KopHsi Obl10 BBeleHO DiisiepoM.
TeopemMa o CyuecTBOBaHHH MHepBooOpasHOro KOpHSI AJsi JOGOro
npocroro MoZRyJs Obila BBICKa3aHo 6e3 joKasareabcTBa B 1769 r.
JlamGeproM. JloKa3aTesbCTBO 3TOfi TeopeMbl BCTpeuaeTcsi y Diaepa,
OJIHAKO OHO He ObIO NAHO MM .B JIOCTaTOuHO ueTKoil popme. T'aycc
IaJ ABa Pas/jHYHBIX JOKAa3aTeJbCTBA CYUeCTBOBAHHS NepBOOGPa3HBIX
KOpHeil mo mpocromMy MoayJio (Teopema 171).

3. I1. JI. Yeb6bliueB B psiic TeOpeM yKasal HeKOTOPHIE KJacChi
NPOCTBIX YHCEN, AJs1 KOTOPHIX MOXHO JIerKO HafTH NepBOOGpasHBIH
KOpPeHb.

4. 1. M. BuHorpanos AaJl OLEHKY BEJHUHHH HaHMEHBILETrO mep-
BOOOPa3HOro KOpHs IO MpPOCTOMY Monymia. OH JOKasas, 4TO ecid
0603HauuTh uepe3 g(p) HauMeHbIIHH nepBooGpasHbii KOPeHb N0
MORYJIO p, TO UpH JIOGOM CKOJIb YrOAHO MaJioMe >0 ,

g@=0(p+*).

CyiecTByeT HpeANOJIOXKEHHe, YTO IPOCThie UHC]AA P, AIS KOTO-
pHIX 2 sBAsETCS NepBOOOPa3HbM KOPHEM, HMEIOT MNOJIOXHTEJbHYIO
IJIOTHOCTb B MHOXKECTBE INPOCTBIX UHCeJN. DTO 3HAYHT, UTO e€CHH
0603HauuTh uepe3 T (X) YHCJO TAaKHX ps<<X, a uepes & (X)— obuiee
YHCJIO- BPOCTHIX P <X, TO NPH HEKOTOpOM oo >0 nana Bcexx(x=1)
BBINONHAETCS HepaBeHCTBO' T (X) = ot (X). D10 -npelnosoKeHne NoKa
He YRaeTcsi HH JOKAa3aTh, HH ONPOBEPrHYTh.

5. Teopema 181 BCTpeqaeTCﬂ BnepBbxeyl‘aycca B. Dlsqulsitlones
arithmeticae®,

6. Iloustue uH,u,exca, OCHOBHHIE CBOMCTBA nﬂztexcoa Gbmu JaHK
Tayccom.

162



TAABA 20
ABYYWIEHHBIE CPABHEHU A

1. ABYYJIEHHBIE CPABHEHHA N0 NPOCTOMY MOAYJIIO

Onpeapeaenne 55. [8yuaeHHbiM CPAGHERUEM HA3BIBAENMCA CPABHE-

Hue suda
Ax"= B (mod m).
Mul paccMOTpHM JBYUJICHHBIE CPABHEHHS M0 NMPOCTOMY MOMYJIO
p>>2 Bula
X" =a (mod p). (1)

Teopema 191. 1) IIpu pta cpasnenue (1) no npocmomy modyaro
P>2 aubo coscem ne umeem pewieruld, Aubo uuca0 peuwseHutl PAGHO
Hauboavuiemy obulemy Oesumesrro n u p—1.

2) Cpasnenue (1) ne umeem pewenud, ecau daa 6= (n, p—1)
8finda, n umeer 6 pewennit, ectn 6]inda.

HokaszarteasctBo. [lyers (n, p—1y=290. [lo mnpocromy
Moiyaio p (TeopeMa 171) cyumectByeT nepBooOpasHblii KOpeHb.
Hngekcupys cpaBueHue (1) mo HeKOTOPOMY OCHOBaHHIO g, IPEACTa-
BJsIOIeMy COG0H mepBooOpasHbIl KOpeHb, MOJydaem

nind x=ind a (mod p—1). 2)

CpaBuenust (1) m (2) coraacno Teopemam 183 m 185 sksuBa-
JAeHTHe. Ecan o6ospaunth indx=z2, inda="5, To Ina HeusBecr-
HOA 2z TNoJyyHuM cpaBHeHue l-#i crenmeHu:

nz="b(mod p—1). G

Itpu 6finda, 1. e. 8{b, cpaBHeHme (3) He MMeeT peueHui
(reopema 130), HO Torza He CymecTBYeT W 3HAUCHHH X, YIOBJETBO-
psiolHX cpaBHeHusaM (2) u (1).

Ilpu 8{inda, 1. e. §|b, cpapnenne (3) uMeer O peweHHui (Teo-
pema 135). 3uauenus indx, yROBIETBOPSIOMHE CPaBHEHHIO (2),
npuHapnexar 8 kjaccaM fio MOAYJIO p—1, -a ciaenosarenpio, H
AN X CYIeCTBYeT § KJaccoB no MOZLYMIO P, YIOBJETBOPSIOMHX
cpapHernHio (1).

Mpumeuanwne. Tpr pla cpaskeﬂne-(l-)? MOXKeT CHITh 3allHCaHO B BHIE
#"=0(mod p) » B 5TOM ciyyae GHO uMeET OZHO pemienue: x == 0 (mod p).

Onpegenéune 56. 1) a nazeeaemca  eviwemom n-ii ecmenenu no
npocmomy molymo p, ec/tu /fa u cpaenenue x"*—a(mod D)
umeem pewenus.

2) a Ha3esaemcs Heebluemom n-i ' cmenenu no - npacmomy
MOOyar0 p, ecad: cpasmenue X'=a(mod p) ne umeem peweruil.

B vacTHocT, BerYerH -2-# CTeneHH HO NPOCTOMY MOAY/HO p Ha-
SHIBAIOTCA® KBAJPATHUYHLIMH BEYCTAMU HO 3TOMY MORYVIO, BbiUETHI
3-i C'reneﬂn-—xy6uqecxnmn Bbl‘{eTaMH, a Buqe'rbl 4 -H CTeneHH —
OuK BagpPaTHUHLIMH, - . Lo

6* 163



3amensiss B cpaBHeHHHM (1) @ Jno6BIM YHCJIOM, CPABHHMBIM C HHM
0 MOAyJIo p, nosyudM (Teopema 129) cpaBHeHne, skBHBaJieHTHOE (1).

Ecnu a npexcrasisier COG0OH BHUET n-H CTeNMeHH 10 MOAYJIO p,
TO BeChb KJacC & COCTOHT H3 BHIUETOB n-H CTeneHH IO MOAYJIO P,
a eC/lM @—HeBHIUET, TO H BECb COOTBETCTBYIOWHH KJacC COCTOHT
43 HeBblueToB. MOXKHO MO3TOMY BMECTO OTJIEJIbHBLIX BBIYETOB H He-
BHIUETOB #-H CTENMEHH pacCMaTpPHBaThb COOTBETCTBYIOIIHE KJAacCHI.

Onpenenenne 56'. @ %<0 wnas3wsaemes Kiaccom eviemos n-ii
cmeneru no npocmomy modyao p, ecau cpasenue x"=a (mod p)
umeem peuileHusn. & HA3LIBAEMCS KAGCCOM Heevl4emos n-ii cmenexu,
ecau cpasrerue x"==a(mod p) He umeem pewenuil,

Hmesi Tabauiy HHAEKCOB MO MONYJIO P, JIECKO HAUTH BCE KJACChl
BLIUETOB CTeNEeHH M MO 3TOMY MOmyJio. [leficTBhTeNbHO, TeopeMa 191
TOKa3biBaeT, YTO BbIUETAMH 71-H CTENeHH [0 MOAYJIO P SIBJSIOTCS
TOJBKO Te YHcaa @, Agas Kotopuix (n, p—1)|inda. PaccmatpuBas
1ab/uLy HHAEKCOB IO MOJyJiO p, MOXHO 0TOGpaTb BCE TaKHe Z.
[Tonbsysicb 2THM Xe CBOHCTBOM, JIETKO ONpPEAEJHTb HHCHO TaKHX
KJ1aCCOB.

Teopema 192. [lo npocmomy modymo p>2 Huci0 Kaaccos

8viuemos n-t CMenextL Pasro E%-l, ede d=(n, p—1).

JoxazateanbctrBo. Bcero mo wmomymo p umeercs p—I1
KJIaCCOB, B3aMMHO INIPOCTHIX ¢ MoayJaeM (kjaacc 0, cocrosmui wus
upCesl, AEJAIHXCS HA p, COIJIaCHO onpefleneHuio 56’ He mpuumc-
JsieTCsl K BBIYETaM n-f CTENeHH).

HHpekcs 3THX KJaccoB 06pa3yioT NOJHYIO CHCTEMY BHIYETOB MO
Molymo p—1, T. e. KaxJIOMy TakKoMy KJaaccy (ecad B3AThb
ind1==p—1) MOXHO CONOCTaBHTb HHIEKC, PAaBHHLIH OIHOMY H3
unced:

1,2, ..., p—1. 4) .

BosbmeM 8= (n, p—1). Cpeau nepBoix p—1 uncen (4) umeercs

-p—;:—l— yHces, Jensimuxcsi Ha 8, T. e. coriacHo Teopeme 191 cyme-

—1
CTBYyeT 2—8—— KJ1aCCOB BBLIYETOB n-H CTEMEeHH 110 NpoCTOMY MOZAYJIO p.

Hpumep. IMonbaysch Tabnuueii HHACKCOB, HaATH KJIaCCHl BBI-
yetToB 6-ff cTeneHuw no Moayawo p=11.

3nece 6=(6, 10)=2. B rabnune HHAeKCOB MO Moxyaio 11
HaxXOJUM, UTO HHJEKCH, JeJIsiUeCs: Ha 2, HMEIOT CyeYiolHe KIacChl:
1, 3, 4, 5, 9. 3ru knacce u ByIyT KJaccaMH BHUETOB 6-i cremenn
no moayJawo 1l.

Teopema 193, Ecau 8=(n, p—1), mo swuembi n-d cmenenu
no npocmomy modyao p>2 cosnadarom c sviemamu cmenenu O
no smomy modyno.

INokasatennctBo. Ecnu (n, p—1)=48, to 6yneM umern
tTakke (8, p—1)=98. Ilpu pfa cpaBheHus x"=a(modp) u
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*=a (mod p) coriacio TeopeMe 191 umeloT peilenHs NPH OZHHX
M TeX e YHCJax a, TakHx, yro 8]inda.

ByaeM nostoMy B JajibHeHINeM paccMaTpHBaTh BHIYETH H HEBHI-
yeThl n-B CTENEHH TOJBKO JJISA TaKKHX N, KOTopble SBJISIOTCA AesH-
TenAsMH p— 1, B paccMaTpuBaTh cpaBHeHHst BHAa (1), rae n|p—1.
IMpu n|p—1. teopemsr 191 u 192 npuHHMAIT CHeAyIOWHA BHA.

Teopema 191°, IIpu pfa, n|p—1 cpasrenue x*=a(mod p) no
npocmomy MmoOyaro p>2 aubo coscem He umeem pelueHutl,
Aubo umeem n pewenud. Ilo maxomy modyio a ssasemcs 8viye-
mom n-ti cmenexy moada u moavko moeda, kozda n|inda.

Teopema 192°, Ilo npocmomy modyao p>2 u n|p—1 aucao

—1
KAaaccod évtiemo8 n-u cmenenu PpasHo E-IT‘ .

B ecxenyromell Teopeme Mbl YCTaHOBMM HeoOGXOINMOE M JOCTa-
TOUHOE YCJIOBHE Toro, uTo6el a npu n|p—1 Gbuo BbIUETOM n-i

CTerneHH MO MOAYJO p.
Teopema 194, Ilpu n|p—1 a ssasemca sovemom n-i§ cme-

nesu no npocmomy modyaro p>>2 mozda u moibkKo moeda, Kozoa
. .

a * =1 (modp). . (5)

HoxkaszatenbcTBo. Mujgekcupys cpasHenue (5), monydaem,
4TO 3TO CpaBHEHHE HMeeT MeCTO TOrJa M TOJNbKO TOTja, Korja

2=linda=0(mod p—1) man L=t inda=(p—1)t,
inda=nt, ({—mnenoe),

T. €. cpasHenHe (D) HMeeT MeCTO TOrJa H TOJBKO TOrjga, KoOraa
n|inda.

Mpumevanne. Jlerko npoBepuTh, uto Teopemsl 191 u 192 cnpaBennusmn
TaKkke H npH p=2. B arom cayuae a€l B p—1=1, Tak 4TO yTBepKIeHHS
3THX TEOPEM TpPHBHAJBHHL.

CpaBHendHe x"=1(modp), oOueBHIHO, HMeeT  pelleHHe

==1(modp). Coraacso Teopeme 191 370 cpaBHeHHe Oyzer,
poofue roBopsi, HMeTb 8= (n, p—1) pemwenuii, a npu n|p—1
(teopema 191’)—n peurennit. EcTecTBeHHO KJacChl, YIOBJETBOpSIO-
IlHe STOMY CDaBHEHHIO, HJH, UTO TO e CaMoe, ypaBHEHHIO (¥) =1,
HashLIBAaTb KOPHSIMH n-H CTeNleHH H3 eIHHHULBL Mo MOAYJIO p. AHalo-
THYHO 3TOMY KJacChl (eCid OHH CYWIECTBYIOT), YIOBJIETBOpSAIOIUIHE
cpasuenuo (1), T. e. ypaBHeHHIO (¥)"= @, eCTeCTBEHHO Ha3sBaTb

KODHAMH n-fi CTeneHd H3 @ IO MOAYJIO p.

Onpefeaenne 57. Kophem n-ii cmenedu u3 xaacca a no npo-
cmomy MOOYA0 D HO36IBAEMCA KAQCC 4UCeA NO 3MOMYy Modyao,
Y0084eMBOPAOULUX CPABHEHUIO

x"==a(mod p). (6)
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[To npoctromy Moapymio p, ecau njp—1, An60 He CYLIECTBYeT
HM OJHOTO KODHS n-H CTemeHH, auGo 49MCIO Kopeeli pasmo n (Teo-
pema 1917).

Teopema 195. [Ipu nlp—1, plta ece pewenus cpasnenun (1)
no npocmomy MOOYA0 P=>2 MONHO NOAYHUMb, YMHONKAA OOHO
peluerue 3mMo20 CPABHENUS HA PA3AU4HbIE pEUleHUs CPABHERUS
x"=1(mod p). :

Jlpyrumu c/oBaMH, BCe KOPHH n-f CTENleHH M3 @ IO MOAYJIO p
MOXKHO TOJIYyYHTb, YMHOXasl OfHH H3 3THX KOpHEeH Ha pa3JHyHble
KOpHH n-#i cremend H3 1.

HNokasateanbctBo. [lockoasky ind1=0 u n|0, cpaBHeHHe
x"=1(mod p) umeer n pewenunii. OG03HAYAM 3TH pelUeHHS Uepe3
tyy -.., t,, Tme {;#E ¢; (mod p) u pit;. IHyctb x, ynosaersopsier
cpaBueruo (1), Torma

(%t))* = x5t =a-1=a(mod p)
npu i=1, 2, ..., n, T. €. KJIaCChl Xyfy, ..., X,f, HNpPeICTaBJAIOT
cobofi peulenuss cpaBHeHus (1).

[Tockoabky pla, T0 pXx, (%,, p)=1, u, cregoBateibHO, UHCJA
Xoty, ..., X4, ABasoTcs (Teopema 1l1) uacThio mpuBeleHHOHt cu-
CTeMbl BBIYETOB 110 MOLYJIO p; Xofy, ..., Xof, HPeACTaBJIsIOT COGOR
1 pas/IMuHBIX pellleHHH cpasHeHHs1 (6) n-H cTemeHu H, 3HAUWT,
HCUepIbIBAIOT BCE PELIEHHS 3TOr0 CpPaBHEHHs.

CpaBHeHHe 1O IPOCTOMY MOZYJIO

Ax" = B (mod p) ()]

npu p{A 5KBHBAJEHTHO CPaBHEHHIO
x" =a (modp),

rie Aa= B(mod p) (reopema 144). Tlpu p{B GymeM HMeTb TaKKe
p{a u, cieposatenbHo, coraacHo Teopeme 191 cpaenenme (7) 6o
COBCEM He HMeeT pelleHHH, JHOO uuclo peuleHH#t paBHo 8, rie.
8=(n, p—1).

Hmes TaGauny HHIeKCOB HO MOAYJIO p, cpaBHeHHe (7) MOXHO
peitnTs U He mnpeo6pasoBbiBast ero K Buay (6). Muaekcupys cpas-
Henue (7), monydaem:

nind x =ind B—ind A (mod p—1), » 8)
T. €. cpaBueHHe 1-if cTemeHHW ¢ HeusBecTHO# z==ind x.

Pemrass 310 cpaBHeHHe OTHOCHTeJBHO - Z==ind x, HaxomuM Bce
sHayeHds indx, ynoBaeTBopsiomue cpaBHeHHiIo (8), a 3aTeM O
TabJHIaM HaXO[AHM H 3HaYeHHs X, YIOBJETBOpSIOULUe cpaBHeHHIO (7).

- ITpumep. Ilonb3ysice TaGaunell HHACKCOB, PELIHTL -CpaBHEHHE
13x21 =5 (mod 31). 0
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" HugekcHpys, 'HaXO[HM:

11421 ind x==20 (mod 30),
7 ind x==3 (mod 10), ind x=9 (mod 10),
indx=9, 19, 29(mod 30), x=12, 21, 29 (mod 31).

(Muzmekcel B3sitel B Tabsiuue ¢ OCHOBaHHeM g=3.)
Orser. Knacem 12, 21, 29 mo momymio 31.

2, IBYYJIEHHBIE CPABHEHHSI A0 COCTABHOMY MOAYJIIO

Cosepmem—xo dHaJOTUYHBIM 06pa30M MOXHO IIDHMCHATHL Teo-
PHIC HHICKCOB H AJIs1 PElIeHUA CpaBHEHI/Iﬁ

Ax" == B (mod m) 9

B CJyyae COCTABHOTO MOAYJS M, €CJH JJsi 3TOTO MOAYJd CYyLlecT-
ByeT XoTd Obl ONMH MepBooOpa3Hbiii KOPeHb, B3fB KOTOPH B Ka-
YeCTBE OCHOBAHHSI, MOXHO TOCTPOHTBH CHCTEMY HHJICKCOB.

ITpy m >2 noayyaem B 3TOM cCJjydae cCpaBHeHHMe l-ii cTemeHu
¢ HemsBectHoH indx: nindx=ind B—ind A (mod ¢ (m)), u3 Ko-
TOPOTO B cjlyuae CYIReCTBOBAaHHS pellieHHH HaxoAHM 3HaueHHs indux,
a4 1o HAM H 3HauUeHus Xx.

CpaBuenne (9) HMeeT WJAM He HMeeT pelUeHHS B 3aBHCHMOCTH
or Ttoro, 6yzaetr JH (n, ¢ (m))|ind B—ind A. B uacTHOCTH, MOXHO
NPUMEHUTb 3TOT KpHTepHil jAasa wmonpyned m=p* npu p>2 H
B NpejejaXx HMEIOMUXCA TaOJHI OTBICKMBATH pelleHHs CPaBHEHHH
Buna Ax"== B (mod p*).

AT0 MO3BOJAET, MEXKJY NMPOUYHM, BHIACHHTH BONPOC O CYUIECTBO-
BAaHWH MJs1 33JaHHOTO NPOCTOro p>>2 yHcJa g, TaKoro, 4to

a’~1==1(mod p?) (10)

(ecm. crp. 100). [deficTBHTeNbHO, TaKHe WYHCAA @ YAOBJIETBOPAIOT
cpasuennio xF"'==1 (mod p?), KOTOpPOE 39KBHBAJIEHFTHO CPaBHEHHIO
(p—1)indx=0 (modp (p—1)), 1. e. indx=0(modp). [To Mo-
Ayao- p(p—1) 6ymer p—1 KJaccoB TaKHX HHAEKCOB, a CJel0Ba-
TeJBHO, NO MOAYMO p? cymiecTByeT p—1 KaaccoB HCKOMBIX 3H&-
ventifi- x. Ilprp p=5 Oymem wuMeTp ‘He MeHee . yeTHIpPeX  TAKHX
KJaccoB. ' Met BHAMM, uTo Ana Jqwo6oro p=5, KpoMe uucea a,
CpaBHHUMHIX C -1, cymlecTByloT H ApyrHe 3HaueHHs @, YIOBJIETBO-
psiioinue yeqaosuio (10). Jhio6oe uncno @, HHAEKC KOTOPOTO JEJHTCs
Ha p, 6yner yAOBJCTBOPsTH cpaBHeHuio (10), mpuyeM Bce 3TH 3Ha-
yeHHs1 @ OyAyT oOpas3oBeiBath p~—1 KJaaccoB 1no MoAyJo . p2.

[TpuMep. Iloabsysice Tabiuilell HHACKCOB, HAlTH BCe YHCHA 4,
Takne, 4ro a®==1 (mod 49).

S,uer p=7. B rabnuue aneKcoB no, MO,EWJHO 49 Haxozmm
WIECTh - KAACCOB. YHCEH F[O. STOMY - MOAYJIO, MHAEKCH KOTOPBIX je-

JATCA Ha 7; a UMEHHO KJjacchl: 1 18, 19 30, 31, 48, 1. e. a==1,
+ 18, + 19(mod 49).
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JIAs COCTAaBHOTO MOXYJst m= pf'.,.ps* Mbl 8aMeHsieM cpaBHEHHe
(9) cucremoft:
Ax" == B (mod p3")

Ax = B (mod p%*).

Tlpu monyne m=2%, oo =3, nns pewenus cpapuenus (9) MoxHO
Bocrosnb30BaThcst Teopemamu 188" u 190 pist BeUMCNEHHSI MHAEKCA X
B BHfe napw ((«, v)) ¢ TeM, 4ToObl NOTOM MO 3HAYEHHSIM STOrO
HHJeKca HalTH H BCce 3HAueHHsl HEHU3BECTHOH X.

I[Tpumep. Ilonb3ysice Tabauued HHICKCOB, PeIIHTb CPaBHEHHE

7x%= 23 (mod 64).
Pemenne. 64=2% Hupgekcupys cpaBHeHHe, MOJYyHaeM:
ind 7 -+ 6 ind x = ind 23 (mod ( (2, 16))).

OGosnauast ind x gepes ({(u, v)) W mnoAB3YysCH TabnaHued HHAEK-
coB no moiymo 64, cocraBjeHHOH B NpuMepe Ha crpaHuie 160,
HAXOAHM IOCTE0BATE/IbHO:

((1, 10)) +6 ((u, v))=((1, 14))(mod ((2, 16))),
((6u-1, 6v410))=((1, 14)) (mod ((2, 16))),
6u+1=1(mod2), 6v+ 10= 14 (mod 29),
u=0,1(mod 2), v==6, 14 (mod 29).

B KkayecTBe 3HaueHHH HHIeKca ((u, v)) HMeeM YeTbipe Maphi:
((0, 6)), ((0, 14)), ((1, 6)), ((1, 14)).

B rtabanue HHAEKCOB HAaXONHM COOTBETCTBYIOLHE 3HAYEHHs X MO
Moayaio 64, a mMenHo: x==9, 23, ﬂ 35 (mod 64). CpaBHeHnue

HMeeT YeThipe peutenusi: Kaaccw 9, 23, 41 u 55 mo moaymo 64.

3. KBAAPATHBIE KOPHHU U3 EAUHULBI

ITousiTue KopHst n-fi CTeNEeHH MOXHO PaclpOCTPAHHTb HA IMPO-
U3BOJIBHBIE MOJYJH.

Onpenenenne 58, KopHem n-ii cmenenu u3 Kiacca a no modyaro
M HAa36i6aeMcs Kaace ducen, Yo081emeoPAOUUL CPABHERIIO

x" =a (mod m). (11)

PaccMoTpuM KBajpaTHble KOpHH 1O Jo6OMY MOAYJIO H3 e -
HHLB H ONpefiejuM MX uHCa0, HaumeM co caydas, Korga m= p*,
rie k=1, p—npocroe 4HuCIO.

Teopema 196. Ilpu .mobom HedemuoM NPOCOM pu k=1
HUCAO KEAOpamHbLX KOpHed u3 edunuybl no Mmooyaro p* pasno 2.
I pu p=2 uucro keadpamneix Kopred u3 edunuyo no modyaro 2%
gaeng coomeemcmeenno: 1 npu k=0 u 1, 2 npu £=2; 4 npu

2 0.
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‘NokasateasnctBo. l) Cpasuenne x?==1 (modp*) npu 1e-
yeTHOM NpOCTOM p 3anuwem B Bume (x—1) (x4 1)==0(mod p*).
OGa MHOXHTeJIs1 IPH OJHOM H TOM XK€ 3HAaUEHHH X He MOTYT Je-
JHUTbCA HA p, TaK Kak H3 x—1==0(mod p) u x+ 1==0(mod p)
caefoBano 0wl 2==0(mod p), uro npu p>>2 HEBO3MOXHO.

[Tostomy cpaBHeHHe Xx2= 1 (mod p*) npu p > 2 MoxeT yJoBJeT-
BOPATBbCS TOrKA H TOJbKO TOrja, Koraa x—IEO(modpk) HJH
x-+1==0(mod p*), 1. e. npu x= = 1 (mod p*). M BHAMM, TaKHM
o6pasoM, YTO NPH HeYeTHHIX P CYWMIECTBYIOT ABAa KBaJpaTHbIX KODHs
M3 eIMHUIB N0 MOAYJIO p~.

2) BosbMmeM Tenepp p=2, k=3. OGosnauum uepe3 ((u, v))
HHAGKC N0 Mofymo 2° umHcesa X, yJIOBJNETBOPSIOMHX CPABHEHUIO

x2==1 (mod 2%). (12)

ITockosbky, Xak ObJIO OTMeueHO paHblle, HHIeKC 1 mo Mo-
aymo 2% pasen ((0, 0)), HHzekcupyst cpaBHenue (12), mnoJyuacum
corjacHo TeopemaM 188" u 190:

2((u, ©)=((0, 0)) (mod ((2, 2*-%)),
uian =0 (mod 1), v=0(mod 2*-3), daa u no momymo 2, u nIs
v mo Moayo 2*~2 pojyuaeM COOTBETCTBEHHO:
u=0(mod 2), u=1(mod2), uv==0(mod 2*-2), v=2%"%(mod 2%-2),
T. €, uUeThipe 3HAUEHUsSI MHJEKCa X, a HMEHHO:

(0,00, (1,00, ((0,2*-2), ((1,2*-%),
KOTOPHIM COOTBETCTBYIOT ueThipe KJacca peineHul cpaBHenusi (12), atu
KJIaCCHI_H fABJISIOTCS KBAAPATHBIME KOPHSMH H3 eXHHHIbI 10 MOLY /10 2%,

B cayuae p=2, k=0 uau 1 HenocpeACTBEHHO HAXONHM, UYTO
CyllecTBYeT OJHH, a 1pH p=2, k=2-—]Ba KJjacca pelleHyit
cpaBHenus (12).

. Teopema 197. [Tycmo m=2*p% ... pk, 20e p; > 2—kKanonuue-
cKoe pasaoscenue mo0yan m; moeda 4uca0 KeadpamHelx Kopuel u3
eOuUHUYbL NO 3MOMY MOOYAO PABHO:

1) 2° npu k=0 nau k=1,

2) 2°*1 npu k=2,

3) 2°*2 mpu k= 3.

HNokasateabctBo. Ham Hamo onpelefuTh 4HCIO pelleHHit
cpaBHeHHuss x?==1(modm), KoTOpoe 3KBHBAJeHTHO (Teopema 156)
CHCTEME:!

x? =1 (mod 2%)
x2== 1 (mod p%)
AR (13)
x== 1 (mod p¥). J

CornacHo npeabiayuefi TeopeMe KaxKjoe M3 STHX CpPaBHEHHH,
KpOMe nepBoro, HMeeT jaBa pelleHus. Ecau 00603HauHTh udepes 1)

169



YLHCJIO pelleHR#l mepBoro cpaBHeHHA, To cHcreMa (13), a caemoBa-
TeqbHO, M cpaBHeHue x?=1(modm) umeer mo Teopeme 157 %2°
pemennt, '

B npepniayimefi Teopeme OwLIO ompegesieHo, 4Tto: 1) npu k=0
Hk=1nm=1 2) npu k=2 n=2; 3) npy k>2 n=2% Tak 41O
YHCJIO0 KBajipaTHHIX KOpHe# W3 eRMHHIBl N0 MOAYJ/IO m B 3THX Tpex
cjAyuasiX MOJydyaerc COOTBETCTBEHHO paBHBIM 2°, 29F1 y 29+2

Npumeuanue, Ilpn m > 2 KaxaoMy KBALDATHOMY KODHIO 7 H3 eLH-
HELH O MOAYMIO 7 MOMHO COMOCTABHTH OTNHUHME OT 7 XpafpaTHil Ko-
peHb m—r. -
Jeitcteutensyo, ecan r2=1 (modm), 10 u (m—r)*==1 (mod m), npuuem
m—r # 7, TAK XaX eclH G GHLIO m—r =", T0 UMeAH O m—r =r (mod m),
2r =0 (mod m). Bwmecre ¢ TeM us r2==1(mod m) BugHO, uTO (M, r)=1, Tax
uto 60 6Bl m |2, uTO NPOTHBOPEUHT YCJIOBHIO m > 2.

[MTpumep. Onpenenuts UHC/JAO KBAAPAaTHHIX KOPHEil H3 €IHHHILb
no Mopyao m==600. o

ITockoabky 600=2%-3-52, T. e. k=3, s=2, YHCJO TaKUX
KopHel Oyger paBHO 2¢=16.

Pesyabrar, noayueHHB B TeopeMe 197, MOXKHO IPHMeHHTh A
JOoKasareJbCTBa OJHOH TeopeMul [aycca, npeactamasioulell coboit
HenocpeacTBeHHoe o6o6lleHHe TeopeMbl Buiabcona (Teopema 153).
210 06o6menne Oblio npupeneHo I'ayccom B , Disquisitiones arith-
meticae“ o

Teopema 198. Ilycme ry, ry, ..., Iy (m)—NPUBLOEHHAS CUCTEMA
soiternoe no mooyamo m. Toada

riry «.. rym=1Il(modm), -(14)

20e l=—1, ecau m npunadaexcum MHONECMBY, COCMOAUEMY
us 4ucaa 4, ecex wucer euda p* u 2p*, 20e p— oboe Hewemmoe
npocmoe wucso, k=1, u l=1, ecau m He npunadrexcum amomy
MHO%CECTEY . - :
JNokasatreabcTBO. He orpaHuunBag OOGUIHOCTH, MOXHO
B KaueCTBe o .
P=ryry ... rym o . (18)

paccMaTpuBaTh IIpOM3BeJieHHe uHceJ, 00pasylINX HPHBEAEHHYIO
CHCTEeMY HaHMEHbIUMX HEOTPHLATeJbHHIX BHUYETOB.

[Ipy m=1 u m=2 MH MoxeM B npaBoil uacTu (14) B3ATHL
Kak |=—1, Tak u [=1. ' :

Myctb m>2. O6peanHuM nmonapHo Bce yuciaa B (15) caexyro-
utum o6pasoM. Jlas xkaxjoro r; pemaeM cpaBHeHHe r;x = 1 (mod m),
(r;, my=1, u HaxomHuM r, TaKoe, 4TO r;r;= 1 (mod m).

1) Ecnu r;=r;, cocTaBnsem napy ,nepsoro tuna“ ((7;, 7;)).
Bce Takme MHOXHTenM r;," r; B (15) MOXHO OTOPOCHTD, TaK Kak
NpOMSBEJICHHE KaXJAbIX HBYX uHces, o0pasyomux Takylo' -napy,
JaeT BPH JeNeHHH HA M OCTaTOK, paBHuH 1.
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2) Ecan r,—ri, T. e. ecnu r} __l(modm), TO A0S TAKOTO 7
cocraBasieM I1apy ,BToporo tuna“ {(r;, r;), TAe corjlacHoO NpH-
MeuaHHI0O X Teopeme 197 (m—r,)2=1(r_nodm) H m-—r; OTJIMYHO
OoTf r;. Hna xaxjoro H3 MNPOH3BeJEHHH IBYX HHCeN r; H m—f1,,
06pa3yoIllHX napy BTOPOTO THNA, HMeeM:

ri(m—r)=—r; =-—1(mod m).

Takum oGpasom, P no mopymaio m cpaBHHMO ¢ (— 1)*, roe n—
YHCJIO Map BTOPOTO THIIA.

ITockoabKy B mapax BTOPOro THNAa OGBbEeAHMHEHB MOMAPHO pellie-
HHsa cpaBHeHus x2=1 (modm), uucjo 3THX nap 6yAeT pPaBHO I0O-
JIOBHHE YHCJIA KBaJpaTHHIX KOpHeH H3 CIMHHLE TO MOLYIO rm.

Corsnacio Teopeme 197 npu m=4, m=p* u m=2p* umeem

=7-2= 1, T. e. P=—1(mod m). Ecau e m=2%.pf. . p*—

KaHOHHMYECKOEe DPAa3JIoKeHHe fm, TO COTJIaCHO TOH Ke TeopeMe:
1
1) npu k=01 1, s=2, 4ucjo n=?2’ YeTHO;

2) npu k=2, s=1, uncjo n=%2’+1 YeTHO;

3) npu k=3, s =0, uucao n=%2"+2 YEeTHO.
Takum o6pasom, BO BceXx 3THX TpeX Cayuasix
P =-+1(modm). (16)

HenocpencteeHHass npoBepka mokasbiBaeT, uTo cpaBHeHue (16)
BepHO At m=1 H m==2, COOTBETCTBYIOU[HX 3HauUeHHAM R =0
H 1 nmpum s=0, uro BMecTe C paHee pPaCCMOTPEHHBIMH CJy4asiMH
HCYepIBBAeT BCe BO3MOXHBIE 3HAUEHHS /M.

CpaBHUBasi pe3yJbTaThl, MOJyUYEeHHLIE B TeopeMax 198 u 181,
MOXHO TeopeMmy 198 3anmmcaTh Takxke B cuefylolted ¢dopme.

Teopema 198’. I1poussedenue uucer, 00pasyrouyux npueedeHHy0O
cucmemy 6ovldemos no molyamo m> 2, cpaenumo no amomy modyaro
¢ — 1 mozda u moavko mozda, x020a no MoOya0 m cywecmayom
nepsoobpasnute Kopru. Has ecex ocmanvnuix modyred amo npousse-
derue cpasrumo ¢ - 1,

Mpumepn. a) m=18=2.32, 311ecbIIr,—l 5.7-11-13-17 =
=(5.11)-(7-13)-(1-17)=1-1 (— 1)=—1 (mod 18). _

6) m=30=2-3.-5. 3mece Ir;=1.7-11-13-17-19.23-29 =
=(7-13)-(17-23)- (1 29)(11 19H=1- 1(-—1)(— 1)—‘1(mod30)

4, I'IOKASATEJ! bH bIE CPABHEHHﬂ

TaﬁJIHub} “HBIGKCOB MOMHO NPHMEHSTh H AJf DELICHHS MOKa-
3aTeJIbHbIX -ABYUJCHHBIX CpaBHEHHA BHJA

a*==b(mod m)." oan
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Ecan no Moaysio m cymecTBYlOT NepBoofpasHbie KOpHH, TO,
HHIEKCHpYa cpasHenue (17), moayuaem cpaBHenHe

xinda=ind b (mod ¢ (m)), (18)

npencraBasiomee co6oit caeactBue cpaBHenus (17). Bce 8Haye- -
HHA X, YAOBJeTBopslomue cpaBHeHuio (17), HaxogmsTcsi cpeay UH-
cenl x, ynoBleTBopsilomMX cpasHeHunio (18). C gpyrofi cTOpoHH,
KaxJoe HeOTpHIaTe/lbHOe 3HAUYeHHE ¥, YAOBJETBODS Iolee CpaBHe-
Huo (18), ynoBiersopsier Takke H cpas HeHuio (17).

B cayuae cpaBHeHHs BHAa

a’ ) = p&* (mod m), (19)

rae f(x) H g(X)—MHOrouJeHsl ¢ UeJHIMH Ko3bbHIHEHTaMH,
a m—MOAYJib, IJIi KOTOPOTO CYIeCTByeT NepBoobpasHblii KOpeHb,
HHJEKCHpYS, [oJiydyaeM CpaBHeHHE BHJA

F (x)=0 (mod @ (m)), (20)
F (x)=f(x)inda—g(x)indb.

3Hayenuss x, ypoBJerBopsiomue cpaBHeHHio (19), cosmapator
CO 3HAUEHHAMH X, YAOBJICTBOpPSIIOMMH cpaBHeHHIO (20).

rjae

r1ABA 21
CPABHEHMUSA 2-ii CTENIEHU MO MPOCTOMY MOlIYJHO

1. KBAAPATHYHBIE BbIYETbl H HEBBIYEThI

O6mu#t BHA CpaBHeHHd 2-H CTeNeHH MO NPOCTOMY MOAYJMIO p

HMeeT BHJ:
cpX? 4 ¢yx - ¢, =0 (mod p). (n

B xauectBe Moaysnsi p Mbl Gyiaem OpaTb HeueTHble MpPOCTHIE
yncna. [lpu p=2 peieHnsi, ecjau OHH €CTb, HaxXOLATCH HCOBITA-

HueM KaaccoB O u 1. Mm Gynem paccmaTpuBaTh TOJIBKO Caydai
p)(co, TaKk Kak IpH p|c, cpaBHeHHe (1) sxBHBaJIEHTHO CpaBHEHHIO

1-it cTenenn ¢,x+c, = 0(mod p).
Teopema 199. IIpu p>2, pXc, cpasnenue (1) sxeusarenmno
HEKOMOpOMY CPABHEeHUo euda

(x -+ c¢)*==a(mod p). (2)

HokasarteabctBo. CpasHenne (1) npu pfc, MOXHO (Teo-
pema 144) cHavyajla NpHUBECTH K BHAY

224 byx+ b, =0 (mod p). 3)
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PaccMoTtpsM B2 BO3MOXHBIX Cjy4as:
1) Ecan 2|b;, To cpaBHeHHe (3) MOXHO 3anHcaTh B BHJE:

(x+%)'= (%) 02 (mod p).

2) Ecim 2{ b, Tto cpaBHenHe (3) 3aMeHsieM SKBHBAJICHTHBHIM
cpaBHeHHeM
%2+ (by+ p) x4 by =0 (mod p),
KOTOpOe, MOCKOJIbKY p HeueTHO H, CJjejoBartesbHO, 2|b, + p, MOXHO
3aMHCAThb B BHJE

(2 +252) = (4f2)* —b, (mod ),

Taxum ofpasoMm, B 0060MX cjaydyasx Msl NOJyHaemM CpaBHeHHE
BHAA (2), sKBHBAaJICHTHOE NMEPBOHAYAJBHOMY,

Ecan o6Go3sHauHTb X--c¢ uepes 2z, TO BONPOC O CYyLIECTBOBAHHH
pelleHHil M HaXOMWeHHH STHX pelleHMH AJsi moGoro cpaBHEHH:
2-f CTeneHH CBOJMTCA K HCCJIE[JOBAHHIO CpaBHeHHA 22=(mod p).

B stoit rnaBe Mt 6yfeM paccMaTpHBATh TOJIBKO TaKue CpaBHEHHs,
3aluchiBasi UX B BHJe

x?=a(mod p), 4)

npuueM OyfeM CuYHTaTb @ He NpHHAJJIeXallUM HYJEBOMY KJjaccy,
T. €. TaKuM, 4To pfa.

B cayuae, korma a€0, oueBHIHO, uTo cpaBHeHHe (4) HMeer
ToJILKO ofHo pewenHe x=0 (mod p), Tak kak npd x = (¢ (mod p),
a==0(mod p) 6yzer Takke x?Z a(mod p).

CpaBuenne (4) siBasieTcs 4acTHBIM Cay4aeM (OpH n=2) cpaBHe-
Husg x"==a(mod p), paccMorpenHoro B 20-ii riase.

HekoTtophie H3 pe3yJibTaTOB HACTOSIEHR rJaBbl ABJSIOTCS YacT-
HBIMH CJIY4asiMH TeopeM 20-# ranaBel. UroGHl cAenarb H3ydYeHHe
CpaBHEHHH 2-ii CTENEHH HE3aBHCHMBIM OT ofmeH TEOpHH IBYUJIeH-
HbIX CpaBHeHHH, OyneM Hapsiy CO CCHUIKAMH Ha paHee yCTaHOB-
JEeHHBe Pe3yJbTaThl AaBaThb W HOBBIE JI0KA3aTeJbCTBAa, MPOBOAS HX
CHELHaJbHO /IS PACCMATPHBAEMOro CJyyas.

Tlpu pfa cpaBHeHue (4) Moxer He HMeTh peuieHul. Hampuwmep,
JIeTKO [POBEpHTb, UTO CpaBHeHHI0 x?==2 (mod b) He yloBreTBOpseT
HH OAHH M3 KJACCOB N0 MOAYJIO 5.

BMmecte ¢ TeM ecau npu p4a cpaBHeHHe (4) HMeeT pelle-
HHE X,, TO peileHHeM OyjeT TaKike KJacC—X,, OTJHYHBIH OT X,.
IeficTeuTennHo, ecu xy=a(modp), 10 u (—x,)?=a(mod p),
npHUeM HOCKOJAbKY pfa, To pXx;, a, ciaeloBarelbHo, A p > 2
Oy net 2xo$é.0(modp), Xo & — Xy (mod p), T. e. pelleHHS X, H—X,
pasjHuHbE.

C xnpyro# c'ropmm, cpaBHeHue (4) He moxker (Teopema 148)
uMeTb Ooniee IBYX pewmeHHit. TakuM o6pasoM, e€ClH HCKJIIOUHTb U3
paeGMOTPeHHs, K&K MH 9TO CJejajH, 3HaueHHA a, KpaTHHe p, TO
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cpaBHeHHe (4) smubo uMeer jBa pemeHHsi, 160 He HMeeT HH OXHOTO
pettenust. Ecan npu HekoTopoM a cpaBHeHue (4) uMeeT ABa peille-
HHs, TO H JAas Juoboro b==a(mod p) 310 cpaBHEHHE HMeeT ABa
pelleHHs], TIO9TOMY eCTeCTBEHHO paccMarpusaTh cpaBHeHHe (4) He
IJIst OTAEJIbHBIX YHCENl @, a JJIfi COOTBETCTBYIOI[HX KJIACCOB.

Onpenenenns 59. 1) Kaacc wucea no modysmo p Hasvisaemcs
KAGCCOM KS8AOPAMUUHBLY 6bI4€Im08 N0 3MoMy MoOyAf0, ecau OAf Yucen
a, npuxadiexcauux 3momy Kiaccy, cpasrenue x* =a (mod p) umeem
0sa peuienus.

2) Kaacc wucea no molyaro p HA3bieaemcss KAACCOM Keadpamuu-
HOLX Heebinemos, ecAl OAA uucen Q, NPUHAOAHCAWUX FMOMY KAQCCY,
cpasnerue x*=a(mod p) He umeem pewierui.

CooTBeTCTBEHHO 3TOMY BCE UHCJa, NpPHHAJJeXKallHe KJaccaM
KBaJ[paTHYHBIX BBIYETOB, T. €. BCe YHCJA @, 1M KOTOPBIX CpaBHe-
HHe x?==a(mod p) uMeeT fBa pemeHHs, OyleM HasbBaTb KBajpa-
THYHBIMH BHUETAMH MO MOAYJIO p W aHAJOTHWYHO BCE 4HUCJIA @, A
KOTOpHX 3TO CPaBHEHHE He HMeEeT pelleHHH,— KBaJpaTHIYHLIMH He-
BhlUETAMH MO 3ToMy MoayJiuo. YUmucna e, npuHapnexanie kaaccy 0,
JJ11 KOTOPLIX CpaBHeHHe (4) HMeeT OfHO pellieHHe, He NIPHUHCASITCS
HH K KBaJparuuHbLIM BbIUETAM, HH K KBaJPATHUHBIM HEBBIYETAM.

Ecau cpaBuHTL onpegeseHuss 59 c¢ onpegesnenusimu 56 u 56°, To
JIeTKO BHIETb, YTO NOHATHE KBafpaTHYHOTO BHIUETa (HEBHIUETA) IO
MOJYJIO p COBNAjaeT ¢ NOHSATHeM BhbiyeTa (HeBbUera) 2-H cTeneHH
110 3TOMY MORYJIIO.

Teopema 200. Heobxo0umoim 4 Oocmamouneim Yycaosuem Mmozo,
4mobor a Oblao KBAOPAMUUHLIM BbIMEMOM NO NPOCMOMY MOOYAK0
p(p>2, pfa), agasemca cnpasedrusocmo CPaBHEHUS

p=1 o
a? =1 (mod p). ‘ ®)

JdokasareabcTBO. 1) Dra TeopeMa ABJAETCSA YACTHBHIM cay-
waeM Teopemsl 194 npH n=2.

HanpM eme OFHO J0Ka3aTelbCTBO 3TOH TeopeMbl

2) CoraacHo Teopeme 150 HeoOXOAMMHBIM H -JOCTATOUHBIM YCJIO-
BHEM TOro, uTo0bl CpaBHeHHe (4) HMeJO JBa 'pelleHHsI, SABJSETCS
JeJIUMOCTh Ha p BCeX KO3(HIMEHTOB OCTaTKa OT -ACJNeHUs x”‘ —1
Ha x2—a. Haligem 3ToT OCTaTOK.

IMo Teopeme Besy ocraTok oT JedeHHst [(z) Ha (z—a) paBeH

f(a), Tak 4toO
, p_l

£T—1=—ag@+r, O

rie r=a * —1, a g(z)—MHOTrOuUNIEeH ¢ HLeJhIMH KoatN)uuﬂenfraMH.
3aMeHsm B (6) z Ha X%, moJayvaem:

p—1
X" 1—1—<x2—a)g<x2)+(a= —1)
CJIel0BATENIbHO, HEOOXOXMMHLIM H JAOCTATOYHBIM YCHAOBHEM TOrO,
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yTOOBL. CpaBHeHHe (4) HMeJO IBa pElIeHHs, SBJASETCH XEJUMOCTb
p—1
a*®* —1 Ha p, T. e. BHNoOAHEHHEe ycJjaoBus (D).

Teopema 201.. Heobxodumom u docmamounvim yciosuem mozo,
umobol a.6bia0 KEAOPAMUYHbLIM HeebIMemOMm N0 NPOCMomMy modyawo p
(p>2, pfa), ssrsemcs

p-t
a?® =—1(modp). )
Hoxasareancrpo. CornacHo Teopeme PepMa npH pia
HMeeM: \
=1 p-1
(a2 —1)(a 2 +1)=a"1—150(modp). )

Ecaun a—xBajpaTHuHbIH HeBHYET NO MOAYJIO p, TO NEpBbHIR
MHOXKHTEJIb He JeJHTCH Ha p H, ClefoBare/bHO (teopema 1057),
Ha p HEJIMTCA BTOPOil MHOXHTeNb, T. €. BHIIOJHEHO YcJosue (7).
O6a MmHOxHTeJA B (8) He MOTyT OJHOBPEMEHHO AEJHTbCS Ha p, TaK
KaK Torja HX pasHoOcTb £ TOXe JeJsinjach Gbl Ha p > 2, YTO HEBO3MOXK-~

p=1
Ho. [TosToMy ecain BpiNOJIHEHO yCJIoBHE (7), Toa 2 = 1(mod p), 1. e,
corjacHo Teopeme 200 a-—XBajpaTHUHBIfl HEBBIYET IO MOLYJIO p.

Teopemsr 200 1 201 MoxHO OO6BeZHHHTL B BHAE CJENYIOUIETO
KpuTepus, NaHHOTO BlepBple DijlepoM; 35TOT KPHTepHH MO3BOJISIET
CyndTh, ABJSETCHS JH IeJoe YHUCIO @, He Jenslieecs Ha NpocToit
MOAYJb p>>2, KBafpPaTHYHbIM BHLIYETOM HJH HEBHLIUETOM MO 3TOMY
MOZYJO. .

Kpurepuit diiepa. Yucao a, ne deasuyeecs Ha npocmoe wucao p
(p > 2), ngasemcs .Keaapamurmbm 8bIeMOM LA HEeBLIMEMON NO MO-

p~1
Oyato p 8 3asucumocmu om moeo, 6ydem au a ®  cpasnumo ¢ -+ 1
uau ¢ —1 no amomy modyaro.

ITpumepn. Yucao 2—kBaapaTuuHbi HEBHIUET MO NPOCTOMY
mozpysio 11, Tak Kak 2%=32=-—1 (mod 11).

Uucao 3—Kea}1pamqﬂbm BhlYeT no Mmomymo 11, Tak Kak
3% =243=1(mod 11).

Teopema 202. ITo at06omy npocmomy modyso p > 2 4UCAO KAACCO8
K8AOpAMUYHbIX 8bI4EMO8 PABHO HUCAY KAACCO8 KBAOPAMUUHBIX Heabl-
uemos.

JoxazaTeiabCcTBO. YCTaHOBHM CHAuajla, UTO YHC/IO KJACCOB

—1
KBaJpATHYHBIX BBIYETOB O TAKOMY MOXYJIO p PaBHO &2—.

dTo yTBepXKJECHHE SBJSETCS YaCTHBIM CjaydaeM Teopembl 192
OpH n=2; Mbl MOXeM TaKXe JIerko J0Ka3aTb 3TO, MOJb3YsiCh TeO-
pemoit 200.

HeficruTennHo, coraacHo teopeme 200 kjaccsl KBagpaTHUHbLIX
BLIYETOB N0 MOAYJ/IO p MPEACTABJAAIOT €000l pemweHHs CpPaBHEHHS

=1 (modp), .. 4 9
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H, CJefOBATENbHO, UHCAO KBAJPATHUHLIX BHUETOB DABHO uHCay
pemexmi& sToro cpaBHeHus. Hmeem:

¥Tl—l= (xp”;—-.l) (an—-}-'_ l) .
p—-1

ITockoMbKY OCTAaTOK OT JeneHHs xP~1—1 Ha x* —1 pasen
HyMo, To (Teopema 150) cpapmenne (9) umeer —— p pemermﬁ T. €

—1
N0 MPOCTOMY MOAYJIO p =2 CymecTByeT 32—— KJ1accoB KBajpaTHi-

HbIX BbiueTOB. Bcero mno mopaymio p cymectByer p—1 KaaccoB
YHCeJ, B3aHMHO HPOCTHIX C MOAYJeM, H, TakuM 006pasoMm, 4MCJ/IO

—1 —_
KJIacCOB KBaJApaTHYHBIX HEBHIUETOB PABHO p—l—"’___2 _p2 !, T. €.

CTOJILKO K€, CKOJIbKO KJ/IaCCOB KBaZpaTHUHHIX BHIYETOB.
—1\2
Teopema 203. Yucra 12, 22, ..., (%——) obpasyiom cucmemy

npedcmagumenell dcex KAQCCO8 KBAOPAMUUHBLX 8bIHeMO8 N0 NPOCMOMY

Mmo0yao p =>2.
HdokasatenbctBo. Kamjaoe H3 3THX uHCe] NpeACTaBJsAET

co6olt KBaJpaTHUYHHIH BbIUET MO MOAYJI0 p, TaK KaK CpaBHEHue
1
xt==s%(mod p), rIe 1<s<"’2 , HMMEeT 1Ba TaKUX peLIeHHd:

x=4s(mod p). Bce 3TH uHcla NONapHO HECPABHHMH IO MOXY-
mo p. JelcTBHTeNbHO, €CJH B3ATh Jiobble jABAa H3 HUX: §2 H (3

(1<t<s< ”T_l) 10

l<st+t<p—1, pfs—t, pks+t,
H, caejoBaTesibHO (Teopema 105°):
(s+1t) (s—t) # 0 (mod p), s* £* (mod p).

Takum o6pasoM, uucsa

12, 22, ..., (”—2——1)2:

1) mpuHajgnexar KJjaccaM KBaJpaTHYHBIX BHUETOB,
2) HHKaKHe JBa H3 HHX He NPHHAJJIEXKAT OJHOMY H TOMY Xe
KJaccy,

—1
3) uMcIO STHX uHce ’—’7—— PaBHO YHCJY KJIacCOB KBaJPAaTUYHbIX

BHIYETOB.

CornacHo ,npHHUHNY SIHKOB® (TeopeMa V) MOXHO YTBEpKAATD,
YTO 3TH uHCAa 00pasyioT cuCTeMY MnpeiCTaBHTeJeH 3THX KJACCOB
N0 OXHOMY H3 KaXJOro KJjacca.

I[Tpumep. Hafitn knacc KBagpaTHUHHIX BHUETOB MO MOLYJIO
p=117.

Bepem uncia 12=1, 22=4, 3 =9, 4*=16, 52=8 (mod 17),
62=2(mod 17), 72——=15(mod 17), 82= 13 (mod 17).

176



Kanaccamu KBaJpaTHYHBIX BHIYETOB No MoOAyaio 17 sBadAloTCH
KJacCHhE: o )

Hmest TabnHLy HHAEKCOB IO MOAYJIO p, MOXHO HalTH KBajpa-
THUHBIE BbIUEeTHl, OTOOpaB YHCJA, Yy KOTOPHIX HHIEKCH YeTHHIe
(teopema 1917).

2. CHMBOJI JIE)XXAHJAPA

Ilpn u3syuenun cpaBHeHHH 2-f cTemeHH YA0OHO NMOJIb30BaTHCH
TaK HasbiBaeMBIM CHMBOJIOM Jlexauapa. Beesenue storo cumBoda,
Kak OyJeT BHAHO H3 JajbHeHIlero, 3HauHTEJIbHO YNPOILAeT 3aMHCh
MHOTHX pe3yJbTaToB H ofjeryaer BeuucaeHus. CHMBOJ JlexaHzapa
I UHCJIa @ MO MPOCTOMY MOAYJMIO p>>2 NPHHSTO 3aNuCHIBaTh

a
B BHJAE (—> , [pHUEM 3TOT CHMBOJ OIPEILIAdCTCa CJACAYIOUHM

o6pa3som.
Onpenenenue 60. Ilycmv p—npocmoe wucio, p>2 u pia.

Cumeorom Jlexandpa (%) oboswauaemes 1 wiu —1, cmompa

no momy, 6ydem Au a K6AOPAMUUHBIM BLIEMOM UAU HEBHIMEMOM NO
MoOyar0 p, m. e..

( a ) - J+ 1, ecau a—rxeadpamuunoid eviuem no modyaro p,

p {—1, ecau a—xsadpamuunelll Hesoiem no molyaw p.

a
JIpyrumMu cjoBaMH, (-—) paBHo -1, ecam cpaBHeHHe
a
x¥%?=a(mod p) uMeeT aBa peleHHA, H (;) paBHO — 1, ecqHu 5TO
CcpaBHeHHe He HMeeT pelleHHH.

IIpumepmn. 1) (%>=1, TaK Kak cpaBHeHHe x?=3(mod 11)
HMeeT JBa pelleHHs: x¥== -4 5(mod 11);

2) (»25—)=-—1, TaK KaK cpaBHeHHe xZ=2(modd) ue uMeeT
pelueHHH.

3anHmeM psik CBOHCTB CHMBOJIA JlexaHIpa, HenocpeiCTBEHHO
BLITEKAIOUWIHX H3 ONpefiejieHHs M paHee YCTAHOBJCHHBIX CBOHCTB

KBaJpaTHYHBIX BBIYETOB H HeBbIYeTOB. IJOCKOJBKY cHMBOA (i)
onpefelieH y HaC TOJMBbKO MJsl NMPOCTHIX MojAyJed p>2 u pfa, 10
SalHCh (;‘:—) BO Bcex caenylomux teopeMax 204—212 6ymer osha-
YaTb, 4TO p H @ YAOBJETBOPSIOT STHM ycnoxznﬂm. .

Teopema 204. Ecau b=a (mod p), mo (7) = (F) .

a
Jokasateancrtso. Ecau )= 1, T. . a—KBafpaTHUYHLIA
BBIYET [0 MOAYJIO P, TO H JioGoe b€ Toxe GyAer KBajipaTHYHBIM
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BBIYETOM 110 3TOMY MOAYJIO, H (%)-——_ 1. Ecan \(%)= —1, Ton
BeCh KJACC G COCTOHT W3 KBAJPATHUHbIX HEBLHIYETOB 1O MOAYJIO p, |
T. e. npu b=a (mod p), (%):——1, ' '
2
Teopema 205. (%)=1

HokasatenncTBo. Cpasuenue x?=a?(mod p), pfa, HMeer
IBa peiueHHs: x==-+ a(mod p).

1
B uactHocTH, (—) =1.
Teopema 206 (xpurepufi Diiaepa).
p-1
a- E<%) (mod p). (10)
JlokasatenwctTBO. Ecau (%):l, T. €. ecJqH a—KBajpa-
THUHBIA BBIUET 10 MOAYJIO P, To corjacHo teopeMe 200 Hmeem:

p—-1

a? =l= (%) (mod p). <
Ecau (%)—;——1, T. €. eCJAH a—KBaJpaTHUHBIH HeBHIUYET IO
MOJYJII0 p, TO COryiacHo Teopeme 201 umeeM:
pP—1
a? =—1= <i> (mod p).

Taxum o6pasoM, cpasuenue (10) BepHO 4 moboro a, Hé fes-
merocs Ha p.
[Mpumepw.

1) (13>_36 7929 = 1 (mod 13), Tak uTo (%‘):1.

2) (‘_)_108 =(—2)t = 16=—1 (mod 17), Tax uro (g>=—1.

+1, ecau p=1(mod4),
Teopema 207. <p ) {_1 ecatl p_S(mod4)

HdokaszartenbcrtBo. CornacHo Teopeme 206 Hmeem:
\ o1

(1) =(=17 (modp).

B neBoit ¥ npaBoli.wacTAX 3TOTO CPABHEHHSA CTOAT BEJHYHMHBI,
no aGCoJIOTHOR BesuuHHe - paBHbie 1. JiBe Takue BeJJMIMHBI MOTYT
ObiTb CPABHHMBI HO MOAYJIO.p = 2, TONBKO €CJAH OHH PaBHH, T. €.

D 1. v . ' N
)=(—=1"7 11
» (Z5)=(=1 S ap
(——1) 2 papio -1 mam —1, cmorps. mo Tomy, Oyjper au
==1(mod4) nau p==3(mod4).
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TTockoabky cpaeHenye x2==-—1 (mod p) MOXHO 3anucatb B Buje
x2+ 1=0(mod p), TO TeOpeMy MOXHO 3anucaTh elme B CAexyiomed
opme.
¢ T eopema 207’. Lleavie 3HaweHus x, npu KOMOpbiX x24-1 deaumcsa
HA NpPOCMoe HUcAG P, cyujecmeyiom mozda U moaskd moeda, K0e0a
== 1 (mod 4).
IMpumep. CymecTByloT /aH 3HaueHus X, Takue, utobnl x2 -+ 1
geainock Ha 127? Tlockonbky p = 127 = 3 (mod 4), Takux 3naueHuil

HE cymeCTByeT.
(al.”an) = (ﬁ) (gﬁ)
p p/) T \p)"

Teopema 208.
HokaszarenbctBo. CornacHo Teopeme 206 umeem:

oy ..ay) A edi . g =(2 a,
- =(a4...0,) % =a? ...q} = 7)o\ (mod p).
(“—‘T‘L"> H TpOH3BeJeHHe (il) (%‘) o abCcoMOTHOMN BeNUMHE

D

papabl 1. Bhimie OblI0O OTMeueHO, YTO ABa TAKHUX YHCJA CPaBHMMBI
[0 MOAYJAIO p>>2 TOJbKO TOrAa, KOTAa OHH PaBHBl, CJEAOBATENbHO,

(5%)=(5) - (2]

B . uactHOCTH, (}7)=(?> (;), W, Takum o00pasoM, ecJau

3)=(5) = (5) (3)==(5) = (5)
—)={—), 10 |—=]})=1, a ec — )= — )=
( p ) b( P2> ’ p A P’ P
= — <;) = —1, T. €. npousBeieHne ABYX KBaIPAaTHUHLIX BbLIYETOB

UM JBYX KBaJpaTHYHHIX HEBLIYETOB NMO MOAYJIO p NpeicTaBisger
coboii KBAAPATHUHBIA BhHIYET 1O 3TOMY MOAYJIO, a NpOH3BeJeHHE
KBaJIpATHYHOTO BEIYETa HA HEBHIYET NIpeACTaBJALT coboit KBﬂleaTH‘l-
HBI HeBBIYET.

a N
U3 teopemm 208 crepyer Takxke, 4TO ec.zm(;) =], T0O ¥ npH
aS
ao6om s==0 nMeeM (?)2 1, T. e. mo6as CTeneHh KBaAPaTHUHOIO
BbIYETA NpPEACTaBAfeT CO6OH KBaAPATHUHBIA BHYET 110 paccMaTpu-
B4€MOMY MOZY/JIO.

Ilpumep. 52::2(mod23) Ilonbaysicp Tem, 4T0 2 ABAserCs
KBagpPAaTHUHbIM BHIYETOM 10 MOAYJIO p=23, HaliTH Bce KJacchl
KBaJPaTHYHLIX BHUYETOB O 3TOMY MOAYJIO.

Beps creneny 2; HAXOAUM NOCAeROBATENALHO TaKue Kaaces! KBaj-

PATHUHBIX BLIYETOB HO MOAYJAI0 23.

2,14, 8,16, 2-16=9, 2.9= T, 2.18=13, 2.13=3, 2.3=6,

2.

S
Yo
)
i
i
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23 ~1 . .

Mu uamau ll=—-2—-— KJaCCOB KBaApaTHMUHHIX BHIUETOB, T. €.
BCE TaKHe KJacChl.

Orser. 1, 2, 3, 4, 6, 8, 9, 12, 13, 16, 18.

Cnenyromuii xputepuii, ycTaHoBJeHHHH Bueppble 'ayccoM, naer
HOBHIH, OTIMUHLIA OT KpUTEpHA Diinepa, cnocolb BHACHATD, SABJASETCH
JH HEKOTOpOe HMCJIO a KBafpAaTHUHBLIM BHIYETOM HMJIH HEBLIYETOM II0
NPOCTOMY MORYJIO p. ,

Teopema 209 (xpurepuii I'aycca). [Haa awbozo a, ne dessuye-
2oca na npocmoil modyae p (p=>>2), umeem:

(3)-n.

ede |—uucao wucen MHoMCecmaa;
—1
a, 2, ..., g, (12)
Y KOMOPbIX HAUMEHbULLE NO abcomomuold sesuduHe sviuem no npo-
CIMOMY MOOYAI0 D OMpuyamenes.
HoxaszarteabcTBOo. Kaxaoe yncio us (12) cpaBHUMO C OaHHMM
U TOJBKO OHHUM YHCJIOM MpPHBEJleHHOH CHCTeMBl BBLIYETOB MO MO-

AyJio p:

—1 . —1
=2, =1 1, 2, B (13)
TaK 4TO KakioMy uucay sa u3 (12) mb comocraBuM unciao us (13)

supa (— 1)lr,, Takoe, uro sa == (— 1)lsr (mod p), rae lgrsg’i%—l
H I, papo O uyn 1, npuyem I[;=1 TOraa m TOJbKO TOTJA, KOFrja
HAaUMEHbUIHA N0 a6COMOTHOH BeNMYHMHE BLIYET $& N0 MOAYJIO p
OTpHUATEJIEH.

Ecau B3g9Th [gBa TakKHX uHcAa: Sa U fa (Ss%~1), TO COOTBETCT-
BylOlLllMe 7 ¥ r, TaKKe OyAyT He paBHB ApYT apyry. deficTBuTenbho,
ecsn OB GBlIO ry =1y, T.€. sa==(— 1 )!sr (mod p) u ta=(— 1) r (modp),
TO Mbl MMean Obl sa== 4 fa(modp), p|(sFt)a. Iockoabky npu

1<3<L}l, lgtg’%—-—l, s=%t, uveeM O0<<|s+i|<<p—I1,

TO p{s-=¢ H, CleloBaTeNbHO, p|@, YTO NPOTHBOPEUHT YCAOBMSIM
TEOPEMBI.
p—1

Takum o6pasoM, npupaBsas s 3HadeHus, pasueie 1, 2, ..., 5

Oynem nosjyuaTtb B KaueCTBe r, TAaKXe pasHbe 3HaYeHUs W3 YHCJA

—1 .
ypcen 1, 2, ..., ’-’7—- H, TaKuM o0pasoMm, ry, 73, ..., Tp-y H

2
—1
1, 2..., %—— MOTYT OTJIMYAThGSl TOJBKO HOPSAKOM, TaK 4TO
—1
A=ryrg .. rpo=1.2 ... ’-’—2—
N

180



Ilepemuoxas cpaBHEHHs:
l.a=(—1)%r, (mod p),
a=(—1)hry(mod p),

nonyqyaem:
-1 Litly+.4lp_y

Aa? =(—1) = A (mod p).

Cokpamaem o6Ge uacTH cpaBHenus Ha A, rae A, Kak npousse-
JIeHHe YHCesl, B3aUMHO NPOCTHIX C P, TaKXe B3aHMHO HpPOCTO C p:

/ p-1 l,+l,+..‘+l£:
a?® =(—1) 3 (mod p).
CornacHo kputepuwno dDiinepa (reopema 206) umeewm:

p-1

2

a?® = (%) (mod p),

l,+l,,,+...+t£,;1
(%) =(—1) = (mod p). (14)

B Jnesoit M npasoil yacrtax cpaBHeHds (14) sesuuuHH mo abco-
JIIOTHOH BeJIMUMHe paBHH 1; M3 CPaBHHMMOCTH HX IO MOAYJIO p Bhi-
TeKaeT HX paBeHCTBO, T. €.

I,+l,+...+lt,_1

($)==D T ==

rge I—uhcnao uucen l;, paBHHX 1, T. e, YHCJIO YHCesql BO MHOKe-
crBe (12), y KOTOphIX HauMeHbIUWA N0 a6COJIOTHOH BeJMYHHE BhIUeT
[0 MOAYJIO p OTpHLaTeseH.
Ilpumep. Mmeer au peumeHne cpaBHeHue x2==6 (mod 19)9
Haxoxum HauMmenbilde 1o aGCONIOTHOH BeJMUHHE BHIUETH! HHCEJ
6s(l <<s=<<9), nomuepkuBasg Te H3 HHX, Yy KOTOPHIX TaKOil BbIUET
OTpHILaTeJIeH:

TaK YTo0

6-1=6, 6:2=—7, 6.3=—1, 6.4=5, 6- 5::—8!
6-6=—2, 6.7=4, 6.8=—9, 6-9=—3 (mod19).
3aecy [ =6, Tak uro (%)=(—1)°= 1, u, sHauuT, cpaBHeHHe

x2==6 (mod 19) nmeer zaBa pellicHHs.

Teopema 210.
2 {+1 ecay p=1(mod8) usu p==7(mod8),
(7)" —1, ecau p=3(mod8) usu p==>5(mod8).
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Hoxasartenbctso. CormacHo Kpurepuio I'aycca (teopema 209)

(%)—_—(—-l)‘, rie [—uYuc/I0 YHCes BO MHOMKECTBE

12,22 32 ..., 5 aep1, (15)

T. e. BO MHOXecTBe 2, 4, 6, ..., p—1 UYeTHBIX w4uCeJ, MEHBIIHX
HIHM paBHBIX p—1, AJA KOTOPHIX HaUMeHbIIMA 10 abCoMOTHOH
BeJIMY¥HE BHIYET NO MOAYJIO P OTpHILATE]IeH.

Unucna, nexamue B HHTepBajse oT 1 jgo p—1, uMeloT orpuua-
TeJIbHBIH HAUMEHBbLIAH 10 aBCOMIOTHON BeJMYHMHE BBIUET, €CJAH OHM

Gogblue, yeM —’21. CornacHo TeopeMe 49 UYUC/IO UETHBIX TONOXKH-

TEeJbHBIX YHCEJ, MEHbIIUX WY PaBHBIX g, paBHO [7’1’-] . Bo wmHo-
—1

XecrBe (15) Bcero umeercs ET yuces, W, TakKuM obpasom, duces,

6osbiunx ueM < , Oyger
_p—=1_Ip
=274 |

p=8n+1 [I=4n—2n=2n,

p=81+3 I=(U4n+1)—2n=2n+1,
p=8n+5 I=({@4n+2)—2n+1)=2n+1,
p=8n-+7 l=({@An-+3)—C2n+1)=2(n-+1).

Tlpu:

Takum o6pasowm, (%—):(—l)’ paBHO | AJ4 NPOCTHIX YHUCEN p

Buga 8n-+1 unu 8n--7 v paBHO —1 s mpPOCTHIX UHCed p BHAA
8n+3 u 8n4-5.
Teopemy 210 MOXHO 3amHCaTb B BHJE

p'—l
(F)==n"+ (16)
TaK KaK Jerko NpoBepHTh, 4TO paé—l YyeTHO, eca p=8n+41 wuan

8n-+7, u HeuetHo, ecau p=8n-+4+3 uau 8n-45. Teopema 210
03HaYaeT, YTO MpPOCThle JEJMTE]H YHCeJ BHia x*—2 MOTYT HMeTb
TOJNBKO BHA 8n--1 uau 8n--7.

Mpuwmep. Cym.eCTByeT M UeJoe HHUCHO X, TaKoe, uTo x?-—2
Jeautcs Ha 79?

Ilockonbky 79 =8- 9+7 TO ('76)":1' ", CAeloBaTesIbHO, Ta-
Koe lieJloe 49HCJI0 X CYIIEeCTBYeT.
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3. SAKOH B3AHUMHOCTH

,H.Jm ABYX HEUYeTHHIX l'IpOCTbIX yhces p M ¢ 3HAUEHHA CHMBOJIOB
Jlexanspa (i) H (—Z—).cnasaum 3aMeuaTesbHBIM COOTHOILEHHEM,

q
KOTOpoe 00BIYHO HAa3LIBAKOT 3aKOHOM B3aUMHOCTH KBalpaTHYHHIX

BHYeTOB. 3aKOH B3aMMHOCTH ObiJ HailJeH eme JijepoM, OZHAKO
nepBOe J0Ka3aTeJbCcTBO Obio JaHo [ayccom. 2ToT 3aKOH B COue-
TaHuu ¢ TeopeMmamu 204, 205, 207, 208, 210, KaK 6yaeT moKasaHo

o a
Aajbllle, AaeT YAOGHBIH crnoco6 BHIYHCAATL CuMBOJ Jlexkansapa (T)

npu Jwobom a. '
3aKOH B3AMMHOCTH JaeT HeNoCPeACTBEHHOE H npmou OYeHb

MpoCTOE BhHIpAXKEHUE ANSA NPOH3BEACHHUS CHUMBOJIOB J]ex&aﬂnpa ( Z )

" <_"77.) , TAe p H g—IpOCTHe 4YHCAa. B TO Bpemsi Kak CrnocoGHl

BBIYHC/IEHHS KaXkKJOr0 M3 3THX CHMBOJOB B OTHAEJbHOCTH, JaHHHE,
nanpumep, B Teopemax 206 u 209, tpebylor npu GoJblUX p M ¢
JUIMHHBIX BBIMMCJIEHUH, MpOM3BeJleHHe 3THX CHMBOJIOB BBIYHCASETCS
coBceM mpocTo. MBl JafuM NpejBapHTeNbHO CAEAYONYIO BCIOMOTa-
TeJbHYIO TeopeMy.

Teopema 211. ITycmo p u §—rHewemnble npocmole 4ucra o

q<<p, moeda
(5)(3)-

20e s —uuca0 vucea x, npuHAOiexauiux muoxcecmsy 1, 2, ...,
u yaoe/zemeopmozqux Kakomy-aubo us cpaenenuu sula gx=r (mod p),
20e — ——— <r <

,U.oxasa'renb(:'rno. Cornacro Teopeme 209 (—Z—)=(——l)s',
rge s’ —4YHuCJO YHCEJ X BO MHOMXKeCTBe -

—1
I (17)

JJg KOTOpPbIX HaWMeHbIIMHA no abGCoNiOTHOH BeNHuHHEe BBHIYET X 1O
MOAYJIIO p OTpHUaTtejeH, T. e. uHcay uucen x B (17), Takux, yr0
OpH HEKOTOPOM 1LieJioM y

——”~<qx—py<0- . (18)

p—1
2

Mockoabky 0 <<x < , And BO3MOX(Hb1X SHaNeHHH Yy noAyvaeM
HepaBeHCTBa: ' :

1 1/ p - 1
y>Lx>0, y<—,—,~(qx+%)<;(4—2”—+%)="—-}.
A TaK KakK ¢ HeueTHO, To'1<y<‘L§—l ' .
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3aMeHa y COCEZHMM C HHM HeJbiM YHCJIOM H3MeHSeT BeJIHUHHY
gx—py Ha 4p; aaa kaxjaoro x B (17) moxer 6uTb camoe G6oJib-
Iee OJHO Yy, NPH KOTOPOM §X—py Jexalo Obl B MOpefiefiaX OT

-—-%— 2o 0, 1. e. 8 paBHO yHcaAy map ((3c, Y)), rie x BoiG6paHO M3

p—1 q—1

MHOXecTBa 1, 2, ..., 5, @ §—H3 MHOXecTBa 1, 2, ..., 5
YJOBJETBOpSAIOIUX HepaBeHCTBY (18).
IToMeHnsiB MecTamu p U ¢ (a TakXKe X HYy), noaydaem (—Z—) = (—1)%",
§"—uHhcno nmap ((x, y)), Tie ¥ ¥ y— BCEBO3MOXKHbIe 4HCJa, B3AThHe
—1 g—1
Takg, 4TO 1<x<-p—§—, I<y<<*5-n —%<py——qx<0.

TTockombky pfg u npu 1\<\x<—p—27—1- pYx, TO pysqx, Tak
4TO yenoBHe —-- < py—qx <0 MOXHO 3anucath B BHfe 0 << gx —

—py<< % . Ilpouspeneuue

(£) ()=

rie s=s'+s", paBHO dHC]y BCeBO3MOXHHIX map ((x, y)), cocras-
—1 —1
JEeHHLIX u3 uucea 1, 2, ..., f~2—- aa xul, 2, ..., 4—5— gy,

TaKuX, 4TO
' 14 q
—5 <L —py <.
IMpu g <p Ana kKaxporo mesoro x MoxeT GnhiTh camoe Gojbliee

OHO TakKoe Y, TaK 4YTO YHUCJAO ISTHX [ap paBHO YHCHY YHCENd X

—1
B MHOXecTBe 1, 2, ..., p—z—, TaKuX, uT0 gx=r (mod p) npm He-

KOTOpPOM r, YJIOBJIETBOPAIOINEM YCJOBHIO _% <r < -g—- .

Teopema 212 (3akon B3aumuocTH). [ua 08yx aw06slx HewemHolx
NPOCIMbIX HUCEL P U § UMEEM:

—1, ecau p=4n-+3 u g=4n"+43,
(-’-’—) <—q—)= +1, ecau xomob 00HO u3 uucea p uau g umeem eud
7 P 4n-1.
HokasarenpcTBO. [lycTs ¢ <<p. OGo3HauuMm uepes M Muo-
JeCTBO UYHCeJ X, TAKUX, 4TO lgxg—p-;'—l H gx==r(modp) mnpu
HEKOTOPOM r, TAKOM, HTO —«—g-<r<—g-.
CornacHo Teopeme 211 umeem:

() ()
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rje s—4HCJO UYHCEN xeM. Kaxpomy uucay x,€M MoXHO como-

CTaBHTb UMCJIO x;——p *1 —X,, Takke BXogsumee B M. JeiicTBH-

TeJbHO, H3 l<xo<p—2—— caepyer 1<x;<3§'—l, H eClH
gx,==r (mod p), -——%<r<%, T

\ i — —
gx, =g (p—t——xo) __pgi—}—%—p——rz—irp—r(modp).

O6osuauns 12 yepes r’, ByneM uMeTb gx, =r'(mod p),

2
riae, nocxom:xy ——;—<r<%, noJaydaem ——~§-<r’=9;—p—

. . 1
——r< , Tak 4yto x, € M. Hucno x =£‘—"——xo OTJHYHO OT X,

1
38 HCKJIOHYEeHHEeM cjayuas, Korja .7(«'0"'i

O6venunuM uncia M B napet BH/Ja ((xo, 2—-2"—1——1:0)), T7e

1
X, 9&3——2'_———%. Ecau %1 He BXOAHT B M, TO BCce 4ucaa M pa-

1
300bI0TCSl HAa TaKue naphul, U s 6yIeT UETHHIM, a eCJaH 1’;4"— BXOJUT

B M, o B M, xpome umucesa, BXOASIUX B 5TH HNapH, OCTaHETCH

p+1 6
elie OJHO YHCHO ~—— , W S GyJeT HeYeTHHIM.
Hawm ocTaeTcs TOJbKO BHISICHHTb, BXOJHT JH —— P + B M uau HeT.
1) Ecau p=4n-+1, 10 p;" —Helen0e YHCIIO, —p—t— HE BXOAMT

B M, 1. e. s Oyjner uerHo.
2) Ecan p=4n4+3 u g=4n"+1, 10

i -1
P+ pq4 _I_p;qup;!-q (mod p).

97
[pu g < p uMeeM - < _p_—I;g< Py B-ﬁ HECPaBHUMO C UHCJIAMH I,
pu g p 5 i 5 |4

JieXKalmuMH MexXKIy ———g— H % , TaK HTO

T. €. §—YETHO.
3) Ecaim p=4n-+3, g=4n"+43, 10

1 1
qp;i— q+ +q P__ 49— ”(modp)

p—;'-—- He BXOsuMT B M,

P-I-l

IMockoubky —§-< p <5 2 , €M, s ueuetHo.

BBPI)ly TOTO 4YTO BhipaxKeHue (—s—) (%) CHMMETPHYHO IO OTHO-

IIEHHIO K p H ¢, cayuali p<{q CBOJHTCH K yme PacCMOTPEHHOMY.
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Jlerko NnpoBePHUTb, UTO BbIpaXKeHHE PT . %— HequHO,' €Cau

p=4n-+3 u ¢g=4n' 43, H 4erHO, eCciHu XOTs 6bl ONHO M3 YMCEH P
AW g HMeeT BHA 4n-} 1; MO3TOMY JOKasaHHbLII HAMH 38KOH B32HM-
HOCTH MOXKHO JaTb Takke B chaejylouei ¢opme,

Teopema 212'.

pP~1 g-1
PAN(I Ny ? "
( q ) ( p ) (=1 )
(%) KaK BeJIH‘{HHy, paBnyo :!:1, MOXXHO nepeHecm B ﬂpyI‘yIO

CTOPOHY H 3anHcatb 3Ty (GOpMyJYy TaKxe B BHAE
1 g-1

()= ()
E——l

Tpumenss ¢opmyay (19), snak (—1) 2 ~ 2 o6buHO onpeje-
J410T, KaK B TeopeMe 212, ¢MOTps no TOMY, KaKOBH OCTA4TKH OT
JejieHud p u g Ha 4,

INpumep. (59>=——(§§), TaKk Kak 59=14.4-}-3 u 83 =

83 59
= 20-4+43.
3aKOH B3aUMHOCTH BMeCTe C PaHee YCTaHOBJIEHHBIMH CBOJiCTBaMH
cumpona Jlexxanzpa (teopemml 204, 205, 208, 210) nosposasieT Bul-

a
YHCIATh (7) Ajst no6uX a ¥ p (p4 a npocroe), T. e. ONpesensiTh,
HMeeT HJHM HeT pellleHHsl CpaBHeHHe x2=a (mod p).
a
Briuucasas cumBoa Jlexanjpa (7 , MBI MOXeM cuHTaTh O<a<< p,

TaK Kak ecad Obl UHCIO a He JeXalo B 3THX npejelax, ero
MOXHO 6bl10 6Ll 3apanee 3ameHHTh (teopema 204) ocTaTKoM OT

JieJleHuss Ha p.
Ecan a=q%...¢%—xaHOHHYECKOE pa3noxeHue a, TO (Teo-

pema 208)
)= G
p p/, i\p)?

N\ 2 : - . : )
npUueM, Tak Kak (.%) =1, MOXHO OCTaBUTb W NPHTOM B NEpPBOH
CTENEHH TOJbKO Te MHOXKMTENH, Y KOTOPHIX ©; HEYeTHH, 3aMeHsd
HeueTHbie o; eIHHUILaMHU. : :

9 .
Ecau Hexoropoe ¢;=2, 10 (7) BhIUKCAseTcs no reopeme 210,

a K MHOXHTENSIM BHAA (—Z—) , TJe §—HeyeTHOe NPOCTOe (g <C R

npuMensercs dopmysaa (19), cBoAsmas BHUMC/IEHHE (-Z—) K BH-

(19)

g—1

YHCJIEHHIO (—z—)=<—;—> , TJe r-—OCTaTOK OT AeJleHHs p Ha ¢, TaK
uTo r < q. ‘ k
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HenocpencrseHHO BUAHO, 4TO 3TOT MPOLECC CBOLMT BbiYUCIIEHHE
. B [ a :
cumBoaa Jlexauapa <—p—) K BHYHCJEHHIO JPYrHX CHMBOJIOB Jle-
HaHJPa, B KOTOPHIX @ 3aMeHseTCs MeHbIuuMH gucaamu. [Tpojomkas
o 1 2
STOT INPOUECC, MBI JOHJeM A0 CHMBOJIOB BHJA (b—’)=l " (?) =
p,,z_l

=(—1) 8 (p’, p"—HekoTopble MPOCTHE).

Mpumenenue Teopembl 207 wacro CyileCTBeHHO oOjeryaer Bhl-
UUCJEHUS.

IIpumepusn. 1) Mveer nu pewtenus cpaBrnerue x? =68 (mod [13)?

Moayne 113—npocroe uncno. Haxopgum:

() )" (5 ()= ()= ()= () -
() ()=~ ()= (3)=(3) =

CpaBHeHHe He UMeeT peIleHHH.
2) Mmeer nu peweduss cpapHenue x?=310 (mod521)? 521 —

mwoeroe wieno; (1) = (1) (qor) (sm1) = (5) (57) =
-BE-E-

CpaBHeHHe HMeET jBa PeLUCHHS.

3) Mmeer aum pewenust cpaBHenue x2-4174=0 (mod619)?

619 —174 —1 3 29\
—poCTOe YHCJO; ( 515 ) (619> (619) (-—g (6—3)—
[ 3\729 619\ /619 1 . 2\ /5
= (ats) (a1) == (5°) (%) == (5) () = () (&) =
(2 2\ _ 4
=(5)=(5)=1
CpaBHeHHe HMeeT ABa peLICHHS.
4. HEKOTOPBIE MNPHJIO)KEHHSI TEOPHH KBAAPATHYHBIX BbIYETOB
3axoH B3aHMHOCTH MO3BOJISET ONPEREJIHTh, IS KAKHMX TPOCTHIX
mopyselt p{(p>>2) ZaHHOe npocToe 4MCJIO g (WIH —q) (9 + 2) sAB-

Jasercd KBaJPATHYHLIM BblueTOM. JleACTBHTE/IbHO, NpEACTaBHUM p
B BUJEe p=4qt-r, tae 1<<r<C4q (r, 4q)=1; Toraa

(3)=0 T (5) =0T G)
=) () == ¥ ()

Y '
T. e. {— | U {— | He 3aBHCAT OT {.
() (3
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TakuM ofpasoM, ¢ sBAfeTcss KBaJPaTHUHBLIM BHYETOM AAS TeX H
r-1 -1

. ——— ) —— r

TOJBKO TeX NMPOCTHIX 4Hcea p, AAA KOTopmix (—1) 2 3 (— =1,

a—(g—KBaApaTHYHBIA BeYEeT DNPOCTHIX 4YHCceA p, AJAs KOTOPHX
=1 it
(=7 " (—’-)=1.

! =1 g-1 . Im1 gE1,
IIpu nannoM ¢ Besmuunbt (—1) 3 2 (—q—) u(—1) 3 2 (7)
3aBHCAT OT 7, T. €. OT TOro, B KakoH M3 nporpeccufl no MoayJo 4q
JEeXHT P.
3ameuanue, BuacrHom cayuae, xorga g=1 (mod4), npes-
CTaBUB p B BUHAe p=gqt-r’, roe 1 <<r'<<Cg, GyAeM HMeTb —Z— =
= (—Z—) = (%) . Ilpn sananHOM g BenMYMHA (}5’7—) 32BHCHT TOJbKO

ot r', T. e. OT TOTO, B KaKOH NPOTpecCHr [0 MOAYJIO ¢ JIEKHT p.
Ilpn ¢=2 cumBon % pased -1 mam —1, cMOTpPs 1O TOMY,
6yrer ma p=1,7 (mod8) mau p==3,5 (mod8) (reopema 210),

a (:p—2)=(—_’—]l) (%) pasgo -+1 uaun —1, cMoTpa no Tomy, 6yner
i p=1,3 (mod8) umu p=5,7 (mod8) (reopemn 207 n 210).

Takum o6pasoM, H B 3TUX clyyasx 3HadeHHe cuMBoja Jlexanapa
3aBHCHT OT TOTO, B KakKOH H3 Mporpeccufl nmo MoAyJaio 49 JeXHT p.
AHajoruynas 3ajaua onpejejieHHs HEYETHBIX MPOCTHIX MOAY-
Jed p, AN KOTOpPHIX AAaHHOe G $BJSETCH KBaAPATHUHLIM BHIUETOM,
MOXKeT ObITb NOCTaBNeHAa H ANS COCTaBHHIX 4. DTta 3alaua MomeT
6LITb MOCTaBJEHa TakKXke B cjefywomlell ¢opme: onpeiesnuTb, KakKue
NpOCThbie YHCJA p ABAAIOTCA JAeNHTeNAMH UHCeJa BHAa x2—a.
MoxHO orpaHuuATbCH CJyuaeM, KOrAa BCe NPOCTHIE MHOXKHTENH

a
pas3JIMYHbl, TAK KK NPU BbIYUCJAEHHU CHMBOJIA Jle)xaﬂnpa ("7—> B Ka-

HOHHUECKOM DAa3JIOKEHHH a= - ¢%...¢% KaxJoe o; MOXKHO SaMe-

HHTb OCTATKOM OT liejleHusl Ha 2. : ‘

Bepsi cayuait @ =(2q,)-q, ... q,, THe Bce q;~—Ppa3/MuHbE MPO-
CTBIE YHCJA, MBI ZIs KaXKJOTO K3 3THX MHOXKHTeJeHd OnpeesuM
NpOrpeccHH Mo MOAYJo 4¢;, B KOTOPHIX NPOCThie YHCJA P TaKOBHI,

41O -%i)=l, M MNPOTpPecCHH MO 3TOMY Ke MOAYJIO, B KOTOPHIX
NPOCTEIE YHMCJA P TAKOBHI, UTO (—q’— =—1 [B cayuae, koraa a<<0,
npu i=1 BMmecTo (ip‘—) GepeM (T—pﬁ ]

[Nocne sToro ocTaeTcsi onpelefuTdb oOmHA BHJL TeX NPOCTHX
ghcesl p, NPH KOTOPBHIX

(5 (3)-(2)- 2
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_T. @ HalTH Te NPOrPECCHH N0 MOAYJII0
M =149y, 4G, ..., 49, =49,q,. . .4,

JJIsi KOTOpHIX B Npou3BeleHud (20) 9ncjo MHOXHTEel, paBHRX —1,
yetHo. Ilpouie, omHaKO, NpeACTaBHTL NPOCTHIE YHCIAa p B BHJE
p=Mt+r(l<sr<<M, (r, M)=1) u gna xKaxkJporo r ONpejeSuTh,
ABAAIOTCA JIH NPOCTHE 4HCJa mnporpeccHd M!-+r KBagpaTHYHBIMH
BulUETAMH HJIH HEBBIUETaMH.

[Ipumepsr. 1) Ina KakMX [pOCTHIX YHCEN p =2 cpaBHEHHE
x*=3 (mod p) umeer pelueHus?

[pencraBasiem p B Bule p=12f+r, rue r=1, 5, 7, 1L

(2) =07 (5) {1 mn 1257

CpaBHeHHe HMMeeT pellleHHs IS NPOCTHIX MoayJaell p=1 (mod 12),
p==11 (mod 12) u He uMeeT pemleHHH a5 MoxyJed p==5 (mod 12),
p=7 (mod 12).

2) OmnpeneanTh, Kakue IPOCTHE MHOXKHTENH MOTYT ObiTb Y dices
Buga x*-+6. 3gecb a=—6, M=24. IlpeacraBaseM p B BHJE
p=24t-+r, rge r=1, 5, 7, 11, 13, 17, 19, 23.

3 __ (i) mpr p=1, 11, 17, 19 (mod 24),
(_pﬁ>=<—p-2> <%>={ —(—%—) npu p=>5, 7, 13, 23 (mod 24).

TTonb3ysicb pe3yJbTaToM nNpeAbAymEH 3afgaud, HaxoAHM, UYTO

(_—_6>={ ] mpu p=1, 5, 7, 11 (mod 24),
p —1 opu p=13, 17, 19, 23 (mod 24),

T. €., KpoMe 2 H 3, NpPOCThle MHOXKHTENH uHcea BHAA X2 -6 HMeT
BHA 24f-r, rae r—ogHo u3 uucea 1, 5, 7, 11.

Teopusi KBajpaTHYHBIX BBIYETOB MOXKeT OpiTh NpPHMEHeHa AJs
HaXOXJEHHsS NpPOCTHIX JenuTesiel HaTypallbHBIX YHCeJ; HampHmep,
cjefylomas TeopemMa MO03BOJSET B ONPeJCJCHHBIX CJAy4asiX M3 MHO-
XKecTBa BCeX NPOCTHIX WYHCeJ BHIJCJAHTL MOAMHOXKECTBO IM1POCTHIX
qHCeJ, KOTOpLle 3aBeJOMO He MOTYT OHITb JAenuTeNsiMH 3ajandoro N.

Teopema 213. ITycme

N =ax*{-byt, 21

2de a, b, x,, yo—uyeavie Huucira, (ax,, by,)=1, 'p—newemnout npo-
cmoil Jeaumeao N; moeda

b p-1
(&) =n~. (22)
HokasarensctBo. Us ycnoBuit plax®+by:, (ax, by,)=1
nodyuaem p{a, p4b, p&y, ax:+ by?=0(modp).
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(ax,)® = — aby} (mod p), T. e.—aby}—KBaApaTHYHHA BHIUET 11O
MOAYMIO p M, TakHM 06pasom,

(28)-1, o (D)1

INoabsysice ¢opmyaofi 11 (Teopema 207), nonyuaem:

p 1
ab <___) —1) 2
( P )g (=1
Yenosne (22) cymecTBeHHO OrpaHHUHBaeT BO3MOXHLIE MPOCTHIE

Jenutenu umcea N Bupa (21).
IIpumep. PasnokuTrh Ba NPOCThle MHONKHTENH HUHCJIO

10541 = 3.592 4 2.72, (23)
P=1
)= =

Sle

CoritacHo teopeMe ecan p|10541, TO (

-G (- 6
B npumepe ma crpanume 189 Mbl BHfeaH, uTO (:p—)==1 npu

p=1, 5, 7, 11 (mod 24), Tak uTO npocTele geauteJu p=<<y 10541
HaXOAATCH cpean uMces: 5, 7, 11, 29, 31, 53, 59, 73, 79, 83, 97, 101,
Hs (23) cpasy Bupno, uro 5, 7, 59 He mesutesd STOrO YHCJA.

3-5974+2.72=3.42 498 2 0 (mod 11),
3592 4-2.72=34-98 % 0 (mod 29),

3.592 1 2.72=23(—3)2 498 % 0 (mod 31),
3.50242.72=3.624-98 £ 0 (mod 53),

HenocpencTeenHbM jiesleHHEM HaXOAuM:
73110541, 79 4 10541, 83[10541 10541 =83. 127

YacTHhiMEH cayyasMA TeOpeMHl ABARIOTCS cne,uy}omne ymepm-
JAeHus:

1) HeueTnbie NPOCTHE JENMTENH. p 4YHcea BHJa x2+ y rae
(x, y)=1, numeror Bux: p=4n-1. '

Ileiicteutensro, npu N =x?+y? yciosue (22) MPHHUMAET B

p-1

(—=1) 2 =1.

2) HeuerHble npocThie AenuTeJH p uucen BHEa x?-+2y3; rre
(x, y)=1, umeror Bux: p=8n4-1, p=8n343.

Heiicteurensno, npu N = x%-| 2y 24 x ycnosue (22) npuuu-
MaeT BHA: S '

-1 -1 p—1

(£)=(=17, (=17 =(=D 7+,
YTO MOMET MMeTb MEeCTO TOJbKO NpH p 8n+l Han p 8n+3
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Tpu x=2x;, 2%y, (%, y)=1, N=2(2x} + y?) noayuaem ToOT
ke De3yJIbTAaT. ) ’

3) HeueTHrie npocThie AeHTeNH p unces Buna 2x2—y? u x2—2y2
npu (x, y)=1 umeiorT Buf: p=8n-1, p=8n+7.

Heiicrutensro, npu N=x2—2y?, 24 x ycnosue (22) cBogurcs

p-1
X (_—p_2 =(—1) 7, _i_) =1, 4TO MOXeT HMeTb MeCTO TOJbLKO MpH

p=8n-+1 unu p=8n-7.

MNpu x=2x, N=—2(y*—2x3), 24y, (y, x)=1 nonyuaem
TOT e pe3yJbTaT.

PaccMorpenue umcen Buga 2x2—y?=—(y® —2x%) cBoguTcH
K pa3o6paHHOMY CJyvaro.

Teopema 202 nokasbiBaeT, 4TO Cpefu umcesa oT | go p—1 kBag-
paTuyHble BbYETHl [0 [POCTOMY MOAYJIO p COCTaBJSIOT NOJOBHHY
9THX yuces. EcTecTBEHHO IOCTaBHTbL BOIPOC, KaK pacnpejeseHbl
KBaZpaTHyHbie BhHIYETHl M HEBBIYETH HO MOAYJI0O P B HEKOTOPOM
uHrepsajie or 1 go Q, rae @ <<p—1L.

H. M. Bunorpagos u [lofia nesaBucumo apyr ot apyra B 1918 r.
JOKa3aji CAelyioIyI0 TeopeMy, KOTOPYIO Mbl MpHBOAUM Ge3 HoKa-
3aTe/IbCTBA.

Teopema 214, O6o3nauum uepe3 R 4ucio K8a0pamuuHbix 8bi4emos
no npocmomy Molymo p, Haxodawuxcs cpedu wucea 1, 2, ... ,Q.

To2da

R=5Q+0Vplnp,

2de [91<%— .

Dra TeopeMa MOKa3biBaeT, YTo npH Q, GOMBLIOM MO CPaBHEHHIO
¢ Vplnp, npumepHo nososMEa BCex ymcesa OT 1 jo Q sBAsIOTCH
KBaApaTHYHLIMH BblYeTaMH MO IPOCTOMY MOAYJIO p.

Awnasnornunas teopema Gbiia yxasana M. M. Bunorpagoseim pans
BLIYETOB 7-H CTeleHW.

Teopema 214°. ITycmo n|p—1, R, —uucao svitemos n-ti cmenexu
no npocmomy modyaw p, Haxodawuxca cpedu 4qucer 1, 2, ..., Q.
To20a .

R,=—Q+08Vplnp,
20e |0 << 1. 3

5. CAMBOJI SIKOBH

O6o6menneM cumBosia Jlexanjpa fBJSETCS CHMBOJ, BBEIEHHBIR
S1xo6n. ' :

Onpenenenune 61. Ilycmo wewemnoe m=p,p, ... p,, TAe p;—
npocmoie 4ucia, cpedu Komopoix Mozym 6oime oduraroswie, (a, m)= 1.
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Cumeor flkobu (%) onpedeasiemcsa paseHcmeom

#)=G) &) - ()

20e (l) npu i=1, 2, ..., s—cumsoaror Jlexcanopa.

a
CumBoar Jlexanjapa (;) ABJIAETCA YaCTHHIM CJyyYyaeM CHMBOJA
Axobu.

Ipu m=p, The p— NPOCTOe UHCIO, CHMBOJ SIKOGH (-;—) ABJIA-

eTcd N0 Ompejie/IeHHI0 BMECTe C TeM H CHMBOJOM Jlexanzpa. Takum
o6pasoM, AJs NPOCTOTO MOAYNA m=p cuMBoa SIkoOu paseH -} 1
HJIH — 1, B3aBUCHMOCTH OT TOTO, HMeeT 4 CpaBHeHue x2=a (mod p)

a
peilleHHst WM HeT. BmecTe ¢ Tem cumBos Slko6u (”—1> MOKeT paB-

HaTbCs -1 m TOTAA, KOrja cCpaBHeHHe x%==g(modm) He Hmeer

pelenui.
Hanpumep, cpaBuenne x?==2 (mod15) He HMeeT peleHui,

2 2 2
a cuMpoal $IKoGu (ﬁ) = (3) (§> =+ L.

CaoficTa cuMBosia §1KOO6HM aHaJOrHuHBl CBOliCTBAM cumeoJa Jle-
xaHapa. B rteopemax 215—216, 218—222 mb GygeMm, ne oromapH-
Bag 3TOro Kamjbli pa3, OykBoH m 0603HayaTb NMPOH3BOJbHOE He-
YetrHOe YuCao, OoJibiiee YeM efHHULLA, H, PacCMaTPHBAas KakKoH-i1H60

cumBon flko6u Bupa (:T) , Bcerma cuurath (a, m)=1. Ilycts
m=p, ... ps, TAe p;— NPOCTbIE YHCJHA. 4
Teopema 215. Ecau a==b (modm), mo cumsosot Sxobu (”ﬂl)
u (;nb—) POGHDL,
HokasateanctBo. CornacHo onpefenenuio 61 1 Teopeme 204,
wens (2)-(2) 7 (22 (3) - ()= (2)-
m P1 Ps Py Ps m

Teopema 216.
ar\
(%)=

HokaszateancTso. Cornacuo onpegenenuio 61 u Teopeme 205

HMeeM: . , .
&)=&) - G)=r

Ipu AokasaTesbCTBe CACAYIOIUX TEOpeM HaM NMOHAZOOHTCH BCIo-
MoraTesibHas Teopema. ,

Teopema 217. IIycme ny, n,, ... , N;—nNPOU3IBOAbHLIE HedemHbie
wucaa, k pasno 1 uau 2, mozda

(ni—1)+(n3—1)+...+(mi—1)== (mny ... n,)*—1 (mod 2*). (24)
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HokasareabcrBo. Jlna moGoro Heuernoro n 2|n—1 u
4|n?*—1, TaK uro npu k=1 u k=2 Gyzer 2*|n*—1. Ilpn s=1
cpaBHeHHe (24) BEpHO, TaK KaK Jepafl M TNpaBasi YacTH TOrAa
OJHHAKOBHI.

Ilycre cpaBHeHHE (24) BEPHO IJIS JIOOHX S HEYeTHHX uuceJ n;.
Bo3bMeM s 1 npOM3BOJNILHBIX HEYETHBIX YHCEN Ny, ..., Mg, Mgy
INockoanky cpasHenue (24) COrJIaCHO MPEeANOJIOKEHHIO CNPaBeA/IHBO

A ny, ..., g, TO
(nt— D+...+(nf = 1)+ (nis— ) =(ny ... n)—1+4(nly;—1)=
=(fy ... AR ) —1—((ny ... n)*—1) (nf, —1)(mod 22%),
Mockomsky 2¢|(ny ... n)F—1, 2% nk ,—1, 10
((ny ... n)¥—1)(nf,, — 1) =0 (mod 22*), rak uro

(nf— l)+ A (ns—1)+ (an— 1) = (n;...nn,,,)*— 1 (mod 22%),

CorsacHo npuHuuny uHAyKnuH (Teopema III) cpaBhenme (24)
npu k=1 ¥ k=2 BepHO AJA NPOU3BOJbHLIX HEYETHHIX HHCeJ]

nyy ..., Ng, Kak Obl MHOrO HX HH OHLIO.
me=1

Teopema 218. (i )=(—1) * .
HoxasareascTso. Cornacno onpeenenno 61 udopmyie (11)
-1 -1\ —1 Bl o+
(F)=(F) - ()= "
Teopema 217 npu k=1 paer )

————plz_l—{-...-i—psz_lsp""p"'1=m;l (mod 2),

TaK 4To (——ml =(—1)*.

Teopema 219. (a—‘—nTﬁg ='>(gll> e (:—:) .
HoxkasatearcTso, CornacHo onpejenenuio 61 u teopeme 208

()= () - (257) -
=(5) - G - () ()= () - ()

79 me=1
Teopema 220. (;l-) = (—1). 8
IlokasaTenbCcTBO. Comacuo onpegenentio 61 u opmyae (16)
HMeeM:

pi-1 pi-1

(B)-) - @)t
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Teopema 217 npn k=2 naer

“

L IO 21 i
ﬂg— ...+p“8 E(pl“ g“‘) L, m l(mod2),
Sy R FEN 2 T ey
( )=(—1) :

Mg 060o0M 3aKOH B3dUMHOCTH, PACUPOCTPAHHB €ro Ha 3Hade-
"HHS CHMBOJIa ﬂxoéu‘ CHauaJsa paccmoTpum YacTHbIH cJayuafi cHM-

BOJIa SAko6u" ), rae q—npocme yucyo, Goabiee 2.

Teopema 221 Jas a0bo20 HE4emuo2o MpoCmozo wucAa q u He-
4EMHNOZ0 M UMeem:

(@)=

JokasaTeabctBo. Ilyers m= Py ... P, THe p;—TpOCTHE
yucaa., Cornacio onpejenenno 61 u TeopemaM 208 u 212’

(BE)-() - (3) (52)=(2) () -
..‘(q>(p5)_( P U 0 ) w8

Ps
(e

-

Iockoabky (Teopema 217 mpu k=1)

—1 —1 oo Ps—1  m—1
p12 +...+ps2 = 2%0‘ =-—— (mod 2),

TO NoJy4aeM:

m—-1 g-1

(2) (3) -0

Teopema 222 (3akoH B3aUMHOCTH AJs cuMBofioB fkoGu). ITycme
m ¥ n— uewemnwoie qucaa, Goabwue 1, moeda
m-=1 n-1

(3)(3)- 0

HokasarenscTBo. Ilyets n=g, ...q,, The ¢;— npOCTHe
gncaa. Cornacuo Teopeme 219, oupene.nenmo 61 u Teopeme 221
noJsyuaem:

(B) (2) = (252 () = (2) (&) - (%) (2)-

m— 1.(<h_-1+,,,+91:_1)

| =D .
Ilockonbky (Teopema 217 npu k=1)

—1 - -1 -1 n
aly 4Bt n " (mod2),
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C ge1 me1. . .
" B )=
. . S \mj\n, . o oo
BBegenne cuMBosia SIKOGH AaeT BO3MOXKHOCTb BO MHOTHX cnyvasx
SHAUYMTEJBHO YIPOCTHTb BHUHCJEHHE CuMBoaa Jlexanapa. Kak Ouio

: .a
yiKe OTMEYeHo, CHMBOJ JIe;xaﬂ,t(pa (;-) . IpH HEYETHOM a4 H IIpO-

CTOM P COBHNafiaeT ¢ TAKMM Xe cHMBodoM Hxob6u. Bruncienue xe

cuMBosa §IKOGM ympomiaercs 3a CUYeT TOro, 4TO . NPH COCTABHOM

a < p MOXHO HeMNOCPeACTBEHHO NDHMEHATb 3aKOH B3auMHOCTH, B TO

BpeMsl KaK, pacCMaTpuBas OJHM TOJbKO CHMBOJLI Jlexangpa, Heol-
a . oo .

XOAUMO NpeACTaBHTbL (7) B BHJ€ TpPOU3BEJeHHS CHMBOJIOB BHAA

;
(‘%) , THe g;—TpoCTble MHOXKHMTENH HHC/IA 4.

[Ipumeps. l) Hmeer am pememm' cpaBHeHne x2 =506
(mod 1103)? : '

506
1103—npocToe qncno. Bruncasem CHMBOJI .Hex&aunpa (ﬁo‘a)
paccmMaTpuBas ero KaK. cuMBOJ SIKOGH: -

(5%) = (+%o) (%)=(¥§)~(%>=(253)—

- ()= &) - () (3) -
CpaBHeHHe He HMeeT pemennﬁ e
2) MmeeT an pewenns cpaBHeHue x2== 903 (mod 2111)?

2111 — npoctoe uuca0. BLUHCAsIEM CHMBOJ JIe)xaH)xpa _paccuart-
pHBas ero Kak cuMBos fkobu:

() (38— (38) - () -~ (=8) -
(@) (@)~ (9)==(3) -+

CpaBHeHHe HMeeT [Ba pelleHHd,

Hcemopuneckue xommenmapuu x 21-ii zzaa8e

& a. : o
1. Cuameon (—p—) Obi1 HasBaH cuMBOJIOM JlekaHgpa B uecThb

dpanuysckoro MareMaTHka Azapuana Jlexaungpa (1752—1833). Jle-
KaHJAp, MOMHMO pfija HCCJEIOBAHHH B TEOPHH UMCEA, MJOAOTBOPHO
pabGoTan Hajd pa3BHTHEM.  TEODHH' SAJUNTHUECKHX MHTErpaljioB.
B 1798 r. Jlexanap ony6nukoBan .coudHenue ,Essai.-sur la theorie
des nombres“, B' KOTOPOM H3JarawTCs pasuooﬁpasnme pe3yabTaThl
Mo TEOPHH UMCeJ, NOJyueHHbIC K TOMy BpeMeHH. B 3To#t kHure
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Jlexxanjp BoepBbie M BBEJ CHMBOJ, HasEIBaeMHl HAMH TENEpb CHM-
BoJioM Jlexaungpa.

2. 3aKOoH B3aHMHOCTH 6blJ OTKPHIT aMnupuuecku DitepoM (L. E u-
ler, Opusc, analytica 1, St. Peterb., 1783, crp. 84). Jlexaunap
B ,Essai sur la theorie des nombres* npuBoAMT 3aKOH B3aHMHOCTH
B HECKOJBbKO HHO#i (QOPpMYJHPOBKE H JlaeT J0Ka3aTelbCTBO, He $B-
Jsoleecs, OfHaKO, MOJHEIM. ,

[epBoe moJHOe J0Ka3aTe/bCTBO 3aKOHA B3aHMHOCTH OLLJIO AAHO
I'ayccom B 1796 r. B BO3pacte 19 Jjer u ony6iIMKOBAaHO MM BMeCTe
¢ JpyruM, BropmM JokasatenbcTBoM B 1801 r. (Disquisitiones
‘arithmeticae). ®opmynupya u JokaspiBasg 3TOT 3aKOH, OH He
noJjb3yercd cumBosioM Jlexaspapa. B nocrnemywomime roael [ayce
Halles H onyGidMKOBall emie IIeCTb APYrHX JOKasaTesJbCTB 3TOTO
3aKOHa.

B XIX Beke Obio omnybaukoBano csoimre 50 pabor ¢ pasmauu-
HBIMH JIOKa3are/IbCTBAaMH 34KOHA B3aHMMHOCTH, a K HacCTOsILIEMY Bpe-
MEHH 3TO YHCJIO elie€ 3HAYHTEJLHO BO3pOCO., KOHEuHOo, MHOTHe H3
9THX JOKa3aTeNbCTB OJNH3KH MO CBOed HAee M OTJHYAIOTCS TOJBKO
B JeTandx,

WnTepectoe 10Ka3aTeNbCTBO 3aKOHA B3aHMHOCTH GBIIO JaHO
p 1872 r. E. H. 3oaorapesuim B cratbe ,Nouvelle demonstration
de Ia loi de réciprocité de Legendre“. MaBecTHnl HekoTopne 0606-
[IeHHs 3aKOHA B3aUMHOCTH Ha CJYyYaH BbIMETOB cremeHeil, GOJbIIHX
yem 2. '

3aKoH B3aUMHOCTH AJs1 GHKBaZpaTHUYHBIX BbIMETOB Gbla AOKa3aH
K. SIko6u B nekuusix, npountaHHnx MM B 1836—1837 rr.: opmako
Jaxe AJsl 3TOro cayuasi GopMyJHpPOBKA 3aKOHA B3aUMHOCTH INOJY-
vaercsl JOBOJILHO CJOMHOH. 3aKOH B3aHMHOCTH KBaJpPaTHUHBIX Bbi-
yeToB OblJ IepeHeCeH TaKikKe Ha CJyyal cpaBHeHHH, paccMaTpUBaeMblX
B MpPOH3BOJILHBIX KBaZpPaTHUHHIX noasx. MHrepecHble pesynbTaThl
0 3aKOHax B3auMHOCTH BecbMa ofwiero Buaa OblaM AaHH! B psjie pa-
6or U. P. Uladapesnua.

3. Teopemn 207 u 210 yacTo Ha3LIBAIOT JNONMOJHUTENbHBIMU K 3a-
KOHY B3auMmHocTH. Teopema 207 Ouisia u3BecTHa euie Pepma, a Teo-
pema 210 Grita pokasaHa BHepBee DiljepoM.

Téopema 214 6pina ony6aukosana M. M. Bunorpazosem B, )Kyp-
Haje (usKuKo-maTeMatnyeckoro obmectBa npu IlepMCKOM yHuBep-
cutere”, 1. 1, 1918 r. [lokasaTesbCTBO OCHOBAHO Ha NpHUMeHeHUH
KOHEUHHIX TPHUrOHOMeTpPHUYecKHX cyMm. [losb3ysice 3Toif Teopemoii,
1. M. BunorpafioB f0Kasaj, YTO HaHMEHbLIHH KBajpaTHUHbLIH He-

1 .

BbIYET NpPOCTOrOo MOAYJs p MeHbme ueM p?Ye In?p pas Beex focra-
TOYHO GOJIbIIUX 3HAYUEHHIT p.
B 1957 r. Bepmkecc mokasan, uto mpu moboM &> HaumeHb
LM KBajpaTHYHBIH HeBbUET MPOCTOrO MORYJs p NpeACTaBJsieT CO-
\—1—+e )
Go#i Benuuuny nopajxa O(p* ). STOT pe3yJbTar NpeACTaBJs-
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et cofofi cymecTBeHHoe yayumieHHe pesyabratra M. M. Bunorpa-
JloBa. ,

Becbma BeposiTHO, UTO Ha camoM feJle HAaHMeHbLINA KBajparHy-
HBIH HeBHIYET [0 MOAYJAI0 p NPH BO3pacraioileM p npejcTaBaseT
coGofi BesuuuHy mnopsaxka O(p®) (runoresa M, M. Bunorpagosa).

4. CumBoa fIxo6u Guiar BBegen uM B 1837 r. K, fAko6u (1804—1851)
H3BeCTeH IJIaBHbIM 00pa3oM CBOMMH paforamMM B pa3/MYHBIX 00Ja-
CTAX MaTeMaTHuyeCKOro aHajusa (3JJAuNTHYecKHe (GYHKUMM, ypaBHE-
HHSl B YaCTHHIX MpPOM3BOAHBIX, BaPHALMOHHOE HCUHCJEHHE) H B Mexa-
HuKke. Pa3Buras UM Teopus 3JUIMATHUECKHX (YHKUHH NpHMEHAIaChb
MM IJf NOJy4YeHHS TEOPeTHKO-UYHUCJIOBBIX pe3yJbTaToB. B Teopuu
unces flko6u ocraBus GOJbUIONH cJej CBOMMH pafOTaMM NO TEOPHH
KyOHYHBIX W OMKBaJpaTHUYHLIX BHIUETOB.

FJTABA 22

CPABHEHHA 2-i# CTENNEHH O COCTABHOMY MOJIYJIIO
1. CPABHEHH A 2-i CTENEHH N0 MOAYJHO p*, TAE p — NPOCTOE YHCJIO

PaccmoTpum chagana cpaBHeHHs 2-fi CTeNeHH 1O COCTaBHOMY
Moay o BHja p*,
Teopema 223. Cpasnerue

x?==a (mod p*), 0}

20e p— HewemHoe npocmoe wucao, k=1, pfa, umeem Osa pewenus
Uau HU 00HOZ0, CMOMPA nO momy, pasen au cumsor Jlesandpa

(—:’;—) +1 wau —1. )

JdokasateanscTBo, Ecin (7)=l, TO cpaBHeHHe x?=a(mod p)

HMeeT 1Ba pelleHHs: X, H —X,, NpHUYEM BBHAY p4{a OyAET TaKke
§ x,. Tlockoampxy Toraa mas f[(x)==x2—a umeeM p4& [’ (x,), TO
(reopema 158) u mpu mobom k=1 cpaBuenue (1) 6yzer umeTb aBa

pewenus. Ecan (%) =—1, 10 cpaBHeHne x?==a(mod p) He mmeer

pelleHnit, a, CJeROBaTeJbHO, NMPH Jio6oM k=1 He 6ygeT nopaBHO
HMeTb pellieHui u cpasHenue (1).

3uas pemwenus cpaBHenus x?=a (mod p), MOXHO HaHTH peme-
HHs cpaBHenHs (). npH moGom k== 1.

B cayuae, xorjga a €1, pelmienusMH cpaphedus (1) npu JoGom 2
6yayT (Teopema 223) x= 1 (mod p*). . ,

Ecau xe a € 1, To Ans HaxoXAeHus peuleHnsi cpasHehus (1)
MOKHO NPHMEHHUTb CIOcoG, H3JNOKEHHH B raaBe 16 (Teopema 158).
- . MoxXHO TaKxe NOJb30BAaTbCA CJAEAYIOUIEH TEOPEMOH,
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Teopema 224. Ecau x, y&oexenwopxem cpasnenmo no npocmoxy
Moay/uo p>2

x’ga(mod:p), ‘
rae p{a, R
P,=xt+Cixt™ a—l—Cng g + : } @)
Qe=Cixs " +Cixi™ 3a+C° nret... k=1’
mo p& Q,c u pezueuufz cpaeueuuﬂ " '
==a (mod p¥) (3
umerom. sud x—ﬁPkyk(modp) 20e yY,— pelueuue CPAsHeHUR
Qy=1(mod p*).

- JlokaszaTreabCTBO.
Pk+V—an: (xo+ﬁ)k’ Pk';VEQk= (xo‘—'VE)k.
TaK uYTO, NOCKOMBKY p|X;—a, HMEeM: .
Pi—aQi=(P,+V EQk‘) (P,—V aQy) =(xi—a)*=0 (mod p*),

=aQ} (mod p*). (4)
Ho yexoBrIO -0 == Xy (mod p), Tak uro H3 popMya (2) moayyaem:

Pk__xo(1+ck+ck+ .) (mod p),
Q,=xs"" (Ci+Ci+CE+ ...) (mod p)
H, CleloBaTeNbHO, -
Py+ x,Qp'=(2x,)* (mod p). (5)
Hoxaxewm, uto p4{ Q,. Ecau npemnonoxuts, uro p|Q,,T0 u3
cpasHenuii (4) u (5) nmociegoBatenbHo noaydaem: p|P,, p|(2x,)%,
a OTCIOAa, TMOCKOJbKY p>>2, cilepyer p|x, (Teopema 105"). Yucio
— pellleHHe CpaBHeHMA x2=aqa (mod p), T. e. p|X;—a, OTKyAa mo-
.nyqaeM pla, 4TO NPOTHBOPEUYHT YECJOBHIO,
. Takum obGpasoM, JOKa3aHO, YTO perk H, CJeJ0BATENbHO, Cy-
LIECTBYET Y, Takoe, 4To Q,y, =1 (mod p*).
- ¥YmHoxas ofe wacTH cpaBHeHHs (4) HA yi, TMoJydyaeMm:

(Pry,)? =a (mod p*),
T. e. x=+£ Py, (mod p¥) o6pasyior nBa pemenusi cpapuenus (3).
B mpeaniayuiedt Teopeme Obiio NoxasaHo, 4TO CpaBHeuwe (3) He
MOXKET MMeTb ApPYrUX pelueHuH.
ITpumep. Pewnrs cpasuenne x?==23 (mod 113).
Cpasrenue x2==3(mod 11) umeer pemenue x==5(mod 11).
beps x,=5, a=3, Bhuncasem:

P,=5%+43.5.3=170, Q,=3-5'-+3="78.

Pemasi cpasrenue 78y=1(mod 1331) HaXxoAHM y,—-529 Tag
uTo x_._170 529 =763 (mod 1331)
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OTae'r x*_j:753(mod 1331) ’

Paccmorpum Teneps cayuainp =2, T.e. cpaBHeHRe x’:-_a(mod 2*)
rae 24a. S

Teopema 225. [Ipu 24’a cpaanenue ‘ s

a(mod 2% S C(®

umeet: 1) npu k=1 odno pewenue 2) npu k=2, a_l(mod 4)— B2
pewenusi; 3) npu k=3, a=1 (mod 8)—uemuvipe pewenus. Bo ecex
ocmaabhelx caydanx cpaeHenue (6) ¢ HeuemHbiMU a He umeem pe-
wenul.

JokasaTeabcTBo. llpu k=1 u k=2 y’raepﬂmeﬂne Teo-
peMbl npoBepsieTess HenocpeACTBEHHO.

l'lyC'rb teneps k==3. O6osnauum uepes ({«, v)) HHJEKC ‘10 MOo-
Rymo 2% wucen X, yAOBJNETBOPSIOWHAX CpaBHeHuio (6), a MHICKC a
no stoMy Mmoxymo 0603 HauuMm uepes ({c, d)).

Hngekcupys cpaBHeHne (6) mosyuaeM:

2((u, v))=((¢, d))(mod ((2, 2*¥)),
2u=c(mod 2) n 2v==d(mod 2*-2).

Ecan c=1 uau ecan 24d, 10 cpasnenue (6) He mMeer, peule-
uuit, a ecam ¢=0 u 2|d, T0o w=0, l(mod2), =3,
—g——}- 2%-3 (mod 2”?2), T. €, HHAeKC ((¢, v)) HMeeT YeThHpe 3HAYEHH

(0.2): (0. £+29). ((1.£)). (1§29 o

OTBETCTBEHHO NOJiyyaeM ueThipe pelleHHs CpaEHeHHH (6).

Taknam ofbpasom, npu k=3 cpaBuenue (6) uMeeT pemeHust
TOTJAa M TOJAbKO Toraa, xorxa inda=((c, d)) r)xe =0, d d— ver-
HOe YHCHO, T. €. d=2r, a==5%"(mod 2*). -

Jlergo BHzeTs, 4wro 5% =1(mod8), B 10 BpeMsi Kak -——5%,
52*1 —B2*1 cpaBHMMEI MO0 MOAYJMIO 8 COOTBETCTBEHHO C. YHCJAMH
7, 5, 3, T. e. cpaBHenue () umeer peﬂeﬂna 'rorna H TOABKO 'ror;la
Korfa a =1 (mod 8).

ITH pelleHHs MOKHO Ham'n nonbsyﬂcxa Teopemon 159 raaphl 16
a €CJIM N0 DaccMaTpuBaeMOMy Momymo 2° mMeeTcs Tabamua HHIEK-
COB, TO CpaBHEHME [POINEe pewarb, NOAb3YACh 3TOH TaGaHued.

ITpumep. Pemwnts cpaBHenue x24-71=0 (mod 128).

IMonbsysce Tabauuedl HMHAEKCOB no Momymo 64 (ctp. 160), pe-
[12eM CHauajila CpaBHEHHe x2+7l=0(m0d64), T. €. cpaBHeHne
x2==57 (mod 64).

Hngerc 57 mo Mony.mo 64 = 2% pasen ((0, 10)). Oﬁosuaqaﬂ HH-
JIeKC x 1no 3roMy Moxymoe depes ({4, v)), noaydaeMm
2 ((u, v)) ((0, 10)) (mod ((2, 2%))); 2u___0(mod 2), 20_10(mod 16);
u==0, 1(mod?2), v=5, l3(m 16).

I/Iﬂnexc X paseH -ORHOH H3 c.nenylomux napt 0, 8)), (0, 13))
(1, 5)), ((1, 13)), oTkynaa ' HaxomuM ' ‘pellleHUS * CpaBHEHHS
¥*471=0(mod64) B BHEe x==+411, o-21(mod64). Hmeem:
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128]2124-71, no 1284 11*471, Tak uro corsacHo Teopeme 159
pewiends cpaBHeHHA x24 71 =0(mod 128) Moxno sanucaTe B Buie
x =421 (mod 64).

Orser. CpapHeHHe MMeeT YeThipe pewmleHHs 0O Moxayaio 128,

a uMeHHO Kaacch: 21, 43, 85, 107.

2. CPABHEHHE 2-H CTENEHH N0 NPOU3BOJILHOMY
COCTABHOMY MOAVJIIO

PaccmorpuM Tenepb cpaBHeHHe x?==a(modm) NpH COCTaBHOM
MoayJe m.

Teopema 226. ITycmo m=2% ph .. pks, 20e p,, ..., p,—pas-
AUYHBlE Hedemnbie npocmoele ducaa (@, m)=1.

1) Cpasnenue

x?2=a(mod m) Q)
umeem pewierus moeda u moOAbKO moeda, Koeda a seafemcs Ksad-
PAMUYHbLM BbI4EMOM NO 8CeM MOOYAIM Dy, ..., Ps U, KDOME mOeO,

ecau k=2, o a=1(mod4), a ecau k=3, 1o a= 1 (mod 8).
2) Yucao pewenui cpasnenus (7), ecau pewierus cywecmeyom,
pasno 2° npu k=0 u k=1, 2°*! npu k=2 u 2°*? npu k=3.
JdokxaszartenncrBo. CpaBHenne (7) 5KBHBAJIEHTHO CHCTeMe:
x?==q (mod 2¥)
2 — ks
TTrmelmy L ®
x*=a (mod pk)

Ecau (—;i)= =(-;i)=l, T0:

1) npu kl=0 HEk=1 Snepsoe cpaBuHeHHe B (8) HMeeT OXHO pe-
ImeHKe, KaxkJ0e H3 CJICAYIOIHX CPaBHeHHH HMEET 10 JBa pelleHHsd.
Cucrema (8) u cpaBrense (7) umewT 2° peinenuii;

2) npn k=2, a=1(mod4) kaxjaoe u3 cpaBHenuii B (8) uMeer
no zxBa pewenusi. Cucrema (8) u cpasnenue (7) umeior 2°+? peimenwuii;

3) npu k=3, a=1(mod8) nepeoe cpaBHeHMEe COTJIACHO TEO-
peMe 225 umeeT 4=2% pewenuit ¥, cnenoBarespbHO, cHcTeMa (8)
H cpaBHeHue (7) umeloT no 2°*? pewenuii.

Bo Bcex ocTraJpHHX chyyasx, T. €.

a
1) ecan xoTb oaMH H3 cHUMBOJOB Jlexkauapa (;)=—- 1,

2) ecnn npu k=2 umeeM a=3 (mod 4),

3) ecnu npu k=3 umeeMm a=3, 5, 7(mod 8),
B cHcTeMy (8) BXOAHT CpaBHeHHe, HE HMelOHIEE pelleHHH, a claefio-
BaTe/bHO, HE MMeeT pelleHHil H cpaBHenue (7). :

Ilpu neueTHOM m, Kak OblJO OTMeueHO pambiie (ctp. 186),
CpaBHEHHe x”sa(modn? MOXKeT He UMeTh pelleHHH, HecMOTPA Ha

TO, YTO cHUMBOJA FK0GH 7‘:—) pasen 1. OnHAaKO, eC/H STOT CHMBOJ .

200



paBeH —1, BONpoC O HaJMYMH pewleHHNl cpasuenus (7) pelnaercs
OTPHIATENIBHO. :
Teopema 227. Ecau m nedwemnoe, (a, m)=1, cumeor Hxobu
a - “
(;;):—— 1, mo cpasrenue x:=a(modm) He umeem pewenuil.
HokasaTenbcTBo. IlycTs KaHOHHUECKOE Pa3JIOKEHHE HEYET-
HOTO m uMeeT BHA: m=p% . . pk; Torma

(2)=(2)" ()"

a o a o o
Ecan (7{) =—1, To cpend MHOKHTeJEH (;—_) no xpaiiHeli mepe
13
OIMH paBeH —I, Tak uYTO NpH HekoTopoM i(l=Ci=<s) cpaBHEHHE

x®=a(mod p;) He umeeT pemeHuil, a CIeHOBATENbHO, He HMEET
pewenuii U cpaBHenHe x?==a (mod m).

FrTABA 23
APHSMETHYECKHE MNMPHJIO)KEHWSI TEOPUM CPABHEHHA

ITpu u3n0KeHHM TEOpHM CPaBHEHHMH MBI yXKe BCTPEUasMCh C 3a-
JlauaMH, BO3HHKAWOMHMH B paMKax »3JieMEHTApHOH apHpMETHKH,
HanpuMmep ¢ 3ajayell OTHICKAHHA OCTAaTKOB OT feJjieHHsl. B artoil raase
MBl pacCMOTPHM €I€ HEKOTOphle APYrHe BONPOCH 3JeMEHTapHOH
apubMeTHKH, H3ydYeHHE KOTOPHIX YNpolaeTcs NpPHMEHeHHEM TeODHH
CpaBHEHHi.

1, MPH3HAKH JAEJIHMOCTH

PaccMoTpuM npuMeHeHHe TEODHH CpaBHeHME K Bompocy 06 OTH-
CKaHHHM NPHU3HAKOB AEJMMOCTH HA m, rAe m—UUCJIO0, B3AHMHO HpO-
croe ¢ 10.

Teopema 228. ITycms (m, 10)=1, P_(10)=%k u N sanucano
8 cucmeme cuucrenus c¢ ocnosanuem 10. Yucao N Oeaumca na m
mozda u moavko mozda, Koeda Ha m OeAumcs CYMMa wucer, Komo-
pole noaywaomes npu pasbueruu cnpasa Hare80 yugpposod santcu
qyucaa N na epanu no k yugpp e xascdotl epanu.

IHorkasaTenbcTBO., 3anumiemM N B cUCTeMe CUHCJEHHS C OC-
nosanuem 10%, T. e. B BHAe

N=c, (10% +c,_; (10%*-14 ... +¢, 10"+, 1)
rae npu Beex i=0, 1, ..., s 0<<c,<<10%—1.
Ectu P, (10)=Fk, 10 10*=1(mod m), u Torma
N= s+ Com1F -GG (mod m).
OctaTKH oT jefenus Ha m uncen N u CetCoy+ ... F+¢

paBHH; chepoBaTenbHo, N fenuTcs Ha m TOorja M TOJNBKO ToOrjia,
KOFla HAa m JeJATcH CyMMa Co+Co_y+...4-c+¢,. Huemo ¢,
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'KaK 910 Henocpexcmenﬂo ‘BHIHO na (1),l paaHo ocra'rxy o'r zxene-
nua N na 10%, 1.'e. ¢,—uHCI0, KOTOpOE B AECATHYHOMN ..CHCTEME
cuhchicHHs uMeeT UH(PH, OAHHAKOBHE C TIOCHCRHHMH. R umppawm
yhcna N. =
N—c,

OT6POCHB aTH uuppH B 3anucH N, MBI no.rryqu HHCAO

OCTAaTOK OT JeJNeHHS STOTO qnc.na na 10* paneu €y, T. €. €;—UHCIO,
KOTOpOe B JECATHYHON CHCTeMe MMeeT mH(dPH TaKHe Ke, KaK B Mpel-
nocnefsedl rpand u3 k gucesn y uyucaa N, u T. X

Takum: o6pasom, ¢,, ¢y, ..., ¢,—HHCAR, ' KOTODHE ' HOJYHaIOTCH
npH paaﬁneﬂun cnpaBa HajieBo yucaa N Ha rpaﬂn, no k nudp
B KaXIOH rpani.

Hpumepn. 1) [lpusnak nemmoc'm Ha 9. Py(10)=1,
10'=1 (mod 9). Yucno AeAHTCH Ha 9 TOrAa M TOJBKO TOFAA, Koria
Ha 9 pgenutcs cymma ero uudp.

2) Ilpusnak penumoctd Ha 11, 11(1()) 2, 102=1(mod 11).
Yucno N peaurcs wa 11 TOTAa ¥ TOJBKO TOTZa, KOLJa Ha 11 pe-
JAUTCA CyMMa YHCeJ, xm‘opme noayuatcs npa pasbuenun N Ha
rpaHd no 2 uudpe B KaXKAOH rpaHu.

IMocroabky k=P, (10) Bcerna sBasercs aeauteneM ¢ (m), TO
k<< @(m). Ilpusuak “leanmoctn Ha m, CHopMyNHPOBAHHBIA B TeO-
peme 228 Bcerga 6ymeT TaKOB, YTO' KOJMYECTBO MHU(GP B KAKIOH
rpaHu 6ypeT He Gojblile YeMm q>(m) B ‘dacraom cayuae, mpu OThI-
CKaHHH APUSHAKOB JENHMOCTH Ha npocroe umcsio p(p 4 10), Gyger
klp—1 n k<<p—1, 1. e. uncno uudp B Kaxno# rpanuy OyfeT
He Gosibiie yeM p— 1. Haumenee ynoGen 3Tot mpusHak Toria, Koria
k wmakcumanbho, T. e. k=p—1, win, wuHAaue roBops; -TOrAA,
Koraa 10 npeacrasasier co6oit nepBooGpasHbiil KOPEHDb 110 MOLY IO p.
Hanpumep, npu p=7, nockoanky P, (10)—6 COOTBETCTBYIOIHUH
NPU3HAK AEJMMOCTH Ha 7 6yler c.nenyxonmu YHCO JEJHTCA HIR
HE JenuTca Ha 7, CMOTpA 10 TOMY, AEJHTCA JIM Ha 7 CyMMa 4HCe,
N0Jy4aIOAXCs NPH ‘Pa3bueHHH YHCa Ha rpand, no 6 uudp B Kax-
Jdofi rpaHH. .

IIpuMeHsTh 3TOT NPHM3HAK HMEET CMBICA TOJBKO TOTAa, KOrja
HCMHITbIBaEMbIE YHCJIA OYEHb BEJIHKH.
on BSILOHOJIHQHHB K Teopeme 228 namuM npusHak AeJAMMOCTH Ha

H n

Teopema 229. ITycmo N sanucano e Oecamuunod cucmene.
N OGeaumcs na 2" (Ha 5") moeda u moavko mozda, Koeda Ha 27
(coomeemcmeenno na 5") Oeaumca uucao, umeowee me e yudpel,
4mo u nocaednue n yugp uucsa N.

HoxasatenbcTBo. Ilyers N=10"%+r, 0< r<10" Ecan
2"|N, 10 27| r, ¥, HaoGopor, ecau 2" | r, 10 2" | N. TouHo Tak xe
5" | N torma u Tb.nbxo Torga, Korma 5° lro

Ecau N sanucano B cncreme _CUMCEHHS € ocuoaannem 10 T. €.

ecs , B
N=cJ0°4 ... ‘—{—‘c,,lO”—l—c,,'_,lO"'l-i- e '+'co,
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rae npu Beex { 0<<¢,; <9, 10 r=c,_,10""14-.. . 4¢, T. €. r—
giiciio, ’ UK(pH "KoToporo 'TakHe e, kKak M MOCASAHHE 7. MDD
yncaa N. R o . i
- Mpumepn. "1)" 73571625 nenurcd ma 125=5%, Tak Kak
125]625. ‘

2) 909311736 ne menntca Ha 16=2%, Tax kax 164 1736.

‘Ecnu m=p$s...pls—Kanouuyeckoe pasioxkeHHe YHCAA M, TO
uncio N meauTCst HA m TOrAa M TOABKO TorAa, Koria N penutcs
HAa KaXK[oe M3 uucen p%, ..., pl. o

Henumocts Ha uucna pY(i=1, 2, ..., s) MoXeT ObITb BhISICHEHa
C MOMOILBIO COOTBETCTBYIOMIETO NPH3HAKA AENUMOCTH, OCHOBAHHOIO
Ha TeopeMax 228 u 229. .

[Mpumep. Onpepenurs, geautes au Ha 3256  yucho
N=65204779728. : ‘

3256 =23.11.37. Hmeem 2%|728, Tak uro 2% | N. Pas6uBas
N Ha rpanu Ao jAse UMQpb B KaXKOH, nojyyaeM:

N =6-+452+ 44 77 + 97 + 28 (mod 11),

tak uyro 11 | N. Tak kak 103==1 (mod 37), To, pasbusas N cnpasa
Ha rpaHd No TPH LHGPH B Kaxkpoi, moayuaeM N =65-}204 4
+ 779+ 728 =0(mod 37), Tak uro 37|N u N genurcs ua 3256.

Ilpn HaxoXJeHHH NPH3HAKOB JEJVMOCTH Ha m RJAA uucen N,
3aMUCAHHbIX B AECATHYHON CHCTEME CUUCJIEHHS, MOXKHO NOJb30BaThCH
clepyiouei TeopeMoH. )

Teopema 230. [Tycmo (m, 10)=1, 10°=—1(modm) u N 3a-
nucano 8 decamudHol cucmeme caucarenusn; 4ucao N. deaumca na m
mozda u moavko mozda, Ko20a HA m OeAUMCA CYmMMa 63Amelx n -
nepemerno CO BHAKAMU NANC U MURYC HUCEA, KOMOpbie NOAYHAIOMCS
npu pasbueruu cnpasa Haseso yupposod sanucu yucaa N Ha epanu,
no | yugp 6 xkasxcdod ezpanu.

HoxasateabctBo. Ecan 106=—1(mod m) u

N =, (10°)°4-c,_, (10514 ... +¢, (10°) +,,
N=(—1)';+ (—1)"" ey + ... —¢; ¢, (mod m).

TO

OcraTku or menenus Ha m y uucea N ¥ co—cy+ ... +(—1)%,
paBHE], a CJaefoBaTeJbHO, N HeJUTCS Ha m TOrAa, KOraa Ha m je-
JAUTCA CYMMa Co—C; + ... 4 (—1)°c,. 3mecs ¢y, ¢, ..., c,—uncaa,
KOTOpble NOJYydaioTca NpH pasbueHdH cnpasa HajeBo UMGDPOBO
samuc yucsaa N Ha rpamu, no ! nupp B Kaxgoi.

MNpumepn. 1) 10t=-—1(mod 11). Yucno N penurcs uim He
Jenutca Ha 11, cmorps no Tomy, Aenutcs au Ha 11 cymma mudp
yucna N, B3ATHIX NONEPEMEHHO CO 3HAKaMH ,JIUIOCY M ,MHHYC.

2) 10®*=—1(mod7). Uucao N neiaHTCst UNH HE NENUTCS Ha 7,
CMOTPSL MO TOMY, AEJHTCH JH Ha 7 CyMMa B3fITHX MONEPeMEHHO CO
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8HAaKaMH ,M0C* H MHHYC" YHCeJ, MOJYYAIOWHXCH NPH pa3CHeHHH
cnpaBa HaneBo yucaa N Ha rpanu, no Tpu uudpbl B KaXpmoi.
Hanpumep, 61907 531 menutcs Ha 7, Tak KakK, pasGuBas cnpasa
HAJIeBO 3TO YUCJO Ha FPaHH, 1O TPH nudpbl B KAXKAOH, U CKAaAbIBAS
NOJy4aloluecss Yucaa, B3fThle NONEpPeMeHHO CO 3HaKaMHu ,mJjroc”
¥ ,MHHYCY, mojydaeM:
531—907+61=—315=0(mod 7).
Ecnn m=p—npocroe uucio, p4 10, To cornacuo TeopeMmam.
p-t . p=t
200 u 201 6yger aubo 10 * =1 (mod p), an6o 10 2 =—1 (mod p),
H, TakuM o0pasoM, HawMeHbiuee u3 yHcea £ u I, durypupyomux

B TeopeMax 228 u 230, Oyaer Bcerza He OoJble YeM p—;—'—. 3to
3HAYHT, YTO MPH3HAK ASJHMOCTH HAa TMpocToe uucyao p (p %2, 5),
Tako#f, Kak B Teopeme 228 unu B Teopeme 230, Bcerga MoKHO cdop-
MYJIHPOBAaTh TaK, Y4TO YHCHAO Uubp B Kax A0l rpanH 6yjer He 6onblie
ueMm pT—l .

Caenyomuit BecbMa oSmmii Coco0 M OTHICKaHHA HPH3HAKOB
JeIMMOCTH npeAcTaBisieT co6oif oCofumeHHe mnpHema, YKa3aHHOro
eme B XVII Beke ¢panuysckum MatematukoM H dumocodpom Ilacka-
neM (1623—1662).

Cnoco6 ITackaasa, Ilyete N 3anucano B cucTeMe CuMcJe-

HHSL C OCHOBaHHEM g, T. €. IYCThb
N=cg’+c,_ g1 +...+¢,, tme mpu Beex [ O0<<c;<<g—1,
by=1, by=g*(mod m), ..., by=g*(mod m). (2)
Uncao N penurcs Ha m TOTAA H TOJNBKO TOrAd, KOraa Ha m

JEJATCH YHCJO
csbs+cs-1b -1+ e +cob0- (3)
IeAcTBUTENbHO, €CIM CNpPaBeiJHBL CPaBHeHHs (2), To
N=cg'+c¢,,&1+... ‘l“"(oE Csbs+Csybs_1+ « . . +Coby (mod m),

Tak 4To N JenaurTcs Ha m B 3aBHCHMOCTH OT TOro, NEJHTCA JH Ha
m 4ucno, ykasannoe dopmydoi (3).

Teopemb 228 u 230 siBAAIOTCA YACTHBIMH CJIYYassMH NPHMEHeHHS
sToro cnocoba. [eficTeuTtesibno, Teopema 228 mnpexcrabiasieT coGoil
uacTHbIA caydal cnoco6a [lackans npm g=10%, takom, urto
10*==1(modm); npuuem sgecb 3 g=10*=1(mod m) caenyer,
yto BCe b;=1.

Teopema 230 —wuactuniit cayuahi crnocoba Ilackans npu g= 10¢,
rae ! takoe, uto 10 =—1(mod m), npuueM sgech

by=—1, by=-+1, ..., by=(—1)".

Has npumenenHd cnocoba Ilackans B cucTeMe CUHC/AEHHS € oc-
HoBaHHeM 10 HyXKHO sHaTb OCTaTKH OT Ae/ICHHS HA m CTeleHei
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‘ocHoBaHHA 10. JtH ocTaTkH AaloT HaGop uHcen b;, yMHOXas Ha Ko-
ropble HubPH M0o6Oro XaHHOrO uucja H COCTABAAA CYMMY Cb.+ ...
oo+ 01by +c4by, MOKHO y3HATH, HENHTCH JH YHCIO HA m.

Tak, wanpumep, npu m=7 wumeeM by=1, b =10=3,
by=102=2, b;=103=—1, b,=10*=—3, b;=10°=—2(mod7),
a jasnblle Bce 3TH 3HayeHHs b; NepHOAHYECKH NOBTOPSIOTCH.

ITpumep. ¥Ysuarp, geaurcs au Ha 7 gucao N =269 341058.

Haxozum, uto N=8+5.34+0-2+1(—1)4+4(—3)+3(—2) +
+9.146-34+2-2=0(mod7), Tak uto N geaurca Ha 7.

2. MPOBEPKA APHOMETHYECKHX AEACTBHNA

Teopusi cpaBueHuil gaeT caeRywoIHi crnocoG nMpoBepkH apudme-
THYECKHX JeHcTBHH.

Bri6upaeM HEKOTOpHIH MOAYJb m M 3aMeHsieM O6oJblIMe YHCJIA
a, b, ¢, ..., Ha§ KOTOPHIMH HaM HafO NPOHU3BOIUTH AEACTBHA (CJIO-
JKeHHe, BBIYHTAHME, YMHOKeHHe, BO3BEJCHHe B CTeneHb), HeOOJb-
muMH Yncaamu a’, b’, ¢, ..., CPaBHUMBIMH C HHMH [0 MOAYJIO /M.
Tlponssenn pefictBus Hax a, b, ¢, ..., MBl TOYHO TaKHe Ke Jeii-
CTBHMS NpousBoauM Hax a’, &', ¢’, ... Ecan gefictBus nponssenenst
NpaBUABHO, TO Pe3yJNbTaThl STHX JneRcTBHH waxy a, b, ¢, ... W Haj
a’, b', ¢’, ... nonKubl OGbITb CPaBHHMBEI NO MOAYJIO M.

IeficTeuteibHO, coriiacHo TeopeMam 83', 84', 85 ecsn

a=a'(modm), b=b'(modm),...,
TO '
a+b+...=a +b'4...(modm), a-b...=a’'b’...(modm),
a"= b" (mod m).

a
Jinst MpoBepKH COOTHOMEHMsl - ==C MPEACTaBJseM ero B BHJe

a=>bc. Ilpumenenme 3TOrO cmnoco6a MNpPOBEPKH, KOHEUHO, HMeeT
CMBICJI TOJILKO TOTAAa, KOrAa HaxOXKAeHHe Takux yucen a’, b, ¢’,...
MOXKeT ObITh OCYHIECTBJIEHO JIeTKO M OBICTpo. [Insi aroro o6bIYHO
B KayecTBe MojyJss m Beibupawr m=9 uau m=11. Kaxpoe gucno,
3anHCcaHHOe B JECATHYHOH CHCTeMe CUHCJEHHs, CPaBHHUMO C CYMMOM
ero nudp mo Moaymo 9, Tak YTO MBI MOXeM c(OpMYJSHPOBATL CJe-
AYIOIHA cnocob ,NpOBEPKH C NOMOLIBIO AECBATKH".

Iais1 KamAOro YKCJa BHIYUCASETCS OCTATOK OT fiesieHus Ha 9 CyMMBI
undp. INpouseons AeficCTBHS Haj 4YHCJAAMH, NPOU3BOAAT TaKHe XKe
XefiCTBHA HaJ 3THMM OCTaTKaMH. PesyabTaT paccmarpuBaeMbIX Aefi-
CTBHH Haj 3THMH OCTAaTKaMH JOJIKEH OTJHYaThCsi OT CyMMHl nudpp
HCKOMOT'O pe3yJbTara Ha YHCJO, KpPaTHOe AEBATH. '

Koneuno, ecnn omubka TakoBa, 4TO Pa3sHOCTL MeXKAY HaWJAECHHOH
H HCTHHHOH BeJMYHHAMH KpaTHa 9, TO OHa mIpH 3TOM cnocoGe npo-
BEpKH He OyjeT 3aMeuena,

Tlo moaymio m=11 kakpoe 4YHCJIO, 3aMHCaHHOE B JAECATHYHON
CHCTeMe CuucjeHHus, Oyaer CpaBHHMO € CYMMOH LHGp, B3ATHIX cnpaBa

205



HaJEBO TIOREPEMEHHO CO 3HaKaMmu ,,mnoé " ,MHHYC", ' TOITOMY MH
MOXeM ccpopmynnponan CHeAYIoIuMi crnocoG ,,MPOBEPKH C NOMOIbIO
ofuHHAZmaTH“. Haf KaKAOro UHMCAa BHUHCJHASETCS OCTATOK OT Je-
.neHust Ha' 11 cymmbl nudp, BIATHX NONEPEMEAHO’ CIpaBa HaAeBo CO
3HAKaMH ,BAI0C" A ,MuHY€e". Pe3yapTaT paccMaTpHBaeMBIX JAelcTBHIH
Hajf 3TUMH OCTaTKAMH JOJIKEH OTHUYATHCH OT CYMMEI B3ATHX 110-
[lepeMeHHO Co 3HaKaMH ,IJIIOC* W, MHHYC" cnpaBa —HajAeBo unupp
HCKOMOTO ' pe3ysbTaTa Ha 4HCAO, KpatHoe 11. Ecam omubka 6y11e'r
KpatHa 11, oHa He OyZer 3aMeueHa NpH 3TOM crocoGe.

TIpn CHOXKHBIX BBIYHCJIEHHSIX HMeeT CMBICHA NPOBOZUTEL ABE INpPO-
BEpDKH: OJIHY C IMOMOIUBIO MOAYJg 9,:a APYryio ¢ noMompio Moayas 1.
B sToM cayuae omubKa He OymeT 3aMeueHa TOJIbKO, €CJIH OHa
KpatHa 99, 4To, KOHedHO, GbIBAE€T OYeHbL PEJKO.

IMMpuMepn. 1) IlpoBepuTb ¢ NmOMOWbIO: MOAYJS 9, BepeH JH
pesyabTaT yMHOXKenus 73416-8539 =626 899 224.

Haxomum, yro cymma uucdp nepsoro mHomHTenAs 21 = 3 (mod 9),
a Broporo 25=7(mod9). Cymma undp nponspegenHs - paBna 48 u
JeHCTBUTENBHO OTJaH4YaeTcss oT 3.7 =21 Ha yucno, KpaTtHoe 9.

2) C nomampio. Monysis: 11 mpoBepuTh. pesyabrar:

(3197) = 32 675926 373. .

CymmMa- ﬁi«(bp‘ 'OCHOBaHH 1, B3SATHIX TI0MlepEMeHH0 CO 3HaKaMH ,ioc”
n muHyc”, 7—94-1—3=7(mod I11). CoorBercTBylomas cymma
Ansg pe3yabTata, paBHasi —9, oramuaercsi of 73=343 Ha uqucio,
KPaTHOC OJNMHHAJLATH.

3) Ilposepurp ¢ nomombxo Mo;ly.neu 9 u 11 BEpHO JiH, YTO

'5 839 131 309

CyMMa uupp AeanmMoro 42—-6(mod 9), nenutens 30 = 3(mod 9)
u uactHoro 32=05(mod9). Ilpouspemenne 3.5=15 orauyaercs
oT 6 Ha uucy0, KpaTHoe 9., ’

IlposepsieM ¢ nomombio Moxyas 11. 3HakonepemeHHdas cymMa
UHOp AEAMMOrO, JQJMTENS M YaCTHOrO paBHH COOTBETCTBEHHO 22,
2 n 14. Tlpouspenenne 2-14 =28 oranvaerca or 22 Ha uyHCIO, He
KpaTHoe 11, Tak 4TO pesyJbTaT He BepeH.

3. MJIMHA NEPHOJRA AECSATHYHOA APOBH

ITpumMeHHM HEKOTOPBIE M3 DPaCCMOTPEHHHX CBOWCTB CpaBHeHHii
K Bonmpocy o0 onpejejieHMHM IJIHHBI NEPHOAA, MOJYYAIOWErOCsA MpH
oGpaieHus OOLIKHOBEHHOH npo6u B gecsituunylo. Hauwem co cay-
yag apoleli, y KOTOPHIX 3HAMEHAaTeJsb He ASNUTCS HU Ha 2, HH Ha 5.
Teopema 231 ITyeme (b, 10)=1, 1<<a<b, (a, b)—l mozda

passoxcenue '17 8 beckonednyro aec:ﬂmutmylo apoéb 6ydem codepacams
P, (10) yugp 8 nepuade.
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Iio*xaaa'reaxsc'rae. Tiyers P, (10)=Fk =u, Takmm obpasom,
' 10" l(modb) '

Corsacio  Teopeme 1 10a = beg+ry, rme 0< r1<b
(rl, b)=(10a, . b)~l (Teopemn 36 u 42), Tak 4TO, B YAaCTHOCTH,
r, He -MOXKeT PABHATLCS: HYMO,  T. e. 1<<ry<{b. Mu umeem
MAf napel r;, b Te e ycnoBHfI, UTO M AJA TapH a4, b, Tak uTO
nojiyyaeM HEOrPAHHMYEHHO INPOJOJIKAEMYI0 HOCAEHOBATENbHOCTD
PaBEHCTB:

10a =bcy-+r,
10r, =bc, -1, :
e e , (4)
107,y =bcyy + 1
rie npu BceX [ BeJHYMHH 7; H ¢; TaKkOBH, 4TO
<r <b, 0<c;= lor—'_'—’“<10(ro—~a)
H npH Bcex [ umeeM (ry, b)=1.
L[e.na BCe WJeHH paBeHCTB (4) nocaexoBaTeabHo Ha 106, 10%0, .
10%, ..., no.nyqaeM
+ +c_1+i__ =
10b 102 102 "
Cr-1y Tk __
10,+ e + ot +‘10"b (9)

W3 coornomenuii (5) Haxomum
a-10*=(co10¥- 14 ¢ 10* -2 . ., 4-c,_;) b+14,

Tak uTo 1, =a-10¥=a(mod b), u mockoapky 1 <<r, << b, 1 <<a<<b,
TO r,=4d.

CoBnajesve BeJHYUH 7, M @ NOKa3swiBaeT, YTO Nocje k iaros
paBeHcTBa (4) NEepHOAMYECKH MOBTOPAIOTCH, T. €. Cp, =C, IPH BCEX
s=0, }, 2, ...

rn
Tlockonbky m—*o IpH yBeJM4YeHMH n, U3 paBeHcTB (5) noay-
yaeM NepHOAHYECKOe PasjioKeHHe

%7 +10:+-.o+0k 1+ +"'+—l_():%+“’

10k+1 10"+=
WAH B COKPAIEHHON SamHCH

F =0,. (CoC1- - -Chy)-
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MoxHo yrsepxaarh, 4TO HafiIeHHBIH HAMH - NEPHON ANHHB k —
Hanmenbmun JefcTBUTe/IBHO, eclH .

“b""— O, (COCIV' . .Cf-l)’

TO

2 _% S S
= +..-l—10,+m, ,,,

al0*= (¢, 10"+ ... +¢;-)) b+ a=a(mod b)
U TOCKOJBKY (@, b)=1, 10 10‘==1(modb), Tak uTo HauMenbluee
sHauende [= P, (10)=kF
o 22
IMpumep. Hafitu uucao uubp B nepHofe pasioKeHus 37 B Gec-

KOHEUHYI0 JecATHUHYI0 ApoOb. @ (91)=72. HcnuTeiBasg aenurtenu
72, . e. 1, 2, 3, 4, 6, 8, ..., HaxoauM k= P, (10) =6, Tak uto

JJuHa nepHoxa paBHa 6. JeficTBHTENBHO, 2—2—=0, (241758).
p 91

. , a
Teopema 232. Ecau 7=0, (c¢ ... C4y) 20e k=P, (10), ¢,
Cls vvuy Chqg M rg=a, Iy, ..., 'y, OBpEdesenst pasencmsamu (4),
mo npu scex i=0, 1, ..., k—1 umeen:
=0, (¢;...Ch_16p...€i_1)-
JokasatenbcTBO. ITOCKONBKY rp=ro=@, lp =TIy, ...,
To paBenctBa (4), HauMHasl ¢ i-Fr0, MOXHO 3amHUCaTb B BHJe:
10r;=b(‘i+ri+1 1
’.Ork_1=bck+ro (6)
10r,=bcy4r, ’

107,y =bc; .y +1

. s »
-

Tie BCe HEOTPHUATEJIbHLIE YHCAA € H NOJOXKMTENbHbIE F MeHblle
yeM b. Ilockoabky (r;, b)=1 u P, (10)=~k, TO cornacuo mnpeps-
Jymei Teopeme nepsble 2 3HaueHHH ¢ B (6), a HMEHHO ¢}, ..., Cy_y,

P
€os «..» C;i_q OOPA3yIOT MEPHOH pPa3OKeHHS %, T. €.

-rzi--:‘o, (Ci‘ . .Ck_lco. . 'Ci—l)'
P, (10)| @ (b) n, cnepoBateabho, P, (10)<< @ (b), Tak 49TO H3 Te-
opemnl 231 caemyer, 4TO AJS paccMaTpMBaeMHX TaM Jpoleit -;-:-

YHCIO UHp B nepuose BCerja He Gombme veM ¢ (). Ecam Boc-
N0JIb30BaThbCs TeopeMoii 162°, To MOXHO YTBEpKIAaTb, YTO UYHCIO
uudp B nepuome He npesocxoput L (b). '
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B uacTHOCTH, pasnokeHue B GECKOHEUHYI) NECATHUHYIO Jpols
uncea BHAA gp—, rge p—npocroe H 1<<a<<p—1, Bcerja umeer

He Gonbine, yeM p-—1 nubp B nepuoge, mpHYEM UMCIO STHX LHODP
npeacTapaseT coboit penurtens p— 1.

Eciu 10—nepBoobpasnelii KOpeHb IO MOXYJAI0 p, TO AJHHA Ie-
pHoza HanGoablass BO3MOXKHas # paBHa p—1. Ilpn TakHx sname-
HaTeaaX kR=p—1 H YHCJIO PasjMYHBIX OCTaTKOB B (4) paBHO p—1,
T. €. 3TH OCTaTKH O6pPasyloT BCIO NMpPHBEIEHHYIO CHCTEMY BHIYETOB
[0 MOZyJio p.

B stoM cayuyae cornacHo TeopeMe 232 pasioxeHus B Oecko-

1 2 —1
HEUHBIE JeCsTHUHBIC )1p06PI JJis1 BCE€X UHCEeN] -5 ’ £

— ., HO‘-
P p

JyyaloTed Apyr M3 Apyra LHKJHYeCKOH MepecTaHOBKOH, Tak d4To,

3Haf OJHY M3 HMX, JIETKO HaHTH BCe OCTaJbHBIE.

TIpumep. 3uan, uto =0, (052 631 578 947 368 421), naiitu 15 .
IMockoabky uucao uubp B nepuoge 1 papHo 18, to 10 mpen-

19
cTaBaseT coboii nepsooGpasuuli KopeHb mo moxymo 19, u pasno-

14 1 o
KeHue i noJayduaercd H3 pasJOKeHHA 19 UHUKJHUECKOH NMOACTAHOB-

Kofi. HenocpelCTBEHHBIM JeNieHHEM HaXORMM NepBbie JBe LHPPL!

14
1—9~O,73. .. TaK 4TO

130, (736842 105 263 157 894).

Ecan npu (a, b)=1, (b, 10)=1 a ne nexkur B NpPOMeXyTKe
mMexay | u b—1,T0 a=bg-+a’, rre l<<a <b~—1, %:q—}-% ,u
nocjie BhileNIEHHS HeJOro Yucja ¢ 4ucjo Uudp B nmepuoie pasio-
XKeHHsa onpejenasnercs sHauenueM P, (10) no Teopeme 231.

Ecau B gpo6u -;1 b=20.58.5", rxe (b’, 10)=1, 10, 0G03HaUas

max (o, P)=1[, umeem:

a_ _ a8 1 A

a
DR I AT I VT A U

A .
Paanoxenne E;HOCJle BblACJICHH S UEJOH YaCTH MHCTO NEpHOXH-

1 .
YeCcKoe, a YMHOXEHHE HaA 1ot OCYIECTBJAACTCA NEPEHOCOM 3ansATOU

Ha | paspANOB BJEBO, TaK YTO Pa3/oKeHHE MOJNY4YaeTCd CMEIaHHO
HEepHOAMYECKHM, NpHYeM uHcio Lubp B nepHoae O6yper paBHO
Py (10).

. 209



, ... . TOABA 28 .
BEC'KOHF}FHHB HEMHBE POBH -
l CXGI{HMOCTB BECKOHE‘!HHX HEHHBI‘X II,POBEH ‘
BBHB RBE GQCKOHBH:HHB HOCJIe}IOBaTEJII:HOCTH ue.nmx yHCea

' Qo Gy, By, ..
"
| | by, by, by, ...,
HallMUIeM BbipaKeHHe o , ‘
a0+“b—l_b—' v (1)
ay +—2
AT

COefUHsS, TaKHM 00pa30M, SJEMEHTH 3THX IByX TiocJeloBaTeb-

HocTell B yKa3aHHOM nopsigke 3HakKamMu -+ u ——. Mu He MoOXeMm

MOKa 4TO paccMaTpPHBaATh = BelpaxeHue (1) kak pesyJbTar psama

CIOXKeHHH M JeJeHu#, [OCKOJbLKY B HEM He OolpefieNieHO, YUTO

npubaBiseTcss K KaXJIOMY @, H Ha 4TO JXenasitcs yucnaa b,. Bripaxke-

Hue (1) Mol 6ynem HA3HBATh GECKOHEUHOM HenpepblBHOR ApO6BIO.
PaccmanHBasx BeipaxKenue (1), o6o3HauuM uyepe3 A, Tak Hasbl-

BaeMYI0 n-10 NOAXOZsILyi0 ApoGb

by

A,,_-a(,—{-a1 i

by
+£—!;'
rie -+ M —— 3HaKH CJOXKEHHA M JejeHusA, Tak 4ro A,—Heko-
TOpOE palHoHalbHOEe YHCJIO.

Ecan cymecrsyer mpenen A, NpH YBENWYEHHH 71, T. €. eCJH
limA,=qa, rge o—mnexoTopoe REHCTBHTeJIb}IOe YHCJIO0, TO Hempe-
prBHaH J.'lp06b (1) nasbiBaeTcst cxo;mmenca a a HasbiBaeTcd Be-
JHYHHOH OecKOHeYHOH HelmpepuiBHOM JpobH (1).

Ecnu Bce b,=1 u npu n=1 Bce a,== 1, Bopakenne (l) Ha-
3bIBaeTCst OOBIKHOBeHHOH OeCKOHeHHOH HempepniBHO# Apobbio MM
feckoneuHOH uUenHOH Apobsio.

Onpepenenue 62. Becxoneurnoll yennod Opobord Hasvienemcesa svipa-
Jrenue 6udd

1
agt— @
al+a2+.

2fe a,—uyenoe 4UCAO, @ 6Ce OCMANbLHbIE Q,—HAMYDAALHbIE HuCAd,
m.e a,=1 npu n=1, 2, :
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ByneM B ansHefineM sanuCHBATB Bupamenue {2y B BHEE
‘ a0+'ual +-Uaa+ 7
Onpene.neune 63. Hoaxoamqea 6po6bio Q" K 6ec;coneuuoa uen-

Hoti Opobu (2) Ha3bleaemcs. KOHe4HAS YenKas 6p06b

g—==ao+_1/a1+—/a2+...+ﬂan. 3)

Onpenenenne 64. beckoneunas dpobo (2) Haseleaemcs cxoaﬂugeu-
ca, ecau cywecmeyem npedes ee noaxoamqux dpobeii, m. e.
P
lim =2
n—> e Qﬂ
Onpenenenne 65. Beauuunoii Geckorneunod cxodawjetica yenHou
dpobu (2) naszoieaemcs npeae/z ee nodxodaujux apoﬁeu m. e. 4ucio
a, makoe, 4mo lim =
Qn

n—> o

Ecau semnyuna (2) pasHa a, 6yjaem s3aluchiBaTh 3TO B BHAE

o=a, +—Ja +—/a +.
Koneunrie # GecKOHeUHbE HeNHbE npoﬁn OébelIHHH}OT o6IHM
NMOHATHEM LEMHBIX Apofeil, MOHMMasg NOA 3THM BHIPAXKEHHS BHAA

ao—l-yal—}-yaz—}- cees
rje NOCJeAOBaTeNbHOCTb LEJbIX 4HCed Gy, 4, =1, a,=1... MOXeT
OniIThb KOHeuHOH MJM OeCKOHedHOH, mpHYeM B clyuae KOHEYHOM No-
CJIeloBaTeNbHOCTH NOCAeAHHE ujeH a,> 1.

CpoiictBa nogxopsamux Apobell, ux uucaurtenel u 3HaMeHaTtenel,
chopmynupoBannbie B TeopeMax 59—68, cnpaBeanuBn U Ana Oec-
KOHEYHBIX MLeNHbIX ApobeH. I[eﬁCTBme.ano Kak Obl BeJHKO HHU

Py Py
6pl10 n, noiaxopsmue apobu Q' G, Q K GecKOHeuHOH Apo6u
0 1
(2) ABNAIOTCA BMeCTe € TeM HOAXOASMIHEMH ,upo6snvm K KOHEYHOM
HenHol Apobu ao+ﬂa1+—/a2+ —Ua +Yq TaK YFO YT-
BepIKJCHHS TeopeM 59—68 Bepum zum BCCX 7. -

Jlaa panbHeimero HauGosee CYIWECTBEHHH Clelylomue CBOACTBa,

Teopema 59°. Ecau a,, a,, a,, ...—23semenmol yennot dpobu (2),
mo nocaedosamensrocms qucer P, u Q,, onpedesenHas pexkyppenm-
HOLMU YCA0BUAMIL: .

Q415

Pnzpn—lan—l'pn—z }
=2 4
Qn= Qn—l a,+ Qn-z pun ( )
U HAYAABROLIMU YCA0BUAMU:
Py=a,, Q,=1, Py=as,+1, Q,=a,, (5)

obaradaem mem ceolicmeoM, YMO Npu 6cex N omHoulenue Q—" pasro
n-d nodxodsueld opobu (3). n
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Onpenenenne 66. Yucrumeramu u snamenamesamu nodxodauux
Opobeii (3) k Oeckoneurod yennoti dpobu (2) HA3LIGAIOMCA BEAULUHYE
P, u Q,, onpedesennvie ycaosuamu (4) u (5).

Teopema 60°. Tpu n=1, 2, ...

PnQn-l'_'Pn-lQn=(—l)n-1' (6)

Teopema 61°. Yucaumesv u snamenamesr awoboii nodxodawed
0pobu K Gecxonednol yennod Opobu (2)—as3aumno npocmole 4ucag.
Teopema 62°. [Tpu ecex n=1

Py Pu_y 1

Qi Qun-: QnQr;-l '

Teopema 63'. IIpu yseauuenuu nomepa n 3namenamesu Q, Oec-
Koreunod yennoil Opobu, Ha4UHAR ¢ n= 1, MOHOMORHO, HEO2PAHUYEHHO
gospacmaron.,

HoxasartenbcTBo. [leficTBHTENBHO, NOCKONBKY B OeckKoHeu-
HOH uenHo#t Apo6H a@,==1 npu Bcex n=1, To coraacHo cjhenaH-
HOMY Bblllle 3aMEYaHHIO Pe3yJbTaT TeopeMbl 63 pacnpocTpaHsercs
Ha J1060e MHOXKECTBO 3HaYeHHH n, TaK 4TO

1=Q, <=, <Q:<...

[Tockonbky Bce Q,—uenwle yucna, To mpu n>1 Kaxaoe Q, no
KpaiHefi Mepe Ha egunuuy GoJsbile Npejbaymero, T. e. Q,— oo.

AHanornuHo HOKa3smiBaeTCs cjefywollast TeopemMa (CM. NpHMeua-
Hue Ha cTp. 65).

Teopema 63". ITpu yseauderuu n qucaumesu P, nososcumesvrod
OeckoHedrol  yenrnoti dpobu MOHOMORKO, HEO2PAHUMEHHO 603pacmaiom.

Teopema 68'. Modyau paccmosnuti mexcdy cocednumu nodxods-
wumu OpobAmMU MOHOMOHHO YMEHBUGIOMCR C YeeAUdeHUeM HOMEPA U
CMPEMAMCA K RYA0.

HokasateabcTBo. B Teopeme 68 6uno aokasaHo, 4TO

=3

Pyvr Py Py Pn,y
Qn+1 Qn Qn Qn..'!. ’
H TaK KakK coryacHo npegsiaymei teopeme 63’ Q,—> oo, TO
Pn+1 EE _— 1 __’0
Qn+1 Qn _Qn+1Qn '

Teopema 233. [ToOxodawue Opobu ¢ 4emHoIMU U HedemHOLMU
Homepamu obpasyom cucmemy KOHYO08 610XceHHuix Opye 6 Opyea
UHMEPB8aios.

HoxkasartenbcTBOo. B Teopeme 65 Onuo yCTaHOBJEHO, uTO
yeTHble MOAXOASHIME APOGH o6pasyloT BO3PACTAIONLYI0 IOCJEAOBa-
TeJIbHOCTb, 4 HEUeTHhE NOAXOAsmYe Apo6u— yOnBalOmYyIo moce-
IOBaTeILHOCTb, H NIPH 9TOM Jiobas ueTHas Apobb MeHblne J06o#H
HeyetHOH ApOOH. '
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. Tak xax Bce 310 BepHO AAs JI0GOTO 4YHMCiAa MOAXORAILIAX Apo-
Geit, TO
Py Py Py
Q< s<Q<”'<Q<Q T
IlokaxkeM, 4TO paccMaTpMBaeMble HaMH UenHue ApobH ¢ aJje-
MeHTaMR a,>=1 (n=1, 2, ...) Bcerfa cxoaaTcsd H, Clel0BaTeNbHO,
HMEIOT OnpefiesieHHYIO Be.nntmny
Teopema 234. Jlwbas Geckoredras yenwas dpobo cxodumcs.
HoxasateanctBo. [lycTh HaM fgaHa NpoOH3BOJbHAs UENMHas
Ipo6b:
ay+Ya, +Ya,+ ...,
rae Bce a@,—uLeJbe uyMcaa M a,==1 npu Beex n=1, 2, 3, ...
B npenbmymen TeopeMe OBLIO JOKA3aHO, YTO MOAXOAAIUe ApOGH
C YeTHHIMH H HEUYeTHBIMH HOMEPaMH SIBJSIOTCS! JIEBBIMH M I DaBbIMU
KOHUAMH CHMCTeMbl BJOXEHHHIX IPYr B Apyra MHTepBajoB. CoriacHo
Teopeme 68’ umeem:
Pn__ Pnis
Qn Qn+1
TaK 4TO JJIMHBI HHTEPBAJIOB:

(G &) (&%)
Q’ Q Q' Qs
CTpEMATCS K HYJHO NpHM YBeJUUEHHH A.

CorsniacHO H3BeCTHOM TeopeMe MaTeMaTHYECKOro anajusa (Teo-
pema XVIII) seBrie W npaBhie KOHIH TaKOH CHCTEMBI BJIOXKEeHHBIX
JApPYr B JApyra HMHTePBAJNOB, AJHHE KOTOPBIX CTPEMATCS K HYJNO,

uMeloT OO M npefiesi, npeacTaBasiomuii co6ofi HekoTOpoe AeHCT-
BUTEJBbHOE UHCJO o, TakKoe, 4YTo '

—0,

3ameuanue. M3 npusBeseHHOro JoKasarTesbCTBa Henocpen-
CTBEHHO BHJHO, YTO BeJHUYMHa GecKOHeuHoH uemHo# Apo6u Goabiue
J1060# yeTHOH Moxxoisuledi ApoGH M MeHblIe JMIOGOH HEUETHOH NMOA-
xopsamed apobu, Tak UTO

Po __ Py Py
Q= Q, <. <Q<Qz 75 7

Jns chyuasi, KOrga nensas apoOb KOHeuHas, HepapeHcTBa (7) Takxe
BEPHH, OJIHAKO @ COBNaJaeT C mocjenHell nmoAxoasmei Apobbio (cM.
npumeuyanse K teopeme 68).

Onpepeaenne 67. Ilyemv o=a,-+ —"a1 4 —Ua.‘, “+...; noarsimu
HaCMHOIMU 68 Ppasaodcenuu o O6ydem HA36IBAMb GEAUMUNBL Oy, Uy,
g, .., ONPEOCACHHbIE PABCHCMBAMU:

1 1
a=a0+—]a1+ .. +—/a,+-ua,+1 apu =0,
a==a, Hpu s=—1,
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. Teopema 235. [Tycms a=a,+Ya, +Va,+ ..., &, —noanoe
wdimioe & pasabocentiu o, moeaa :

g!?.if}.iﬂ;:.l.'
o= Qsts+1+ Q1 -
H o
Po 1—
as+1=__s.‘.;Q"T_g—P?s_"_"" o (9)

20e P,, Q,, P,.y, Qsoy—uucaumenu u 3namenamesu s-i u (s—1)-i
nodxodaweii Opobu K .
HokasateabcTBO. CpaBHUBAas BLIpAXKEHUH

-g—i‘;—:=ao+yal+ ces +%Jas+yas+1
‘ oc=ao+—ua1+ ves +-Uas+—’/as+1,

- P
HEIMOCPEACTBEHHO BHAHM, UTO €CJIH B s+l 3aMECHHUTDb a yepes
Q +1 s4+1

Q,.y, TO TOdyuuM o. CorsiacHo Teopeme bor

Peir_ Psiga1+Ps_y ‘
Qs+1—-Qsas+1+Qs— ’ (10)

tne P, Q, P,,, Q,., HEe 3aBHCAT OT BRJHYHHH Q,,,.
3amenss B (10) a,,, uepes a,,,, NOAYYMM, KAK 3TO TOJNBKO
470 OBLJIO OTMEUEeHO, o, T. €.

Pos1+Pg_y

@= Q541+ Qsn *

OoTKyza ciaexyer u (9).
3ameyanue. Popmyan (8) u (9) BeprI H OpH s-—O H

= —1, ecan npunam P_;=1, Q_,=0, P_,=0, Q_,=1
HeficTeuTebHO,
. 1 aoal'{“l Po‘ll"—l 1. a+0
a—_a°+a, ay Qoal+o na= 0a+l :
B nanbmefitieM, paccMaTpHBas sedanuuHel Py, Q,, npH s= —1
H §= —2, 6yjeM Bcerja CUHTaTh:

P_,=1, Q_;=0, P_.,=0,Q_,=1.

2. PA3JIO)KEHHE AEACTBUTEJbLHDBIX YHCEJA B HENHLIE IPOBH
PaccMorpum Tenepnr pa3snoxeHde NeHCTBHTENBHBEIX UHCEN B Uen-
Hble ApOOH.

Onpenenenne 68. Pasaosicenuem JelicmsumensHozo 4ucaa o 6 yen-
Hyro 0pobb Hasvieaemea npedcmasierue o 8 aude

a=a, +ﬂa1 +Ja 4.y

20e a,, Q;, Qy...—KOHEUHAR uau BECKOHEHHAR nocaedosamebHoCMb
yeabix ducea, maxas, umo npu k=1 ece a,=1, a ¢ caywae Koweu-
HO20 PA3A0JICeHUs nocAeOHull sremenm a, > 1.
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“Teopema 236. [Mycmos pagionenue o & yennywo dpobv umeem sud:
a=a,+Ya, +Ya, +...
Bsedem obo3nauenue
! =a +_1]a3+1+ LY
Tozda:
1) a= ao+—ual+ .+ s_1--}»—/045, m. e. @, =a, npedcmasrnem
cob0oil s-e nOAHOe HACMHOe 8 PA3A0NEHUU Q; _
2) a,=Ila,] npu ecex s.
HokaszateanbctBo., 1) Jasn xoHeuno#t mennoii apobu 3TO

COOTHOLICHME OYEeBHAHO. PaccMoTpuM cayuali GeCKOHeYHOH HEMHOM
apo6d. Ecnu npepen NOAXOAAMHX npo6en K GeckoHeuHOH uermHOH

npoﬁna —}——j Q.1+ ... paBeH as, TO as>l H COTJIaCHO M3BeCTHBIM
TEOpEMaM O mpefejie CyMMBI H YacTHOIO.

tl_i)n; (ao—}-—’/al—}- ees ‘+‘Uas+ l/as+‘1‘f' <o +ya5‘+i) =
=dot Yo+t Vo b Y lm e Ve Y,

T. €., RefiCTBUTEJBHO, oc—ao+—/a1+ . +Ya,_ l—l——/as, -oc

- 2) Ecau uennas ApoOb KOHEeuyHas H a,— ee NMOCACAHHH :-memeﬂ'r,
TOo a,=a,=|a.
Ecan @, He SBNSETCS ROCJAENHHM 3JEMEHTOM, TO

as+l=as+1=as+1+ as+2+ >1 0<—<1
U, KaK TOJBKO YTo OhlIO noxaaaﬂo B nepBoil qacm
as=as+&;, TaKk 4T0 a@,= o]
ITpumepsn. 1) Haiith Beanuuny uenHoii ApoGu:
a= 1444V 4 Vg

rze BCce ZRaJbHefllIHe 3JeMeHTH pPaBHH NocjejopatensHo 1 H 4.
CorsacHo Teopeme 236 HMeeM:
5a4-1

a=1+y4+'ua=l+m—i=m, 4“2—40,—1:0,\
a=1—i—2—V—2-,T. €., MOCKOJIBKY @ >0, a=1—+—2‘—/—3.

2) Hajitn BesuuHHY uenHo#l jgpoGu:
a=24 Yoo VL Yoy Vg L Vg L Yy
rie Bce AajbHeHIMe 3JIEMEHTHl ITOCJeIOBATENbHO MPHHMMAIOT 3Ha-

yeHud 2, 2, 2, 1.
Comacno TeopemaM 236 u 235 Hmeem:
=94 Vo Vo Via My o PotPy
a=2-4Y24+Y24 Y14 Ya, =t 0,
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CocrapnseM TaGauuy sHaueHnit P, u Q, npu n=0, 1, 2, 3:

2 2 2 1
P, 2 5 12 17
Qn 1 2 5 7
_ 1la4-12 2 _
TaK uTO C= s 70?2 —12a—12=0, u nockoapky @ >0, TO

_6+2V30
__-'——7————,

Teopema 237. [laa atboeo 6eucmeume/zbnoeo qucaa cywecmsyem
pazaosxcenue 6 yennyto dpobe.

IokasatenpcTBOo. [lycTh HAM JaHO NpPOM3BOJbHOE JeHcT-
BATEJbHOE uycjo «. B Teopeme 57 Obo JoKasaHO, YTO €CJH O—
pauvoHaJIbHOE YHCJO, TO CYIIECTBYeT KOHeyHas lenHas Apobb,
paBHas .

PaccmoTpuM Tenepn cayuail, Koria o— HPPallHOHAJBHOE YHCJIO.

O6osHayuM yepe3 g, LeAYIO 4acTk @, a Yepes O, — BEJMYHHY,

, TAK 4TO

ofpatHyio ApoGHOH YacTH «, T. €, BO3BMEM «, = -
—%0

1
o= _—
a, -+ z;
IlockosnpKy @ MppallHOHANBHO, @, =0 H G TAKXKe HPPALHOHAJb-
HOE YHCJO, npHYeM oy > 1.

Mur BufuM, TakuMm o6pasoM, 4TO AAs JOGOrO HPPaLHOHAJABLHOrQ
YHACNA @ MOXKHO HafiTH [ejoe uncldo a,=I[o] H mppanHonaabhoe

1
YMCNIO 4, TaKHe, 4TO &=@,+_-. Haxoas Takum 3xe obpasoM
1

Ina o udacaa ap=[oyl u a,>1, 1 a, uncna g, =la,] w oy >1
H T, K., HONYdUM:

G=ao+alI ao=[a]

o=+ o= le)

r (1n
a,=a,+—— a,=la,l

s sV ager s J

rge npu s>1 Bce HppamuoHa/AbHEE YHCTa o, >>1 H, TakuM 06pa-
30M, mpH BCeX TaKHX S yHCAa a,= (e, ]=1. :
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Yucna a,, a,, a5, ... 06pasyiorT GeCKOHEUHY® MOCIEA0BATEN b=
HOCTb MEJBIX YHCes H, MOCKONbKY npH sz=1 a,=>1, MBH MOXeM,
B3AB 3TH WYHCJA B KayeCTBe 3IJIEMEHTOB, COCTaBHTh OeCKOHEYHYIO
HenHyo Apobn ao+-”a1+ﬂaz+..., KoTOpas cornacHo Teopeme
234 cxopurcs.

JlokaxeM, 4TO BeJHUHMHA 9TOH NenHOH ApOOH paBHA HalleMy
HcxonHoMy uncny a. [efictButennno, H3 pasencts (11) moayuaem

oc=ao+—’/a1+ +-'-/a,+i/ocs+1,

TdK 4YTO COIJIACHO Teopeme 235 umeem:
Peagei+Psy

u &= Qsts+1+ Qs
]a-——&’= Psy1+Ps s Pyl _
. Qs Qsos+1+Qso1 Qs

1 1
T (Qs0ga 1+ Q) Qs< Q‘ias+‘< a—é

p
IMockonbky (Teopema 63°, cTp. 212) Q, — oo, BeqUUHHA [oc—a—‘s—l
NPH yBeJHYEeHHH S CTAHOBHTCS MeHblle Jiob0ro Hanepej 3aladHOro
s P
NOJOKHUTEJILHOrO Yucaa, T. €. lim=f=a.

5= XS

Mur Bugum, tTakuM o6pa3oM, 4TO AJH 3aAaHHOTO HpPPalHOHAJb-
HOTO UHCAA o UMEeTCH aJTOPHTM, NO3BOJAIOMUE CTPOHTH LENHYI0
apobb, paBHYIO c.. JlerKO NpOBEPUTE, UYTO A pPAalHOHAJbHBIX o
anroput™ (11) coBnajaer ¢ aaropMTMOM, AAHHBIM [pH JOKAa3aTelib-
CTBE TeopeMmbl D7, HpuHueM 0OpH pAalHOHAJBHOM O BCe O TaKxKe
- PAUMOHANBHE M MPOLECC 3aKAHUMBASTCH, KAK TOJbKO &, CTAHOBUTCS
U2JILIM UHCJIOM. '

I[Mpumep. Pasnoxkuts B nenuywo Apobb oc=1-"—‘2—@.
HaxoguM: '
_[1+v¥V5y_ _ 1 _1+VF
2

[Tockonbky oy =a, O6yieM uMerb a,=[oy]l=[a]=a,=1, Tak
YTO Oy =0y H T. A.

B nocneposatenuHuX paBeHcrBax {11) O6ymer a=o,=0,=...,
Q,=a,=0,=...=1, T. e.

1+2V’57=1+J/1+1’1+... (12)

[Ipumep. Hafiru nepeue yeThpe sJeMEHTa Pa3yIOXeHHS B lien-
HyI0 Apo6b uncaa 7= 3,14159265...
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Haxomqum a,=[n]=3; a,~ m—g—g—ﬁs— v ay=[oy]="7;

: 1 0,14150265... . o« .
@y = o = o.0088a > G2 =[%] =15

1 0,00885145...
®s = o, —a, = 0,00882090...

Takum o6pasom,
n=3+Y7 V15 V14 .
Iasi upcna m Gbl BHIYHMCJEH PSAA SJIEMEHTOB UEnHOH ApobH.
Pasnoxenne n B Hennyo ApoGb MMeeT TaKOH BHA:
a=3+Y74 V154 Y1 1 Vogop V1 Vy L Uy Vo Uy
R L o R NI R (13)
IMpumep. HaliTh nepBpie wecTb 35JeMEHTOB B Pa3NOXKeHHH

;/2 B 1lenHylo Apolb. \
Pemenue, o= ,3/ 2 —enyMHCTBeHHBIN HeliCTBHTENbHBIA KODEHb

ypaBHeHHs x®—2=0; l<<a<<2, TaK yTo a=l+ai; noacTaBaAs
1

‘-

s ay=fog)=1.

1
3HaueHHe o0 B ypaBHEHHE, NojgyuaeM (1—}»;) —2=0, njau nocxe
1
yopomennit af—3a?—30,—1=0. HenocpeAcTBEHHbIMH . HCHBITA-
1 o
HUAMH HaxomuMm 3<a,<<4, Tak 4TO oc,=3+a—. Pa3nokus' Nnesyio
2

4YaCTb YpaBHeHHUSd AJS @; II0 CXeMe I‘opHepa o CTelneHAM 051—3,
HaxXoxuM:

. [ )
e, @ a
OTKYyXa
1002 —6a2 — 6o, —1=0
U3 310r0 ypaBHEeHHS HaXONHM TellepPb, UTO 1<C@,<<2, TAK UTO
o, =1 —}—u%. Takum xKe 06pa3oM HaXOIUM ANfA Oy ypaBHEHHE
3ot — 1202 — 2403, — 10 =0,
OTKYJa nojyyaem:
5<<aty<<B, oc3=5—|—(—11:.
YpaBreHnre Ans «, GyNeT MMeTb BHI:
5508 —8la2 —33a,—3 =0,
OTKYJ@ HaxoAHM, UTO
1<o,<<2, a,=1 +'d—!; .
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YpaBHeHHe AJA o, HMeeT BHA: o .
\ 62a3+30a’—84a5--55 0 O

OTKYyIla HaXofuM, 4YTo l<az<2.:
Takum ob6pasom,

Yo=t14+Y34 +J5+ﬂ1 +—’1 +.00

B Tteopeme 237 6b110 J0OKa3aHO, YTO AN JIOOOro JAeHCTBHTEJNb-
HOTO 4HCJa CyLIIecTBYeT MO KpafiHell Mepe OIHO pa3jioxkeHHe B
uenHyio xpobp. BosHHKaeT Bonpoc, MOryT JH aas XaHHOro jeficr-
BUTEJNILHOTO YHC]I3 & CYIIeCTBOBATh . PasJiMuHbIe Pa3jioXeHHd B lel-
HYIO Zpo0b, T. e. MOXET JM IJSI HeKOTOPOro o. CYLLeCTBOBAaTb pas-
JIOXEHHe

a=ao+yal+ya2+

TEe Gy, a,==1, as=1...—neasle yncna, OTAHYHBIE OT TeX, KOTO-
poie OblJIM MOJY4eHbl C IIOMOIIBIO aNropHTMa, TPHMEHEHHOrO MpH
JI0OKa3aTeJbcTBe TeopeMnl 237.

OxasbiBaeTcst, pa3jioxeHHe JOOOro JeHCTBUTENLHOrO yHc/Ja B
uenHyio xpobp obaajnaeT CBOHCTBOM €AHHCTBEHHOCTH,:a HMEHHO: IBE
pasJiMuHble KOHe4YHble MJiH GeCKOHedYHhle MOC/]eJ0BaTeJbHOCTH HeJbX
qpcen

Gy, oy =1, a,=1 ... v a, a,=1, a,=1...

~06pasyioT 1Be pasiMuHble N0 BeJHUHMHE UenHble APOGH, T.e. eciH
X0Ts Obl AJIsl OpHOTO { a;7-4a;, TO

a +—/al+—/a +...5ay +Ya, +—/a' +...

Ilpu 3TOM, KaK H paHblle, B CJydae KOHeUHbIX HEMHBIX Jpobelt
COXpaHfeTCs YycCJIOBHE, YTO IOCHeAHHH aJeMeHT GoJblie eJMHHIEL.

Teopema 238. [aa awbozo Oedicmeumenbrozo 4ucia o cyujecm-
syem o00Ha u moAabkOo 0OHA yenHas Opobb, pasHas o.

HokasatenbcTpo. CyllecTBOBaHHe LenHOH XpoOW, pas-
Hofi a, OmIO0 ycTaHOBJeHO B TeopeMe 237. Ham Hallo nokasath
eMHCTBEHHOCTh TaKoH memHo#t xpoGu. Ilyctsb

a=a,+¥a, +Ya,+...=ap+Ya; +¥Ya, +...,

rie a; U a;,—UeNble Yucha, npuyeM npu i==1 BCe g; M a; noJo-

XKuTesibHbl. DyneM cunTaTh, 4TO M3 3TUX JBYX LeNHBIX Jpobeifi mo
KpaiiHell Mepe oxHa OecKoHeuHasi, Tak Kak cjayuafi paBeHCTBA JBYX
KOHEUHBIX LeNHbX xpobell yxe Obll paccMoTpeH B Teopeme 5H8.

IIpexnonoxuM, 4TO 3TH JABE MLenHble: [POGH OTJINYAIOTCS XOTS
Obl OFHHM B3JIEMEHTOM, W O0O3HAYMM uYepe3 k mepBbil MO MOPSAKY
HOMEp, TaKoH, YTO @,7~a,, T. €. NPENINOJOKHM, 4TO

Gy=a,, 8, =0, -« , OQpoy=0,_, 70, .
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O6o3naunm a, =a,+ -‘Ja,,+l+ cee s a;, ——-‘a,', +”a;+1+ cee
N3 papencrea (teéopema 236,)

1 1] -
a=ao +Jal+ “oe +Ja,,-1+ﬂak=
—_ r 1 ’ 1 ’ ’
=a +Ya +...+ Yo+ Ve
mojlytaeM o, =a,, HO TOrXa COrJacHO Teopeme 236, HMeeM:
ap=[ay]) = [ae] = ar,
YTO MPOTHBOPEUHT YCJOBHIO @,7-a,.

[Tpeanosnoxenne, 4ro AEACTBUTEJbHOE YHCJIO G HMeeT fABa pas«
JUUHBIX Pa3JOXeHHS, NPHBEJO Hac K MNPOTHBOPEHHIO, H, TaKUM
o6pasoM, pa3sioxeHHe B HENHYIO APOOb MOXKET GBHITh TOJBKO OXHO.

MTpumenanne. Epuncreennocts pasnoxenus yxe He OyJeT HMETh MECTa,

eCi OTKa3aThCsl OT YCJOBHA a,==! npn s=1 uau Boolme Gpars Henpepus-
Hele apo6d suaa (1).

Hanpumep, us (12) noanywaem pasnoxenne

3+2ﬁ=2+y1+y1+ Yig...

HO, KaK JIerKko NpoBepHTb, AJA STOTO JKe YUCJNA HMeeM JpYyroe pasjoKeHHe B
HeNnpepsIBHYI0 Apobb:

34V5_, W g Wy U
g — =38+~ —3+4+73 +~—3+...

Teopema 238 nokassiBaer, 4TO JioGoe pasiioxKeHHEe AeHCTBHTEJNib-
HOTO YHCJA B UENHYIo JApo6b, MNOJYUeHHOE KAaKHM-iAu00 JpYrum
METOJOM, OTJHYHbLIM OT TOro, KOTOPHIA Obli NPHMeHeH NpPH XOKasa-
TeJbCTBe TeopeMbl 237, ZacT HaM Ty e LeNHyl0 Apo6b, Kak H B
PaccMOTPEHHOM TaM aJjirOpHTMe.

Pasjaras geficrBuTeJibHbIE 4YHCJAa B UeOHHE Jgpo6H, Mbl Aud
KaXkJoro panHoHaJbHOrO YHc/Ia HMeeM eXHHCTBeHHOe paslioxkeHHe,
npejcrasasiomee cobofi KOHeUHylo HenHyio npobb, a IJs Kaxkzoro
HPPAaUHOHAJBHOTO YHCJA—eJUHCTBEHHOE pasJjiokeHHe, MNpeACTaB-
asiouiee coboil GeckOHeyHyr0 LenHYI apobb. B aToM oTHOmEHHH
pa3JloxeHHs JeHCTBUTENbHBIX UHCeJ B LeNHHE IpoOH XapaKTepu-
SYIOT OPUPORY HEHCTBHTENbHHIX YHCeJ Jiydile, YeM pasJoXeHHs B
CHCTeMaTHyecKHe apobu.

Pasjioxkennsi panHoHaJbHBIX YHCEJ B CHCTEMAaTHYECKYIO JApoOb,
HampuMep B NECATHYHYIO, MOTYT OHTh KOHEUHHIMH ¥ GeCKOHEUHBIMH,
IpUYeM XapakTep TaKHX Ppas3JOXKeHHH CYIEeCTBEHHO 3aBHCHT OT
OCHOBAHMSA CHCTEMH CUHCJIEHHUS.

[TocKobKy MexXay AeHCTBUTEJbHBIMH WHCJIAMH H LeMHBIMH IpO-
6siMH YCTAHOBJIEHO B3aHMHO OfHO3HAUHOE COOTRETCTBHE, Mbl GyjeM
B JajibHefilleM, B CJjyuae, KOTAa

a=ay+ Yo, +Yay+... ,
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. P ) _
nopxoxsimue Apobn 22! X 3STol memHOf Jpo6M HA3HBATh TaKXKe
S

AJA KPaTKOCTH MNOAXOAAIIHMH leOGﬂMPI K YHCay a.

3. PA3JIOXXEHHE YHUCJA ¢ B LHENHYIO APOBb

B kayecTBe mpmMepa pacCMOTPHM pasJioXKeHHe B LeNnHylo ApoGb
qHcsIa e.

Teopema 239.
o Vo4 V104 .. +Ydn 42+ ...

e—1

ﬂOKasaTEJIbCTBO. Ompezesinm f,(x) (n=0, 1, 2, ...),
KaK CyMMy psja:

_ (41! (n+2)! (143! s
fn(x)_(2n)l+1:(2n+2)|"2+mx4+"' Zs!(2ﬂ+2s)l )

ATOT PAA CXONUTCS. MPH JIOOLIX 3HAYEHUSX X; OXHAKO Mbl OyAeM
paccMaTpuBaTh TOJBKO 3HaUeHHs x, Jexaiue B uutepsane (0; 1).
Jlerko mpoBepuTh, UTO HMEET MECTO TOXKIECTBO

fa(x)—(4n+2) [, 41 (x) = 4X%[, 5 (%). (14)
HeficTBuTebHO, KO3DGhUIHEHT npu x** B neBoit wacTn paBeH-
cTBa (14) pasen

(n 4 k)l (k)
menron Wt e T =

__(ntR) (1 2n+1 - 2(n4k)
T R 2n 4 28)! —2n+2k+l) T E=DI2n 26411 ?
a B npapoH uHacTH paBeHcTBa (14) on pasen

d(ngh+1) 2 (n+k)!
E—Dl@n+ 2%+ F—D2n+2%+ 11"

tak uro (14) BepHO.
1

,n ('_

2

OGosuaunm —— uepe3 a,. B 4acTHOCTH, MOCKOJBKY
fn+1('2—)

2 4

e~ %),

5 (
fl(x)=§;(x+§+;—f+...)=4i( —e%),

TO
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Pls TOX HeCTBEHHOr o paaenc-raa (14) npu x——;— nonyqaem

o, -—<4n+2>+—— @y

An 1
Hocxo.nbxy 1 NOJIOKHTEABHO, paBencreo (15) noxasHBaeT

4TO NpH BCeX n @,>>4n-+2>1, —1——<l T. e, 4n42= [ <) H TO-
C/e0BaTebHOCTh COOTHOIUEHHH (15) npu n=0, 1, 2..

a, = 2“";;
1

oy == '6+6;'

a2=10+al;

-------

naert pas.nox(exme Q, B nermylo llpOﬁb

e_ﬂ_% 2+J6+-U10+ +i’(4n+2)+ (16)

e—

Teopema 240.

e=24 Y1y Yo Yy Yy LUy Vi Vi Ugy . (17)

m.e. snemenmol @, pasroxnenusa e & yénkywo Opobb umenom 6ud:
=2, U3, =0q3,,1=1 u ag,_ 1“2’1 '

HoxasaTenscTso. OG03HAUAM NOAXOXSMLAE KPOGH K MPaBOf

gacty (17) uepes g" , a mnoxxoxsmue jppobum K (16) wuepes

R
S~" (n=0, 1, 2, ...). dokaxem, 470
n

_R_n P‘m+1+ Q3n+1
Sn P3n+1 Q3n+1

[punnmas Bo BHUMaHHe 3HAYeHUe 5JieMeHTOB lIeHHOH JApoOn
(17), pmeem:
P3n+1=P3n+P3n—l’ P3n=P3n-l+P3n—2’
Py 1=2nPy, s+ Py,_s
P3n—2=P3n-—3 +Poy_ss Popg=Py, 4+ Py,_s,
OTKYJla HaxoAuUM: _

Pgpr1=2Pg,_+ Py, s=(4n+1) Py, o +2P;,_g=
=A4n+2)Py,_y+ Pg,_y PSn—4_‘(4n+2)P8n—2+P3n—5
AnanoruuHoe COOTHOWIEHHE MMeeM H JnA.Qg,,;, TAK HUTO
. P3n+1=(.4n'+"2).P3n—2 +P3n—51 } : B (18) .

Qnii=(An+2) Q3 +Qgps- o

222



ﬂoxam mmymueﬁ no n, uT0 o . .
R, ——(Pa,.+1+Qa,,+1) (19)

"Hs (16) u (17) Henoepencrseﬂﬂo BHYHCISEM Ry==2, Rl—-13
Py=3, Pi==19, Qu=1, Q,=7, Tak 4TO COOTHOlIECHHE (19) BEpHO
npH_n= 0nn=l. ‘

[Mpeanosoxum, uto cooTHowende (19) BepHo lum Bcex R ¢ Ho-
MepaMH, MeHbIUHMH 4eM n, e n>=>=2, T. e., B YacTHOCTH,

Rioi=75 (Pau 2+ Qan-2)y Ry_s= 0} (PSn-§+Q8n—5);

TOTZa, HCMoJb3ys paseHcrea (18), nmosmyuaem:

R,=(4n+2) R,y + R, o =5 {(41+2) (Pyy+ Quaus) +
+Pyys+Qsus} = ‘QI‘(Psnu + Q3n+l)'

CorsiacHoO NMPHHHMIY NOJHON MaTemamqecxon anyKuuu paBeH-
crBo (19) BepHO zJd Bcex n.
CoBepIleHHO aHaJOTHYHO JOKa3biBaeTCs, YTO

1
Sp= 7 (Psns1— Qans1)-

Paccvarpubas Temeph fpefiesi OTHOLIEHHS BeJIMUMH R, # S,, Haxo"
IHM:

hm P3n+l +l
n>® Qapiy —1lim Pypi1+ Qsnsa =1imR-—"=e+l ,
lim Lot 4 Pgny1—Qsn+1. S, e—1
n—r® Q3n+1

T. €. lim Psn+1 =e,

n->m X3n+l

[Nockonpky uenHas Apo6b B npaBo# uactu (17) cxoaurcs, MBI
6yzeM HMeThb Takxke, uTo BooOme lim="=e, a 370 xoOKasbiBaer
n->wo n

TeopeMy.

Hcmopuueckue xommenmapuy k 5-ic 1 24-is zaasam

1) IIpouecc mocsegoBatesibHOTO 06pasoBaHusl GeCKOHEUHBIX He-
OpepHBHBIX APOOGefl, NOJYyYalOUMXCS NPH pasJoXeHHH HEKOTOPHIX
JEHCTBHTEJIBHBIX YHCEJ 4YacTHOrO BuJa, omucaH B aJreGpe Dom-
Gennn, Beieawmedi B 1572 r.; ogHako Bom6esiny, OMHCHIBas Tpoiiecc,
He ynotpebssier o6Go3HaveHuit Buna (1). OGosnauenus Buma (1) ans
HenpephiBHBIX 1pobeil BnepBble BeTpedalotTca y Karaanan B 1613 1.,
TOJIBKO BMECTO 3HaKa , --“ OH mHcan ,et“.
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Koneunnie nennnle fApo6u Bupa (1) 5-fi raaBm paccMaTpHBaJHCh
HeMeukuM MareMaTtHkoM llIBentepom (1685--1636). IlIBentep npu-
MeHsJl TaOJMIB! THNA TeX, KOTOpble JaHbl y Hac Ha cTpaHuue 65.

Mlupokoe mnpEMeHeHHe wHenHbe JPOOH NOJNyuuJd HAYUHAA C
paboT wusBecTHOro GHM3HKa, acTpPoHOMa H MaTeMaTuka XpHcTHaHa
FNofirenca (1629—1695). I'ofirenc .paccMaTpuBai nenHble XpoGH B
CBSI3U ¢ 3ajauell mozbopa 3y64aThIX KOJieC, Y KOTOPHX OTHOIIEHHE
uyHcJaa 3y6uoB OBJIO BO3MOXKHO 6JMXKe K HEKOTOPOMY 3aiaHHOMY
yucay. Yucso 3y0lOB B TaKUX KoOJiecax Helb3st OblIO GpaTh CJHMI-
KOM GOJBLIHM, TaK YTO NPHXOXUJOCH OTHICKHBATh JBa CpaBHH-
TeJbHO HeGOJIBIIMX HATYpaJbHBIX YHCJA, OTHOLIEHHE KOTOPHIX OBLJIO
6am3ko K 3ajaHHoMy uucay. Pemenue sajauy takoro popa, ecre-
CTBEHHO, MPUEOAMT K PACCMOTPEHHIO MEMHBLIX Apo6eil U MOAXONSAIIHX
K HuM. Tloxbop Takux 3yOuaThix KoJjec OblJ HyXkeH I'iolireHcy B
CBA3H C ero HaMepeHHSMH [OCTPOHTb MOXeJb, HMHTHPYIOULYIO
JBHXeHHe NJIaHeT B COJIHEYHOH cHcTeMe.

2) Teopus uenHbiX xpoGeil Oblia cHCTEMAaTHYECKH paspaéoTaHa
DiizepoM, a sareM JIarpamKeM

k_

3) Passoxenne & B LenHylo Apo6Gh npH JaioboM HaTypasb-

e—"—+l
HOM R Obuio HafiieHo Diisepom B 1737 r. Pasnoxkenue B uennyio
Apo6br uncaa e (teopeMa 240) Takke NpHHaLMeXKUT Ditjepy.

FJIABA 25

NPUBJMKEHUE AEACTBUTEJIbHBIX YHUCEJL
PALHOHAJNBHDBIMH JAPOBSMHU

1. MPUBJHXEHHUE JEACTBUTEJBHBIX YUCEJ I'lOllXOD.ﬂlllHMH
APOB AMH

PaunonanpHBIe 4Ypcsia, KaK H3BeCTHO, 00pasyloT CueTHOe MHO-
JKECTBO, B TO BpeMs KaK MHOXECTBO HPPAUMOHAJbHBEIX 4YHCeJ He-
c4eTHo. B 3ToM cmbic/ie MOXHO CKasaTh, YTO OCHOBHYIO Maccy Bcex
JAeHCTBUTENBHBIX YHCEeJ COCTaBJSAIOT HppalUMOHAJbHBE 4Yucdaa. [Ipu-
MeHEHHe HPPAlHOHAJbHBIX 4YHCEJ B MNpaKTHKe OO6BIYHO OCYHIeCT-
BJSIETCA 3aMeHOH JaHHOIO HPPauHOHAJbHOTO YHCJAa HEKOTOPHIM
palHOHaJbHHIM YHCJIOM, MAJIO OTJHYAIOIUMCS B Ipeleax TpeGyeMoil
TOYHOCTH OT 3TOr0 HPPAUMOHAJbHOTO uHuchaa. [Ipw 3TOM 0OGBIUHO
CTapaloTCs BHOpaTh panioHAJBHOE YHCJAC BO3MOXKHO NMPOCTHIM, T. €.
B BHJE JNeCATHYHOH apo6u ¢ HeGOJBIIMUM 4YHCJOM 3HAKOB TOC]e 3a-
HATOH WM B BHAE OOBIKHOBeHHOHM APoGH €O CPaBHUTENBbHO HeloJIb-
MM 3HaMeHaTesneM. g rpoMO3ZKHX palMOHANbHHIX YHCEJN, T. €.
uucen ¢ OOJbUIMMHM 3HAMEHATeNisIMH, TaKXe HHOrJja BO3HHUKAIOT
3ajlauM, CBA3aHHble € HEOOXOAMMOCTBIO OTHICKAHHS XOpPOIIHX pa-
HOHAJbHBIX NPUGJHKeHHH, MOHHMAs ‘NOX STHM OTHICKaHHe palHo-
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HaJbHBIX WYHCEJ CO CpPaBHHUTEJNBHO HeGOJLIUAMH 3HAMeHaTeNsIMH,
MaJI0 OTJIMYAIOLIMMHCS OT JaHHBIX dHCe.

Hennbie gpo6H naloT oueHb yAOOHHIA annmapar AJisi pelueHus
sagauy Takoro poxpa. C moMoubio memHbix ApoGeil yjpaeTcd 3aMeHSIThb
JIeHCTBUTENbHbIE YHCJAa PaunHOHaJbHBIMH JAPOGSMH TaK, 4to OwnGKa
OT TakKoOH 3aMeHbl Majla [0 CpPaBHEHHIO CO 3HAMEHATeNSIMH 3THX
palMOHAJbHBIX YHCEJ.

Teopema 241. [as awboix 08yx coceOHux nodxolawux Opoberl

P P
Q__n H Qﬂ! K Geucmeume/lbuomy ttucxly a uUmeem Mecmo HepaseHCcmaso
n g+l

1
ARt ()
P
u oecau o=:2% mo
Qn+l P 1
a—=2 —,
[ Qn <Qn Qn+1
P
HokasartenbctBo. Ecan aséa—"—ﬂ , TNOmXoxsuiue  JApo6H
nt+il
P P
5—" u Q"“ , M3 KOTOpbIX OJHA YeTHasl, a Apyras HeueTHas, jJexar
n nt+1

no pas3Hbie CTOPOHBI OT @ (3amedaHHe K TeopeMe 234), u mostomy
pacctosnne oT o Jo Jio0ofi M3 HHX MeHblle AJNHHB! HHTepBalja,
06pa3oBaHHOIO 3THMH ABYMS NOXXONAIMMH ApoGsMH, T. e.

Pn+1 P, !
(1.——— —_—— =,
Qn < Qn+1 Qn Qn Qn+1
— Pana Pl 1
Bemt a=g > ® %70, "o

o

Teopema 242. Jlas awboii nodxodsueii dpobu Q—” K Oeticmsu-
MeAbHOMY 4UCAY O CNpase0AUBO HePUBEHCMBO:

P 1
o——1 << =, 2
<@ @
ﬂOKaSaTEJIbCTBO. Ecau a=g'!, TO HepaBeHCTBO (2) oye-
n
suano, [lycts a#—— , T. e. CymecTByeT NOAXoxsmas Apo6nb %ﬂ‘ .
n+1l
ITpu n>0 Q <Q,,+1 M COIVIACHO TIPeIBIAYLIEH TeopeMe MMeeM:
P, 1 1
a—a — .
l Qn Qn+1 < Qi

OtnennHo paccMorpum caydait n=0. Ecau

a=ao+yal+ya2+...,
TO
!a—f")—]:l/al"*‘yaz“i‘... <l= !
Qo

Q—g-.

8 A. A Byxumat 225



Teopema 243. Ecau a<~ % , Mo
n

1
> T @)

P,

a— —

|o—3"
JokasaTeascTBoO. PaCCMOTpHM CHauaJsa ciy4ail, Korza 4is a

CyIIeCTBYeT MOoAXoAsAuas Apobh —”— Hepaseuncrsa (7) 24-it raasbl
y M p Tnea p

. P P
MOKa3bIBAIOT, YTO MPH agéQ”:: noAxojauye apo6u Q—" " QLﬁHa-
n n n

XOAATCSA 1O OFHY M TY e CTOPOHY OT &, M TOrja, MOJb3ysCh elle
reopemoil 64, monyuaem:

! Pn+2Qn'_PnQn+2’
QnQn+n

ol

Pty an+2 I

Q (Qn+lan+2+Qn) Q (Qn+lan+2+Qnan+n) Qn(Qn+1+Qn).

Ipn a=§"—’53 6yzer a,.,>1, Tak urO

n+a
la_il_ Pn+l____g’= Cpta
Q, Qu+a Qa Qn(Qn+lan+a+Qn)
An+a 1-

> @uars+ Qutned)  CQuer ¥ )

P, P
Ecau xe =2%! — nocsiexHsis noaxoxsmas Apo6b, T. e. o= 4+ 19 -
Qn+1 Qn+1

P, 1 1
a— 2= .
R Sl et o Crpeerem
Teopemnl 241 u 243 paoT oueHkH npubAHKeHHS JO6OTO Aeii-
CTBHUTEJILHOTC YHCJa TIOAXopsiilel Apo6bio g’-’. Tak kak npu Bcex
n

n umeeM Q,<<Q,,,, TO MOXHO HANHCATh TaKiKe

1

<| TlQnst’

2Q Qn-(-l

i 1
", TAKUM oGpasoM, —Q-Q—H C TOYHOCTDBIO 10 MHOXKHTEJIsI, SaKJIOUeH-
nNn

HOI'0 MeXJAY —é— u 1, onpegensier NOPAAOK NMpHOJMKEHHS O MOLXO-

asumed npobsio ¢ HOMEpPOM n.
Teopema 242 mokaspiBaeT, 4TO NpH STOM, BO BCSKOM CJyuae,

1
obecneynBaeTcst TOYHOCTh TNPHOIHKEHHS —.
n
Mub BuguM, 4TO, BOOOLIE TOBOPS, MoAXxojsuiue ApoOU XAOT Ayd-
mue npuGAMIKEHHS! K AeHCTBHTEJbHBIM 4HC/aM, YeM KOHeYHble JAecs-
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THYHBIE NpOGH, no.nyqaloumeCﬂ B nipouecce pasyioxkeHHs STOTro 4ncna

MO CTemeHsM 5. IeHCTBHTENBHO, €Cu ¢, Cy,... —JACCATHUHbIC
SHAKH YHCJa @ Tocje sansATol u co=[a], T. €.

a=c, + 10, R e PN
T0, B35IB B KayecTBe HpﬂﬁJXHX(EHHOFO 3HaYeHHS & YHCIO

CO+ +-"+10n="g7t'1

6yneM HMeThb:

A c 0 o |
la_lO" St st <pmtgmt e =g
O6osHauus 10" uepe3 B, nmMeeM:
A 1
]“ “ﬂ <7F-

Hecsruunasa xpobn co+ T P mpn.y T —-% BhHIpaxkaeTr XedCTBH-

TEeJbHOE YHCJIO & C TOYHOCTBIO JO BeJHUHHBI, 06paTHOH 3HaMeHaTeJlo,
B TO BpPeMS KaK COTJVIaCHO TeopeMe 242 mpubJHkKeHHe NOXXORALIAMH
ApoGsaMH ofecneunBaeT TOYHOCTb RO BeJHUYMHH, 00paTHO# KBaapaty
3HaMeHaTeJs.

Hajo npH 3ToM ¥MeTb B BHJAY, 4TO npH 6ONBLIMX 3HAUEHHUAX 4,
Q,,1 MoXeT OniTb HamHoro Gosbume, uem Q,, u TOrja COFJIacHO
Teopeme 241 TOUHOCTB NpPUOMHIKEHHS MOAXOAAIMMH ApobsMH OyzeT
eme Jayyqdief.,

Iis toro uro6b HafTH panHOHaNbHOe NpUOAMKEHHe JelCTBH-
TeJIbHOTO qncna @ C TOYHOCTBIO IO €, MOXHO NOROGpaTh MOAXOXS-

myio Apobb Q_ C TAKUM HOMQpOM n, utobsl Q,Q,.,, 65110 6oJbIne —;— ,H
torga OyAeM HMeTb: '

<<e.

Q Qu+l

ITpumep. Hafitu noagxoxsAmyio aApo6es K gucay 24+V'5, otau-
YaoUylocs OT 3TOH HPPAauMOHaAbHOCTH MeHblle uem Ha (,00001.

Haxozum, uto 2+V5=44Ya 4 Ya Y4 |
'HOCJIeAOBaTEJleOCTb 3HaMeHaTenel:
Q=1, Q,=4, Q;=17, Q;=72, Q,=305, Q,=1292, ...,

TaK 410
Py _ 1292
0. 305

otsinyaercsi ot 24 V5 Menbue wem Ha 0,00001,
8+ 1}

0,05 > 100 000,



[Tpumep. HaliTi nepsbie ueThipe noAXoAslHe APOOH K HHCIY T,
OLIEHHUTH MOPAJOK NpHOIMKeHUS THMH ApoOSIMH M HaHTH HOAXOASA-
myio Apobb, NMPHOAHKAOLLYIO 7 C TOUHOCTHIO AO T -

[Moabsyscy paBencrBom (13) 24-it raasel, cocTaBiaseM TabmaHimy
YycauTestefl H 3HaMeHaTe el MOZXOAAWMX JApoGed K Jt:

3 7 15 I 292
P, 3 22 333 355 103993
Q, 1 7 106 113 | 33102

Po_3 Py _22 P _3 Py _ 355

Q 7 Q77 Q 106”7 Q 113°
Hepagenctso (1) npaer:

22 1 1 333

’“_7|<‘7.106<’7‘66' ' ~ 106

355
m[ <1551 < 0.0000003.

]<,05 5 << 0,0001,
|~

22
PanuonanbHoe npubJinKeHUe X & B BHJAE 5 , Jalollee CPaBHHUTENb-

HO GAM3KOe K 7 3HaueHHe, OhIIO U3BecTHO eme ApxuMmeny. OcobenHo
yHOGHBIM pAUHOHAJBLHBIM NPHOMMMKEHHEM K 5 SBASETCS YMCJO

365
ITER Jawiee 1Mpu CpaBHUTEJBHO He6O0JIbIIOM 3HAMeHaTeJie BBICOKYIO

TOYHOCTb. 3TO CBSA3aHO € TeM, YTO B DAa3jIOKEHHH 7 HHCAO @
CpaBHUTeNbHO GoJiblioe (@, = 292), U nosTOMy mHoCJe 3HAMeHaTesas
113 caenywomuil 3sHaMenatedb HaMHoro Gosnine, ueM 113,
[oxaxem, uTo KaxAaa ciefyiomas nogxoxsaumasn apobe Bcerpa 6/u-
3Ke K paccCMaTpUBaeMOMY AefCTBHTENIbHOMY YHCIY &, 4eM Npenbiayma.
Teopema 244. [aa awoboix Osyx coceOnux nodxodawjux 0pobed

P
wi=l 4y fﬂ K aeucmeume/tbnomy QUCAY O UMeeM:
n-1
n—l 4
] Qn..l ( )

ﬂoxasaTeJIBCTBo. Kak u B Teopeme 237, npu a;&%‘—
n

noJyyaem:
1

Pyl _[PaOsrtPy1  Pul__
@ Q Qnan+1+Qn 1 Qn (Qnan+1+Qn-—l) Qn ' (5)
,a___ Py_1 — Progsy14Py_y _ P,_1 _ Cpi1 (6)
Qn-a QuOn+1+ Qaor Quoy (Qa%+1+ Qno1) Quor ’
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HO @, 4 >1 0 Q,=Q,.;, TaK 9TO MoAy./b pasHoCcTH B (5) MeHblue,
yeM B (6). Ilpum a=aﬁ HepaBeHCTBo (4) oueBHAHO.
n

B crepyromefi TeopeMe Mbl nmoOKaxeM, YTO palHOHaJbHasi ApoGkb,
B HEKOTOPOM CMBbICJI€ JOCTATOYHO XOPOIIO annpoKCHMHpYiowas aei-
CTBUTEJIbHOE 4YHCJIO, ROJXKHA 06s3aTesibHO COBNAajaTh C OJHOH H3
€ro MOAXONSIIHX.

Teopema 245. Ecau 023 yeavix a u b (b>0, (a, b)=1) sotnox-
HAeMCA HepaseHCMmso
i
Tbi ’

_a
I“ b

<
mo %-—o&ua u3 nodxodauwux Opobei x c.

HdokaszareabctBo. Ilycts oc;é—z- (npn a=—g- YTBepXKAeHHE
TeopPeMH! TpUBHANbHO). PaccmoTpum pasioxeHune % B IenHy 10 1polb:

P
F=a+Ya +... +ﬂa,=fQ‘—,

s

P
o603Ha4yas yepes = noxxopsmue apobu K 3TOMY Pa3JIOKeHH10, BO3b-

Q;
MEM YHCJIO
= Ps-1—0ls.y
O==aq—=p, ()
Torpa
|0)+ Qs_1 — Ps 1—aQs_y , Qs _ 1 — 1 =2,
Qs aQs—P; Qs Q2 IG_& 5| g— a
s QS b
OTKYJa TOJyYaeM, 4TO
. (1)> 2_Qs—1 = l.
Qs
Ilyets @ =a,,, —i——’/as+2 + ... —pasjoxkeHHe ® B UENHYIO IPO0b.
INockoabKy ® >1, 10 a,,, =1, n Torga
g+ Yo, + ... +ya,~|—yqs+1+ coo=f

NpeACTaBJ/seT COO0M HEKOTOPYIO HeNHYIo ApoGb, BEJIHYHHY KOTOPOIl
Mbl 0G03HAuMAH yepes f.
CoruaacHo ¢opmyae (8) 24-i raaBnl HMMeeM:

’ p= Psw+Py_,y .
Qs+ Qsy’
H, TIOACTaBJsAS CioAa BbipaxeHue @ u3 (7), mocjae MPOCTHIX mpeol-
ﬁasosaﬂnﬁ nojydaeM P =a, Tak 4910 HemHasi ApoGb a0+ya1+ cee
eee +-Uas, paBHas -Z— , €CTb nopxopsimas Apobep K .
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2. NMPUBJM)XEHUE JAEACTBUTEJbHBIX YUCEJ PAILHOHAJIbHBIMU
IPOBSIMH C 3AJAHHBIM OTPAHUYMEHUEM JAJi 3HAMEHATEJIEA

B Teopemax 241 — 244 craBuJics BOIIPOC 0 NOpsAKe NpUGIUKeHAs
JeACTBUTENbHBIX UHCeJ TMOXXOMAIMMH jppobsimu. B caexyompx
TeopeMax PacCMOTPHM HEKOTOpLIe CPABHUTENbHO NPOCThIE Pe3YJIbTAaTh,
NOKasbiBaouye, Kak O6CTOMT xeJo ¢ npubiumeHneM IeldCTBUTENb-
HBIX YHCeJ palnvOHAJbHBIMH HHCIAMH, HE Npejpellass 3apaHee, 4TO
BTH palHOHaJbHBIe Yucjaa OyAyT NOAXOASWUMH ApoGamu. Bwmecte
C TeM B JOKa3aTeJbCTBax 3THX TeOpeM MbI 4acTo GyxeM I0JIb30BaThCS
yXe H3BECTHBIMH HaM TeoOpeMaMHM O [elmHbX Jpo6sXx, Tak Kak
UCIIOJIb30BaHUE HX OOBIMHO JnaeT HauGoJiee NpOCTbie NyTH AJs
HCCJIEIOBAHUS] PAllHOHAJBbHBIX HPUOIHKEHHH.

Ilycrs o —mnpou3BoJbHOR AeHCTBHTEJbHOE 4ucji0. Kak Owiio o7-
MEYEHO paHbllie, YKe U3 TEOpHH necnmtmux Apobefl caenyeT cyiue-

a 1
CTBOBAHHE PALHMOHANBHOIO YHCJIa b , TAKOT 0, 4TO l o~ ’ < b ITo-
CTaBUM BOIIPOC O BO3MOXKHOCTH TaKHX NPUOJHKEHHH a panuoHaJb-

HBIMH 4YHCJIAMHU IpH KOTOPBIX TOYHOCTH HpHéJXH}KEHHH GYIIET

a

F ’
. 1 I - o

OleHeHa He BeJHUYHHOH ’b—, a BeJIMYMHOM, B T pa3 MeHbIIeH, T. €.

BONPOC O HAaXOXJICHHH palHOHAJNILHBIX YHCeJd — , TaKUX, UYTO

a I
|a=5 <5
rie v—awboe 3apaHee 3aJaHHOE NOAOKUTENBHOE YHCJO. - :
Hanpumep, MOXHO HOCTaBHTb 3ajiauy HaXOXKJEHHUS TAKOTO palHo-
HAJIBHOTO MPUOIHKEHUS K o, YTOObl TOYHOCTb NpUGAUKEHHS Gblia
B 1000 uan B 1000000 pa3 syumeii, yeM BeauynHa, OGpaTHas 3Ha-
MeHaTeJ10. 10 cooTBeTCTBYeT BuiGOpy T =:1000 mau t==1 000 000.
OkasniBaercs, qTo KaK Obl BeJIHKO HH GbIO T, MOXHO HaiiTH pamuo-

HAJBLHYIO ZpOGb — 5 » pHOIHKAIOmMYIO & C TOYHOCTBIO JIO 5= 1 , IpuueM,

b ’

M 3TO fIBJSIETCH CaMbIM.HHTEpPEeCHbIM, Ipolb T MBI MOMXeM BHIGpaTh

TaK, 4To b<<t.
Teopema 246 (Jupuxne). [Jan woboco OedcmsumeivHozo wucaa
U npoussoabnoeo T >1 moocro Hadmu payuoxassuyto 3pobob

o
a
5 » Mmakylo, 4mo

a 1
‘“_FI<E' b<r.

JloxasateabctBo. O6o3Hauum, KaK o6LIYHO, uepes Q
n

(n=0,1, 2, ...) nogxoxsuiue npoda pasnoxeﬂnﬂ o B LENHYI
JApo0b. Hoc.nenosaTeJIbHocrb

Q=l<Q< Qz
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MOXeT OLITb KOHEWHOW HAM GeCKOMewHOH, HO, BO  BCIKOM cinydae,

nockoneky Qu =1, a T>>1, MOXHO HaliTH HauGONbLIIKHA HOMeEp n,
TaKo#, uTo Q, <.

a o - )
B xauecrse ApoGH -, YAOBJeTBOpSUOmeHl YCJOBHAM TeOPEMEH,

P L
MOXHO BHOparh Q—" , T. € HONIOXHUTb a=P,, b=Q,. [eficTBuTeqbHO,
n

PaccCMOTPHM ZBa BO3MOXKHBIX CAydas.

1) Q, He ABAseTcA NOCJIeRHUM 3HaMmeHaTeneM (310 OyfeT st
JI0G0r0  MppanMOHaNbHOTO &, HO MOXeT OHTh M B CJAydae DaiHo-
HaNbHOTO @), T. €. CcyllecTBYeT Q,,;, TaKOe, YTO

Qn < T < Qn+1'
Torma npu a=P,, b=Q, cornacuo teopeme 241 umeem:

1 1 1

le—g |=|e—g|<gam<gr=mn b=0=<% (>0

2) Q,—3HaMeHaTeaAb nochexHed noaxoAsmel gpobu pasnoxe-
P
HUS «, T. €. oc=Q—:. Torpa npu a=P,, b=Q, umeem:

P, __ 1 _
Ia—-m _0<b—1’ b=Q,<r.
[Tpumep. Halitu pannoHanbHoe npubnuxenne % x V5 ¢ 1ou-
1
HOCTBLIO JO 10005

~ CoraacHo TeopeMe 246 Takyio APo6b MOKHO HailTH Cpemu Apoleil

co 3HaMeHaTesasiMH, MeHbiinMu yeM 1000.. Pasnaras V5 B uennyio
1pobb, moJaydaeM

VE=o4 V44 Yg gy Vg Vg
Haxonum nénxozmmne apobu: ‘

2 | 4 4 4 4 4
P, 2 |9 38 161 682
Qn 1| o4 17 72 305 1292

HanGonpmum éuamena're.nem,  MeHbIIHM ueM 1000, saBasercs
\ 682 | /= 682 1
Qn=305' HckoMas llp06b pasHa m, ’V§~3—()gl<m—.
O6061muM TeopeMy 246 npu HedAblx T ==1 Ha cayuall HeCKOJbKHX
JeHCTBHTENbHBIX YHCEJ.
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Teopema 247. IIycmo o4, oy, ..., &,—Oelicmeumensrsle 4UcAQ;
T-—yesoe ducao (t=1). Cyuwecmsyrom payuonasbrble 4ucaa a—b‘-.

Ca fbl , maKue, 4mo

Bt e

1

@
a,—-k <_b?’ b=<t".

" b

HoxasaTeabcTBO. B. exuHHUYHOM 7n-MepHOM xyGe Gepem
1741 TOUEK ¢ KOOpJIHMHAaTaMu:

({kal}’ {ka2}’ Tt {kan})'
roe k=0, 1, 2, ..., ©*, a {ka;} —apoGHas vactsp ka;.

PasfenuM KaXAyio H3 CTOPOH 3Toro Ky0a Ha T paBHBIX uacrei
roykamu 0, -1; - RRRED % == 1 ¥ COOTBETCTBEHHO 3TOMYy Bech Ky6 Ha
T" OXMHAKOBBIX 4YacTelf, Tak, 4To B MpefieiaX KaxJjoil yacTH Jiobas
KOOPAHHATA YBEJMYHBAETCA MeHbile 4eM Ha-—. Ilockosbky umcno

touek ({ka,}, {ka,}, ..., {ka,}) Gonbwe, yem uucjo wacrteit, TO mo
KpaliHe#i Mepe JABE TOYKH:

1 a 1
al——%l<ﬁ‘, lag—-—;,<ﬁ, resy

({o'e,}, (e}, ..., {b'q,)) u ({t'ay}, {P'a,}, ..., {B"a,}),

rie 0<<b' <", 0<<b"<<1", monajaior B OAHY M Ty XKe 4acTb, U
TOrJa COOTBETCTBYIOUIME KOOPAMHATH 3THX TOUeK OTJAHUYAIOTCS APYT

1
OT IpYra MeHblUe, 9eM Ha — .
{p'a}=ba,—a,, (Vo) =ba,—a,

rie as W ag(s=0, 1, ..., n)—uUeJble uncia, TAaK 4TO, HAampHMep,
npu b’ < b" moayvaem gas ecex s=0, 1, 2, ..., n:
’ ” ’ 1 a 1
[(0" —b")a,—(a;,—a) | < —» WM o — 2 <

rie a,=a,—a,, b=>0"—>b'<v"—uensie yucia.

a a
MMpumenanue. [pobu Rt s eeay ~bl’ , CYDIeCTBOBaHHE KOTOPHX Mbl

JOoKa3biBaeM B sTOH TéopeMe, MOTYT OKa3aTbCsl COKPATHMBIMH.
Ilpumep. Hafitu xBe Apo6GH C ONHHM H TEM Ke 3HaMeHaTeseM b,

1
npuﬁnuxalomue COOTBETCTBEHHO € H T C TOUHOCTBHIO IO a5

Pewenue. B stom npumepe n=2, t=4. CoraacHo Teopeme
3HaMeHaTeslb b HCKOMBIX ApoGeii Moxer ObTh BhiOpaH =< 42=16.
BepeM ToukH ¢ Koopannaramu ({ke}, {kn}),k=0,1, ..., 16. Haxonum
nse Ttouku ({2}, {2n}) m {9}, {9n}), y KoTOpHIX KOOpAHHATHI
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. 1
OTIIHYAIOTCS MeHbWIe, YeM HA - . Ilonaras b=9—2=7 u noxGupas
COOTBETCTBYIOLLHE YHCJAHTEJH, NOJydaeM:

19 1 22 1
le——-7- <77 IR—TISH.

3., NPUBJAHXEHUE AEACTBUTEJbHbIX YHCEJ BECKOHEYHON
NMOCJEAOBATEJIbBHOCTLIO PALLHOHAJILHBIX HHCEJ

Teopema 242 nokaswiBaeT, yto AAsi JI06Or0 XeHCTBHTENLHOTO
YHCJa @ CYLUlecTByeT GeCcKOHEUHOEe MHOMKeCTBO pallHOHAaJbHBIX YHCeJN
a a 1 a
4 » TaKux, 4To a-—7|<5§, IpHYEM B KaYeCTBE - MOXHO B3ATH
Jo6YIo MogXoAsmyio aApobb K a. '

MoxHO i1 B 5TOM HepaBeHCTBe 3aMeHHTb NOCTOSIHHYIO 1, cTOs-
Y0 B 4HUCJHTeJe, APyroil GoJiee MasJeHbKON BeJHUMHOH ¢<C ] Tak,

a c
yToGpl  MOJIyHaloLleecss MOCJE 3TOr0 HePaBeHCTBO ]“'—7!<772'

OCYIECTBJ/AAJOCE MpPH JoboMm o Has 0eCKOHEUHOr0 MHOXKECTBa pa-

L HOHAJBHBIX ApOGeH?
OxkasbiBaeTcsi, 3T0 MOXKHO CjejaTh, M Takoe HepaBeHCTBO OyleT
1
UMeTb MecTo NpH c=——'/1_€=0,4472. .., TIpHYeM TMOCTOSIHHAs V3

3J1eCh Hauayumad; s MEeHbLINX 3HAUYEHUH ¢ CYLIECTBYIOT 3HAYCHUA
- a 4
@, TIPY KOTOPLIX HEPaBeHCTBO JOL'——b—)< rxi OCYLIECTBJIACTCHA YXKe

o Q@
TOJNIBKO XJs1 KOHEYHOIO HHCJa )1[)066[’[ e

Teopema 248. (I'ypsum). Haa arobozo dedicmeumenrsnozo wucia
cyyecmayem GeCKOHeHHOE  MHONCECIB0  PAYUOHAAbHOX Opobed

@x
a
7 maxKux, 4mo

2
|a—73

< 7-;:;)— 9

HokasarteabcTBo. Pasnoxum @ B LenHyw japo6b. Mel jpo-

. P
KaXKeM, 4TO H3 TpeX JNIoObIX COCeHHX MOAXOASAIIMX Apobeit 6—" o

n

o a

Kpajisell Mepe OflHa MOXeET CJIYXKHTb B KauecTBe - B HepaBeHCTBe (9).
JloxasaTenbCTBO 3TOTO YTBePKJAeHUs OyJeM BecTH OT [POTHBHOTO.
IpeanosokuM, 970 N KaKHX-JHO0 Tpex COCENHHX NOAXORSHLMX
IpoGell BbIMOJIHSIOTCA HepaBeHCTBa: |

— Py ! Pal 1
Ia %l = VI, = %= VEer (10)
l(‘z__P,,ﬂ 1
Qaral ™ V-E—Qfﬂ-x )
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P P,
6"—‘£ e * PACHQIGHKEHE MO pashble CTOPOHL OT & H TIOITOMY npH
n

HeTHOM n'u3 (10) c.nenyeT
P 1

S e Casg A )

Qn+v*so,=, Tus V3QE,
a npH HEYeTHOM:

Pn_s 1 P I

Qn_1+1/5Q,’,_l Q. V5Q:°
TaK YTO H B TOM M B APYroM cjiydyae HMeeM:

1

i 1 1 P, P

e [ —— — g Nel
Vs (Q,’g-l+ Q,’;) Q,, Qusl QuQni’

HJAH, YMHOXasa Ha Qz H IIePCHOCHA BCE YJIEHL B OIIHy CTOpOHY,

(0s) V3 (g) +1<0

T. e
(Qn _K_5)<L Q _1+VE
Qs 2/ST Qa2
HJH, NOCKoAbKYy Q, u Q,_,—Iejbie 4ucha,
Q13 VE
Qn—l< 5 — - (11

P Pn+1 p
Hocno.nbxy 6— n -Q——- TaxkXe PacnosioXEeHbsl Mo pasHbie CTO-
n+1l

poHbl OT @, u3 (10) aHaJOrMYHO MOJydaeM:

_%:_1<l'*;2‘£5_, (12)

Ionssysich eme TeM, uro a,,,=1, us (11) 1 (12) moayyaem:
1+V5_ Quri__ QuBpsat Quor
2

~ Q. Q
= ! 2 1+ V5
=it o - :
Qn—l

Tlpexnonoxenye, YTO BHINOJHEHH Bce TpH HepaseHctsa (10),
NpHBeJO Hac K NPOTHBOPEYHIO, noa’romy no kpabHell Mepe IS

P P o
ofHO# M3 Tpex noaxoAdmux ApoGeil Pu , =, Bl pagroit B
Qn—l Qn Qn+1

b , JOMXHO BHIOJHATLCA HepaBeHcTBO (9). Ilpugasas n

pasjuuHbie 3HAYeHHHA, NONYYAM OECKOHeyHoe MHOMECTBO jpolei,
YIOBJETBOPAIOMHUX HepaBeHCTBY (9).
IlepeiizeM Tenepp K JAOKasaTeJLCTBY TOrO, 4YTO MOCTOsIHHasd

71—3_, ¢urypupylomas B Teopeme I'ypsuna, Hauaydias,

KayecTBe
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Teapema 249. - ITpu  mo060M  ROAOKCUMEALHOM A < ——
_1+VF
-2

a
2
b

V._
cyujecmsyent moarsKo KOHEeYHOe YUCA0 PAYUOHAALHLIX duces

, MaKux, 4mo
|oc— 2 | <. (13)
I[ox asaTteabcTBo. [IpexnosoxuMm, 4To mnpu <:L=%[E ,
7—; HepapencTtBo (13) ymoBnerBOpsiercss i GECKOHEUHOro

a o o
MHOXECTBA palHOHAJbHBIX 4YHCEJ B TO[‘];{a LA KaxXJIOH TaKou
EPOGH BBHIMNQJHAIOTCH HEPaBCHCTBA

A a X
C—E <<%t

OTKyna, noncraBmlidd 3HaueHue o, no.nyt:aeM'
¥5 Vs
Ho—f<a—g<hy® bt
a BO3BOIA B KBa}lpaT, l'IOJIy‘-IaEM.
— 2 —
~VBh<a—ab—b* <2 LV

Hockomsky 0 <<}V 5A<C1, T0 nps gocrarouno Gosbimom b Gy-
NeM HMeTb:

—l<a?—ab—b2 <1
a 1
U, cJeNoBaTesbHO, ULesoe uucio a*—ab—b¥=0, = i V5
4TO MpH LeJBX a U b He MOXET HMeTb MecTa. HoaxyquHoe npo-
THBOpEUHE MOKa3blBaeT, YTO HepaBeHCTBO (13) MOxer uMeTh MecTo

a
TOMLKO /ISl KOHEYHOTO YHMC/ia PALHOHAJILHBIX 4HCEN .
3avmeuanne. M3 Teopembl 249 caexyer, uro mpH 3ameHe A
JOCTAaTOUHO MaJibiM HOJOXHTENABHEIM € MOXHO JOGHTLCA TOro, 4YTO

HepPaBEHCTBO *a——:—|<:—, He ﬁyne’r OCYIICCTBAATECA YK€ HH JJd

o " o 1 5
OZHOH PalUOHAJIbLHOA ApOGH -, TaK HTO NpH a=—+-2L Bcerja
JJISL BCEX UeJbIX @ M b 6yleT MMeTb MeCTO HepaBeHCTBO

a [+

CymecrBeHHbe 0600menuss TeopeMbl 248 Gwin gawsl B paborax
A. A. Mapkosa. MapkoB NOKa3aj, 4TO eC]M M3 MHOXKECTBA HEHCT-
1+V5

2 ’
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T. €. uHCJa BHAA g:.%_'i:%, rge AD—BC=+1, A, B, C, D—

1esble, TO JAJISI OCTABUIMXCS JEHCTBHTENbHBIX YHCEN & HEpaBeHCTBO
a c
la—? , <F (14)

1
OCYMECTBARCTCA NPH €= -7z A 6ECKOHEYHOTO MHOMeCTBAa pa-
a
LHOHAJIBHBIX YHCEJN . DTO 3HaUeHHe C HaWJydIllee, YTO JeTKO Npo-
BEDHTh, PACCMATPHBAs DPALMOHANbHbE NPHGHHNKEHHS K a, =} 2.
VickJiouns mociie STOTO eue Bee YHMCaa, SKBUBAJeHTHHe a,=}'2,

Aa,+ B
tﬁ'—f‘_ﬁ, rjie AD—BC'——j:l, A, B, C, D—

HeJiple, MOJIy4aeM MHOXKECTBO JeHCTBHTEJNbHHIX @, B KOTOPOM Hepa-
BeHCTBO (14) yRoBserBopsieTcss JAAs1 GECKOHEUHOr'o MHOMXECTBa pa-

b
IYMOHAJIbHBIX YHCEJ YK€ TipU C=7§-§., H T. 1. B ceomx wuccaejo-

T. €. 4YHCJAa BHIA

BaHHsX MapkoB cBsi3bIBaeT BOIPOC O HOPSIAKE NPUGIHKEHUS AeH-
CTBUTEJIbHBIX YHCEJ pPaHHOHAJbHBIMH JAPOGSMH C H3yYeHHEM COOT-
BETCTBYIOIUX KBaApPaTHUHBIX (hOpM.

Hcemopuneckne xommenmapuun r 25-it znase

1. Kuraiickuit actponom I3y Uyn-uxu (V Bek Hameill 3psbi)
NoKasaj, 4YTO 7t 3aKJloyeHO Mexny 3,1415926 u 3,1415927. Omn

'yKasaJsl B KauecTBe PallMOHANBLHOTO NPHOJHKEHHS K 7t BeJIHYHHY ::lig
B Espomne pauuonajibHbele NpubiuXeHHs 7T B BHJe ?—g% 7} ?_i:;‘

BrepBhie yKasanm AnpuaHom Meruycom (1571—1635). .

Anrauiickuit mareMmaTek Bammmc (1616—1703) Bbumcann 3
NEPBHIX 3JIEMEHTOB pA3JIOXKEHHA 7 B LeNHYI Apobb. O6uimit Buj
SJIEMEHTOB Pa3J/IOXKEeHHS 7 B HeNHyI Ipo0b HeH3BeCTeH.

2. Teopembt 248 u 249 6niu ony6aukoBannl I'ypsunem B 1891 r.
Tor ¢axt, 4T0 M3 TpeX COCeJHHUX MOAXOAAWMUX APoGell mo KpaiHei
Mepe ofHa jaeT npubJaHxenue Buxa (9), Owia1 jgokasan Bopesem
B 1903 r.

3. Angpeit AnnpeeBuy Mapkos (1856—1922) sanumasics BecbMa
pasHoo6pasHbLIMH BONPOCAMH MAaTeMaTHKHM, HO OCOGEHHO G6oJbIlOe
3HaueHHE HMEIT ero paboThl MO TEOpPHH YHCeJd M [0 TEOPHH Bepo-
sTHocTell. Mccenopanna A. A. MapkoBa mo TeOpHH KBaApaTHYHBIX
¢opM SBJAIOTCS OCHOBHBIMH JJISl BCErO MOCAEAYIOMEro Pa3BUTHSA
9Toil obsacTH Teopuu uuces. Baxwuefmme pesysnbTatel A. A. Map-
KOBa, NOJYYeHHbE HM B 3TOM HanpaBJieHHH, H3JIOXKEHH MM B Ma-
ructepckoil gucceprauuu O OuHapHBIX KBaJpaTH4HBIX (QOPMax
NONIOXKUTENBHOTO ONpefeuTe .
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Hayunas nesartenpHocts A. A. MapkoBa nporekana B Ilerep-
GyprckoM yHHBepcHTeTre, Nocje OKOHuaHus KoToporo Mapkos pa6o-
Taq>B HeM ¢ 1880 r. no Kouua cBoeli xv3HH, H B AKafeMHH Hayk,
HabpaBuell ero akagemHkoM B 1890 r.

F'JTABA 26
HAUJYYIIUE NPHBAUKEHUA

1. OTBICKAHHUE HAMJAYYWIUX NMPHUBJAH)XEHHHA C MOMOUIbIO
HEMHBIX APOBEMA

[Mopxoasmue Apo6H B ONpenesieHHOM CMBICJE SABAAIOTCA HaHAYyY-
INUMH NPUGAHXKEHHSAMH K JeHCTBHTEJbHBIM YHCJaM.

KoHeuHO, O4YeBHAHO, YTO, MOCKOJbKY MHOXECTBO PanHOHAJbHBIX
upcesi BCIOAY MJOTHO, He CYmeCTBYeT pauuoOHaJbHOR jppobH, KoTo-
pasg Onyla Obl OjiMe X JaHHOMY HpPPAaUMOHAaNbHOMY 4YHCRY, YeM
aiobas gpyras xpoGb.

ToBops o HaumayumeM npuOGAMMKeHHH, Mbl IIOHUMaeM NOJ STHUM
HauJjydmee npHOJMIKeHHe IO CPAaBHEHHIO HE CO BCEMHM JPYTMMH pa-
HHOHAJbHBIMHY YHCJaMH, & TOJIbKO MO CPaBHEHHIO C PallHOHAJbHBIMU
YHCJIaMH, Y KOTODBIX 3HaMeHaTeJb MeHbIle, YeM y XaHHOH JApolH,
UJH paBeH eMy.

Onpegeaenne 69. Payuonasvras 0pobo 1;— Ha3bleaemca HAUAY4-
wum npubausceruesm K OelicmsumesvHoMy quUCAY @, ecAl He cyujecni-

syem Hu OOHOU payuoxasbrod dpobu €0 3HaMeHameaem <b,

‘Komopaa Ooiaa Obi Gaunce K o, uem

“'lam[x

a
Takum o06pasoM, COrJacHO STOMY ONpeesieHHIO 5 ABJIAETCH
HauJy4muM OpubJMKeHHEM K o, ecju Ajas Joboii ppyroit pauumo-
X o
HaJbHOI npobH 7 TakoH, 4TO

’

|la—y|<[e—%

Gynem uMetb y>>b.
TeoMeTpHUECKH 3TO 03HAYAET, YTO €CJIH B3ATH HAa UHCJIOBOH INpsi-

a , a
MoH TOUKY & U HHTEpBAJ C KOHLAMH B TOHKaXx OL'———E- , Oc—y——b- ,

TO BCe pallMOHAJbHbC APOOH, Jexaumue B STOM HHTepBaJe, HMEIOT
3HameHaTeqH, GoJbiupe deM b,

; a
Taxkum obpasoM, ecau 7 — Hauiyuwiee npubinKedue K &, TO

pauMoHanbHbie JApo6H co 3HaAMeHaTellAMHM =<b JexarT BHe 3TOrO
HHTEpBANa HJH COBMAAAIOT C ONHHM H3 €ro KOHIOB.
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- b
Ipumepu. 1) 5 ABIACTCA HAaHJyYMHM TNPHOTHKEHHEM K

YHCJAY e, TaK KaK Cpejd pPalHOHAJBHBIX Japobelt €O 3HaMeHATeJEM
1 1 2 HeT HM OxHOrO 4Hcha, KoTOpoe Oblio Obl GJimaKe K e, ueM

%, T. ¢. OjauxKe K e, 4yeM 5 » MOTYT 6HITh TOJIBKO APOGH %, rje
b>2.
1 Y o
2) —79 He sIBJisIleTCH HauJayywuMm npuGauxenuem kK /2. Jeficr-
BuTesbHO, V2 =141..., n JETKO [POBEPUTb, 4TO XPOGhH co

5
3HaMeBaTelieM, MEHbIIHUM, 4eM y 1—,?, 6anxe K 2, uem 17(l=
=1,428...

Paccmorpum Bonpoc 06 OTBICKaHMM HAWAYYMIMX NPUGJUKEHUiH
K JeHCTBHUTENbHEIM YHCNAM H, B YACTHOCTH, XOKaxeM, 4TO BCe NOJ-
Xojsdmue ApoOu, HayMHAasg ¢ MepBoH, He TOJbKO JAIOT XOpoliue
npubJauXKeHHusT K JeACTBHTEJNbHBIM UYHCJA3M, HO BCErja sIBJAAIOTCSA
HaWJIY4YIIMMU NpHOJUKEHHAMH.

Teopema 250. Ecau unmepsas (—'-;—; 5—) obpasosean Oeymsa pa-

yuonasbHoiMu Opobamu, maxumu, ymoe bc—ad=1, mo:
1) mobas payuonarernaa Opobe, sexcawas 6 sSmom uxmepsase,
uMmeem sramenamens, Gorouul wem b u d;
2) 0aa a0boeo CelicmeumerbHO20 <UCAQ O, NPUHAOALHCALLE20 SMOMY
- . - v @
unmepeaiy, no Kpatnel mepe o0Ha u3s apo6€ur—5
HO GAuoKaliuiaa K o, A6AReMCS HAUAYHULUM NpUGAUNCEHLLEM.

. : X
HoxasateasctBo. 1) [lycts paunnonancHas ApoGb § TaKo-

c
uau ) a UMER-

Ba, 4TO -Z—<§<—Cd— H bc—ad=1, toraa, neckoaeky a, b, x, y—

uenvie ¥ >0, y>0, n3 bx—ay>0 noayvaem bx—ay=1, a,
CJIeI0BaTeNbHO,

s ¢ bx—ay | S
Vb by by ()
C Inpyrofi CTOpOHBI, MOCKOJBKY _xy_ JEeXHT MeXIy % H % ,
x a ¢ a bc—ad 1
T R T (2)

TaKk 4uto, cpasHuBasg (1) u (2), mosyyaem %<bld, T. 8. y>d.
CoBepIilIeHHO aHAJOrMYHO, paccMaTpuBasi BMecTo bx—ay Bhipa-

XKeHHe CY—dx M BMeCTo %———:— pasHoCTb %——%, Jl0Ka3biBaeM, 4To

y>b.
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2):- Ilycrn %<a<—% , bc—ad=1. Ecau %- GaMKe K o, ueMm

c a
rik TO ;—Hannquee npnﬁnmxenne K Q.

X
lIeﬂCTBn_TeJIbHo, Jbas pannoHadabHas Apobhb 7 Jexamas 6au~

a c
Ke K a, yeM b , HOJXKHA HNpHHANJIeXKATb HHTEpBAJIY (—-b—. B—) Hu,

Clle/l0BaTeJIbHO, COIJIACHO MEPBOM YacTH TeopeMbl JJsa Hee OyleT
y>b. Takum obpasom, mobas npo6b, KoTopas OJHXKe K @, YeM

o . a
HMeeT 3HaMeHaTesb, Oogapmui yeM b, T. e. ——HaWJdyyliee

2
b’ b

upubJIIKeHHe K .

c
Ecau rl 6aHKe K o, 4eM TO AaHaJOrMYHO MoJyuaeMm, 4UYTO

2
b’

c c
?——Hannquee npnﬁ.aneHHe K a, a €G- H ri JICXKAT Ha paB-

a
b .
HOM PacCCTOSIHHH OT @, TO 06e TH IPOOH SBJASIOTCS HAHJYYIIHMH
N pUGIHKEHUSIMH.

Mpumeuyanue Boobwe rosops, xak sto Gyaer Bujano u3 ciegyiomeft

c
TeopeMsl, 00a Kollla HHTepBasa -—) MOryT OuiThb OJAHOBPEMEHHO HAHJIYY~

a .
b’ d
IHMH TPUOIHMKEHHAMH K @& H TOTAQ, Korna paccrosiuufl OoT ¢ JO KOHIOB HHTEp-
BaJa He pABHEL

Teopema 251. ITpu s=1 mobaa nodxodauas Opobb z—’ Kk Oed-
P N §

CMBUMEAOHOMY. YUCAY O ABAACMCE HAUAYALIUM NPUOAUICENUEM.
P
HdokasaTteancrso. Ilpu oc#:f o 3aKJIIOYEHO B HHTEpBaJe,
$

P P
KOHLAMH KOTOPOTO ABJISIOTCH A% M %=1,
Qs 7 Qs

PQ, ,—P,_,Q,=1, mmu P,_,Q,—P.,Q,_,=1 (B 3aBUCUMOCTH OT
YRTHOCTH MJM HeYETHOCTH §).
CoryacHo npefpifyumelr Teopeme OimxKafiinasg K o M3 JIBYX APO-
. P P P
6ei Q—‘ " Q“‘ , & TAKOBOH sIBJseTCS Q—‘ (reopema 244), sBasgercs
3 §~-1 &
HaHJAYYIIMM TPHOMMKEHUEM.

Ilpu s=0 Q,=1 m %2=P0=[a],- KaK JIeTKO BHAETH, He BCer-
0

okl — o1 +1

s npuuem (tTeopema 60°)

Ja ABJAACTCA HaANJYYINHM HpPIéJIPI)KEHHCM, TaK KakK

P,
MOKeT ObITh OJMKe K @, ueM =%,

Qo
Ilpumep. Hpobb %l:’—g , Halinennas nammu (cTp. 228) B KauecTBe

XOpOINEro NPHGIUMEHUsSt K UYHCHAY I, SBJISETCS COIJIACHO MOCJef-
Hefi TeopeMe HAMJYYMIHM TPHOJMIKEHHEM, T. €. HH OfHa APoGhb CO

sHameHaTeseM =< 113 me moxer GbiTh OammKe K 5, UEM 1?2
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2. MHO)XECTBO BCEX HARJYMIIUX MPUBJH)KEHHA
K 3AJAHHOMY AENUCTBUTEJbHOMY YHCAY

EcrecTBeHHO BO3HMKaeT 3ajada oONpejesieHHS BCEX HaMTyHIIHX
NpHOMMIKeHHA K SaJaHHOMY JAEHCTBHUTEJbHOMY YHCJY C.
Ilpexne Bcero sameTHM, YTO BCe HaMJydlliMe NPHOGJIHIKEHHA K o
nexar B cerMmenre ([a]; [a]+1).
a

HeficTBUTeNILHO, €CJIM pallMOHAJBbHOE YHCJIO 7 JIEXKHT BHE 3TOTO

CerMeHTa, To Mo KpailiHeli Mepe ONUH H3 KOHLOB CerMeHTa, a HMEHHO
Gmixafitiuil K o, UMeeT 3HaMeHaTeNb 1<Cb M pacnojoxken Omuxke

a a
K a, ueM e T. €. B He ABJAETCH HAHUJMYUIIHM HpPIﬁJIP[)KEHI/IEM.

Jlerko ykasaTh aJITOPHTM, NAOMMH [OCTeLOBAaTeNbHOE MOCTpOe-
HUE BCEX HAWJYUYIIMX NpHGJIHIKEeHHH cO 3HaMeHartensimMu 1, 2, 3, ...
Cuauana us znByx umced [a] u [e]4+1 Gepem 1O, KOTOpOe Ommke
K O; 3TO YHCJO OyleT HamJaydiuM NpuGHHXKeHUeM CO 3HaMeHaTe-
aem 1. BepeM 3aTeM B 3TOM HHTepBaJie MOCJELOBATENBHO BCE PAIlHO-
HalbHBIE YMCNa CO SHaMeHareasiMu 2, 3, 4, ..., IpoBepsas Kax-
bl pas, He CYLIeCTBYeT JIM PAIlHOHAJBHOTO YHCJAA C MEHBIIUM
HIM TAKHM JKe 3HaMeHareJeM, KoTopoe Obuto OB OnmiKe K o, ueM

a
HecneyeMoe Yncao. Ecau past wdcna - He HAUIIOCE HH  OLHOTO
pallMOHANBHOTO YHCJA CO 3HaMeHareleM =<b, Kortopoe Oblio Obl

a
GJIHXKe K &, TO B SBJIAETCA HAHJTYULIHM HpPI6JIPI)KEHH€M. KOHe‘IHO,

OpH STOM JJISi CPaBHEHHS M3 BCEX YHMCEJ C MEHBbIUHMM 4eM n 3Ha-
MEHAaTeJISIMH JIOCTAaTOYHO B3fATh Onmkaiimee K o. QueBHAHO, YTO B
clIydae HPPALUOHANBLHOIO & MOXKeT GhITh caMoe GoJbliiee OHO HAHMY Y-
mee TNpUONHIKEHHE CO SHAMeHATeNeM N, a B clydae, Koria o
pauuoHanbHO, He OGosblue ABYX. TaKuM 00pasoM, STOT aJrOpUTM
NO3BOJIsSIET BHIIENATh H3 MHOXECTBA pAallHOHAJBHBIX YHMCeJ BCe HaM-
Jgydiine NpHONHKEHHS K C.

a
Jnsi paunoOHANBHOTO YHCNA o == YHCJIO HAHJYYUIMX NpUGIH-
XKEHHH KOHEUYHO, TaK KaK BCe palHOHaNbHble YHCJA HHTEepBana

a a
([7]; [7] -+ l) CO 3HAMeHaTeJsIMH, OOJILIIMME deM b, fanblie OT

a a
N 4yeM CaMO YHCJIO 5

. 3 =
Npumep. Haiiru Bce Hamnyumue npubmmxenus K 3/ 3 co
SHAMeHATeJNsSIMYM, MeHbIIUMH deM 15.

Pemenne. 1<}/ 3<2, /3 =144224...
1 — Haunyymee npuGnmkeHne co sHaMeHaTeseM 1; %—Haﬂ.ﬂyll-

miee NpuONMIKEHHE €O sHaMeHaTesnem 2. B paccMaTpuBaemoM uHTEp-
Baje (1; 2) Bce apo6u co 3HaMeHarensMH 3 M 4 janblue ot f‘/ 3.

YeM 5, a Hu3 apoGeii co 2HamMeHareneM 5 oTOupaeM HauJyuilee NpH-
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3
6mKenne 3, KoTopoe Gimke K 33, ueM . JIpobu co sHame-
7
HateseM 6 Jnanbue or /3, ueM 5 Hs Apoﬁen €O 3HaMcHaTe-

10
aeM 7 orGupaeM Haujydwlee npubnumenwe --. Hamnyumux npu-
Oauxenuit co 3HaMmeHaresgeM 8 Her, a cpexnu apoGefi co 3sHaMeHa-
13
TeseM 9 HaxOJMM Haujydilee npuGiHKenue 5 . Bce npobu co sua-

meHateasmu 10, 11, 12, 13, 14 u 15 gansme ot /'3, uem lgg.
3 7
TaxuM obpasom, HCKoMble HaMayulllde NpuOMmKeHns: 1,5, & ,
o 13
7 ) .3.

Cnepyiomasi TeopeMa NO3BOJIAET 3HAYUTEJbHO YMEHBIIATH YHCJIO
HCNIBITHIBAEMBIX UHCEJI.

Teopema 252. ITycmo gl; (k=0,1,2,...)—nodx0daujue dpodu &

deticmaumensromy qucay o= a,-- Y al-i——” Q. ..; mo2da amoboe Ha-
uayuiee npubAUsiCerue K o HAxXodumcs cpedu 4uces euda:
Pex+ P .
X+ Pp_1 , (3)
Qe+ Qr-1
20e npu k=1, 2, ... Geaudura x NPUHUMAET 3HAYEHUA MaAKUE,

amo 0<<x<<@a,,, a npu k=0 evipasxcenue (3) Oepem co 3naue-
wusmu P_,=1, Q_,=0, 0<x<a,.

a
HokasatennbcTBo. IlpennonoxuM, uT0 - — HEKOTOpOR
Hauayuiree npubiamkeHde K «, OTJIMYHOE OT BCeX uHcesa (3), B
p
HaCTHOCTH OTJAMYHOe H OT BCEX 4YHCe :“

6blI0 OTMEUEHO Bhillle, BCe HaMJyuuine NPHOMIKEHHS K O JeXar
B cermenTe ([o]; [a]+41) u Py=l[a], Q¢=1, 1O

P, _a _Py+1
W R
o<b Qo

. Tlockonbky, Kak

paCCMOTpHM HOCJIEI[OBaTEJIbHOCTb

P, <P
e<g<g<--<g<g )
KoTopasi, B UaCTHOCTH, an paIHOHAJIBHOM a="Fs koneuna.
$
1) Ecau 2°< <Q 3 JeXKHT MeXJy JABYMS KaKHMH-

au6o COCeJHHUMH UHCJIAMH B (4)
P
OTMETHM IIpH 3TOM, 9TO B CJiyyae paiHOHaJNLHOTO @ = = BEJH-
$
Py

a P
YMHA 4 HE MOXKET JIeKaTh MeXAy Q—‘ e, . JleficTBHTEJLHO, eCaH
§ s~1
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u D=t
T %o P,

6o b > Q,: BMeECTe C TeM, HOCKOJIbe a——Q———O JApo6b 'Qi 6amke
3 .

661 b Jiexkaso Mex&ny Q , TO coryacHo TeopeMe 250 Obuio

K o, YeM Haujyduinee npubIHKeHHe —b- , Tak uto Q,>b.
Tagkum o6pasoM, B moclhefioBateIbHOCTH (4) Haligyrcs ABe MOJ-
P P a
Xondamue ApoGH 2= u %, MeXNy KOTOPHIMM JIeXKHT 7

Q-1 Qe’
Jlerko NpOBepHTh, YTO YHCJA:
Ppo1 PptPpy 2Pp+ Py, ap+1Pp+Pp_1 _ Prey (5)

Qu1’ Qe+ Qpoi’ 2Qp+Qur’ *""7 41Q+ Qo1 Qpaa

— n1u60 MOHOTOHHO BO3pacTalT, JHOO MOHOTOHHO YOHIBalOT, T. €.
JieKaT [0 OIHY M Ty e CTOPOHY OT d.
IleficTBHTEIBHO, PA3HOCTb MEXKAY J[BYMS COCEJHHMH YJICHAMU:

(D) PPy s tPp+ Py,

H -—B I10cJeA0BaTeNIbHOCTH (5 aBHas,
D) Qe+ Qs » et Qs . ®) P
KaK JIETKO BBHIYHCIINTD:

((+1) Pyt Pp_y  tPp+Pp.y_ (—1)Ft (6)
(E+1)Qp+Qror Qe+ Qror ((E+1)Qp+Qp_1) (1Qr+ Qr-1)’
UMeeT MpHU BceX [ ONMH M TOT XKe 3HaK.
IIycTh — JMeXUT MEXAY ABYMS TAKHUMH YJICHAMH: Q-ME’“—!
P b (t+1) Pyt P (t+1 )gk_'li:Qk -1
k Bl . k k-1 k
[QQuy * TOTMA ORUR M3 BEMHUHN (DG TR, 10t Qe
6nmke K o, ueM Haunydiee npubmwKexne -g- , T, € OJUH U3 3Ha-
menateseli: ({+1) Q4+ Qp-y» (Qp+ Qp—y Goabme uem b. Bmecte
¢ teM coryiacHo TeopeMe 250 u3 (6) cnenyer, uro b Gonbie oBGoux
9TUX 3HameHaTe.nef{

H

2y Ecnn- Q L < 03- ! , TO % JEeKUT MeXKAY ABYMS GHCIaMH
MOHOTOHHO yduBaxomeﬂ KOHEUHOH NOocCJIeoBaTENbHOCTH:
Po+1 " 2Py+1 3Py+1 ayPy+1 aoal—i—l____& @)
Qo > 29, * 3Qy ' "'V a4Q ay Q.’

tPo+1 (t+1) Po+l us (7)
” .

Hdpobs CED Pt 6rpme x o, UeM HauJydqilee npué.nmxeﬂne

T. €, MEXJIY HEKOTOPLIMH HHCIaMMH

! U
a, cnejoBaTenbHO, f-+1>>b; BMecTe C TeM, NMOCKOJIbKY PasHOCTb
P 1 1 o
tPotl (1) Potl TO COTJIacHO To#l Ke Teopeme 250

f 1 fern’
umeeM b >f- 1.

a
IpeanonoxeHne, 4ro + OTJMYHO OT BCEX 4YHces (5), B oboux

BO3MOMKHBIX CJIyYasiX NPHBENO Hac K NPOTHBOPEUHIO, T. €. TeopeMa
J0Ka3aHa.
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NNpuMmeuanne, Cpeps wicen (3) Moryr OHITb ¥ uiucja, HE ABAROMHECH
HaUAyYWwaMHd NPHONIKEHHAMH.

-IMIpumep. Hahity Bce maunyumpe npHOTHMKEHUS K YHCIY 2U:

n=3,1415... =34+Y7 4+ Y154, .,
CO 3HaMeHaTeJiSIMH, MEHBIUMMHM HJId PaBHHIMH 75.
[Monxoasimue Apo6H K YHCAY 7 UMEIOT BHI:
3 22 333
T 7 106°
Hpo6u Buna (5) co sHaMeHaTes MU << 75 HMEIOT BHI;
4 7 10 13 16 19 22 3 25 47 69 91
T 2234567771 815 22" 29
113 135 137 179 201 223
36 ' 43 B0’ BT’ 64 71 °
OcraBnsieM u3 HHX Te, KOTOpble OJMMKe K 7, yeM ApYrHe Apobu
U3 3TOil MoCNeNoBaTEJLHOCTH C MEHbIUHMHM 3HAMEHAaTeJsiMH, M To-
Jydaem, TakuMm oGpasoM, HCKOMBle HaUJY4InHe NMPUOTHMKEHU:

3 13 16 19 22 179 201 223
1456757 64 71"

IFMTABA 27
NOCJEAOBATEJIbHOCTH ®APES
1. ®APEEBbBI APOGH

IlpubnuKeHns XeHCTBUTENILHBIX YHCEN PalHOHAJIbHBIME H3YyYa-
JHUCh. HaMH JO CHX MOP TJaBHBIM 006pasoM C NOMOUIbI0 anmapaTta
UenHbIX gpobell. DTH npHOMHMKEHUS HCCACAYIOTCS TaKXKe C IIOMOLIbIO
TaK HaskiBaeMbIX mochefoBarenpHOCTed Papes, umeromux Goablioe
3Ha4YeHHE W IPH PACCMOTPEHHH MHOTHX JADPYrHX BONPOCOB TEOPHH
yuce.

Onpeneaenne 70. [locredosamenvrocmoro Dapes @, Haswsarom
MHONCECMBO HECOKPAMUMbIY PAYUOHANOHOIX HUCEA —% €0 3Hamename-
sem b<<n, npunadrenmcawux cezmenmy [0; 11 u pacnoroxcenroix
8 nopadKe ux 603pacMAaHUs.

dapeeBHl NOCJEJOBATENLHOCTH HA3BaHbl [0 UMEHM AHTJIHHCKOTO
yueHoro JIxk. Papesa, onyGaukosaBmwero B 1816 r. Hexorophe
CBOICTBA 3THX IOCJE0BaTENbHOCTEM.

MMpumepsn. Ilocneposarenpuoctn Papes npu n=1, 2, 3, 6
HMEIOT BHJ:

0 1 0 1 1 0 1 1 2 1
(D]={T: T}’ (Ds'—{T’ —2" T}’ (Ds“_{’l“’ 'gr E‘r '3—’ T};

o]0 1 1 1 2 1 3 2 3 4 5 1
6~ Y1’*6*'5B5°*4"3"5" 2" 534526 1/("



Ipo6u, sxopsmue B D,, HacTo Ha3HBalOT (apeeBHIMH APOOGIMH
nopsiaka n. Haunem ¢ TeopemmH, paiomelf ajaropuT™M NOCTPOEHUSA
g Kaxkjofi apo6u B @,, caenyiomell 3a Hef.

Teopema 2533. ITycme %—ECD”, Yo—lYesoe 4qucao, maxoe, 4mo
n—b<<y,<n u ay,=—1(modb), x0=‘-1£‘3b+—‘; mozda y" Aesem-

ca ¢ @, Opobouio, Henocpedcmeenno caedyrowelt sa %—.

3ameuanune. Llenoe 4mucao y,, YyHOBIETBOpSIOLLEE YCIOBHAM
n—b<<y,<<n u ay,=-—1(mod b), cymecrsyer, TaK Kak (a, b)=1,
u u3 b nocnenoBaTeNIbHBIX YHCEJN, JeXAMUX Mexiay n—b u n,
BKJIIOYAsi 7, OINHO YJOBJETBOPSeT CPaBHEHHIO ay,=— Il (mod b).

HoxasareabcTno. M3 xo-—-———ay""' c.nenye"r bxo—ay(,:l
(X9, Yo)=1, M HOCKOJIBKY y,<<n, 10 X0 G = +by g

0

[ycrs %—-—-npoﬁb us P, HEUOCpEJ.ICTBeHHO cne,uylomaﬂ 3a -5— .

c
Ecau —Z—<7<;—:"—, TO, TaK Kak a, b, ¢, d, x,, y,—Uemnble
o

uncna, umeeM: Xgd—cyo==1, cb—ad=1 n 22— —g— = (;—°——-——2—> +
1]
e _a Xod —cCyo cb—ad i b—|—y,,
+ ( d b ) dy, + d.'/o + dby‘,
C npyroit cTopoH®!,
ﬁ,___g___bxo—ayo__ 1
Yo b by, by,

OTKyla cjenyer

b+y, 1
‘d_byTém' bt+y,<d

¢
TTocKosbRY ‘;{GCD,. H, CcJelloBaTeNbHO, d=In, TnoaydaeMm
b4y,=<n, y,<<n-—»b, 4YTo NPOTHBOPEUAT YCJOBHIO TEOPEMBI,
a X
[IpeanonokeHue, 4TO Mexay 5 H y" B @O, Jexur eme oxua

X o
IpoOb, HpHBEJO HAC K npomBopeqmo, T. €. yl-—-énpm{amuaﬂ B,

X o
Apobb, crenymouias sa b i g =y Hy TNOCKOJBKY o6e sTH ApOGH
0
HECOKpaTHMble, €=X,, d=y,.
IMpumep. Halttu B ®,, apobb, craexpyiomyio 3a 3

= .

Pemaem cpasnenne 3y=-—1(mod7); nHaxoauMm y==2(mod7),
3 9+1 )

_-9 —=4. Hckomas npoGh 7

Teopema 254. Ecau ';:“ u —fi-——aee coceOnue Opobu 8 ®, u

a 4
7 <7 mo eepnvi caelyroujue COOMHOUWEHUN:
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1) b4+d>n,

2) bc—-ad—-l

3) HanGOb LK oﬁu.u»m aeaurens (b, d)y=1.
HokasarennctBo. CorsacHo npeanaymest Teopeme c=x,,

d=y,, tae n—b<<y,<<n, ay,=—1(modb), x,= y.,b+ , OTKyZa:
1) b4+d=b+y,>n,
2) be—ad =bxy—ay,=1,
3) BHITeKaeT U3 2).
Teopema 255. Ecau —Z— < % < —fi——mpu nocaedosameabusle

x _ate

dpobu ¢ @, mo 4=p4-
HApobe %—_I-—d Hasvisatom meduanmot % u % .
Hoxrasareanctso. CornacHo teopeme 254, nmeem:

bx—ay=1,
—dx+cy=1,

OTKYJa, peliast OTHOCHTEJIbBHO X H ¢, MOJy4daeM:
atc b4-d x a+to

be—ad’ y=m—m’7 b+d°

X=

Teopema 256. Jlwbas Opobs us ®,,., co 3namenamerem n+ 1
sexcum  mexcoy Osyma coceOnumu 6 M, Opob6amu u sgasemca ux
Meduarmoti,

HokaszatennctBo. B @, , He MOoxeT GbITb ABYX COCEAHHX
JApobeft co 3HaMeHaTeneM n-+1, Tak KakK 3TO NpPOTHBOPEUHJIO Obl
teopeMe 254,. JhioGasi apo6p us @,,, co sHaMeHaTeNeM, PaBHBIM
n+1, nexur Mexpy AByMs jpoGsmu u3 @, um, obpasys BMmecte
¢ uuMu B @, ., TpH mnocielioBaTelbHble ApOOH, sBAsercs (Teo-
peMa 255) HX MeAHAHTOH.

Dra TeopeMa jaer ynoOHBI criocof nNosydeHUs NOCJAeL0BaATENb-
Hoctn @, ., €CIM HaM H3BeCTHa NocJejoBaTesbHOCTL @,.

Ecnu —Z— H %—zuse cocefHue apo6u B @, TO

(@+c)b—a(®+d)y=bc—ad=1, (a+tc, b+d)y=1,

atc 6 o)

T. €. MEIMaHTa p-——HecoKkparnMas Apobb “b+d€ a41 TOTJA

M TOJIBKO Torja, xorja b-+d=n-1. HoGaBJjieHue TakKHX MeAMaHT
K @, naer Ham MHOxectBO D, ;.

IIpumep. 3uas @y (cM. npumep Ha cTp. 243), Hafitu @,.

Haxonum B @, cocemnue (1)1p061;1, leOTOple2 cym;/xa :;,HaM%HaTe-

2

Je#l paBHa T7; at0 GYRYT: T F;Tn3,5u2,—2—n5,§-
3.5, 1
S A L
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BeraBnss B Og MeXAy STHMH ApoOSIMH MX MEJMAHTHI, NOJyYaeM:

@ 0 1 1 1 1 2 12 3 1 4 3 2 5
ST T T B E T3 BT T T B R T

3 4 5 6 1
F* 56T 01"
2. MPUBJAWXEHUE JEACTBUTEJIbHBIX YHCEJI ®APEEBBIMH APOBSMH

[MocnenosatenbHoctn Papes NO3BOJAIOT HAXOIUTh XOPOIUIHe
palHoHaNbHEE NPHOJHKEHUS K JeHACTBUTENBHEIM YucaaM, oGecneun-
Balollie TOYHOCTb JI0 BEJNHYHHbI, O6paTHOH KBajJpaTy 3HaMeHaTess.

Teopema 257. Ilycme 0<<a<Cl. H3 Jsyx cocednux OQpobed
8 ©,, mencdy Komopuimu sesxcum o, no Kpaiduel mepe 00Ha 0pobo

k .
T omauiaenca no abcoaomuol eesunute om o MEHble, UYem HaQ

1
'l‘i‘.
HdoxkxaszareabctBo. [llycts %<a<%, rje

cocefHue npoﬁn B @,

Ecan éa<g_':_';, TO, TaK KaK COlJlaCHO TeopeMe 254,

bc—ad =1, nonyqaeM
<b+d b b(b+d)<b"

AHajioruuHo, ecyu Z_':_';goc< 7+ TO moayyaem ia—-—-—l< -

E‘I’Ii Be
p 4 g4

atc a bc—ad

ffpumeuanne. Ecan o xnexur Bre untepBana (0; 1), To MM Momem
npuueunrb Hally TeopeMy K {a}. a 3areM B HalJ€eHHOM HepapeHCTBe

{o} — l <m MpuGABHTL K YMEHbIIAEMOMY H BHIYHTaeMOMY B JieBoH wacTu
uesoe acio (o] =a— {a}.

Paccmotpenne nocaenosartenbrocTeil Papes no3BOJSET XaTh NMPo-
CThle JI0Ka3aTe/IbCTBA MHOTHX TEODEM O PAaUMOHAIBLHBIX IPHOJIHMe-
HUSIX JefCTBUTENbHBIX 4ucesn. B BuZe npumepa npuBefeM IoKasa-
TeNbCTBO TeopeMsl 246 25-it rnasw npw menom T. OueBHAHO, UTO
IPH 3TOM JOCTaTOYHO PacCMOTperb ciayudal, Korda 0 <o << 1, Tak
Kak NpPH APYTHX & MOXHO BMecTo o Oparth {a}, M 3aTeM B 3aKJio-
YHTeJIbHOM HEPABEHCTBE MOCTyNaTh TaK K€, KakK B IpelbljlyiueM.
caydae fCM. npuMedaHne K Teopeme 257).

HokaszarenbcTBOo Teopemnl 246. Ilycts T=1 nenoe,

o (O<a< 1) nexwur Mem,uy IBYMSt cocemmmx B ®; npobsamu %
at-¢

H f, TaK 410 béaéd" Ecan béaébq-d' TO, TaK Kak
corsacio Teopeme 254 bc—ad=1 u b-+4-d >1:, noaydaem:
a atc a bc—ad
]“”‘b— <loxd 7 b(b+d)<bt’ rae b=t
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Crnyuait & e dsag 7 PaccMaTpHBAeTCsl  aHaJIOTHYHO.

®apeepnl ApOGH MOXHO NPHMEHATb TaKXKe AN HaXOXKACHUS
HaWJIyYmux npubiuxeHui.

Teopema 258. Ecau o aescum mencdy Osyma cocednumu e O,

dpobamu, mo no kpalneldi mepe 00Ha u3 Hux npedcmasisem coGodl
KHauayduiee npubausicenue K a.
a

HokasareanbcrBo. Ilycts —ba~<a<%, 5 H %——cocemme
apobu B @,; Torga bc—ad=1 u cornacdo Teopeme 250 no xkpai-

'S o, a c
Heli Mepe oIHa H3 Jpobeii: 5 ¥ 7, €CTb Hauayuiee npubamxe-
HHE K a.

Teopema 259. Ecau o sesicum mescdy Osyms cocednumu ¢ @,
dpobanu %— u %, mo cpedu Hecokpamumoix Opobeti co 3HAMEHA-

meser n-+1 Hausyswum npubausceruem K o moxcem OGoims

moabko 0pobb l‘:—;_l'—;. 9ma Opobv neasemcs HAUAYHUUM NPLOAU-

oeHuem mo2da u mosvko mozda, koeda b+d=n-41 u paccmon-

o a c
rnue om smoidl Opobu 00 o He Goabwe paccrmosaxuil om T4 T
HoxasarteabctBo. B @, , Moxer GuITb TOJNBKO OXHA APOGH
a [
CO 3HaMeHaTeJeM n -1, nexamas B HHTepBaJe (7; —d—) , @ HMEHHO
a+tc

Ipobb pd Pu b+d=n+1 (teopema 256).

HocTaTounocTh yeaosus, [pu b+4+d=n-1, kpome Z_':_';,

a ¢ o :
B HHTepBaJe (7; —d—) HeT ApPYruX JApolefl co 3HaMeHaTeJsIMH
' o a+c
<< n-+1 (teopema 256), u ecqu pacCTOsHHE JO ¢ OT ﬁ?
a [
ueM OT 4~ M -7, TO OHO TeM Gonee He GoJsibllie, YeM pacCTOSHHE HO
o OT BCex ApoGel, pacroJIOXKeHHEIX BHe STOr0 HHTepBana.
a-+¢
Heo6xoxumocTs ycnoBua oueBHpHa. Ecnu a+e rae

b+d’

b+ d=n-+1—Hanayumee npuHONMKEHHE K o, TO gﬁ JOJIKHO

He 6odblie,

a4
b d*
0 1
Ecan ncxons u3 uHTEpBana (T; T) [OCJEA0BATENILHO CTPOUTh
MEJHAHTH, oT6Hpas HHTepBaJH, 3aKJiouaoowue B cebe a (0<<o<l),
TO COTJIaCHO TIOC/TefHell TeopeMe MOMHO HafiTH BCe HaHAYYUIME
npuGnuKeHus. Mpl HMeeM TPH 3TOM B BHIY, YTO NPH YBEJHUEHHH
HoMepa n HOBhle ¢apeeBn APoOH nmosiBasiorcs (TeopeMa 256) TonbKO
B KauecTBe MEAMAHT JBYX cocelHnx Apobeii. Ecau o He NpHHaLe-
KHUT HHTepBaJIy (0; 1), To BMeCTO & paccMaTpHBaeM o '={a}.

ObiTh HEe JaJblie OT &, 4eM Apobu H
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Mpumep. Hafitn Bce Hamnyumme npubmmkeHus K- Inl0=
= 2,302568... co sHameHaTessMu n << 30.

BoabMem &’ = {In 10} =0,30258. .., 0 < &’ < . O6a xoHua (1) ,
—;— M HX MeAHaHTa —;- €CTh HamIyullue npn6.nmxeﬂn;1 B @

1 1
O<a'<—3-. Menuanta 4 He ABJS€TCS HAUMYYWHM NPUCTHKEHHEM,

1
TaK KaK OHa Janblie OT &, 4eM 53 %< u'<% . Cnenyiomas Me-
2 P 1

AHaHTa = CnmKe K o, HeM o M %—, T. €. IBJASETCH HAHUMYUILIHM

2 1 2
NpHOJIKEHHEM; = < a'<-§-. MezmaHTa 3 Gnuxe K o, ueM =

1
H 3, T. e. TaKKe Haunydllee npnﬁnnmeﬂue; i6<°° <§. Meju-
4 3 ’ 4

aHTa 7z He FBJISETCS HAMNYYIIHM NPHOIHKEHHEM; < <73

7 ’ 3 4
Meapanra g3 OmMKe K @', UeM 5 M 1z, T. €. Hadaydilee npubau-
xeHue. Ilpono/mxas npouece, HaxoauM emle CleAyoLUiHe Hauaydmue
.10 13 23 ,
npubIHKeHUs K o': [ B TE" In10=2+4a’, Tak 4T0 HaUAyU-
WIUMH npuGmuxendusMu k 1n 10 co saHameHatensamu << 100 sBasiorcs

yucia:
9 5 7 16 23 58 76 9 175
* 30 7 100 93 33 43° 76

I'TABA 28

KBAJIPATHYECKHE HPPALIHOHAJIbHOCTH
U NEPHOANWYECKHE LEINHBIE APOBH

1. PA3JIOKEHHE KBAAPATHYECKUX HPPALHMOHAJILHOCTEHA
B LENHBIE APOBH

PauyonaspHble 4ucJa NPEACTaBASIOT coG0l KOPHH ypaBHeHHA
1-i1 crenenu Buaa ax-+b=0 c LeabMu KO3(pPHIHeHTaMH.

Bo MHoOXKecTBe HppanuOHAJNLHEX UYMcesd Haubojiee TIPOCTHIMU
SBISIOTCA Te UPPANUOHANBHOCTH, KOTOPHE HABISIOTCS KOPHAMHU
KBaJipaTHHIX YypaBHeHMil ¢ UeabiMH Ko3(pduuuedTaMy; TaKie yHcna
Mbl OyjeM HasHBaTb KBajpaTHYECKHMM HpPPAlHOHANBHOCTAMH,

Onpenenenne 71. Yucro o Hasveaemcs xsadpamuseckold uppa-
YUORAABHOCHIOI0, €CAU G~— UPPAYUORAABHLIL KODEHb HEKOmOopozo

Ypasrenus ,
ax?*+bx4-¢c=0 n

C Yeablmu Kosppuyuenmamu, He pasHLIMU OOHOBPEMEHHO nymo
Tlpn takoM a, oueBnaHO, Gyner a=s=0, c¢5=0. :
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Koapdunuentst a, b, ¢ ypasnenus (1), oueBUAHO, MOXKHO B3ATh
B3aHMHO NPOCTLIMH; B 5TOM Cjlyuae AUCKPUMHHAHT ITOTO YPaBHEHHS
D =b?—4qc GyleM Ha3nBaTb TaKXKe AUCKPHMHHAHTOM O,

—b+ V0P —dac  —b—Vbi—dac

Kopuu ypaBHenus (1) pasam on o4 o '

TaK YTO JIOGYIO KBAIPATHUECKYIO HPPALHOHANBHOCTD 0. MOXKHO Mpef-
CTaBHTL B BHJE aq=PtVD , rae P u Q ueane, a D (D > 1)—nenoe

Q
o , _P—~VD
HekBajpaTHoe 4ucjo. Bropoft kopeHb ypasHeHus (1) a =

6yzaeM Ha3biBaTh HpPPaALMOHANLHOCTBIO, COMPSIKEHHOH C a.

B onpenejeruy KBaJpaTHYECKOH MPPaUHOHAJbHOCTH O0COGEHHO
BaXHO oOpaTHThL BHHMAaHHE Ha TO, YTO peYyb HIET O KBaApaTHBIX
YPaBHEHUIX C LeJbMH Koappumuentamu. Jhoboe o sBjasercss KoOp-
HEM KBaJIpaTHOTO YpaBHeHHst UM Jaxe ypaBHeHHs 1-fi cremenm,
Hanpumep ypaBHeHHH x?—o?=0, x—a=0.

MMpumepn. a) ¥V 7—kBajpaTHuecKas HPpalHOHANLHOCTb, TaK
kak V 7 aBnsercs HppaUMOHAJbHBIM KODHEM ypaBHeHHS x2—7=0,

—V 5
6) a=LT——KBanpaanecxaﬂ HPPaNHOHAJIBHOCT, TaK Kak o

npencrasiser cofofi uppanMOHanbHHE KoOpeHh YypaBHeHHA 9x% —
~—6x~—~4=0. 3necb P=~—1, Q= —3, D=5.

B) 3/ 2 He sBNfeTcA KBaJApaTHYECKOH HPpPALHOHAJIBHOCTBIO,

HelicTBHTENLHO, KOPeHBb NI06OT0 KBAJPaTHOr¢ YpaBHEHHA C Ie-

P4+ VY
JIBIMH KO3(h¢ULHeHTAMH HMEET BUJ ——iE—D , tne P, Q, D—uencle

yucaa, npuuem D >1. Ecan 6n Mbl HMesdH 13/2=Ej%/—[—)-, 10,
BO3BOASA 3TO PaBEHCTBO B KYO6, MBI moayumiu 6w, uto J D — parmo-
HaJlbHOE YHCJO, a CJeJ0BaTeNbHO, PAllHOHAJBHBIM SBJISJIOCH GBI H
f/ 2, YTO NpPOTHBOPEUHT pe3yJbTaTy, NOJYUeHHOMY B IpHMepe Ha
crpaHuue 68.

B srofl raaBe Mbl 6yneM paccMaTpuUBaTh KBajpaTHUECKHe Hppa-
MHOHAJILHOCTH B CBA3H C H3YYEHWEM TaK Ha3HIBAEMBIX TEPHOLHUe-
CKHX LemHuX xpobefl.

Onpeaenenne 72, [lenmasa 0pobo ao—i-l/al-}—"uaz-i-... Ha3svi-
saemca nepuoduneckold, ecali nepuolu4eckoli seasemca nocaedosa-
MeAbHOCIL INEMERMO8 Gy, Gy, Uy, ... .

B uwacTHOCTH, ecylH NOCJeIOBATENbHOCTb 3JIEMEHTOB UHCTO IIePHO-
A¥uecKasi, TO u coome'rcmylomaﬂ HenHas ApoGb Ha3blBaeTCs YHCTO
[epHo AuUeCKOH.

Juuny mnepuoja mOCJEAOBATEJNBbHOCTH Q,, @y, @y, ... OyIeM

Ha3biBaTh TaKXkKe AJUHON nepHoOJa lenHoH ApobH ay- Y a1+-u ag+....
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Ecan B pasnoxeHu# o nocje SJHEMEHTOB Oy, ..., @,_, HacTyHaer
NepHOAMYECKOe TIOBTODEHHE 3JIEMEHTOB G, ..., Oy, 4_;, T. €. AJAHHA
nepuofia pasHa k(k>=1), To Gymem 3anncbma'rb © B BHJE:

azao—{--‘ja,—{-...-l—ﬂa_1+-:/as+...+ Gospat -

B YacTHOCTH, B CAy4Yae YHCTO IEPHOIHYECKOTO pasnomeﬂna, T. €.
npu s=0, B BUme

a=ao+ﬂa1+ “en +l/ak_l+ DY
L. i}
Teopema 260. llennas Opobe
a=ao+-ual+ﬂa2+ 2)

seasemes  nepuoludeckod ¢ Oaunoli nepuoda k mozda u moasvko
moz0a, K020a@ Npu HEKOMOPOM S UMeem MECMO pABEHCIME0 Henod-
HOLX 4ACHHOIX O, == L.

JokasaTeabrcTBoO.

o, =41_,+-Uas+1+ cee (3)
as+k‘='as+k+ ﬂas+k+1 + ... (4)

1) Ecan npaBas wacTb B (2) npefcrasasieT co60il nepHOLHYECK VIO
uenuyio fpobb ¢ AMMHON NMepuoja k, TO CYMIECTBYET Takoe S, uTo
NpH BCeX n==S a,,,=a, H, CleKOoBaTeJbHO, pasjoxenns (3)
H (4) @, OIVHAKOBbLI, T. €. Q,, =0

2) Ecmm og ,=a, rae k=1, TO corjacHo TeopeMe emuH-
CTBEHHOCTH UENHHX japobeil (Teopema 238), pasaoxenus (3) u (4)
ORMHAKOBEI, T. €. MDH BCEX N=5 d,,,=4a, ¥, CIEI0BATENLHO,
apo6u (2) mepuoamueckas c JJHHOH nepuozna k.

B uactHOCTH, UenHast Apo6b (2) 6ynder uucTo nepnonuqem{on
TOrJa M TOJABKO TOrja, Korja fpH HeKoTopoM kK (k= 1) .uMeeM:
Oy = Gy = 0L

PaccmaTpuBast BeJHUHHBI NEPHOAHUYECKHX HEMHBIX " ppoGeft, Mbl
noJiydaeM HEKOTOPYIO HacTb AeHCTBHTeNbHHIX unceq. OxasbmBaercs,
W 3TO Ha NepBhIfl B3rAfj Kamercs HeOXKHJAHHBIM, YTO MHOMKECTBO
TAKHX UHCEJ COBNajaeT C MHOMECTBOM KBajApaTHYECKHX Mppaulio-
HaJbHOCTEH.

TOT 3aMeyaTelbHbIi Pe3yiabTaT Gula noayueH sueppsie B 1770 1.
Jlarpanxewm.

Tor daxr, uro Benwuuna Moboll neprofyueckoil uenHoM Apobu
ABJNAETCA KBaJIpaTHUYeCKo#l HPPallBOHAABHOCTHIO, ROKAa3hIBALTCS COB-
ceM MmpocTo, H MH HauHeM HMeHHO C Toro. Dojee cloXHO JOKa-
SbIBA€TCA TO, YTO Jio6asi KBajpaTHueckasd HpPalllOHAIBHOCTL pasJna-
raercs B NEPHOJHUECKYIO HENHYIO JXpoOb; 3TOT (aKT H Ha3biBaIOT
o6biunio TeopeModi Jlarpanxa.

Teopema 261. Beauduna mobold nepuoduueckoli yennoli dpobu
npedcmasasem co60il Keadpamuuneckyro wppayUOHALLHOCTY.
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-JokasartennctBo. Ilycts a= a.,—ao—{-ﬂal—{—ﬂa.j—{-...
npejcrasaser cofofi nepHoaHuecKyio uenHyio apobb, T. e. cylue-

cTBYyIOT s ‘B k(k>==1) Takwe, uro a,,,=0a, CorjacHo Teopeme 235
H 3aMe4yaHHIo K Hel
o, _Ps 23— Qs g _ Porp a—0Qoup s

o =
aQ,_1—Ps 1" TS*E T aQuup_1— Psrra’
CJIeI0BaTeJIbHO, ’

Py s—0Qs s Ps+k_2_aQs+k_2. (5)
Qs 31— Ps_y aQs+k-1_Ps+k_1

Pasencreo (5) mocne npusenenus K ofmemy 3HaMeHaTeJio JaeT
KBaJIpaTHOE ypaBHeHHE C IEILIMH KO3(pUIHEHTaAMHU:

Ac2+4-Ba-+C=0,
rjpe A=QS_1Qs+k_2—QS_2Qs+k_1. B gactHoctH, mpu s§==0
A=Q_1Qk a—Q_2Q,_1=—Q,_, 70. JlokazaTenncTsBo TOro, 4rO

A==0 npu s=1 npoBOZMM OT NMPOTHBHOTO.
Ilpexxae Bcero OTMeTHM: M3 cooTHomeHHUs (6) rmaBel 24 cuenyer,
YTO B MOCJeNOBATENbHOCTH

) Q—1=0’ Q0=1 <Q1<Q2<--. (7)
Jio06bie JBa COceAHHX 3HaMeHaTeJasd B3aHMHO IMIPOCTHI. Ecau npej-

nojoxurb, uto A=0 npu HekotopoM s==1, TO Doz Qork-s
Qs b} Qs+k-1

. M3 paseHcTBa 3THX IBYX HECOKDPAaTHMBIX IpoGel caeiyer

Q.r+k -2 = Q.r—zv Q.r+k 1= Q.y-p

a 310 npomBopeqm TOMY, 4TO npu s==1, k=1 B nocnenoBatesn-
HoctH (7) mMmeroTcsi camoe GoJbuiee JiBa PaBHBIX 3HaMEHATeNs.

VlppanHoHalbHOCTh & CJEAYeT H3 TOrO, YTO PasfoKeHHe o B
uenHyio apobb GeCKOHEUHO.

pumenp. a—l+ﬂ2+”1+ﬂl+”§+ (1. e. paabiue
niepuoguyecku noprapsyorca sjaemedtn 1, 1, 3). Cocrarurs KBaj-
paTHOe ypaBHEHHe, KOPHEM Komporo ABJIsieTC Q, M HafiTh Besu-

YHUHY | L.
B pgauHom cayudae. §=2, k== 3 HaxofUM MNoAXojslue Apodu

P,
pilo) -Q—- BKJIIOUHTCHABHO:
4

1 2 | 1 1 3
P, 1 | 3| 4 7 25
Qn 1 2 | 3 5 18 ..
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IMpu s=2, k=3 pasencrBo (5) NpUHHMaeT BuA:

1—a _ 7—5a _ _1+VT1
m—m, 4a2_7a+2——0, &—--—T——.

Kopenb Oepercsi ¢ NONOXHTENbHEIM 3HAKOM, TaK Kak o > 1.
ITpu HaxoXIeHHH BeJHUYMHBI Q. HHCTO NEPHOAUYECKOH LEMHOM
JIpobu

aTao-{—l’al—}-...—l—ﬂak_l—l—l...

yJaoOHe#l Bcero mosb30BaThCf cooTHowleHHeM (8) 24-fi raaBH, npu
s=k—1, a,=a, T. e. popMyJoil

_ Pp_10- Pp_g
Qr_10F Qroa’

Qp-10?+(Qpg—Pr_ ) a—P,_,=0.

Ilpn BHuUHCTEeHHH BeNHYMHBI O CMelIaHHOH nepuoiHUYecKoi .Uen-
Hoil ppobu BHZA

a=a,+Ya;+ ... +ﬂas_1+—”|c_z,+ . +"a,+k_j+ cen

a
HJIu

ynoOHe# BCero HaHTH CHaYasla BEJHYHHY O HHCTO NEPHOLUYECKOH
uenHo#l Apobu

1 1
as=as+—/as+l+ . +“/as+k_1+ cey
i —J

Ps a5+ Ps_s
Qo105+ Qs
MMpumep. Halitn Beanunny nennoit npobu:

a=1414 Moy My gy

Haxomum cHavana P=az=4-..., rae 4-4... obosHauaer
[a— it

a NOTOM H3 COOTHOIIEHHUS O = HalTH o.

HenHyio Apo6b 4+3/4 -+ 2y -+ ... 3necb cpasy BUHO, 4TO =4 +—é~ ,

otkyna P:—4p—1=0, a;=Pp=2+V 5. Tonbsysice  Tabamueit
3HaveHH# P, w Q,, BHUYHCIAEM:

Qn 1 1 3 4 7
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ITo dopmyne (8) 24-i raaBH HaxoAuM:

g PPy _ 12(24+¥V5)+7 _138—V35
Quos+Q  7(2+V5)+4 9

IMpexnae uem nepeditu K TeopeMe Jlarpanxka, joKamkem cCleayio-
Y0 BCIIOMOTaTeJIbHYIO TeopeMy.
Teopema 262. Ecau xsadpamuteckas uppayloHaibHocms o nped-

cmasaena 8 e6ude a=ao+ﬂ a;+ ... +—” a,,_l—{-i/ a,, rjle BCce
Yeavle, mo o, MAKsce KeAOPAMUYECKAR UpPPAYUOHAILHOCTIL C MeM dice
OUCKPUMUHAHMOM, KAK Y Q.

HoxasarteabctBo. IlycTb o—KOopeHb KBajpaTHOro ypas-
Henuss Ao?+4 Ba+4C=0, rae A, B, C—uensle uncia. [Toxcrasass

1
o=@yt & noJjy4yaeM:

A(a+y) +B(a+2)+C=0,

HIIH
(Aa? 4 Ba,+C)at+(24a,+ B)a, + A =0,

T. €. @, NpeAcTaBisieT CoGOA KopeHb ypaBHenus A,a+- Bia, +C; =0
C uenbiMH Ko3h(dHUIHMeHTaMH, IHCKPHMHHAHT KOTODOTO paBeH

(2Aa,+- B)* —4 (Aa? + Ba,+C) A= B*—4AC,

npuueM C,=A 0.
3amensis B KBajpaTHoM ypaBueHuu A,a2+- Bia; +C=0 a, depes

a, +Tl.; , AHAJIOTHYHO MOJIy4aeM, UTO o, — KOPEeHb KBaJIpaTHOroO ypasb-

HeHHs C LeJbiMM Koapuumentamu A,a? 4 Byt +Co=0 ¢ Takum
e JIUCKPUMHHAHTOM, Kak'y o, H C.

IMponomxas TtakuM Xe o0pasoM janblie, NOJAYYHM, YTO @, —
KOpeHb KBaJpaTHOrO yPaBHEHHS C LeJbIMH KOXbGhHUIHEHTaMH C TAKHM
XKe JMCKPUMHHAHTOM, KaK Y @,_;, Oy 4, ..., Oy, O

Teopema 263 (Jlarpaux). Jlwbas xsadpamuteckas uppayuo-
HaAbHOCMb pa3aazaemcs 8 nepuodudeckyio yenuyo 0pobe.

HokasarteanctBo. [lycTh @ —KBajpaTHyecKas UppanmHoHa/b-
HOCThb, T. €. O - HppalHOHaJIbHOE UHCJO, MNpelcTaBngiomee coboi
KopeHb MuorowjeHa f(x)=Ax*+4 Bx+4 C c uensiMu Koapdunuen-

tramu. Iloacrasnsas B Aa?+ Ba+C=0 az%’i‘—lglzl_'t-g—":—? (Teo-
n-1n e
pema 235) u npuBoisi K oOLIeMYy 3HaMEHATEJIO0, MOJyyaeM: )
A (Pn—l a’n+Pn—2)2+ B (Pn—l an +Pn—2) (Qn—la’n + Qn—2)+
+C(Qn—1a'n+Qn—2)2='-‘0:

T. e. BbIpaXeHue BHUJAA
'Ana: + Bnan + Cn =0, (8)



rie A,=AP;_ +BPn-1Qn-1+CQ’ = Q2 f(fl'-*‘),

n-1 Qn-1
Bn=2APn-1 Pn—2+B(Pn4l Qn;2+Pn—2 Qn-1)+QCQ ~1 Qn—z,
— 2 2 . n—3
Ca= AP}y + BP 3 Quoy +CQiey = Qi f (5222)
— LeJble YHuCaa.
CornacHo mpejpifyliei TeopeMe AMCKPUMHHAHT YpaBHeHus (8)

B2 —4A,C,~ B*—4AC )

H, TakuM 06pasoM, He MeHSETCS NPH YBEJHYEHHH 7.

MokaxeM cHavana, 4to A, u C, NpH NOCTaTOYHO GOJBIUIOM n
HMEIOT IPOTHBONOJIOKHbIE Qnaxm a 3aTeM, NOJb3Yy ACh ToXK 1ecTBOM (9),
JOKaxeM, uTo BequunHn A,, B, u C,— orpaHuuessl.

P P
Q”" " Q"'“, KaK M3BECTHO (3aMeyaHHe K TeopeMe 234), Ha-
n—1 ne2

XOJSITCSt MO Pa3Hbie CTOPOHH OT o, NPHYEM NpPH AOCTATOUHO 6OJlb-
IIOM 7 CKOJb YrofHO MAajQ OTJHYATCH OT C.
f(a) =0, Ho NOCKOJBKY € — HPPaLMOHAJIbHOE UHCJAO, TO

F' (@) =2Aa+ B 0.

Takum o6pasoM, a—npocroft KopeHb ypasHeHus f(x)=0.

HsBecTHO, 4TO B JOCTATOYHO MaJIOH OKPECTHOCTH CJeBa M CIpaBa
OT [POCTOr0 KOPHA 3HAYeHHS HeNpephBHOH (YHKUIMH, B KaHHOM
cnyyae MHorowneHa f(x)= Ax2+4 Bx+C, UMEIOT pasHble 3HaKH,

T. e. A,=Q; l]‘(Q"'l) n C,,=Q:_,f(—(1;—n—”:—3> NpH  JOCTATOYHO

6OJIbLIOM 7 IIPOTHBONOIOMKHBI 110 3HAKY, IpHueM | (g 1) nf (_’Wr_-z)
n-~

u, cnepoBatensHo, A, u C, He PaBHH HYJo. @n-s

Takum oGpasom, npn JOCTaTOYHO GOJBIIOM 7 TPOM3BEJeHHe
A,C,<<0 u JHCKPUMHHAHT ypaBHeHHS (8) MOXHO HpeI[CTaBPITb
B Bnne CYMMHI IBYX HEOTpPHIlaTeNbHBIX ducen: B2 u (—4A,C,).

Hockoabky —4A,C, >0, B:=0, umeem:

0< B2 < B2—4A,C,=B*—4AC,
0<—44,C,<B3—4A,C,=B'—4AC,

T. e. pesqumuuHe B2 u —4A,C, orpanuuens. s orpanunyennoctu B2

clielyeT OTrpaHHYeHHOCTH lB | a mus orpammuennoctH —4A,C,,
nockoabky A, u C, He paBHbI HYJIO, CAeLyeT OT PAHNYEHHOCTD ]A |
u tC,|.
TakuM 06pasoM, CyWecTBYIOT Ape nocrosuubie L u M, takne,
YTO IPH BCEX 7 BBHINOJHSIOTCS HEPaBEHCTBA:

L<A, <M, L<B, <M, L<C,<M,
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a oTcioAa, nockoabky A,, B,, C, ueane, caelyer, uto Cpejiu ypas-
HeHu#t (8) npm OGe3rpaHMYHOM YBEJIHUEHHH N CyLIeCTBYeT TOJIbKO °
KOHEUHOe YHCJIO PasJMYHBX ypaBHeHHH. Kaxzaoe kBajpaTHoe ypas-
HeHHe HMeeT TOJBKO ABa KOPHS, NOSTOMY M CPeAM KOPHEH ypaBHe-
HHH (8) cymecTBYeT TOJbKO KOHEUHOe YHCJO DasJM4HbIX, a 3HAUMT,
M Cpeiy BeJHUYHH:

aza‘)v Agy Cgy owe (10)
HMeeTCs TOJbKO KOHeuHOe YHCJIO PasJUYHBIX.

Orciona, Bo BCAKOM chiydae, cregyeT, 4To cpei 4uces (10) Haii-
IyTcsi XOTa Obl JBa ONMHAKOBHIX, T. €. HafijeTcd a,, PaBHOE HEKO-
TOPOMY MOCJHELYIOWEMY O, ,. PaBeHCTBO a,,,=a, (Teopema 260)
O3HayaeT, YTO Pa3JIOKeHUE o B LENHYIO JApoOb NEpHOIHYECKoe, H,
TakUM 0o6pa3soM, TeopeMa JO0Ka3aHa.

Mbl yXKe paHblie HMeJNH NPHMEPbl NEPHOIHUYCCKHX DA3JIONKeHHH
KBaJipaTHYeCKUX MppalnoHajbHOCTel (cM. crp. 215—217). Teopema
JlarpaHmxa paer HaM Terepb YBeDEHHOCTb B TOM, YTO AJa JoGof
KBaJpaTHYeCKO! HMPPAIMOHAJBHOCTH MbI MOCJE HEKOTOPOro 4HCHa
IIaroB MOJIYYHM COBMNajeHUe [BYX HENOJHBIX YaCTHBHIX M, TaKHM
o6pa3oM, 'HailleM NEPHOJAUYECKYIO MOCJEJOBAaTEJNbHOCTb 3JEMEHTOB.

Mpumep. Paznoxuts B mennyio apobe o =l—+3L2§ .

Haxoanm mnocaegoBareninho: o =1 +'<:—1 , =% WV 23+ 2) =

1

3V23+13 1 3V23+13 1
a2=_lV-T-i'-—=13+a' as.:_v-_l_g_.t_:l—l—&—!'

a=YBE gyl o 3 WBry=3+L,

O,
23 1
aw=YBE gl 42 /By =3+,
4 . ——
a8=—'f%t—=2 +o.l,' a,=f'—9(1/23+2),,r. e ay=a.
Tlonyyaem:

1+;fz—3= 14V Vg V) Yo g Uy L Uz Yoy
- | |

2, YUCTO HEPHOAMYECKHE PA3NOXEHUA

IMockoJibKy MBI Temepb 3HaeM, 4TO /oGas KBajpaTuueCKas Hppa-
LIHMOHAJIBHOCTh Dasjaraercs B NEPHOAMYECKYIO HENHYIO Jpobb, ecre-
CTBEHHO BBISICHMTb, AJid KAKMX KBaJPaTHUECKHX HpPANHOHAILHOCTEH
TaKoe pasJioxeHue Gyger 4HMCTO NepuHonudeckuM. Clieayowas Teopema
Jaer MCYepNbIBalOWuil OTBET HAa STOT BOMNpOC.
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Teopema 264. Keadpamuueckas uppayUonarbHOCMb O ==~ + Vh

' éae P, Q u D (D>1) uyeavte, pasrazaemcs 6 wucmo nepuoauue-
ckylo yenuyo 0pobs moeda u moavko moeda, Ko2da a>l u conps-

P—V D
dCEHHAA  UppayuoHarerocms o' =——q — Aedum 6 unmepsane

(—1; 0).
HokasarenbctBo. 1) (Heobxonumocts ycnosus.) Iycrs a—

BeJIMYMHA YHCTO NEPHONMUYECKOH IlenHoN 1pobu, T. e. OPH HEKOTO-
poM k=1 a,=a. ad TakuX a HMeeM @,=a,=1, TaKk 91O

a=uo+ﬂa1+...>l.

U3 cooTHomenusn
Pr_10+4-P; 4
Qro10-+Qp s

(rme, B uactHoctH, npu k=1 P_;=1, Q_,=0) nonyuaem:
Qe-12*+ Qe —Pry)a—P,_,=0.
JIna MHorouJieHa
f)=Qpoy ¥+ (Quog—Pr_y) x— Py,

uMeeM (mpu 2>1 Teopemn 63" u 63" (crpannna 212), a npu k=1
HenoCpeCTBEHHOE BHIUHCJIIEHHE):

f(0)=—Pk—z<0 n f(—'1)=(Qk-1“Qk—2)+(Pk—1_’Pk 2)>0

Tak uTo B HHTepBaje (— 1; 0) Jmo/KeH JexaTb OJMH H3 KOpHefi
5TOro MHoroujeHa. ITocKoJbKy a>1 TO B 3TOM HHTEpBaJle JEXKHT

o =

He &, a Jpyro#i KopeHb, paBHbi a’, T. e. — 1 < a’<<0.
2) (Jocratounocts ycaosus.) Ilycers o =I—JLQQ >ln—l<a' =
P—VD

=—a <0

Bce mossbie yacTHble @, K o (corjacHo Teopeme 262)— kBajmpa-

THYHblE HPPAUHOHAJBHOCTH C TeM Xe QUCKPHMHHaHTOM D, Tak 4ro
P, D

npu mo6oM 71 HMeeM o —-——+Q—V— , roe P, n Q,—uense. Conps-

MeHHAs K o, HPPALHOHAJIBHOCTH O, T. €. 2-f KOpeHb ypaBHeHU  (8),

Gyzner HMeTb BHI o, f—%—— VD
n
JokaxeM, 4T0 nmpH BceX 7 =0 BHINOJHAIOTCA HEPaBEHCTBA

— 1<, <0. (11)

[Mpeanonoxum, 9TO HepaBeHCTBA (11) BEPHBl NPH HEKOTOPOM:

n(n=0). ,ZIJm CONpSi*KeHHbIX BEJMYMH a, H @, M3 COOTHOIICHHS

1
a,,———a,,-f-a—n: NoJy4aeM: @, =a, + ——, Op41 =

; MOCKOJb-
%t ’

o, —a,
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Ky a,=1 u cornacHo npeanosoxenurw — 1 <o, <0, 10 H3 10
cllelHero paBeHCTBA Haxoaum, uro — 1 <a,, K <<O.
o, =a’, Tak uyro HepaBeHcTsa (11) npu n==0 BepHbl MO yCJIOBHIO,

a Torja, Kak MH TOJIBKO UTO JOKa3aJd, OHM BEDHB M npu n=1.
Taxum o6pasoMm, HepaBeHcTBa (11) BepHH npu n=0 H n=1, a u3
COpPABEJJIHBOCTH MX JIJA 1N CJefyeT COPaBeJVIUBOCTL H 1jad n-1.
CorstacHo npunHnuny wuuayknuu (teopema III) HepaBencrsa BepHLI
npu Bcex n(nz=0).

Cornacio TeopeMe JlarpaH:ka cymecTBylOT S U k, Takue, 4TO
Ogyp =0 H, CIEJOBATENBHO, MJIsl CONPSKEHHBIX UPPANHOHATILHOCTEH

o, ,=o. Ilepexona COIIpH)KeHHblM MpPaLHOHAJBHOCTSIM, U3 COOT-

HOLUEHHA O, _y=a,_1-+ a— NTOJIYYHM:
s

, 1, 1 .

OLS__1=aS_1—§— ;;’ —'__a;:as—l'{—(_a’s—l)
. 1

'H NOCKOAbKY 0 <<—a.  <1Il, TO g, = [———,] .

e

1

AHaJIOTHYHO M3 COOTHOWEHHS O, , | =4 4-1+—— NOJNYYHM
1 O
as+k_1=[— ; ], H TOCKOJbKY, Kak OblJIO OTMEYEHO Bhiile,
, , s pp
oL, =0, TO Qg p y=0_;.
. , 1 ,
U3 paseHcTBa mpaBHIX HacTelt B o | ==d,_; +7¢—, oo, =
S

=gyt nojydaeM o, ,  =Q._, & TOTHA M O p.;=

s+k
=01 Mul JOoKa3saJM, 4YTO B YCJOBHSX TEOPEMbl H3 paBeHCTBA

O, p =0 CJeAYeT PABEHCTBO O, 3= C_y, HO TOJA U3 NOCJIEAHETO
PaBEHCTBA IONyYaeM O, ,_o==0;_, 4 T. A., NOKa He JnoigeM RO
QR =0y =0, TaK YTO pasJioKeHHe & B UENHYIO APOOb YHCTO NEepHO-
IUYeCKoe.

[Tpumepn. 1) a= 1+3—V13 passaraercl B YHCTO NepuOAMYe-
' — V13
CKYIO LIeNHYI Apolb, TaK Kak a>1, a a' = _l___gK_g JIEXKHT MEXKAY

— 1 u 0. [eficTBuTEIbHO, B pasyoKeHUH @ C CAMOr0 HayaJja no-
BTOpAIOTCH sneMentnl 1, 1, 1, 6, 1, Tak uro

a=1+ﬂ1+ﬂ1+ﬂ6+ﬂ1'+...
|

2) Ej'—‘/i pasnaraercsi B CMEINAHHYIO MNEPHOAHYECKYIO IIEHHle

v

v 2—
JApo6b, TaK KaK CONpPSMKEHHOe 4HCio —fp—— — Goabliie HyJs.
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Teopema 265. ITycmo D —nexsadpamnoe Hucro, Q—yeaoe,

D > Q%> 0; moeda pasaovcerue YD 6 yennyo Opobo umeem 6ud:

Q
—‘/Q§=a0 +—‘/la1+... +1’a,,_1+ﬂ2a0‘+...

Yy D
HoxasarenncTBo. Ecau D =>Q2, 10 umcio a=a0+——a—.
D
rie a,= [l%—], GyleT MMETb YHCTO NEPHOLHUECKOe DPasJ/oXKEHHE

. D
B UenHywo npobs. HeiicTButenbHo, o >1 na’ =a0——‘—/—Q— 3aKJIOYEeHO

B uHTepBaje {(— 1; 0); [a0+ VQD] =2a,, Tak yro (Teopema 264)

ao+£(22=2ao+'u a+... +.1./ak_1+1./ 2ao‘i""/al""" ,

rae nocyenoBaTteJbHO IIOBTOPAIOTCA 3JIEMEHTHI 2(10, Ayy eooy Qp_1»
H TOorJha

T—ao"{_ﬂal"{‘ DR +1/ak_1+_1/2a0+ cee
L l

Ilpumepnl.
1) V7u2+ﬂ\1+1’1+ﬂ1+ﬂ4‘+... (3nech @, =2.)

2) VS‘3=7+U3+1’1+1/1+1/3+U14|+... (31ech a,=17.)
3) V11

1+ﬂ9+ﬂ 2+... (Brech ay=1.)

Hcmopunecxkue xommenmapuu x 28-it 2aa8e

1. Benuxkuf ¢pannysckuii matemaruk )Kose Jlym Jlarpanxk po-
aunca B 1736 r. B Typune. Hekoropoe Bpemsi oy paboran B Bep-
aunckoll Aragemmn Hayk. C 1772 r.—unen IMapmkckoit AkajeMuH
Hayk. Ilocnennue ropst cBoelt xKu3Hu — npogeccop TlonuTexHHYecKok
wroasl B Ilapmke.

Tpyzn Jlarpanxka nmo MaTeMaTHYeCKOMY AaHaJH3y, MeXaHMKe H
TEOpHH YHceJ HMeIOT (yHIAMEHTaJbHOe 3HaYeHMe AJd pasBUTHA
STHX RHMCLLUTIIUH, J'Iarpamx——onm{ u3 cosjateneft puddepeHuuaib-
HOI'O HCUHCJEHHSI, KJAcCHUeCKOH TeopuHM AuddepeHUMANbHBIX YypaB-
HeHHH H _BapHALMONHOTO HCUHC/EHUS. B ceoeft ,Ananaurnuecko#t
MeXaHHKE“ OH MOKa3aJ BO3MOXHOCTb [OCTPOECHHS MEXaHHKH Ha 6a3e
MaTeMaTHUECKOro aHaJlHaa.
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B Teopuu umcen Jlarpanxk Jajn OCHOBHbE pe3yJbTaThl B TEOPHH
6GecKOHEUHBIX LeMHbIX Apobeit H NOKas3aJ HMX NPHJIONKEHHS K PELIeHHIO
HeoNpeJeNieHHbIX ypaBHeHufi. Jlarpanxk JHOKasan TeopeMy O mpen-
CTaBJEHHH 4YHCeN B BHJE CYMMEl YeThIPeX KBaApaToOB H IOJIOXKHJ]
HayaJo H3YyueHHI0O OHHApHBIX KBaJpaTHYHbIX ¢OopM o6llero BHja
(cM. 3l-i0 u 32-10 raaBhl).

2. JlokasarenbcTBO TeopeMbl 264 Geiio omyG6uamkoBano . anya
B 1828 r. l'anya nokasan Takxe, uTO B CJAyYae YHCTO IEepPHOLHUE-
CKOTO PasjioKeHHs CONpPSIKEHHAd KBaJpaTHuecKas MppanHoHaJbHOCTD
HMeeT T€ € 3JEMEHTH, HO pacloOJIOXKeHHble B O0pAaTHOM IMOPSIJKe.

FrJ1ABA 29
AJNTEBPAUYECKHE YHUCJA

1. NOJIE AJITEBPAMYECKUX YUCEJI

PauunonajbHple 4YHcJa M KBaJpaTHUECKHE HPPAlMOHAJBHOCTH
NpeJCcTaBAsIOT cO00H KOPHH MHOrO4NeHOB 1-fi u 2-# cTemeHHu ¢ ue-
npiMH  Kosth¢uuuentamMu. B stofi rnaese Mel 6yleM paccMaTpHUBaTh
KODHH MHOTOWIEHOB C LeJBIMH KosdduuueHTamMu JIOOOH CTeneHu.

OnpenencuHne 73. Komnaexcuoe uru OelicmeuménbHoe 4ucio o
Ha3blBaemcsa  AA2ebpauUecKUM HUCAOM, eCAU OHO ABAAEMCH KOPHEM
HEKOMOPO20 MHOZ0UAEHA C UebiMU KO3gguyueHmamu, HepasHoiMu
00HOBpEMEHHO HYMO.

Ecin a—xopeds MHOrOusNeHa [(x)=ax"-+a,;x""'+...+a,
CTENEHH 1 C LeJbIMH KoahguinueHTaMu, T. €. ecnu f(x)=0, TO o
SIBAISIETCA KOpPHEM MHOTOUYJieHa

a - a
D e B A T
) o

€ paunHOHaJLHEIMH KO3(duunenTaMu. OueBHIHO, YTO KOpeHb JoGoro
MHOrOuWJIeHa C palHOHAJbHLIME KO3(h¢HIMEeHTaMH, HEPABHHIMH OIHO-
BPEMeHHO HYJIO, sIBASETCH KOPHEM HEeKOTOPOro ypaBHEHHUS C LEJIBIMU
kospdunnenramu. IloaToMy BMecTo omnpejpeneHHs 73 MOXKHO JaTh
JApyroe, 3KBHBaJNEHTHOe,

Onpenenenne 73°. KomnaexcHoe uau Oedicmeumelvroe Hucio o
Hazbleaemcesn  aar2ebpauteckum HUCAOM, €CAU OHO ABAACMICS KOPHEM
HEKOMOPO2D MHO204NeHD

F(X)=bgx"+b,x""14...+b,
C PAYUOHAAbHbIMU KOSpuyueHmamu,

B s310it rnaBe MBI 6yjeM pacCMaTPHUBAThL TOJbLKO JeHCTBHTE/bHEIE
ajnre6panyeckHe 4YHCJIa, HE OroBapuBas 3Toro Kaxjwifl pas. M3
f(x)=0 caenyer f(a)¢(a)=0, rae B KauectBe Y {(x) MOXKHO B3ATb
IPOM3BOJILHEIAL MHOTOW/IEH ¢ neJbIMH Koaddunnentamu. Takum obpa-
30M, AJs JI060T0 anre6panyecKoro 4Hcja o cymecTByeT 6eCKOHEUHOe
MHOXeCTBO MHOFO4JIEHOBC pallMOHAJBHBIMH KO3bPHIHEHTaAMH, KOPH IMH
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KOTOPHX fBJIfeTCA O H3 BCEX STHX MHOTOUJEHOB OOLIYHO pac-
CMAaTpPUBAIOT MHOTOWJEH HaWMeHbIleH cTemeHu.

Onpenenenne 74. Yucro n Hasvieaemca cmenensio arzebpaudec-
K020 4UCAQ O, eCAU O eCmb KODEHb HEKOMmOpo2o MHO204AEHA n-1i cme-
NeHU ¢ PAYUOHAILHIMU KOSPOuUYyLERMamMy © He cyujecmseyem modic-
JecmeeHHO HEepagro20 HYMO MHO204AEHA C PAYUOHAAbHROIMU KO3pDU-
yUueHmamy cmenexu, MmeHoulel Hem N, KOPHEM KOMOPO20 ABAANOCH
66t uucao .

Ecan Kopenb MHOrouwjieHa n-# CTemeHH C LEJLIMH PalMOHAJb-
HEIMH KO3(dhunueHTaMH o He siBJAsieTcs] KOPHEM HH ORHOTO TOXKIE-
CTBEHHO HEPABHOTO HYJIQ MHOTOWJIEHA C LeAbMH KO3phHIHEHTaMH
CTENEeHH, MEHbIIEdl ueM 7, TO o He MOXKeT OHTb KOpDHEM M TOXKAe-
CTBEHHO HEpPaBHOTO HYJIQ MHOTOYJEHa C PalHOHAJbHBEIMH KO3GhdH-
UHEHTaMH CTeleH¥, MeHbIleH ueM 7, T. e. o— aarebpanuecKoe uucio
CTENeHu A.

PannonanbHble uncia siBAAIOTCS adareGpanyeckuMu uucaamu 1-#
creneny. Jlio6as KBappaTudecKas HPPanHOHAJbHOCTL HPEACTABIACT
coboil anreGpanuecKkoe 4HCJO 2-¥ CTENEeHH, TaK KaK, ABJIAICh KOPHEM
KBaJAPATHOTO YPaBHEHUS C LEeJbBIMH Ko3(pdHLMeHTaMH, OHa He fB-
JeTCH KODHeM Kakoro-ju60o ypaBHeHUs l-B CTENEHH C IIeJBIMH
roapbunrentaMu. AjreGpanueckye udcaa 3-# cTemeHH 4acTo HasHl-
BAlOT KyOHYeCKHMH HPPAaUMOHAJbHOCTAMH, a adrebpavdyeckye d4ucJa
4-%i cTeneHu — GMKBaJAPATHUECKUMH ¥ PPALYOHAJBHOCT IMH.

IIpumep. 13/2——a.11re6pauqec1<oe yucgao 3-# cTeneHu, T. €. Ky-
6yyeckas HPPaLHOHAJbHOCTD. [efCTBUTENBHO, 5TO YUCJIO eCTh KOPEHD
MHOTOWJeHa 3-H cremeHH x®—2 ¢ mesbIMH KO3(HuMEHTAMM H,
KaK GHI0 OTMEueHO B MpHMepe Ha cTpanuue 249, /2 He sBasercs
KODHEM KaKOro-jiubo MHOTouJeHa 1-f WM 2-§ crenmeHM € [eJBIMH
KO3¢bHLHEeHTaMH .

Onpenenenue 75. Ecau aacebpauueckoe 4ucao n-il cmenedu o
ABAACMCA KOPHEM MHO204.1eH(

f(X)=x"+bx""14...4+0b, (n=1) H

€ payuorasbroimu Koagppuyuenmamu, mo f(x) Haswsaemces Mmuru-
MANLROIM MHO20YAEHOM OAfL O

Takum 06pasoM, MMHHMAJbHbBIM MHOTOUJICHOM HJ5 o HA3bIBAETCS
MHOTOYJIEH HaHMeHbllell CTeMeHH C palMOHAJbHBIMH KO3(huIueH-
. TaMH H cTapwuM KoagdunyueHTOM, PaBHBIM eQMHHLEC, KOpHEM KOTO-
pOTO ABJSIETCA O

Eciau Bmecto MHorousena (1) B3fiTb KakoH-au60 Apyroii MHOro-
YJIeH ¢ PaliuOHaJbHBIMH KO3thdHIMEeHTaMM CTENEeHH fi, KOpHeM KO-
TOPOro ABJseTCH o, TO MHOroWwieH (1) mMoxer OHITh NOJYYEH H3 HETO
JeJeHueM BceX KoO3(p¢HLHEHTOB Ha KO3(p(dHUHEHT CTapUIero ujeHa.

[IpumMep. MHHHMATLHLIM MHOrOWJIeHOM aas 3 2  siBAfeTCS

x3—2, TaK KaK KOpeHb 3TOro MHOTOYJICHA ,3/ 2— He ABJAeTCA KOPHEM
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‘KaKoro-tu6o MHOrouseHa MeHbuICH CTeNeHH C PalHOHAJILHBIMH KO3~
dbunneHTaMu. ‘

Teopema 266. Ecau | (x)—munumaronoii mrozousen 0aa arzebpau-
seckozo uucaa o u F(x)—mnoeounren ¢ payuonareroimu Kkosgpu-
yuenmamu, maxod, umo F(a)==0, mo [(x)—desumesrv F(x),
m. e. F(x)=[(x)g(x), 20e g(x) maxace MmHO204AeH C pAYUOHAAL-
HbIMU KOdppuyuermanu.

IlokasateabctBo. CorJacHO M3BecTHOH TeopeMe anrebpnl
F (x) MOXHO NpeiCTaBMTL B BHJE

Fx)=F(x)gx)+rx),

rie g(x) ¥ r(x)—MHOTOWIEHH C palMOHAJBHEIMH KOadHIMeHTamH,
fIpudYeM CcTeneHb r (X) MeHblie cTeneHu [ (x).

ITockoabky F(a)=0 u f(a)=0, To, npunasasg x 3HayeHHe o,
noayuaeM r (o) =0; o — KOpeHb MHOrO4YJIeHa r (X¥) ¢ pauMOHAJbHBIMH
KO3(pHUYEHTaMH CTeneHd, MeHbUIeHd, yeM Y MMHHMMAJBHOTO LI O
MHOTOUYJIeHA, T. €. MeHbliel, ueM CTerneHb ¢, JT0 MOXKET OHTb TOJBKO,
ecay 7 (x) TOXKAECTBEHHO PaBHO HYJIO, a, 3HauuT, F (x)=f (x) g (x).

Jlns JaHHOro o CyIIeCTBYeT €IMHCTBEHHBIH MHHHMMaJbHbIH MHO-
rouJsieH. JlelicTBUTENIbHO, YacTHOE OT JeJleHMst APYr Ha Apyra ABYX
MHHUMAJIbHEIX MHOTOUYJIEHOB pJs @ JOIKHO OBITh palHOHAJIbLHBIM
U}CJIOM, PABHBIM €AMHHUIIE, YTO 03HAYAET TOXKACCTBEHHOE HX PABEHCTEO.

Teopema 267. [an awbo20 arzcebpauyeckozo 4uUCiq . MUHUMAAL-
HbU MHO204ACH Henpueooum HA0 NoAeM DPAYUOHAALHLIX HUCEA.

HoxasarteancTtBo. Ilycrb [(x)—MHHHMAJbHBIH MHOTOYJeH
nas a. Ilpennonoxum, uro f (x) NpHBOZUM HajJ NOJEM panvOHaJbHEIX
uyces, T. €. uTo f(x)=o (x) P (x), rae o (x) u P (x) —MHOTOUJIEHE
C panMOHaJbHBIMM KO3(hhUIHMEeHTaMM CTEleHHW, MEHbIlUel, ueM n,

W3 paBercrBa o (o) P (o) = f (o) =0 caenyer, 4T0 U3 ABYX YHCEJT:
o (o) ¥ P (x), o KpaiiHeii Mepe opHO paBHO HyJo. IlycTe, Hanpu-
Mep, o (a)=0, Torja o —KOpeHb TOXKAECTBEHHO HEPaBHOLO HYJIO
MHOTO4YJIEHa ® (X) € pauMOHaJbHBHIMH KO3((HIMEHTAMH CTeleHH,
MeHble#, deM y f(x), 2 370 NPOTUBOPEUHT TOMY, UTO [ (X)—Mu-
HuUMaJIbHBIH MHOTOUJIeH A4 a. IlpeanosnoxeHue, uto MHOrowiIeH f (x)
NPUBOZMM Haj TOJEM paLHOHAJBbHHIX UHCeJ, 0Ka3aJoCh HEBEpHBHIM,
T. €. f(X) HenmpHBOAUM HaJ 5TUM MOJEM.

Teopema 268. Ecau o—Kopenb HenpusoOumozo Had noasem pa-
YUOHAAbHbX HuCes MHoz2odsera F (x) ¢ payuonarchoimu Kospgpuyu-
eHmaMu cmenexu n, mo o— aazebpaudeckoe YUcA0 Cmenesu n.

JoxasareanctTBo. OO603HAUHM MUHHMAJBLHBIE MHOTIOUYJEH
115 o deped f(x). Cornacuo Teopeme 266 F (x)=/f(x)g(x); rae
g (x) —MHOrOuJIeH ¢ palHOHAJLHBIMH Koapunventamu, IT0CKOMBKY
F (x) HenpuBOOMM Haj TOJeM pallHOHAJBLHBIX UuCeJ H f (x) OTJIHYHO
OT NOCTOSIHHOro, TO g(x)=¢, TAe ¢ pauyoHaJbHO, F (x)=cf(x),
T. €. CTeneHb f(x) paBHa n H, CNefOBaTeJbHO, o — ajreGpanyeckoe
yHcao n-fi creneny, ,
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Mpumep. Ilycts p—mupocroe uucio. {’/a npu JoGOM 1eJIOM @
(a>>1), He paBHOM p-H CTelmeHH JAPYroro UEJOro, MpecTaBJseT
coBofi anre6panyeckoe UHCIO creneHu p. JleHCTBUTENBHO, 3TO YHCJIO
€CThb KOpeHb HEeNPHBOAHUMOroO Haj TOJIEM PalHOHAJbHBIX 4Mces JBY-
uJleHHOro ypaBHeHHst x¥ —a=0.

Ecan o — anre6pandeckoe 4HCJIO CTeNEHH N U [ (x) — MHHHMAJb-
Hbll MHOTOUWJIEH AJf O, TO BCe KOPHH &, @y, ..., O, YPaBHEHHS
f(x)==0, otyuuHBle OT 0!, HA3HBAIOTCA CONPSIKEHHBEIMH C O.

OpmuH M3 KOpHEH @y, Oy, ..., O,, MBl OyJeM CTaBUTb €ro Ha
[IepBOE MeCTo, COBNAZAET C &, TAK YTO O ==0;.

Teopema 269. Cymma, pasHocme, npoussederie U 4acmuoe 08yx
arzebpauveckux quces o u P (0an wacmroeo npu P=£0) asasromea
Qn2ebpausecKumu 4UcAAMmU .

Hoxkasateabcrtro. 1) IlycTs o-—KopeHb MHOrousmeHa f(x)
CTENEHH 7 C UeNbIMU KO3(hPHLIMEHTaAMU, KOPHH KOTOPOTO: &y, Qg .00y Oy,
a B-—kxopeHb MHOrouwseHa 1 (X) CTelleHH m C UeJBIMH KO3(duuy-
€HTaMH, KOPHH Koroporo: By, PBa, ..., Bs(B=P;). Paccmorpum
MHOTOYJIEH;

=(x—o;—B) (x—a,—By)...(x—o;—Ba),

(x—oy—PBy) (x—0y—B,). . ~(x"°‘2 ﬁm)i

« & e < 5 e 8 & o s s e .

(r—a,—By) (x—0,—By). . . (x—a —ﬁm) @)

Eciu B aTOM NPOH3BEJEHHH CHEJaTh KAaKylo YrOZHO NOACTAHOBKY
BCJIHYHH Oy, Gy, + » « , &y, TO HEKOTOPEIC CTPOKH NIEPECTABATCA MECTAMH,
HO DPOM3BejeHHe B eJOM OCTaHeTCsl HeM3MeHHEIM. JTO 3HAUHT, UTO
F (x) — cummerpuyecKkuil MHOIOUYJIEH 110 OTHOIUCHHUIO K Cly, Olgy o4 vy Oy
TouHo Tak ke mOACTaHOBKa penuunH By, B, ..., P, Oyner meHarb
TOJBKO NOPSAOK CTOJNOLOB B NpaBodi uacty Belpaxenus (2), Tak
uyro F (x) — cUMMeTpUYeCKHI MHOT'OYJICH IO OTHOWEHHIO K By, By, ...
eevs By B mesom F (x)—cHMMETpHYECKHH MHOrOWJeH OT JABYX
CHCTEM apTyMEHTOB: O, Oy, ..., 0%, ¥ Py, By, ..., Bpa-

Cory1acHO H3BECTHBIM TeOpeMaM O CHMMETPHUYeCKHX MHOl'OWJeHax
(teopemul XV u XVI) kospduunentsl MHorouJeHa F (x) MOryT GHTb
BbIpaxeHHB pAIMOHAJbHO Yepe3 3JeMEHTapHbHE CHMMETPHYECKHe
GOYHKIHM OT oy, Oy, ..., 0%, H By, By, ..., P, T. €. uepes neswe
KoaphuuuenTn f(x) u 1p(x) 310 3Ha4uT, 4TO KoapunyeHTH F (x)
PaNHOHAJBHE, U, CIeLOBaTeIbHO, YHCJIO -+ Pf=a, --B,, ABJIAIOMESCH,
KaK 3TO HENOCPeACTBEHHO BHIHO M3 ¢dopmyJnl (2), KOpHeM F (x),
eCTh aJre6panyeckoe YHCJO.

2) Ons pokasaTenibCTBA TOTO, YTO NPOH3BEACHHE JBYX anre6pan—
YecKHX uyces o u f ects anare6pamdeckoe 4McJO0, JOCTaTOYHO, aHa-
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JIOTHYHO TOMY, KaK 3T0 OblJIO TOJIBKO UTO CACJIAHO AJa MHOroujeH (2),
paccMoTpeTh MHOTOWJIEH

Fo= 1 1 (r—af). ©

DToT MHOrOWIEH C leJbMH KodhdHLIHEHTaMH MMeeT B KauecTBe
OJHOTO M3 CBOMX Kopmdil o,f, =oap.

3) Ilycre p— KopeHb MHOTOUJIEHA P (X) = box" 4+ b x" " 14 ... 4-b,,,
(b;—uensle yucna), Toria—f ABJAAETCS KOPHEM MHOTOWIEHA C Ile-
JbIMH KoabpuuyenTamu P (—x) = (—1)" box" 4+ (—1)*"1,2" "1 . ..

1
«..+b,, a npum P=£0 + —xKopeHb MHOrouJeHa x™ <7C— =b, 4
+b,x4 ...+ b,x". Takum obpasom, BMecTe ¢ P anreGpanyecKUMH
1
qHC/IAMU ABJAIOTC — P U = .

Pasnocts oo—pB moxer ObITh npejacTasjeHa B Buue o-+(—p),
T. €. B BHAE CyMMBbl ABYX ajre6panyecKux guces, a MOTOMY TaKiKe

npexcraBgasier coboit aare6panueckoe uucao. IIpu P=40 uyacrhoe
a

—ﬁ—=oc-%, SBJIASICH INPOM3BEJEHHEM JIBYX anre6panyecKHX YHees,
npejcrapgser coboli Takxe ajre6panyeckoe YUCIO.

Eciau creneruM anreGpauuyecKMX uycesl & H P paBHH m H A, TO,
B3fB B KauecTBe f(x) ¥ Y (X) COOTBETCTBYIOImHE MHUHHUMAJIbHbIE MHO-
rouJeHsl, 6yjmeM B (2) u (3) HMMeTb MHOTOUWJIEHH! CTENEHH mn, H,
TakuM 06pa3oM, HeroCPeACTEEHHO BHIHO, YTO o +- f u af — aareGpau-
YeCKHe UMCHa CTelneHH, He OoJbuieil yem mn. MHorounenst ¢ (x),

1 . .
P(—x) 1 x"P (7> OJIHHAKOBOW CTeNeHU, a CJeHOBATEJBHO, B, —P

1 o
H — — ajrebfpaMyecKue uucJa OJHOH W TOH XKe CTeHeHH, OTKyJa

p

a
CIeAyeT, uT0 M a—f W - HMEIOT CTeleHH, He OoJblle ueM mh.

NMpumepu. 1) V2 u V' 3— anre6panueckue uncsa 2-if creneny,
a V2—}—V3——a.11re6pauqecxoe uyycso ‘4-H CcTeneHu.

IefictBuTteasHo, ecm a=V2-+V3, 10 a?=5+2V6, at —
— 10a24-1=0, T. e. a —KOpeHb MHorouseHa [ (x)=x*—10x2-4-1
¢ HueJHMH Ko3ahduuuenramu,

) =G—V2—V3) (x—V2+V3) (x+V2—V3) (x+V2+V3). ()

Hs teopeMbl €JUHCTBEHHOCTH pasJIOXKEHHS MHOrOYJIEHA Ha He-
[PUBOJHMEIE MHOXHTEJNH CJACAYeT, YTO JoOble HeMpPHBOAMMEIE HAJ
noJieM palMOHAJIbHEIX YHCEJ MHOXKHTENH f(X) AONKHEI SIBJSITHCS
npousBefieHUEeM KaKMX-TO MHOXHUTeJeH NpaBofl yacTd paBeHCTBa (4).
Jlerko BuIeTh, YTO U3 STHX MHOXKMTeJell HeJb3s COCTaBUTh MHOIO-
4eH C palMOHAJILHBIMM KO3phulIMeHTaMU CTeneHH, MeHblued ueM 4,
T. . f(X) —HenpUBOZMMEIA HaJ MOJEM PalHOHAJbHBIX UMCeJ MHOro-

e, a, CJIeJ0BaTeIbHO, COTIAcHo TeopeMe 268, ' 2 4+ 1/ 3 — anrebpa-
HUeCKOe YHCJO 4-# cTeneHH.
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2) oc-{/.'? Hp= 13/12, KaK Jerko BHJETb, — ajreGpaHyeckue
uucsa 6-% cremeHu, a NpoH3BefeHHE aﬁ=f/ 6 — anreGpanueckoe
upcao 3-% cremeHw.

Teopemy 269 MoXHO Aath Takke B Apyroft dopme.

Teopema 269°. Mnroocecmso ecex Oelicmeumenvnbix aszebpau-
uecKux wucea npedcmasasem coboii noae.

2. PATHOHAJIDHBIE NPUBJANKEHHUA AJTEBPAHYECKHUX UUCEN

Aure6payyeckye uHcsia He MOTYT HMETb CJAMIIKOM XOPOLIHX
pauMoHaJbHBIX NPHOIMXKEHHHA: MOrpellHOCTb NPH 3aMeHe ajareGpau-
YEeCKOFO uMCJa PaluoHaJbHOR Jpo6bio He MOXKeT ObITh JOCTATOYHO
MaJia 1o MOpsAAKY B CpaBHEHHH C BeJM4HHOH, oOpaTHOH 3HaMeHaTe 0
panHoHadbHON Apo6u. C OTHENbHBIMM YacTHBIMH CJAy4YasiMH, HaTaJ-
KHBaIOUWUMI HAac Ha MBICJb 06 5TOM, Mbl yiKe BCTpPeyaJuch paHblie.

HefictButeasHo, B 6-if raaBe (reopeMa 70) 6BlI0 MOKa3aHO, YTO
JJIs pauMoOHaJIbHOro o, T. €. aareOpawueckoro uucaa 1-ii cremeHu,
CyHIeCTBYeT MOCTOSTHHAS ¢ >> 0, Takas, 4To IJ1s1 Jio60# palnHoHaJabHO#

ApobH —g-, OTJIMYHOII OT o, GYIeT BHIMOJHSTHCA HepaBeHCTBO
a 4
|a=5[=%-
B 25-fi raaBe (ctp. 235) OblIO NMOKa3aHO, 4TO IJIs
a=14+Y14+V14 ..,

npeAcTaBJARIIero coboll aareGpanueckoe 4ucio 2-f cTeneHu, MOKHO
nogo6pats ¢ >0, Takoe, yto Ajs JM06OH panyoHaJdpHOR Apo6u 6yaeT
HMETb MECTO HePaBeHCTBO

|a—5|=5- (5)

MoxHO j0Ka3aTh, uTO HepaBeHCTBO (5) HPH COOTBETCTBYIOUIEM
¢=c(a) UMeeT MeCTO JJisfl BCeX KBaJpaTHYHHIX HppalHOHAJbHOCTEH.
OkaspiBaeTcs, 4TO HMeeT MecTo ofmas TeopeMa, AoKa3aHHas BIEpBble
B 1844 r. ¢panuny3sckuM MaTeMaTHKOM JInyBHJJIEM.

Teopema 270 (JIuyBuaan). [aa moboco Oedicmsumensrozo ai-
2eBpauteckozo 4UCAQ O. CMeneRu n ModxcHo nodobpams noA0KCUMEND-
HOe ¢, 3a8UCAwiee MOAbKO OM O, MAKOe, YMO 048 6CeX PAYUOHRANBHOIX

qucea —g (—; #a) Oydem umemb MeCmoO HepaseHcmso
i{
|a—%|=5- ®)

Ipu n=1 Teopema Gbina JokasaHa B 6-# riase. 3jech MBI pac-
CMOTPUM cpasy ofmuii cayuai, BKJIOUAIOIMHA H caydYali panuosalb-
HOr'O Q. ' '
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JdokasatensvcTtBo.llyerb f (%)= A"+ A" 1+ ... +4,—
HeNnpHBOJUMEIH MHOTOWJIEH ¢ LeJIbIMH Ko3hdHuHeHTAMH, KOpPHEM
KoToporo sBJsiercsd «. B Kauecrse f(x) MOXHO, HampHmep, B3fATb
MHOTOYJieH, TOJNYYaIOMHACA H3 MWHHMAJBHOTO AN o MHOrOYJieHa
nocjie yMHOXKeHHs BCeX Ko3h¢uIHeHTOB Ha HaHMeHbUlee KpaTHOE
HX 3HaMeHaTeJIeH.

CoraacHo Teopeme Besy nmeem:

f(x)=(x—a)g(x), (7)

rie g(x)—MHOrouseH ¢ JeHCTBUTEJbHHIMH KO3h(DHIHEHTaMH.
Bo3ssMem npousBosbHoe &> 0; |g(x)| —HenpepelBHas, a cJaefo-
BaTeJIbHO, OrpaHyueHHas (QYHKUMsA OT x B cermeHtre [a—&; a1 6],
T. €. CYIIEeCTByeT NMOJIOXKHUTENbHOe ynucao M, Takoe, uro | g (x) | <M,

JUIst BceX X M3 aTOoro cermeHra. O6o3HauuM yepe3 ¢ =min W 61,

1
TaK UTO O MC<< 8. Iy npousBOJILHOTO PallOHAJBHOrO yHC/Ia

a
B MOTYT MNPEACTABUTHCA BE BO3MOXKHOCTH:

1)% JexaT BHe cermeHTta [a—90; o4 8]. Torzma

'
,a-—‘% >6>c>bﬁn.

2) % VIOBJETBOPAeT HepaBeHCTBaM o — &< ?a <a--8, Torma

|g (—;:—),<M H, mojcTaBiss B (7) BMeCTO X 3HAueHHe —;:-, noJjy-

qaem:
a a a a 1 a

| (3)|=l5-]-le(5)|<M]a=F|<z|e—F] ®

HenpupoauMelil Haj moJieM pauMOHAJIBHBEIX YHCeJ MHoOrouseH f (x)

CTelleHH 7 >=2 He HMeeT palnrHoHAaJbHBIX KOpHEI'/'I, a Tpu n=1 He
HMeer KOpHGﬁ, OTJIHYHBIX OT &, TaK 4YTO

Apa” - Aa® "4 ... - ALDR
li (%)l___l Oa’+ 1a bn+ + n '#0‘

[Tockonpky uucauteas |Aq,a"+ A" 4-... 4 A,b" | —uenoe
HEOTpHIATeJIbHOE, OTJIHYHOE OT HYJS YHCJO, T. €. uucio, 6oJbliee

uav pashoe 1, TO:
1 (£)]= 0

CpaBHuBas HepaBeHctBa (8) u (9), mouayuaem:

1 a 1
c ,“ b ’zb" ’
TaK 4YTO U B 3TOM CJjyvyac HMEEM:

a
gt

b

c
e
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Koneuno, 3aMeHUB ¢ HEMHOrO MeHbllefi BeJHYHHON, MOKHO B BHI-
paxeHHu (6) BMeCTO 3HaKa == HaluCaTb 3HAK >>.
[Tpumep. Ilycrs D —HekBaapatHoe yemoe uucsao. Hajitu ¢ >0,
a
TaKoe, YTO JJIsi BCEX DAalMOHAJBHEIX UHCEJ - HMEJO Gbl MECTO He-
PaBeHCTBO

VD—t|=%.
Vﬁ—xopeHb MHorouJjieHa x2—D. Jleas x2—D Ha x——Vﬁ, Ha-
xomam: g(x)=x+VD. Tlpu VD—-8<x<VD+8 wumeem
lg(x)|<2VD+8, 1. e« M=2VD-+8. B kauectee ¢ GepeMm
min { ——s——, 6) , TIpU 3TOM BHIrojHe# Bcero B3ATb § Tak, uTO
2VD+6

P — 2 ‘_"— = . . = - D —l-:
8 2V'D_+6’6+2VD6 1=0, 1. e & VD+VD+

ITpu takom & nosayuaem c=VD+1—VD, Tak uro npu MOOEIX
NeJulX @ ¥ b uMeeM:

~ a
V-3
Teopema JinyBunas mnoxkasbiBaer, 4T0 NpPHOAHKeHHe Jd0GOro
a
are6panyecKoro YHCJa CTeNeH: 7 PalluOHaIbHEIMH APOGSIMH - OT pa-

>VD+;2—VD ‘

o 1
HHYEHO CHH3Y BeJIMUUHOW MOpsijKa ;. B UacTHOCTH, AJs1 KBajparu-
P

YECKHX HPPalMOHAJbHOCTEH HMeeM 3JeCh BEeJHUHHY Mopsika - .
b2

MoxHo nokasaTh, 4TO, KpOMe KBaJpaTHYeCKHX HpPpalHOHaJb-
HOCTeH, MMEIOTCA B APYTHe HPPALHOoHaAbHOCTH, AJs1 KOTOPBIX NOPAIOK
npu6auKeHns: paHOHANbHBIMH JPOGSIMH OTPAHUYCH CHU3Y BeJHYMHOM

1
NOpsAAKA 75.

Teopema 271. Ecau éce ssemeHmol pasioxcerus o 8 yentyo 0pobs
ozpanudenst, mMo 0A1 o MOxHO nodobpams ¢ >0 makx, wmo 04s

amoboti payuoHarsHoll Opobu % 6ydem umemb Mecmo HepaseHcmeo
c

> (10)
HokxasareabcrtBo. Ilycrs a:ao—l—ﬂal—}—-ﬂaz—}— ... ¥ cyme-

crByer M, rakoe, uro a,<< M npu Bcex n=0, 1, 2, ...

a
BosbMeM npousBOJLHYIO JIpo6b 5 ¥ TYCThb b 3aKJIOYEHO MeXAY

IBYMSl 3HaMEHATeNsSIMH COCEIHMX HOAXONSIMMX xApoGeil, Tak YTO
Qo1 <b< Q,(s=1), Torna, NOCKOJBKY NOAXOAsIHe Npoby ABAL-
I0TCA HaWJYUYIIHMH npubimxennsamu (TeopeMa 251), umeem:

o
|e—3

.

=& |=]=—g
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[Moas3yace Teopemamu 59°, 63’ u 243, uaxomum:
Qs= Qs—las+ Qs—z < (M + l)r
Qe1=0Q, 1+ Qe <O ML DM b=bM24-M+1),

Pelo, 1 1
0!~ Qs F o) = P T D (M F2M D)

|a—

TaK 4YTO

1
(M) (M*4-2M +2) -
Teopema 272. Ecau aiemenmot pasioscenus o 8 yenuyio 0pobo
HeozpanuueHHbl, mo 0sn awboeo ¢ >0 cywecmsyem OeckoHeunoe

MHOXCECMB0 PAYUORAAbHbIX Opobel %

T. @ HepaBencteo (l0) cnpaBeznuBo npm c=

, makux, umo
le—3|<g- (11)

Ilokasareasctro. [Tycrs a=a0+ﬂa1+ﬂa2—{— ... BosbMeM

npoussosbHoe ¢ >0. Ilo ycioBui0o cymecTByer GeCKOHEYHOE MHO-
1 o

KeCTBO §, TaKMX, YTO &g 4> . Has kaxpofi nogxonsiieét Apo6u
P 1
Q—Z C HOMEPOM §, TaKuM, YTO 4., >, COrJAacHo Teopeme 241
6yneM HMeTh:
P, l 1 1 1 ¢
Lty _— < < —
Qs QsQs+1 Qs (Qstser+Qs-1) Qlapry Q% ’

YTO JOKa3HBaeT CyIIeCTBOBaHHe GeCKOHEYHOro MHOXecTBa ApoGeit
—E—, yAOBJIETBOPAIOWMX HepaBeHCTBY (11).

Teopemsr 271 n 272 nokasnpiBalOT, YTO CYHIECTBOBaHHE IOJOXKHU-
TeJILHOTO €, TAKOro, Yro AAs Jo00H APo6H BHIIONHSETCS HEPABEH-
¢80 (10), ecTh HEOGXOAUMOE H JOCTATOUHOE YCJOBHE OF PAHMYEHHOCTH
3JIEMEHTOB Pa3JIOKeHHUs & B LenHyio Apobb. B Teopeme 271 nokasana
Heo6X0JAMMOCTL 3TOr0 YCJOBHS, K3 Teopembl 272 ciemyer, 4Tto 370
yCJIOBHE JOCTaTOUHO. JICACTBHTENIBHO, €C/IM CymecTByer ¢ >0, TaKoe,

o a
yto AJas Jioboil gpobu 5 BHINOJHACTCS HEPABEHCTBO (10), 10 no

|a—

TeopeMe 272 3JEMEHTH Pa3JOXKEHHS 0 B LENHYyIO Apo0b HE MOryT
6bITb HEOTpaHHUYEHHBIMH.
B 1908 r. HopBexcKuil MaTeMaTHK AKceJsb Tys Joka3san Teopemy,

JaloIylo ropasjo Gosee TOUHYIO, 4eM B TeopeMme JInyBUJJIS, OLEHKY

a
CHU3Y pasHOCTH Ia——b—, . Jlanpuefimne pedysbraThl B 3TOM Halpas-

JeHHH Obld noJyueHs 3ureseM, [Juconom, Tennponiom, Ilnei-
nepom. HauGosee Tounasi oueHKa Obia mosydyena B 1955 r. aHriuii-
cKkMM MarteMmatukoM Porom. Mpl npuBoguM 0Oe3 Ji0Ka3aTejibCTsa
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NOJYYeHRYI0 UM TeopeMy. DTy TeopeMmy, HMelomyio oYeRb Gojbimoe
SHaYeHHe B TEOPHH UMCeN, NPHHSITO HasmBaTh TeopeMod Tys—3u-
reqiss — Pora.

Teopema 273 (Tys—3ureab—Pot). Mycmoe a— aszebpauueckoe
wucao cmeneru nz==2; mozda npu aobom e >0 cyuecmeyem morbko

v @
KOHe1uHoe 4UCA0 PAUUOHAAbHbLX 6po6eu 7 maKkux, 4mo
a 1
I o — —5-, < pETe:

H3 sroft Teopembl BhITEKAaeT, 4TO A4 J0GOro agare6panieckoro
YHCJIa @ CTeNeHH A == 2 UM NPOU3BOJBHOTO MOJIONKHUTEJILHOIO & MOXKHO

nogo6parek ¢ >0 Tax, 4o A5 JIOG0H panuoHaJdbHOR ApoOH % 6yner

HMETb MECTO HepaBeHCTBO
a [4
] %= I = el

st anre6panyecKux 4muces crenenH, GoJblueil yem 2, sToT pe-
SyJbTAaT 3HAYHTEJNbHO yayumaer Teopemy Jluyeuaas. Ilpuy n=2
TeopeMa JIMyBHaaIA, OfHaKo, Raer GoJjee TOuHHE pedyJbrat. Iloab-
aysce Teopemoii Tys — 3ureas — Pora, MOXHO J0Ka3aTh CJIeLYOUYIO
HHTEPECHYIO TEOpPeMYy TEeODUM HeolpeJieJeHHHX YPaBHEHMI.

Teop“ema 274. Ecau f(2)=Ay2"4- A 2"+ ...+ A,—nenpu-
600umblil HOO nosem DPAYUOHAAGHOIX HUCEA MHO204AEH C YeAbIMU
Kodgppuyuenmanu cmenenu nz=3, mo npu aobom yerom B=£0

ypasHerue
A"+ Ax""y+ ...+ A,4"=B (12)
He Mooicem umemb GECKOHEUHO20 MHONECMBA PetueHiLil 8 YeAbiX HUCAAX.
HoxasarenncrBo. Ilyets @,, o, ..., &, —KOPHH MHOrO-

yneHa f(z), T. e. f(2)=A4,(z—a,)...(2—a,). Tlockoaeky f(2)
HENpPUBOZUM, BCEe €ro KOPHHM pasjiM4yHH, T. €. cymecrByer 6 >0,
TaKoe, uto |o;—o,;| =8 npu Beex is£j. TlpencraBum MHOrousew,
CTOAWMIE B JIeBOH 4YacTh ypaBHeHms (12), B BHIe

A+ A"ty ..+ Ay =y (%) =

X X
= Ay (7-—%).. .(-y-—a,,). | (13)
TlpepnonoxuM, 4T0 ypaBHeHue (12) uMmeeT MeCTO NPH HEKOTOPHIX
neabx x 4 y >0, TAaKHX, 4YTO y>% i IITB'I—; TOrJa M3 ypaBHe-
nmii (12) u (13) nonyuaem: °
“Ala—=2] . e —X]|=t . 1B
|°‘1 yl '“’ gl %n yl T " (14)
Cpepn muoxuresel Jepoll wactu (14) mo xpafineét Mepe oIuH

: 1 2 B
He NPEeBOCXOAHUT 7 VII—A—II_ , HHaue Jiepas 4acThb Gblnia Obl GoJbie
(]
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npasolt. sMeHuB HyMepauHio, Mbl MOXeM CUMTaTh, YTO TAKHM MHO-
X
XKuteneM 6yner lal——y—l, T. €. 4T0

_x| 1 4/TBT 3
|°‘1 Ji<7 Visr<z
Torpa npu (=2, ..., n umeeM:
X
'ai—7l=l(°‘i—°‘1)+(“1"‘%)’2'0‘:‘—“1,"'

—lal—§l>6—-—g—=§6

~—H, MoJab3ysich paBeHcTBOM (14), noayuwaeM:

_x ._L 1], 1 1 1B| | (E)""
|ou—3 " Ao ezl SF AT

T. €.

rpe

=(3)"1
6 | Agl *
IockoabKy MuorouwteH (12) HenpuBOAMM Haj NOJEM PallHOHAJb-
HBIX uYMCeJ, CcTeneHb o, He MeHbule 2. CyllecTBOBaHHE CKOJb YroAHO

GOJIBIINX UEJBIX YHCe] i, TAKMX, YTO HeCOKpaTHMas Apobb % yIOBJIET-

BopsieT HepaseHCcTBY (15), mporuBopeunt reopeme Tys — 3urens —
1

Pota, Tak Kak npm y=y, n=3, 0<<e<<l umeeMm %<bz—+a.

Takum o6pasoM, B mapax LEJBIX yHCeJa X, Y, The y >0, yxoBJjer-
BODAIOMMX ypaBrenuoo (12), 3HaueHMst y OrpaHHYeHH, T. €. YHCJIO
TaKUX Y KOHEUHO.

JJas Kaxpaoro y 4McJO BO3MOXKHBIX 3HaueHHH X He NpPeBOCXO-
IMT f, T. €. YHCJO TaKNX Nap KOHEUHo.

Kaxaoii nape menbix uucen x u ¢, tae y<< 0, yaoBIerBOPAOMHUX
ypapnenuio (10), coorBercrByer mapa x, —y (rae—y >0), asasio-
Hlasica pelieHHeM YypaBHEHMS

A" — A"y (=) Ay =

Takux mnap TakkKe MOXKeT OblTh TOJBKO KOHEYHOe uMCa0. Mel
JoKasany, TakuM o6pasoM, 4to Teopemy 274 MOXKHO paccMaTpHBaTh
Kak cjelcTBHe Teopembl Tys— 3urens — Pora.

Teopema Tys—3urens—Pora sBasercs omHuM H3 Haubosee
FAYOOKHX pe3yJIbTATOB TEOPHH ajireGpaHuecKHX YHCEJ.

INockonbKy (Teopema 242) nns moGoi uppauuonanbﬂocm o

CyILEeCTBYyeT GecKoHeUHOoe MHOXKECTBO panHoOHaNbHBIX YHCEN —5' , TAKHX,

269



L loc—%|<—bl—z , TO pesyabraT TeopeMn Tys—3urens —Pora

o 1 1
HeJIb3s yNYYIIHTH, 3aME€HUB B IIPaBOH 4acTH RS yepes -ﬁ; OJHAKO

He HCKJIIOY€Ha BO3MOXKHOCTb TOT0, YTO I J060ro a.nre6pauqecxoro o
a

npu JOCTAaTOYHO MAJIOM € > On b :7&& BCerja BHIIIOJNHACTCA Hepa-

BCHCTBO

a 4
‘ |°‘—?|>b—z-

CorsacHo TeopeMme 272 orciofa cJiejoBana Obl OTpaHHYEHHOCTD
5JIEMEHTOB PAa3JIOXKeHHsl B NeMHYI0 ApoOb JI060ro ajare6panyeckoro
HPPAUHOHAJBLHOFO YHCJA.

BMecre ¢ TeM HEKOTOpHIE MaTeMaTHKH CYHMTAIOT 60Jee BEPOSATHRLIM,
9TO 3T0 HEeBEpHO, T. €. NpeAnoJaraiT CyIlecTBOBaHHe aJjreGpau-
YECKHX YHCEJ, Y KOTODPBHIX BSJEMEHTHl DasJIOXKeHHS B IemHyio Apobb
HeorpaHuuyeHHsl. He mnckJiouena BO3MOXKHOCTL TOro, 4YTO, KpOME
KBaJpaTHUeCKUX HpPpPallHOHAJBHOCTEH, He cymecTByeT ajareOpanue-
CKHX MPPAUHOHAJbHHX YHCEJ C OrPaHHUYEHHEBIMH 3JEMEHTaMH.

Xapakrep pasJioxKeHul ajare6panyecKuX 4uceJ cTeneHH, GoJbiei
YeM 2, TakHM 06pas’oM, COBEpIIEHHO HeH3BECTeH. Jlo cux mop He-
H3BECTHO pasJjioxeHue XOTs Obl OJHOro aareSpanyecKoro uyucJa cre-
NeHd n>>2 B LenHylo Apo6b. Boiio 6b OueHb MHTEPECHO, €CaH Gbl
YHaJIoCh TIOJYYMTh PAs3JOXKeHHE B NEMHYIO Apobb XoTst 6B OJHOM H3

NpOCTeHUIMX MppalMOHaIbHOCTEH 3-if cTememy, Hampumep 3/ 2, HaH
no KpaliHedl Mepe BHISICHUTb, OTPaHMYEHBbl JIH 3JIEMEHTHl 3TOrO pas-
JIOKEHH.

TITABA 30
TPAHCUEHJIEHTHBLIE YHCJIA

1. TPAHCUEHJAEHTHBIE YHUCJA JHYBHJLIA

B npexpaymell rjaBe Mpl pacCMaTpHBaJd UHCJA, SIBJISIOIIHECS
KOPHSIMM ypaBHeHMH ¢ LeJbIMH Koa(duinenTaMu. FcuepnouiBaoT Ju
TaKHe UHCIa BCE MHOMKECTBO NeHCTBUTEJbHBIX UHCEJ MJIM JKe CYIIecT-
BYIOT AeHCTBHTEJbHEIE YHCJA, OTJIHYHBIE OT anrebpanueckux? OcCHOB-
HBIE TEOPEMbl TEOPHM MHOXKECTB NPHUBOAAT HAC K BHIBOJY, YTO MHO-
JKeCTBO aJjrefpaHuyecKux YuceJ CYETHO, a OTCIOfA Y¥Ke HEINOCPeiCT-
BeHHO CJiefyeT CyHleCTBOBaHuEe JeHCTBHUTEJIbHHIX HeaJireOpaudecKuX
yyceJ.

Teopema 275. Mruooecmgo ecex ancebpauteckKux 4uces CHemr o,

IloxasateabcTso. Paccmorpum cHauasa MHOKeCTBO M, Bcex
anre6panyecKHX UHCeJ CTefieHH 7.
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- .Kaxjpomy HeNnpHBOJMMOMY MHOTOWJIEHY C LEJAbIME KoahdHiHeH-
TaMu

f(x)=ax"+ax" " 1+...+aq,

comocTaBuM uuca0 H=|ay|+|a, |+ ... +]a,|.

OueBugHO, YTO CYHIECTBYET TOJIbKO KOHEUHOE UHCJO TAKHX MHO-
TOWICHOB C 3ajJaHHBLIM 3HayeHHeM [, a CJIeOBATENLHO, NOCKONbLKY
KaXkJplii Takof MHOrOWIeH HMeeT He GOJblie YeM 7 KOpHeH, cy-
IECTBYET TOJbKO KOHEUHOe YMCJIO ajreGpayuyeckKuX 4HCeT ¢ 3ajaH-
HBIM 3Ha4YeHHMEM BeJHYMHH H IAsi COOTBETCTBYIOINEr0 MHOrOWJIEHa.

IlpumaBass H 3navenus 1,2, 3, ... ¥ paccmarpuBas BCe COOT-
BETCTBYIOIIYE HEMPUBOANMEIE HaJ IIOJIEM PANHOHAJbHBIX YHCEJT MHOTO-
WIeHbl ¥ MX KOPHM, TMNOJydYaeM MHoOXecTBo M, aJjreSpanyeckux
qyceJl CTEINEHM A TPejCTABJICHHBIM B BHJE CYMMBI CUETHOIO MHO-
XeCTBA KOHEUHHLIX MHOXKECTB, T. €. M, — CUETHOE MHOMKECTBO.

MuoxectBo M Bcex aare6panuyeckux uuces pasHo M,-+M, +
+ M3+ ..., T. e., ABJASACH CYMMOIl CUETHOTO MHOMKECTBA CUETHBIX

MHOXecTB M,, Takxke mpeicraBiader coboii cueTHoe MHOMKECTRO.
' Teopema 276. Cyuwecmeyrom OQelicmeumenbrbe HeaiceOpaudeckue
HucAa.

JHorkasartenbcTBO. MHOXeCTBO JeHCTBUTENBHBIX YHCEN He-
cueTHO. B 3TOoM MHOXKecCTBe AeHCTBHTeJbHblE ajireGpaHyecKue Yuciaa
COorJlacHO TocJeqHell Teopeme O06pasyioT CUeTHOE MOAMHOMKECTBO,
a ClleloBaTelIbHO, He MCYEPIILIBAIOT BCe MHOXKECTBO IeHCTBUTENBHBIX
qHCeI.

Onpenenenne 76. Jwboe Hearzebpaudeckoe 4ucao Ha3viBaemcs
MPOKCYEHOEHMHKBIM.

Takum o6Gpasom, 0. Ha3blBaeTCsl TPAHCIEHAEHTHHIM YHCJIOM, €CJd
HE CYIIeCTBYeT HHM OZHOIO MHOTOUJIEHA C LEJBIMH KO3(dulneHTaMH,

KOpHEM KOTOPOro fIBJIsETCd o, T. €. eCJM JJia Beex n=1, 2, ... npu
JiI060M KOMILJIEKCE LEeJBIX, HE PABHBIX OJHOBPEMEHHO HYJIO UHCEN
((€gs €1y + v s Cp)) MMeeM: "4 0" 1+ ... 4, =~0.

U3 pokasatesnpcrBa TeopeMbl 276 BHIHO, YTO MHOXKECTBO nei-
CTBMTEJNBbHBIX TPAHCLEHJEHTHHEIX 4Hces M0JYy4YaeTcs HCKJIUCHVEM M3
MHOMKECTBAa BCeX JEHCTBHTCJbHHIX UHCeJ, HMEIOIEro MOIIHOCTh
KOHTHHYYM, CUETHOTO MHOMKECTBa; 3TO OOLIYHO BHIPa¥KaloT, roBOpH,
YTO TOYTH Bce JCHCTBHTENbHBIC YHCJA TPAHCUEHIEHTHH.

W3 teopeMnt 269 ciepyer, 4TO CyMMa, PasHOCTb, NpPOM3BEACHHE
¥ YacTHOe JBYX HePaBHBIX HYJIO YHCEJN, M3 KOTODHIX OZHO TpaHC-
LeHJeHTHOE, a Apyroe—aJre6panueckoe, siBJAseTcs TPaHCUEHIEHTHLIM
YHCJOM. B  4acTHOCTH, TPAHCLEHACHTHHIMH YHCNAMH SBJAIOTCH
KOMIIJICKCHEIE uycaa Buja o -+ Bi, rae o — DeHCTBUTELHOE TPAHCIeH-
JeHTHOe, a P — meficTBUTeqbHOEe aJgrefpaudeckoe umcio. Bomnpoc
CYIIECTBOBAHHsI TPAHCUEHAECHTHHIX 4HCeJ BO3HHKJIM BIEPBHIE B pa-
6otax Jhinepa. Paccyxpenus, npubBelieHHBe B Teopemax 275 u 276,
MOKa3bIBAOIHE CYIIECTBOBAHME TPAHCUEHIEHTHBIX 4YHCEN, TNpPUHAK-
Jexar HeMenkoMy Maremartuky I'. Kanropy. ‘
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BrepBhle cymecTBOBaHHE TPaHCUEHAEHTHHIX YHcea GBIIO YCTAHOB-
jeHo JlnyeusueMm. Jlokas3aTe/NIbCTBO CyUIeCTBOBaHHS TPaHCUEHJAEHT-
HBHIX yHces Y JInyBusst shdeKTHBHO; Ha OCHOBe ClieyIoNleH TeopeMsl,
ABJsomeHCsl HEMOCpeACTBEHHBIM caeicTBieM TeopeMbl 270, crpositces
KOHKDEeTHBIC TIpHMephl TPAHCHEHICHTHHEIX UHCeJI.

Teopema 277. [Tycmo o.— deiicmeumenbroe wucro. Ecau 043 aoboeo
Hamypaabro2o n=1 u amobozo Oedcmsumeavrozo ¢ >0 cyuiecmayem

xomsa 6bi 00Ha paguoHarsras Opobb —Z— , (% =;éoc) , makas, 4wmo

g
b

[
<%, ()

mo o.—mpaKcyeHOeHmHoe YUcao.
JdokasareascTBo. Ecau 6u o Genio anreGpandyeckHM, TO
Hanutuck OHl (Teopema 270) uenoe MoJIOKHTENLHOE 7 B JeACTBHTE/b+

a a c
Hoe ¢ >0, Takue, yro njasi JIo60f ppobH 5 6LlJI0 6b]la—3-l>ﬁ )
a 3TO IPOTHBOPEYNT TOMY, YTO COTJIACHO YCJOBHIO TEOPEMEI AJA

a
9THX 1 U C cymecTByeT Jpobb 7~ Takas, 4Yr0 MMeeT MECTO (1).

IIpennonoxenue, uro o — aare6panyeckoe, NPHBEJO HAC K INPOTHBO-
peuyio, CJeHOBaTeJbHO, o — HeaJre6Gpauyeckoe, T. €. TPaHCIEHIEHT-
HOE, YHCJIO.

Yucsa @, AJMg KOTOPHIX NpH Jio6uXx 7 =1 u ¢> (0 HepaBeHCTBO
(1) uMeer pelleHHe B LEJBIX UMCJAX a M b, HA3LIBAIOTCA TPaHCUEH-
JEHTHBIMY YHCJIAMH JIMyBHJLIS.

IIpumep. °‘=T(1)Tl+ﬁiT+1—0§T+ ...=0,1100010 ... —rTpaHc-

LHeHIAEHTHOE YHCJIO.
JlokasarteancTBo. Bosbmem TIPpOX3BOJIbHEIC neﬁcmmenbﬂme

1 1 1
n>1 H C>O Bosbmem a = 10# (Io_li+1—()_2i+...+ i'ﬁ),b=10kly

rae k Bei6paHo HacToJbKO OoJbluinM, uto 104 2%
a 1 1 1 1 1
J“—‘El': 107k + i +10(k+2)l +...< 1ofk+ 1! (1 togtmt - ')=

2 1 _ 1
107 ToFE =65 -

U k=n; Torja

[TockoabKy A1 NMPOM3BOJBHEX n>>1 M ¢>0 MOXHO HaiTH
a a c
ApoGb - TaKylo, 4TO la—? I< 7> TO 0 — TPaHCIEH IeHTHOR YHCJIO.

Ecin BMecto Teopembl JIMyBRJJIS BOCHOJB30BaTLCS PE3YNLTATOM
Pora (reopema 273), 10 Teopemy 277 MOXKHO CYHIECTBEHHO YCHJIHTD
H JaTh B CJICAyIOIIEM BHJE.

Teopema 277'. Ilycme o — Oedicmeumeasrioe wucao. Ecau 042
nekomopoeo €>0 u mobozo ¢>0 cyujecmsyem paytorasbHOE
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- a a .
qucao ( y =S oc) , makoe, 4mo
a [
l a—g | < »
mo o.— mpaHCYeHOeRM Hoe HUCAO.

JdoxkasareascTsBo. Ecau 6b o Oblo agre6paHyecKHM CTe-
neHH n>=2, 10 mnpu Jwobom e >0 Hawgock Oel ¢>0 Takoe, 4YTO

aasa guoboit xpobu % 6euto  Gbl Ia—%‘;—bfj (reopema (273), a
3TO NPOTHBOPEUHT YCJAOBHIO TEOPEMHL.

Coruiacno teopeme 70 o He MoxeT GHTh H aJjre0pawueckum 1-#
CTEeIeHH, TAK KaK TOra HMeJaoch 6bl ¢ >0, Takoe 4ro Aas JoGOH

a
Apo6H - BHINOJHAJIOCH HEPABEHCTBO

c

a c
l“"—bf>?>—br+=‘-

TaxuM 06GpasoM, o.— TpaHCLEHAEHTHOe YHCJIO.

[Tpuwmep. [Tonp3ysce Teopemoit 277', poxasaTb TPaHCLEHIEHT-

(=n"
23"

[- /]
HOCTb uuCJia a=2
n=1

Bosbmem e=—é— H npousBossHoe ¢ > 0. Bribpas b=5-:—k~ ,
1 —1)%
a=23k(—;——~-2—3+... +(—2;k—?‘> )

E_ 1
rae k£ HacToJbKo GoJblioe, yro 2%%'3 >, HMeeM:

k
a 1 1 1 c.20:8°3 c
a——b— _23k+l—23k+2+"'<2ak+1< k _b2+s’

23-8

TakK 4TO O — TPAHCUHECHIACHTHOE YMC/IO.

2, TPAHCUEHJAEHTHOCTb YHKCJIA ¢. COBPEMEHHOE COCTOSTHME
BOINPOCA ¢ TPAHCUEHJEHTHBIX YUCJIAX

Teopema JluyBuaas, maBas BO3MOXKHOCTb CTPOMTH TpaHCIEH-
JEHTHHIC UMCJIa ONPEjeseHHO!H INpPHPOJB!, Ha3BaHHBIE HaMM YHUCJIAMHA
Jinypuans, He JaeT, OJHAKO, BO3MOXKHOCTH OIPeJeNUTb, SIBJISIIOTCS
AM anare6pavuyecKUMH WM TPaHCUEHACHTHHIMM Pa3JHYHbIE [OCTOSH-
Hble, C KOTODHIMH Mbl OCOGEHHO 4acTO BCTpPeHaeMCsi B MaTeMaTHYecC-
KMX BBIYHCJCHHSIX M HCCJACHOBAaHMSAX.

B uacrHOCTH, 3T4 TeopeMa Oxasatacbh HEJOCTATOUHOR IJIfA JOKa-
3aTEJIbCTBA TPAHCLEHJSHTHOCTH 4HCJIa & — OCHOBAaHHS CHCTEMBI Ha-
TypanabHpX Jorapupmos. TpancmenjzeHTHoCTE ¢ OBJIa JOKasaHa
ToJIbKO B 1873 r. ¢pannysckum marematnkom I, Dpmurom.
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Teopema 278, Yucao e mpancyendenmso.
HoxasatenocrBo. Ilpexnosoxum, 4ro ¢ —KOpeHb MHOro-
HieHa ¢ LeJbIMH KO3((QUIMEHTAMH Cy, Cp, ..., C, TaK 4TO

Cotced ...+ =0. (2)

Q6o3Hayum uyepe3 M HanGOJIBLINYIO U3 a6COMOTHHX BEJIHYMH K03~

¢uuHeHTOB ¢, Tak uTo mpu Bcex s=0,1, ..., n umeem |¢|<< M.
(n+1)y

ITpu 3ajanHOM n QyHKIHUS (Z—T)T "'PH YBeJHUEHUH § CTPEMHTCA

K HYJIO M, TIOCKOJBKY CYIIECTBYIOT CKOJIb YTORHO GOJIbLIHE MPOCTHIE
uyHcJa, MBI MOXeM BHIOpAaTh HpocToe uYHCIO p Tak, uto OYAYT
OJIHOBPEMEHHO BHIIOJIHSTHCH YCJIOBHUS:

P (n+1) 1
DT <2ZM@EFD e P>[6| un p>n.
Paccmorpum dyukiuio crenenu (n--1)p—1

P =y (k= 1P (6= 2P ... (x—n)P.

HHTer pupys no wacraM, HaXoauMm:

§e'F () dt = —F (0) +e7F0) + (er'F (1) di =

=—(F @) +F )+ (FO+F () + e (1) dt = ..

IIpogonxkuM 3TOT mnpouecc, MoKa He JoHJAeM A0 TPOM3BOAHOMN
nopsnka (n+1)p, paBHOI TOXJECTBEHHO HYJIO; NONYYHM:

fe”‘tf(t) dt = —F (x)+€"F (0), 3)

rae F(x)=fx)+f )+ (x)+... (m0 npomsBogHo#t mNOpsIKa
np+p—1).

Toxcrasnss B (3) BMeCTO x uMc/I0 s B yMHOXasg Hac,, (0<<s<Tn),
HMeeM:

¢, F (s) ¢, Sses-tf (¢) dt =c£°F (0). (4)
0

TlpumaBasn s snauenus 0,1, ..., n, ckJajEiBasi IpH TAKHX S PaBeH-
cTBa (4) M TNpPHHHMAas BO BHMMaHHe, 4TO BBHIY TOXJecrtBa (2) npasas
4acTh MOJYyYaeTcss PaBHOH HYJIO, HaXONUM:

n 8
GF O)+cF(1)+...+eF(m)+ X ¢ (e f()dt=0. (5)
§=0

]
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Pasnoxenue f(X) 1o creneHsM x uMeeT BHA:
FO) =y (A A+ L), (6)

rie A A, ...—ueabe aucnaa. Ioayuaem;

fO=F0)y=...=fP"2(0)=0, a f""” O=A4,,=
=(—1)".17.27_,
€CTh IeJI0e YHCJO, KOTOpoe, nocxo.m:xy p npocroe H n<<p, He
Jeaurca Ha p; [P (0) feTo (O), ..., KaK JIerko BujeThb u3 (6), —ue-
Jble 4McJa, AeJsmpecss Ha p.

F(0)= f"’ Y(0)4 P (0)4- f#*V(0) 4- ... npexcraBasieTr coboi
cyMMmy ueJdoro uucia [P~V (0), He peasmerocs Ha p, M APYrux
LeJILIX YHCeJ, KpPaTHBIX p, Tak uto p { F (0). [Nockomeky p>|¢y],
TO 6ygeT Takke p 4 c.F (0).

Pasnoxenye f(x) no crenensm x—k,rael < k<< n, uMeer BHA

F () =-G=T Bu p (A —EF 4By, pa (=) P* 140, (D)

p-1

rie Bce xoapduumeHtsl B, ,, By, e, ... —UeJbe YHCHA.
Judbdepenunpys (7) JIETKO BHJETb, YTO IPH BCEX TAKHX &
FR)y=Ff®&)+[ (B)+ ... —uenoe uuciao, mensileecst Ha p.
B cymme

R=cyF(O)+c,F(1)+...+Fc,F(n)
IepBOe cJaraeMoe He JeJMTCSl Ha p, a BCe OCTaJlbHblE CJaraembie
JeJsTcss Ha p, Tak uTo R —leJioe ynco, He jefsileecss HA p, H,
TakuM 06pa3oM, OTJIMUHO OT HyJs.
Llenoe wmcsa0, OTIMYHOE OT HyJsi, HMEeT MOARYJb, GOJBILHMH HJIK
paBHpil enuHuue (teopema 1X), Tak uro |R|=1.
OueHuM Tenmepb BeJauduHy | R |cBepxy. Coruaacuo (5)

IRI=13e, fefiyat].

Bo Bcex wuHTerpajax, BXoZAmux B R, BequuuHa f npoGeraer
3HAUEHHUs, He BHIXOAfUlME 32 mpejesnl cermeHra [0; n], a mpu Ta-
KMX { CIpaBelJIUBO HEPaBEHCTBO:

nP=1pnp

tP-1
[FOl= = C =1 =2 ... ¢ —n)|< o5
tTak 49ro npm Bcex s=0,1, ..., n uMeeM (Teopema XX):
(n+1) p
[ert F(t)dt| <e" oy
0
vp 1
=Dt
YTO NPOTHBOPEYHT MOJYYEHHOMY paHee HepaBeHCTBY |R|=>1.
275
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Ipeanonoxenue, uTo e-— axre6pauyeckoe YHCJIO, NPHBEJO Hac K
NPOTHBODPEUHIO; CJIef0BaTeJIbHO, @ — HeaJjreGpanyeckoe, T. €. TpaHC-
HEeHJCHTHOe, YHCJIO.

PasBuBas merTox Opmura, B 1882 r.JIuugeman 10Kasan Teopemy,
YCTaHaBJIHUBAOILYIO TPaHCIEHAEHTHOCTb NOBOJBHO OGIIMPHOrO KJacca
unces. Mol npuseneM 3Ty TeopeMy 0e3 jgokasaTeNbcTBa, TaK Kak
OHO JIEXKHT B TOM Xe Kpyre Mzell, UTO U J0Ka3aTeJbCTBO TPAHCIEH-
JEHTHOCTH 4YHCJa e, CYIECTBEHHO HCIIONb3Ys, OGHAKO, Psij CBOHCTB
MHOMXKeCTBa ajre6panuecKUX Ymcel.

Teopema 279 (Jlunmeman). Ecau A,e* -+ Age’s+ ...+ A,e’n=0,
ede Ay, A,, ..., A,—ancebpauueckue qucaa, cpedu KOMOpPoLx XOMS5
66t 00HO He pGBHO HYAO, Oy, Og, ..., O, NONAPHO PABAU4HOL U
Ay, ..., O, —anreebpaudecKue 4uCAd, MO Oy — MPAHCUYEHOCHINHOE YUCAO.

Teopema 279 osnavaer, uro ecau @, ..., o, —IONapHO pas-
JHYHblEe anre6paHueckHe YHCaa, TO NOpu JOOHX, HE PaBHBIX OJHO-
BpeMEeHHO HYJIO, anre6paudeckHX uncaax A, ..., A, BelpaxKeHnue
/.{Ie“x—i- e + A, e £0. Sror pesyJsbTaT BRIpaXaioT, TOBOPH, YTO
€™, ...,en NpH TaKux o; JHHeHHO HE3aBHCHUMHI Haj moJjeM aJjre6-
pau4ecKuXx umucel.

M3 obmeit Teopeme! JlungemMaHna, B 4aCTHOCTH, BHITEKAIOT CJEAYIO-
Hie pesyJstathl (Teopembl 280 u 280°).

Teopema 280 (Jlungeman). s — mpancyenOeHmHoe 4UCAO.

HefictBurenbHo, 2{— aare6pandeckoe 4ucJ0 (KOpeHb ypaBHEHHUS
x2+4=0). Eciu 6um m Gowio aireGpanueckuM, To (TeopemMa 269)
ajrebpauyeckum Ob0 Gbl B YHCJO 2.

HMsBecTHo, uro €2 =1 =¢e" T. e. e®—¢e2?" =0, a TOra COrJacHO
Teopeme 279 (npu A,=1, A,=—1, a;=0, o,=2xai) yucno 0
6b1J10 6Bl TpaHCUEHACHTHBIM. [ToyueHHOE TPOTHBOpEUHe MOKAa3hIBaET,
4TO 7 TPaHCLUEHIEHTHO.

Teopema 280°. [1pu aobom arzebpauteckom o (o5~ 0) In o — mparnc-
YeHOeHMHOe HUCAO.

HeficTBuTenpho, ecyy 6b Ina =P 6ol adre6pandyecKiM YHCJIOM.
To U3 = =0e’, 0e®—e?=0 coryacHo Teopeme 291 cuenoBa/jio 6Hl,
uro 0 TakkKe TpaHcueHAeHTHoe. [losyuennoe npoTHBOpeune moOKa-
3BIBAET, YTO il ¢ TPaHCLEHJAEHTHOE YHCJIO.

Meton Ipmura — JluHZeMaHa oOKasaJcsi, ORHAKO, GeCCHUJIbHBLIM
YCTAHOBHMTb TPAHCUEHAEHTHOCTb MHOTHX JPYIMX BeJHYMH, 4YacTo
BCTPEYAlOmKXCs B MaTeMaTHKe, TAKHX, HanpuMep, Kak 22, log,3, €
HT. I

B meprox ¢ 1882 no 1929 r. Teopus TpaHCUEHAEHTHBIX uuceJ
MMOYTH He jaBUTaJach BrepeX. M3BecTHele MeToxn! OBLIM HCUEpIIaHB,
a HOBHIX mnyTel JIJs JOKa3aTeJbCTB TPaHCIEHAEHTHOCTH He OhJIO
BHJHO.

B 1929—1934 rr. cosercku#t Marematuk A. Q. I'esngonz BBed
B TEOPHIO TpaHCUEHAEHTHHIX YHCeJN CYLUIeCTBEHHO HOBHE METOHH,
NI03BOJIMBIIME €My M JPYrdM MaTteMaTHKaM, paboTaBliiM B 3TOM
HanpaB/ieHHH, YCTAHOBHTh TPaHCUEHJCHTHOCTb MHOFHX BeJHHUH,
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apudmeryueckas NPHPOZA KOTOPHIX MO 5TOrO He Obl/la H3BECTHA,
B vacTHocTH, 3THM MeToAOM ObLIa JOKasaHa TpaHCUEHZEHTHOCTD
yKasaHHBIX Bolile BeJuunH 2V%, log, 3, ¢ W MHOruX ZPYyrHX, O KO-
TOPHIX J0 5TOre He OHIJIO JaxKe H3BECTHO, fBJAIOTCH JH OHH Hppa-
HHOHAJILHBIMH.

- O6mas TeopeMa, AokasanHas A. O. TeapbdonzoM (Mb NPHBOXHM
ee Ge3 JIOKa3aTesbCTBA), 3aKJWOUaeTcsd B CJELYIOHIEM.

Teopema 281 (lexnbonn). Ecau o —aszebpauseckoe wucio,
omauuroe om 0 u 1, P--aseebpauucckoe uppayuonaivroe, mo
o?— mpancyendenmnoe qucio.

Oroit TeopeMoll Obliia pelucHa SHaMeHHTas npoGJeMa, MOOCTaB-
Jennass I'man6eprom eme B 1900 r. Ha MexayHaponHoM cChesfe
MaTeMaTHKOB W cudTaBiiasics OAHOH M3 HauGoJee TPYAHHIX CPexu
neJoro psapga npo6ieM, BHABHHYTHIX HM Ha 3TOM cbesje. YacTupm

caydyaeM 3TOH TEOpeMHl ABJAETCS TPAHCIUEHZEHTHOCTb YHCeJ al/
rae a>1 uedoe, a b nesoe, OTIHUHOE OT n-H CreneHy.

TpaHcueHZeHTHOCTE €" TaK XKe MOJYydaeTcss Kak YacTHHIH ciyuvait
Teopembl T'esbhoHZA, TaK Kak B TeopPHH (YHKUHH KOMIJICKCHOTO
nepeMeHHOro JOKasuBaercs, 4ro €' = (—1)7".

Kak mpocToe cjencTBhe 3TOH Ke TeOpeMHl IOJydYaercsl, 4TO JIO-
rapupMpl panHOHaJIBHEIX YyHcesJ MPH DPAaLNOHAJbHHX OCHOBAaHHAX
CHCTEMH JIOTapH(}MOB JHOO panyOHAJbHEI, JUOO TPAaHCUEHACHTHH,
T. €. He MOryt OuTh ajqreGpauuecKiMy HppaunuoHaasHocTsIMH. Ilpo-
6aema onpefeneHHs apudMeTHUECKOH NMPHPOAEI TaKHX uyHces ORlAa
nocrapJieHa ellle S#JgepoM.

Pa6orol TlenpdoHZAa M ApYyruX MAreMATHKOB, CPeIH KOTOPHIX
MOXHO B TEpPBYi0 odepelp Has3Bathb 3urenas, Mausnepa, Inefisepa,
MiupgnoBckoro, B mociedyloliye TrOAbl CYIIECTBEHHO MPOABHHYJH
TEOPHIO TPAHCUEHIEHTHBIX uuceJl. BMmecte ¢ TeM o MHorux BeJu-
YUHaX, YacTO BCTPEYAOUMXCSl B MareMaTHke, Mbl JO CUX TNOp He
MOXEM CKas3aTh, fABJSIOTCS JM OHHM TPAHCLUEHASHTHBHIMH HJH aJrel-
panueckumu. Tak, HampuMmep, NPeANoaaraioT, YTo 3HJAepoBa IOCTO-
siHHas C, BBeJeHHast B 4-i ruase (TeopeMma 54), — TpaHCUeHAEHTHOE
uycso. JIokasaTh 3TO IOKa He yJaJjoch, M, Kak ObLJIO OTMEueHO B 6-1
rJiaBe, He OMPOBEPrHyTa Jaxe BO3MOXKHOCTH TOro, 4ro C— pauuo-
HaJIbHOE YHCJIO.

Hcemopuneckue xommenmapun k 30-it zzase

1. IIpoGJieMEl, OTHOCAIIMECS! K TEOPHH TpPAHCIEHJSHTHBIX 4HCeJ,
BO3HMKJIM BIIepBbIe B paborax Diijepa, CTaBUBIIEro, B YaCTHOCTH,
3ajauy ROKasaTeJbCTBa TPAHCUEHJCHTHOCTH HPPalMOHAJbHEIX SHA+
ueHuf JorapudMHueckolt byHKuuUH.

Teopema 275, nokasbiBaiollasi, B YaCTHOCTH, CYHIECTBOBaHHe
TPaHCIEHAEHTHHX uHuces, Obla JaHa B paGorax I‘eopra Kanropa
(1845—1918).
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2. ®pannyscknit maremarHk JluyBuaun (1809 —1882) wuspecren
CBOMMH paboTaMH 110 TeOpUH augipepeHIHaNbHbIX YPABHEHMH, JJLIIHIT-
THYeCKUX (YHKIMH W TEOPHM TPaHCLEHACHTHBHIX uuceJs. Bonpocsl cy-
IeCTBOBAaHMS TPAaHCUEHACHTHLIX uuces Obliu paccMoTpeHH JIHyBHJI-
JeM B paborax, ony6iukoBaHHEIX B 1844 u B 1851 rr. mo pabot
Kanropa. Uucna JluyBunng mnpomie onpefesuTb Kak uyucaa o, Anas
KOTOpHIX NpPH Jio0oM m==1 cymecTByeT 66CKOHEYHOE MHOMKECTBO pa-

a a 1
IIMOHAJIbHBLIX YHCEJd — , TaKHX, UTO a— <b—,,,.ﬂeI‘KOBHAeTb,‘!TO

3TO onpeflesieHHe COBNaJaeT C TeM, Kakoe ObJIO JaHO Ha CTpa-
Huue 272.

3. 0. Bpmur (1822 —1901)—~dpannysckuii marematik, pabo-
TaBWIHA B objacth Teopud (YHKUHMEH, anre6pbl U TEOPHH HHCEJ
(TpaHCIeHAEHTHBIE uMC/ia, KBajgpaTHUHbE (OPMbI).

4. Teopema JIungeMaHa SIBJSETCS YACTHBIM CJIyYaeM OO X TEOPEM
3ureas u upnoBekoro o6 anreGpanueckoil He3aBHCHMOCTH 3Haue-
HMH Taxk HaspiBaeMblx E-¢pYyHKUMi NpH adre6paHyeCKHMX 3HAYCHHAX
aprymesra.

5. Teopema 281 ony6sukosana A. O. easdonnom B1934r. Ho
storo (B 1929 r.) teopema Obujla MM JOKaszaHa JJIs YaCTHOTO CJY-
4as, xorja P —MHHMas KBajpaThyeckas HPpPalHOHAJbHOCTD.

FJITABA 31
NPERACTABJIEHUE YUCEJI KBAAPATHYHBIMH $OPMAMHU

1. OGmmue ceoficTBa GMHApPHBIX KBajgpaTHYHBIX dopm

B 14-# rnaee mMu paccMarpuBalii HeoHpefleleHHOE YpaBHEHHe
1-i crenenu: ax--by=c. 3agaua, nocraBJieHHas TaM, 3aK/JOYaJach
B NPEICTABJCHHH LEJOro uucjaa ¢ B Buje ¢opmol ax--by, rie a
H b—3ajaHHbe, a ¥ ¥ Y —HEH3BECTHBIE ILieJible YHCJa.

B ar10fl ryiaBe paccMOTPHM BOIpPOC O WPEACTABJCHHH LEJBIX 4H-
cesl B Buie ¢opmpl 2-fi CTENeHH ¢ JBYMsS HEH3BECTHEIMH, HJIH, Kak
O6LIYHO rOBOpST, OMHADHOH KBajpaTHYHOH (OPMEL.

Onpenenenue 77. Bunaproid xeadpamuunoi gopmoi Hasvisaemcs
svipasicenue suda

ax®+bxy +-cy?,

rie a, b, ¢—Hexkomopbie yervle wuciq.

Bynem a, b, ¢ HasbIBaTb COOTBETCTBEHHO MNEPBBIM, BTOPEIM U
TpeTbUM KO03(ppHuHeHTOM ¢(OPMBI U JJ8 KPATKOCTH TaKyio ¢GopMmy
o6o3navath uepes {a, b, ¢}, Tak uTO

{a, b, c}=ax?+bxy-+cy? 1))

INepemeHHbM X, y OyaeM TpPHUAABaTh TOJBKO LeJibie 3HAYeHHs.
®opma (1) npeacrasisier co6oil ¢GYHKUHIO OT ABYX apryMeHTOB,
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y KOTOpol B KawuecTBe MHOXKECTBA 3HAUeHHH aprymeHToB Gepercs
KOJIbO LeJbix yuces. OcHOBHasi 3afiaua, KOTOPYHO Mbl 3J€Chb CTa-
BHM, — OTBICKaHMe NIpeAcTapjienuit 3apansHoro N B ¢opMme (1), 1. e.
HaxoXJeHue LEJbIX X H Yy, TAKHX, UTO

ax®+ bxy +cy?=N. 2)

Onpenencine 78. Coomrowenue (2) npu yeavix x, y 6ydem
nasvieams npedcmagrenuem uwucsa N gopmoii {a, b, c}.

Ons xaxpo# ¢opmel (1) 6yneM paccMaTpUBaTh MHOXKECTBO LEJIBIX
gucesl N, npepcraBHMBIX 3ToH (opMoil.

Onpenenenne 79. Jlse gopmer {a, b, ¢} u {A, B, C} nasvisaomes
pasrbimu, ecau a=A, b=B, c=C.

TakuM oGpasoMm, paBeHCTBO JBYX (popM 03HauaeT TOXKJeCTBeHHOE
paBeHCTBO, M ecad ABe ¢OpMHl paBHBI, TO OHM NPHHHUMAIOT OAMHA-
KOBble 3HAUeHHA MIA Kaxjoil napbl 3HaueHHi x uy. Ecau B gopue (1)
nocJie 3aMennl X Ha ax’ +By’, a y Ha yx' +06y’, ruec, B, vy, 6 —neune,
noayuaercs ¢gopMa Ax'?4 Bx'y’4+Cy’®, 10 OyjAeM T'OBOPHTb, HTO
JHHeldHasi NOACTaHOBKa

x=ox' -+ By’ } A A3)
= yx'+ 8y’
nepeBoguT dopmy {a, b, ¢} B dopmy {4, B, C}.

3aMeHy x H y B (opMe (1) HX BbipaxeHusimu u3 (3) OymeM Ha-
SBIBaTb IIPHMEHEHMEM JIMHeHHOH NOJACTaHOBKH (3) K @opme (1).

HauneM ¢ paccMOTpeHHS HEKOTOPBIX OOMMX CBOWCTB OMHapHHIX
KBaJIpaTHYHBIX (GOPM.

Onpenenenne 80. Popmor {a, b, ¢} u {A, B, C} wnasweaomes
IKBUBQACHMHBIMU, eCAL CYujecmayem AUHEHAS NOOCMAN0BKA

x=ax’' 4By’ }
y=vx' -+ 8y’

¢ yeawmu Kosppuyuenmamu o, f, y, O u onpedeaumesem
ad—Ppy=1, nepesodawas {a, b, c} e {A, B, C}, m. e. maxas, 4mo

ax® -+ bxy+-cy?=Ax"*+Bx'y +cy'?. 4)

SDKBHBaJIeHTHOCTb dopm {a, b, ¢} u {A, B, C} GyjneM sanHCHIBaTh
B BHJE
{a, b, cywn{A, B, C}.

Jlunefinvie MOACTaHOBKHU (3) ¢ meneiMH o, fi, vy, 0 H onpepenu-
reneM od—Py=1 ™Mbl 6yneM HasblBaTb YHHMOAYJISIPDHEIMH IIOACTA-
HOBKAaMH M 0003Hauarb B COKPALIEHHOH 3aNMCH 3HAKOM

s~ (38).
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Ha coorHomenuft (4) u (3) caenpyer:
A =aa? | bay +cy?
B =2aaf + b (ad + By) + 2cby "
C=af?+bpd +cb?

Takum o6pasomM, qopmbl {a, b, ¢} u {A, B, C} 3KBHBaJEHTHHI
TOTJa H TOJILKO TOTJa, KOTJa CYLIECTBYIOT IeJHe 4ucaa o, P, y, S,
TakHe, YTO HMEIOT MeCTO COOTHouieHus (5).

Onpenenenne 81. Huckpumunawmom ¢opmo {a, b, ¢} Hasvsa-
emca yucaio A =b?—4ac.

Teopema 282, 3Ixsusarenmnusie popmbr umerom odur u mom e
Ouckpumunanm.

HoxasatennctBo. Ecau {a, b, ¢} {4, B, C}, To cyme-
CTByOT ueJble @, B, y, 6, IPH KOTOpHX COOTHOmeHHs (5) BEpHHI.

eMOCpeICTREHHOE BBIUHCJIEHHE RAeT

B?—4AC = (b* — 4ac) (b — By)® = b® — 4ac.

Msr He Gymem paccmarpuBaTh opM ¢ AMCKpuMHHanToM A =0,
TaK KaK B 3TOM cJlyiae HMeeM:
4a (ax?+ bxy - cy?) = (2ax + by)?,
T. €. IoCJe YMHOXKeHHS Ha 4a Mol nojlyiaeM KBajpaT JIMHeHHOH

thopmsi.

Teopema 283. Ommuowenue sxsusasenmuocmu  Keadpamudrolx
gopm obaradaem ceolicmsamu  pedaeKCUBHOCMU, CUMMEMPULHOCTU
U MPaH3umusHocmu, m. e.:

1) {a, b, c}n{a, b, c}.

2) Ecau {a, b, c}w»{A, B, C}, o {A, B, C}n{a, b, c}.

3) Ecau {a, b, c}wiay, by, ¢}, {ay, by, ¢;}n{a,, by, ¢},
mo {a, b, c}wn{a,, by, c,}.

HokasateanbcTBo. 1) YHUMORYJISipHAs NOACTaHOBKA ((l) (1)> ’

(5

T. €. MOACTAHOBKa
x=x'
y=y',
nepesonut ¢opmy {a, b, ¢} camoe B cebs.
2) Ecau nmopcranoBka $ g) , e ad —Py =1, neperonur {a, b,c}

B {A, B, C}, 10 o6paTHas NOACTaHOBKA (6_?"2) TOXKE YHHMOLY -
asipea H nepesogur {A, B, C} B {a, b, c}.

3) Ecu {a, b, c}wnia,, b, ¢}, {a1, by, ¢;)n{a,, bz; ¢}
T. €. CYLIECTBYIOT YHHMOZRYJSIPHEE IOJCTAHOBKH:

O 51) (aa Bn)

('Yl 8./’ va 82/’ ()
nepesofsimue coorseTcTBeHHO {a, b, ¢} B {ay, by, ¢;} u {ay, b, ¢4}
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B {a,, by, ¢3), To mpousBejeHHe noacTaHOBOK (6), T. €. OACTAHOBKA

(‘1101 +B1vs afa + 5161) )
Y193+ 8175 Y1Ba+ 8165/’
nepesogut {a, b, ¢} B {a,, by, c,}.

Onpepenutens NOACTAHOBKH (MaTpuubl) (7) paBeH NPOH3BEAEHHIO
onpejeyuTeliedl MojACTaHoBoK (Mmatpum) (6), T. e. Toxke paBeH 1.

M3 TeopeMbl HENOCPENCTBEHHO CJEAyeT, YTO JBE KBaJpPaTHUHBIE
(GopMbl, 3KBHBAJICHTHBIE OJHON H TOH e TpeTbeH, SKBHBaJIEHTHHI
MeXJay coboH.

Teopema 284. Ecau {a, b, c}n{A, B, C} u A, B, C ne pasuui
oa»é?gpemenno HYyato, mo Haubosvwiull obuguil deaumens (a, b, c¢)=
= (4, B, C).

HoxasateanctBo. U3 dopmyn (5) HenocpeAaCcTBEHHO BHIHO,
yTo nockoaeky A, B, C He paBHBI OJHOBpPeMEHHO HYJIO, TO H CPeIH
guces a, b, ¢ HMeeTcs NO KpafiHell Mepe OJHO HHCJIO, OTJIMYHOE
OT HYJs, T. €. (TeopeMa 27) cyumlecTByioT HauOoJblliHe ofmupe JeJH-
tesu (A, B, C) u (a, b, ¢). U3 tex xe ¢opmyn (5) BHAHO, HUTO
ecu dla, d|b, d|c, To d|A, d|B, d|C.

ITocKoJIbBKY OTHOIUEHHe 3KBHBAJIEHTHOCTH CHMMETPHYHO, TO H M3
d|A,d|B,d|Ccarenyerd|a,d|b,d|c. MHOXecTBa O6mHUX AenTeel
ya, b, cuy A, B, C coBnajaior, a cjefoBareJbHO, H (a, b, ¢) =
=(4, B, C). :

Onpepenenne 82. Popma {a, b, ¢} nasvisaemea npumumusnot,
ecau (a, b, ¢)=1.

Ecuu
N=ax?4-bxy+4cy? u (a, b, ¢)=d,

TO
=a,x®+byxy +cy?, rtie a1=a£, b, =

N
d

ale

c
=77, (@1, by,00)=1

u dopma {a;, by, ¢,} Byner yxe NPHMHTHBHOH.

Hayuas npejcraB/ieHHe HATYPaJIbHBIX UHCeJ KBaJPaTHYHBIMHE (op-
MaM¥, JOCTATOUHO OTPAaHWYHTHCS PACCMOTPEHHEM TPHMHTHBHHIX
KBaJpaTHYHBIX (OPM.

Teopema 285. Ixsusarenmusie Ksadpamuursie opmor npedcmas-
A0M 00HO UL MO e MHONCECMBO LEeAbLX HUCeN.

INokasarteasctBo. Ilycts {a, b, c}n{A4, B, C}, 1. e. cy-
LECTBYeT YHHMOJYJISIDHAS NOACTaHOBKA (3), Takas, 4TO IPH BHIIOJ-
HeHHH cooTHOUIeHHH (5) HMeeT MecTO TOXKJECTBEHHOEe paBeHCTBO (4).
IlenpiM 3HaueHHsM x', y', OUEBHJHO, COOTBETCTBYIOT LieJibie 3Hauye-

HHSl ¥ H Yy, H ecJH
N=Ax*+Bx'y’'+Cy’®, 10 B ax®+bxy+cy*=N,

T. e. jgo6oe uncio, npeacrasuMoe Qopmoit {A, B, C}, npexcraBamo

dopmoit {a, b, c}. : o _
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IMockosbKY OTHOLIEHHEe SKBHBAJIEHTHOCTH O6JajaeT CBORCTBOM
CHMMETPDHYHOCTH (TeopeMa 283), To M Jiroboe YHCJIO, TNpeACTaBHMOe
dopmoii {a, b, ¢}, mpencraBumo cdopmoit {4, B, C}.

Onpenenenne 83. Kaaccom {a, b, ¢} nasvieaemca  MHONHECMBO
6cex KsaOpamuunuix opm, sKeusarenmubix popme {a, b, c}.

CorracHo Teopeme 283 (TpaH3HTHBHOCTb OTHOLIEHHS 5K BHBaJIEHTHO-
crH), ecan {A, B, C}w{a, b, ¢}, To MHOXKeCTBO KBafipaTHUHBIX (OpM,
akBuBaJleHTHbIX {A, B, C}, coBnagaer ¢ MHOXecTBOM (hopM, 3KBHBA-

JentHoix {a, b, c}, 1. e. {4, B,C}={a, b, c¢}. Knacc {a, b, ¢}
obbenMHseT Bce KBajpaTHUHble (OpMbl, SKBHBAJICHTHBIE JIOGOH u3
¢dopM sTOTO Kilacca.

Bee dopMel pmaHmHoro KJjacca HMEOT OJMH H TOT JKe JHCKPHMH-
HaHT (Teopema 282). BMecTe ¢ TeM OAHH H TOT XKe JHCKPHMHHAHT
MOTYT MMeTb H (JOpMBbI pasHbIX KJjaccoB. Hanpumep, 5x*+y? u
2x? 4 2xy + 3y® — HesKBUBaJICHTHBIE (OPMBI, TaK KaK YHCJIO 7 npef-
CTaBUMO BTopoil u3 HHX (x=1, y=1) H He mnpeacraBuMo B BHJE
5x2+y? HH npH KakWX UeJablX ¥ H y. BMecte ¢ TeM sTH (dOpMBI
HMEIOT OJMH M TOT Xeé AUCKPHMHHAHT A = — 20,

Onpepenenve 84. IIpedcmassenue N ¢ 6ude (2) ¢ 63aumno
npocmbiMy X, Y HA36I8AEMCA COGCMBEHHBIM NPeOCmasieHuem.

OueBHHO, YTO JOCTATOYHO paCCMaTpPHBaTh COOCTBEHHEIC TIPef-
crapjeHusi. JleficTeuresbHo, ecau (x, y)=d u N npexcraBuMo
B BHZe (2), T0 d*|N u

= () o (5) (8)+<(8)

N
~— coGCTBEHHOE MpejcTaBJIeHHE ik

Teopema 286. Yucao N npedcmasumo cobemsernvim 06pasom ¢op-
moti {a, b, ¢} moeda u moavko moeda, Kozda cywecmsyem popma
{A, B, C}wn{a, b, ¢}, makas, umo A=N, 0<<B<<2|N]|.

HoxkasarteanbctBo. 1) ITycts npu mesanlx x=o, y=_0, rae
(o, B)=1, BHmOJHSETCS PaBEHCTBO

N = aa? + bay -+ cy?.
Pemus HeonpefeseHHOE ypaBHeHHE
ab—py=1
c HeuspecTHHIMH O, y, HaxomuMm 8 W y, a 3aTeM NpeJCTaBHM HHCJIO

Q = 200 + b (b + By) + 2ev0

Q=2|Nlg+r, rae 0<<r<<2|N}|.
ITpeobpasosanne

x=ox -+ (B—aq%) Y,
y=vx' + (5—W LN]U) Yy

B BHJE:
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< onpefeautenem ad—pPy=1 nepesomur dopmy {a, b, ¢} B Hexo-
Topylo5 sxBHBanenTHYI0 dopMy { A, B, C}, rae coryacio ¢opmy-
Jam (5)
A=ao®+ bay+cy2=N,
N N N
B2 (p—aq L2 ) 5 (3 (5—1q L) + (p—ag 101 y) +
N N
+20y (6—vg 15 ) =@ —2¢ LTt (@0 + by + cy?) =
=Q—2|N|g=r,
Tak yto 0 << B<<2|N].

2) Cymecrsopanue dopmel { A, B, C}wm{a, b, ¢}, rne A=N,
03HAuaeT, 4TO HEKOTOpash YHHMOAYJspHasi IOACTAHOBKa (3) mepe-
BORHUT {a, b, ¢} B { A, B, C}, T. e. BLINOJHACTCS TOXKJECTBEHHOE
paBeHCTBO X
ax®+bxy +cy® = Ax’ + Bx'y'Cy’*.

B wacruoctd, npu x'=1, y’=0, ruge (1, 0)=1, u coorBet-
CTBYIOIIHX IeJBIX 3HAYEHUAX ¥ =Q, §=Y HMeeM:

N = A =qa?+ boy + cy?, 8
T. e. N npeacraBumo dopmoit {a, b, c}.

D10 ROKAa3aTeJbCTBO NOKA3BIBAET, YTO, 3HAsA NOACTAHOBKY (3),
nepesopsamyio {a, b, ¢} B { N, B, C}, mn no dopmyJe (8) naxo-
auM mpencrtasienne N cdopmoit {a, b, ¢}.

Teopema 287. Jasa kasxcdozo cobcmsennozo npedcmagrenus N =0
gopmoii {a, b, c}:

N =ao® 4 bay -+ cy?,
u 3adannod gopmer {N, B, C}, sxeusasenmrnoii gopme {a, b, c},
cywecmayem moabkKo 00HA YHUMOOYAAPHAR AunelHas NnoOCMAHOBKA

sula <: 'g>, nepesodauas {a, b, ¢} 8 {N, B, C}.
a a

HoxasarteabctBo. Ilycts (Y 5) B <Y g, —JBe YHHMOJY-
JsipHBlE MOJACTAHOBKH, mepepopsmue {a, b, ¢} B { N, B, C}.

IMockoneky N=£0, To & H Yy HE MOFYT DaBHATLCA HYJKO OIHO-
BPEMEHHO.

Ecau, nanpumep, =40, T0 H3

ad—Py=ad’—p'y=1

’

noJiyyaem:
§—8'=TL (B—B"). ¥

Corsiacuo ¢opmysam (5) npa A =N umeem: ao®+ bay +cy2=N,
B=2a0B +b (d+ By) +2cv0 = 200’ +b (a8’ + B'y) + 208, ot
KyJla nojyyaem:

(2ac+by) (B—P') = — (b + 2¢y) (6—0'). (10)
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3amensis B (10) §—38’ nmo dopmyne (9) H mepeHocs: Bce YJeHH!
B JeBYyI0 uactb, noaydaem: 2N (B—P’)=0. Ilockoasky N =0,
to f==f’, a, caemosarespro, BBHLY (9) U 8§=0’. Cayuaht y=%0
paccMaTpHBaeTCs aHAJIOTHUHO.

Teopema 288. ITycmse A— Juckpumunanm xeadpamu4iroli gopmol
{a, b, ¢} u uucao N npedcmasumo cobcmeernoim 06pa3om smol
gopmoti; mozda:

1) cpasuenue

22=A (mod4|N]) 11
umeem pelieHus;

2) Haa kaxdoeo co6cmaennoeo npedcmasaenun N gopmois { a, b, ¢}
cywecmsyem gopma { N, B, C}wn{a, b, ¢}, maxas, umo B ydos-
semsopaem cpasrenuo (11) u 0<<B<T2|N|.

HokasarenbcTBo. [TycTh cymecTByoT HeJible, B3aKMHO Ipo-
CThle X M Y, TaKue, uto N = ax?-+bxy+ cy?. CorsacHo Teopeme 286
cymecrByer ¢opMa {N, B, Cl}lw{a, b, ¢}, taxasa, uro
0<B<C2|NJ.

Teopema o paBeHCTBe AMCKPUMHHAHTOB 3KBHBAJICHTHBIX (opM
NOKAa3kEIBAET, YTO TOTAa

BE—4NC =b2—dac=A, (12)
B?=A (mod4|N}),

T. €. cpaBHeHHe (11) uMeeT pemleHHs M B yJRoBJeTBOpSieT 3TOMY
cpaBHeHHI0, npuueM 0<< B <<2|N|.
Yucso pemenu#t cpaBHenus (11) 6u110 onpefiedieHo B Teopeme 226.
ITpumep. Uucio 86 He npeacraBumo ¢opmoit x2-4 Jxy -+ y2,
TaKk Kaxk 3jxecb A=25,

®)=(3)-(3)-(5)-(3)-—
43/ \5 /7 \5/ \3 3/
H cpasHeHHe x%=05 (mod 8.43) He HMeer pelleHHH.

CpaBpenne (11) moxer HMeTb pellleHHe H Torha, Korpa N
He npeacraBumo dopmoit { a, b, ¢ } . Hanpumep, 1, oueBuHO, He npen-
craBuMo dopmoit 2x2%4- 3y?2, a BMecTe ¢ TeM 37ech A = —24 4 cpas-
HeHHe x2=—24 (mod 4) MMeeT pelleHHs.

Teopema 289. [Jas kawcdod xeadpamuunot opmer {a, b, ¢}
cyujecmsyem sxsusasenmuas gopma { A, B, C}, makas, umo

1B|<|4|<|C]. (13)
HokasarteancrtBo. Popmu {a, b, c} u {¢, —b, a} sxBuBa-
JICHTHBI, TAK KaK YHHMOMJIADHAs NMOJCTAHOBKA | | - 0> nepeBORHT

NepByI0 M3 HHX BO BTOpPYI0. MEI MOXKeM IOSTOMY Bcerja Hagarb
¢ dopmsl, y Kotopo#t |a|<|c|, ¥ ecom npu arom |b|<<|a|, TO
uckomasi ¢opma HafigeHa. Ecou |b|>|a|, 10 HaiigeM neswe ¢ u 7,

TdKHe, 4TO
b=2\alt+r,
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rre [rl<C|al, 1. e. BosbMeM B 'KauecTBe r HaHMeHbIIHH NO aGco-
JIOTHOH BeJIHYHHE BhIYET MO MoxyJmo 2|al, KOTOpI:IPI (reopema 98)
8aKJIOUeH B cermeHte [—|al; lal]

YHUMOAYAsIpHASL TOACTAHOBKA 0 WIRLS k=—-L—’t T. €. 0K

CTaHOBKa.
x=yx—121 ty’,
a
y=y'
nepeBoxut dopmy {a, b, ¢} B 3kBuBadeutTHYy© dopMy {a,, b, & },
Fae corjacHo GopmyJaam (5) a, =a, b; = —2al—Z-’ t+b=b—2|a|t=r,

T. €. B QopMy, rae |b | <|al.
Ecan |a,|<[¢,]|, To dopma {al, by, ¢, } ynoBJeTBopsieT HOCTaB-
JIEHHBIM yCJIOBHSM.
0—1

Ecma ¢, |<|a;], TO mnoacraHOBKOM <1 0) fepeBoAHM

{ay, by, c;} B 3kBUBasienTHyo dopmy {¢;, —by, a,}, T. e. B popmy
a,, by, ¢y}, roe

lay]=]e | <|ay|=lal u |cg|=|a,|=]a|<]c].

1 & 0—1
ITpousseneHne MOACTaHOBOK (0 1) H (l O) paBHO MNOJCTa-
B —1\

HOBKE (l 0)

Taxkum ob6pasom, npu |a|<S|c| H3 ABYX YHHMORYJSPHBIX MOJA-
1 & k—1
01"\ o Jaubo neppas Jaer KBagpaTtuuHyio dopmy,

YIOBJIETBOPSIOILYIO [OCTaBJIEHHBIM YCJIOBHAM, JHGO BTOpasi mepeBo-
aut {a, b, ¢} B 3KBHBaJIeHTHYI0 dopmy ¢ KO3(OUIKEHTOM IPH x2,
MeHLIIHM [0 MOAYJIO, YeM Y IepBOHAYaJbHOH (GOpPMH, TNpHUEM
KoauureHT npu y? He yBeJHUHBAETCH MO MOAYJIO.

Monysb KoathuuHeHTa OPH x? MOXET NPHHATH TOJBKO KOHE -
HOe YHCJO pasjIMyHBIX B3HAYeHHil, MEHbIIMX 4YeM |a|, TaK 4ro,
NPOROJIKAS TakKHe NMPeoGpasoBaHusi, MBI JOJIKHBI BCTPETHTBCA C Nlep-
BHIM CiyuaeM, T. e. npHiTH K sKksuBajentnoi Qopme { A, B, C},
rakol, uto |B|<<[A|<<|C]|.

I[Tpumep. Has dopme { 11, 6, 5} naiitu sxnnBa.neHTHylo dhopmy
{A, B, Ci, TaKylo, 4TO !Bl<]A] |C|.

3}.\er c¢|<<C|a], nostoMy cHauajna npHMeHSEM noncranoaxy

—1

CTaHOBOK (

{ o/ TUepesojAmylo Hauy dopmy B ¢opmy {5, —6, 11}.
Ins sroit dopmbl HaXOmUM:
—6=10(—1)+4, t=—1, k=1,
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11
0 1> nepesonur {5, —6, 11}

B dopmy {5, 4, 10}, ynoBaerBopsromyio ycaosusaM (13).
Teopema 290. [Tpu wobom A ==0 cyuwjecmeyem moAavko Koweuroe

YUCAO HEIKBUBANCHMHOLY POPM, UMEOWUX OUCKPUMURAKM, DABHbLE A.
HoxasareabctBo. ITycts dopma {a, b, ¢} Takas, uTO

yHHMOIly.HH pHass noACTaHOBKAa <

lbl<<|al<]c]. (14)
PaccMoTpuM mBa cayuas:
1) A=b*—4dac>0. Torma ac<<O0, —4ac=A—b2<< A,

]ac]=-—ac<%<-:;A .
2) A =b2—4ac << 0. B a10M caryuae oueBuAHO, uTO ac > 0 ¥ b2<<ac.

—A =3ac+ (ac—b?) = 3ac, |ac|=ac g—-—é— .

Taxkum obpasom, B oGoMX ciyuasix u3 HepaBeHCTB (14) cienyer
1
[blr<laflc|<]Al

CymecTsyeT TOJIbKO KOHEUHOE uHcJo KommJaekcosB ((a, b, ¢))
C LeJbIMH @, b, ¢, yIOBJIETBOPSIOMHX 3THM YCJIOBHAM, H IOCKOJbKY
Kaxjas KBafpatHyHas ¢opMa sKBHBaJeHTHA dopMe ¢ ycJloBUsaMH (14),
TO CYIIECTBYeT TOJIbKO KOHEYHOe UYHCJIO HEe3KBHBAJIEHTHHIX (opm
{a, b, ¢} nmammoro puckpumuHanra A. Msl JoKasasH, TaKuM O006-
pasoM, KOHEYHOCTb YHCJA KJaccoB JIOGOr0 JAaHHOTO JHCKPHUMHU-
Hanta A=£0.

2, MPEACTABJIEHHE HATYPAJIbHbIX YHCEJI NMOJO)XUTEJbBHO
ONMPEAEJIEHHbBIMH KBAAPATHYHBIMH ®0PMAMHU

IMockosbky )
ax?4-bxy + cy? = (x +2~b— y>2—|— (c—-i> yr=
a 4a
b 2 A
=a(x+§, y) — v
To npu A<<0, a>0 ¢opma {a, b, ¢} npuHHMaeT, KpoOMe& HYyJs,
TOJILKO NOJIOXKHTEJIbHEIE 3HaueHHs, a npu A <<0, @ << 0—ToJbKO
OTPHLATEJIbHEE 3HAUEHHS.

Onpenenenne 85. Popma {a, b, ¢} npu A<<0, a>0 rHasei-
saemcs noAoscumeavro onpedesennoli, a npu A <0, a<<0—ompu-
yameaoHo onpedeseHHOl.

IlockonpKy mpH TakOM A 4HCJA g ¥ ¢ HMEOT OXMHAKOBbIE 3HAKH
U KaXJoH MOJIOKHTENbHO ompepeseHHoOi dopme {a, b, ¢} cooTser-
CTBYeT OTpHIlaTeJIbHO ompefeneHHas dopma {—a, —b, —c}, npu-
HEMalolmas Te Xe SHaueHHs, HO ¢ OOPaTHBIM 3HAKOM, JOCTaTOYHO
paccMoTpeTh TOJIbKO OfMH M3 3THX ABYX cayyaeB. Mu Oygzem pac-
CMaTpPHBATh IIOJIOXKHTEJIBHO OINpejielieHHbe (HOPMBEI,
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M3 reopemn 285 caepyer, uto ecam {a, b, ¢}— noJOKHTEABHO
onpejiesieiHas (opMa, TO H Becb KJacc {a, b, ¢} COCTOHT H3 no-
JIOXXHTEJIbHO ONpefeNeHHbX ¢opM. MOXKHO NO3TOMY FOBOPHTH O KJac-
cax TOJIOKHUTeJbHO OnpesesienHnX dopM. Jasi nosoxutesbHo onpe-
JeNieHHBIX GopM TeopemMy 289 MOXKHO HECKOJbKO YTOYHHTb H AATh
ee B CJENVIOmeM BHIE.

Teopema 289°. [aa KawOoid nososcumersno onpedesenrol ¢opmot
{a, b, ¢} cyuwjecmeyem sxeueasrenmnan ¢opma {a;, by, ¢,}, maxas,
4mo

—u<bh<a<c,

aecau a;=c¢,;, mo 0< b, < qa,.

JoxkasaTedbcTBO. [ToCKOJNBKY y MOJIOXKHTENBLHO ONpenesieH-
Hoix (opMm KospduuueHTH npu x2 H y? NOJNOXKHTEJbHBH, (OpMy
{a, b, c} cornacHo TeopeMe 289 MOXKHO 3aMEHHTb SKBHBAJICHTHOM
dopmoit { A, B, C}, Takoit, uto —A<<B<<A<C.

Ecin B=—A4, 10 dopmy {A, —A, C} noxcranoBko# ((1) })
nepesoguM 8 {4, A, C}.
Eciu A=C, B<<0, 10 popmy { A, B, A} nojcranoexoi (_? (l)

nepeBOJUM B 5KBHBaJleHTHYIO dopmy { A, —B,C},rae 0<<—B < A.
Taxum obGpasom, B HepapeHcrBax (13) MoxXHO H3bexarb cayyas
B=— A, a B cnyuae, Korga A =C,— ceaats Ko3QQUIHEHT NpH XY
HEOTPHLA TEJILHEIM.
Onpegxenenne 86. IToroxcumenrsro onpedesennan gopma { A, B,C}
Haavieaemcs npueedenroti, ecau
—A<B<A<C,
} (15)

Teopema 291. B xaxcdom Kaacce NOAOHCUMEARLHO OnpPedeieHHbIX
gopm umeemcs 8 mounocmu 00HQ npPusedenrans opma, m. e. 0OHA
gopma, ydosremsoparouan ycroguim (15).

JHokasareannbcTBO. [IycTh JiBe 5KBHBAJIEHTHHIE HOJIOXKHTELHO
onpenesenHsle dopmu {a, b, c}w{a,, b, ¢,} yIoBaerBopsiOT

YCHOBUAM: —a <b <a <c,
"—a1<b1 gal <C11

a NpHM paBeHCTBE & H C HJH @y H C; COOTBETCTBEHHO b HiH by
HEOTPHIIATEJIbHbI.

PaccMorpum caydadl, Korza a, sga. Cayvafi a<Ca, BBHIY CHUM-
METPHH pacCcMaTPHBAEGTCS COBepIHIeHHO aHasioruuHo. OGosHauuM uepes

(a B) YHUMOZRYJAIDHYIO TIOACTAHOBKY, nepepomsmyo {a, b, ¢}
B {a,, by, ¢;}, TaK uyro

a, =aa®+ boy +cy?

by =2a0f +b (@b +Py) +2cy* | °

a npu A=C 0<<B< A=C.

(16)
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Us nepsoit popmyasl B (16), nockonsky a=cc, | b] << @, nonyuaems
a=a,=aa*—alay|+ay?, (17)
OTKYJa : .
: foyl<1—(la]—|v])*<1,
T. e. |ay| pasen 0 HuH 1.
Ecin |ay}=0, 10, mockonpky ad—Py=1, « u y He Moryr
OJHOBpeMeHHO obpamaTbcst B HyJb, OfHA M3 3THX BeJuudHH paBHa 0,
a Jipyrasi o MOAyJlio paBHa |, Tak 4To U3 HepaBeHCTB (17) mosyuaem:

a=a,=a(@+vy%)=a, a=aq,.
Ecin |ay[=1, To a?=y2 =1, u u3 (17) Takke nosyuaem:

a=a,=a, a=a,,
T. e. BCerza a=a,.

PaccMoTpuM Tenepb TPH BO3MOXKHEIX Ciyyas.

1) Ecna ¢>a, 1. e. |b|<<a<{c. B sTOoM ciyuae, HOCKOJIBKY
Joay|<<1, paBeHcTBO a=a, =aa?+bay-cy? MOXKeT HMETb MeCTO
ToNbKO npH y=0, a Torga ad—Py=1 paer ad=1. Bropas ¢op-
MmyJaa B (16) npunumaer Bun: by =2aaP+0b, 1. e. 2a]b, —b.

ITo ycnoBuio

—a<b<a, =—a<b,<a,

TaK ut0 2a|b, —b MOXeT HMeTb MeCTO TOJIbKO NpH b=b,, a Torpa
M3 PaBEHCTBA NMCKPUMHHAHTOB b®—dac =b? —4a,c, nojyuaeM, 41O
H C=¢.

2) Ecnu ¢; > a,, To MOXHO paccMOTpeTh npeobpasoBaHue, nepe-
Bopsimee {a;, by, ¢,} B {@, b, c}. TlockoabKy noKaszaHo, dYTO
@, =a, COBeplIEHHO aHAJIOPM4HO MoJiydaeM b, =b, ¢, =c.

3) Eciu c=a=a,=cC;, TO U3 PaBeHCTBA JUCKPHMHHAHTOB

2 —
b? —4ac = b2 — 4a,c,
nonyuaem b®=0>b%, M TaK KaK COTJIACHO YCJOBHAM b H b, HeoTpH-

nareJbHBl, TO b=1",.

PaspaboraHHast HaMH TeOPHS NO3BOJISIET ONPEJICJIUTD, SBJIAIOTCA JIH
JiBe 3aJlaHHBIE MOJIOKHTENBHO OnNpefesicHHbe (OPMbl 3KBHBAJIEHT-
HEIMH, H B CJIyuae HX 3KBHBAJICHTHOCTH — HalTH NMOJACTAHOBKY, Iepe-
BOASAINLYI0 OJHY H3 HHX B ApPYryio. UroObl peumruth 3TOT BOMNPOC,
Mbl, TpHMEHSs aJrOPHTM, H3JIOXKEHHbI B JOKa3aTe/lbCTBax TeO-
peM 289 u 289, 3ameHsleM KaXAyn W3 3THX ¢(OpPM IKBHBaJIEHTHOH
dopmoit, ypoenerBopsromedt yciaosusm (15). Eciau MBI npH 9TOM
MOJIyUYHM OZHY M TY Xe dopMmy, To (Teopema 283,;) neproHayaJibHble
bopMEl 3KBHBaJeHTHBl. ECHH MBl DOJNyyuM JBe pasHble (GOPMEI,
yaoBjeTBopsiomue ycaousiM (15), To cormacHo Teopeme 291 gpe
nepBoHayaJbHBe GOPMBI He MOT'YT NMPHHALIEXKATh ORHOMY H TOMY Ke
KJaccy, T. €. 9TH (OPMBl HESKBHBAJIEHTHBL. '

Ecnn noacranoBku S u T meperoxsT CooTBeTCTBeHHO {a, b, ¢}
u {a,, b, c,} Bomny 4 1y %e dopmy { 4, B, C}, ynosnersopsio-
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m.y?o yciosuaMm (15), To moxcranoska ST~! mepesomut {a, b, ¢}
B {a, b, ¢ }.
I'Ilp n%vle;l) OnpepesiuTb, 3KBUBaJEHTHBl JIH dopmt {73, 17, 1}
u {3, —3, 1}. Eciu OHM 3KBHBaJIeHTHB, TO HafTH NOICTAHOBKY,
nepeBOAsALLYI0 BTOPYIO GOpMy B mepByio.
Dopmy {73, 17, 1} nopcranoBKoi (1 —0) nepeBofuM B (opMy

{1, —17, 73}.

’ —17=2(—=9)+1, t=—09, k=9.

[Toacranosxa ((1) ?) nepesogutr {1, —17, 73} B npuBeneHHYIO
dopmy {1, 1, 1}.

" Tlopcranoska T = (?—(D ((1) ?) = (? ——é) nepeeoaut {73, 17,1}
Henocpencreenno B {1, 1, 1}. ®opmy {3, —3, 1} moxcranoekoii

(?_(1)> nepesosuM B {1, 3, 3}. 3nec 3=2.141, {==1, k=—1.

IloacranoBKa nepesogut {1, 3,3} B {1, 1,1}, a noxn-

0

0 —1 —1 —1
CTaHOBKa S = (1 0) ((1) 1) = (?__ ) nepesoaur dopmy {3, —3, 1}
HenocpexcTBedHo B {1, 1, 1

@opmnm {73, 17, 1} u {3, ——3 1} 3KBHBaJIeHTHLI.

91\ . 1 0
1 1

r- —<—10>’ ST~ 101)
{3, —3, 1} B {73, 17, 1}.

Teopemsl cymectBoBanus 289 u 289" abdexTHBHE B TOM CMBIC/E,
UYTO OHH JAIOT ONpEeARJICHHHIH CHoco0 HaXOXACHHUS YHHUMOXYJSAPHOH
IO ACTAHOBKH (?g , TiepeBOJsilliel NOJIOXKHTEJIBHO OINpeJesIeHHYIO
topMy {a, b, ¢} B npuBegennyio ¢opmy { A, B, C}. EcrecrBenHo
BO3HHKAeT BONPOC: CKOJIBKO CYLIECTBYET TAKHX NOACTAHOEOK H YeM
OHU OTJHYAIOTCA ApPYr orT jpyra? Paau mnpoctoTel chopMynHpyeMm
COOTBETCTBYIOIHE TEOpeMbl [JISi MPUMHTHBHBIX (opM.

Teopema 292. [za aobod npusedenHHol APpUMUMUSHOE NOAOKHCU-
menbHo onpelesennot gopmut {a, b, ¢} ¢ Ouckpumunanmom, omauy-
Hom om —3 u —4, cyuwecmayom 8 mMounocmu 0e YHUMOOYAAPHbIE
nodcmanosku, nepesodaujue amy Gopmy camoe 8 cebs.

O0Ha u3 amux nodcmaHosoK ((l)? , o Opyeas <—:) _?) .

—IOACTaHOBKA, IepeBojAllas

IHlokasarteanbcTBo. Ecin (3 6) rae ad — By = 1, nepesogur

dopmy {a, b, ¢}, yHOBIETBOPSIONLYIO YCJIOBUSIM TeOpeMBl, B {a, b, ¢},
TO 1O q)opmynaM (5) nmeem:

a=aa? -} boy + cy?, (18)
b=2aof -+ b (ad + By) + 2cy$, (19)
c=aPp®+bp6+ cd?.

10 A. A. Byxwraé ’ 289



Joxaxem, uto u3 paBeHcTsa (18) cuenyer
1>a2—|ay| +y2. (20)

HeficTBuTe/IbHO, ecau ¢ >>@, TO BBHAY —a<<b=<Ca HepaBeH-
crBa (20) ecTb HemoOCpeACTBEHHOE CJleJCcTBHe paBeHcTBa (18).

PaccmatpuBast ke cayuait c=a, T. e. cayuait, Korja 0<<b <a,
HMeeM, NOCKOJbKY IHCKPHMHHAHT A oT/aHuedH or —3 U —4,

{a, b, c}=={1, 1, 1} u {a, b, c}5~{1, 0, 1}.

Haubospmnit obmuii pennrens (a, b, ¢)=1, Tak uro b=a
ub=£=0, 1. e. 0<<b<a, u Torga us (18) Takxke cjegyer HepaseH-
ciBo (20).

U3 uepasencrsa (20) caenyer:

Jav]<l—(la|—|v])*<]1, ay=0.

Ipeanonoxum, uro o=0, Torga H3 ad—fPy=1 noayuaem:
fy==—1, y=== 1. Ilpu ¢ >a 310 UPOTHBOpEUuT paBeHCTBY (18),
« nNpH c¢=a u3 paseHcTB (19) noayyaem 2b=2ayd, uyr0 HeBO3-
MOXKHO, MOCKOJBKY, KaK 3TO OblJIO OTMEUEHO BhIle, B 3TOM CJyuae
0<<b<a.

Takum obpasoM, a0, y=0, ad=1.

V3 pasencrsa (19) nonydaem 2aaf =0, p=0, Tak uto npua=1

Halla JIMHelHHas NOACTAHOBKA HMeeT BUI: ), a npu o=—1

—1 0 .
BUJ < 0 __1> .

Onpenenenve 87. YHumodyaapuowe sunelinvie noOCMAnosKU, nepe-
6o0awue Keadpamuunyo Gopmy camoe 8 cebs, HA3LIBAIOMCA ee asmo-
Mopgusmamnu.,

Teopema 293. IIpu A =—4 cywecmsyem moavko 00HQ npugeder-
HQA NOAOKCUMEAbHO onpederennas popma, a umenro gopma {1, 0, 1}.
Sma gopma umeem uemoipe agmomopusma:

(01): (To—1)» (10)» (170) o)

ZLokasaTeJI.bCTBQ. Us b2—dac=—4, a>0, ¢>0,
|b|<<a<<c crenyer:

01

4<dac=4+b'<4dtar,
- 3ac <4, lgacsé, ac=1, a=c=1, b=0,
T. e. {a, b, c}={1, 0, 1}.
[Tycrs $ g) ectb aBroMopdmam {1, 0, 1}4 Torma us (18) u (19)

nosyyaem: 1=oa2+4y?, O=oaf-+y5, 1. e. au6o 1) a==1, y=0,
p-=0, mmbo 2) a==0, y===41, 6§=0. [Nockosabky ad—Py=1, T0
B nepBoM cayuae d=a, a BO BTOpoM f==—1y, YTO H Jaer 4eThlpe
aBToMOpdusma (21).
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Teopema 294. IIpu A =—3 cyujecmsyem moasko 00Ha npuseden-
HAA NOACKHCUMENbHO OnpedereHnas opma, a umenrno gopma {1, 1,1},
Ima gopma umeem wiecmo asmomopPuIMos:

(01) (Tot) (170) (020)+ (o) (71 70)-
JdoxkasatreanbctrBo., M3 b%2—4dac=—3, a>0, >0,

[b|<<a<<c caepyer: dac=3-+b2<<3+4ac; ac<l; ac=1; a=1;
c=1; b=1, 1. e. {a, b, ¢c}={1, 1, 1}.

ITycts (a[g —asroMopguam {1, 1, 1}j Torma cooTHolle-
nua (18) u (19) pamoor!
l=oa?+ay+v?, 1=2ap +ad+ By +2v0. (22)

Ecan ay =0, To, nockolbky ad—Py=1, Moryr GbiTh ciaenyio-
lHe BO3MOXKHOCTH:

1) y=0,a=1, =1, p=0; 2) y=0, a=—1, §=—1, f=0;
3) a=0, y=1, p=—1, 0=1;4) a=0; y=—1, f=1, d=—1.

Ecmn ay=£0, 10 ay=1—a?—y?2<<0, |ay|=—ay, ay=
= (la}]—]y|)*—1=—1, ay=—1. CooTHoilenus (22) u ycaoBue
ad—fBy=1 naT eme IBe cJefyiol[de BO3MOXKHOCTH:

B) a=1, y=—1, p—6=1, 6+p=1, p=1, 6=0;
6) a=—1, y=1, 6—P=1, 6+ p=—1, =0, p=—1.

Teopema 295. Yucio asmomopdusmos nPpUMUMUBHOL HOAONCU-
meavro onpedesennod ¢opmer {a, b, ¢} ¢ Ouckpumunanmom A
pasrot

1) 4 npu A=—14,

2) 6 npu A=—3,

3) 2 npu ecex ocmaavHvix 3HaueHuax A.

JdokasareabctTBo. IlycTh S—HeKoTopasi YHUMOAYJASIpHAs
JuHeHHAs NOACTAaHOBKA, NepeRojswas {a, b, ¢} B NpHBEeIEHHYIO
dopmy { A, B, C}, a U—asromopdusm { A, B, C}; Torga SUS~1 —
aBTomopdusm { @, b, ¢}. Mul noayuuM Bce aBroMopduaMel {a, b, ¢},
ecan B SUS™1 npu saganHoM S OyjaeMm B kauectBe U Gparth pas-
Jauunnie aproMopbuamel { A, B, C}. [lefictBHTeabHO, ecan V —
npoH3BOJIbHEIN aBromopdusM {a, b, c}, 10 S™'VS mnepesomur
{A, B, C} camoe B cebs1, T. e. S"1VS={U, V=SUS™1.

ITockoarky SU,S™1==SU,S~! Ttounko npu U,=U,, To gHcm0
aBroMopdusmoB y {a, b, ¢} u {A, B, C} oaumakoBo, T. e. cO-
rjacHo Teopemam 292, 293 u 294 paBHO ueThipeM npH A =—4,
mectd OpH A=—3 ¥ JBYM BO BCeX OCTaJbHHX CJydadX.

OnpezenuB 4uCyI0 aBTOMOPGHU3MOB, YKaKeM HX KOHKPETHYIO popMy.

Teopema 296. [lpumumuenas noAoHUMEALHO oOnpedesenHas

¢opma {a, b, ¢} c Quckpumunanmon A, kpome ((1) (1)) u (“(l) __(1)) s
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UMeem euye MOALKO CAedyroujue Qasmomoppuamos:

—b (4 b [+
2 7 ‘
1) s _p | nou A=—4
’ a P) ¢ 3
1—‘—1; p 145 . —14b
2) 2 2 2
14+6 ] 1—b i°? _ —1—bl"
\ @ 2 - D) 2
.__12.._b —c \
! = —
-—1+b/5 npu A=—3.
a 9 y
1o -1 0
IHorkasareabcTBo. IloacranoBku 01, B 01 oue

BHIHO, ABJSIOTCA aBToMopdusMamu Aias JoGoll KBagpaTHYHOMH
¢opmel. Ecau auckpUMHHAHT A otyHyeH oT —4 U — 3, TO (Teo-
pema 295) npyrux aBTOMOP(pH3MOB HeT.

IIyere {a, b, c}—dopma ¢ puckpumuHanToM A =—4; nox-
——  —C
CTaHOBKA ( 2 » | MEpeBOnHT ee B (opmy
L3 D}
b 2 —b b b 2
a (——-gx—cy) —}—b( — X—C )(ax+—y)+c(ax+7 y) =
=228 (ax® 4 bxy+cy?),
T. €., NOCKOMBKY b?—4ac=-—4, B {a, b, c}.
[lycte {a, b, ¢}—dopma ¢ AHCKPHMHHAHTOM A =— 3; mojCTa-
7 _¢
HOBKa |+ | TICPEBOMHT ee B dhopmy
2
a (l—g—l’x—cy>z+b (—1—';'——bx——cy> <ax+1—ﬂ )+
+c(ax+%“—l’y)2~li@f————(axz+bxy+cy2)
T. €., NMOCKOJbKYy b®—4ac=—3, B {a, b, c}. Auanoruuyso mpo-
1+b
BepsieM, YTO M NOACTAHOBKA ] npu A =—3 npejcras-
. — ——
2

asier coboli apromMopdusM {a, b, c}.
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Ecau (C; g) -—aBTOMopq)HSM, T (:3 :g) , OUEBHJHO, TaKXe -
SABJIETCA aBTOMOPQHU3MOM. .

b
- ¢
2
Asromopdusm —p| upn A=-—4 u asTOMOpDUIMH
__a —_—
1+b 1 2b
(=5 . —2 ¢
k —1—p ) ® —14p) TPH A =-—3 mnonyuaorcs
\ 4 2 a 2
M3 yXe HaiJeHHBIX NepeMeHOH 3HAKOB Y Bcex ajieMeHToB. CorjiacHo
teopeMe 295, Hafigs npu A=-—4 uerbipe, a npd A =—3 mecrb

aBTOMOPGH3MOB, MBI MCUEpHaJH BCE BO3MOXKHbIE aBTOMOPHH3MbI
Takux dopm.

Teopema 297. Hucao yrumoOysapubix AunelnbiX NOOCMAHO8OK,
nepesodALjUX NPUMUMUBHYIO NOAONCUMEAbHO onpedereruylo Gopmy
{a, b, ¢} 8 sxsusasenmuyro el gopmy {a,, by, ¢} ¢ Ouckpumu-
Hanmom A, paswo:

1) 4 npu A=—4;

2) 6 npu A=—23;

3) 2 npu ecex ocmanvnbix SHauenuax A.

HoxkasareabcTtBo. Ilycre S—Takas JuHeliHas NOACTAaHOBKa,
nepesogsmasn {a, b, ¢} B{a,, by, ¢, }, U—npoussosbHuiil aBTOMOp-
¢usm {a, b, c}; Torna US Takxke nepepouut {a, b,c} B{a,, b;, ¢, }.

Mbl moJiyYyHM Bce YHHMONYJ/ISIpHbiE NOACTAHOBKH, I€PEBOJSIIHE
{a, b,c} B {a,, by, ¢, }, eciu npu s3aganHoM S 6yseM B KauecTBe
U Gparb pasnnudpie aBToMopdusmbl ¢opmbl {a, b, c}. Heiicrsu-
TeJNIbHO, ecnu T —INpOH3BOJIbHAS YHHUMOAYJSipHAs JHHeHHAsA noj-
craHOBKa, nepesopamas {a, b, ¢}, B {a,, by, ¢/}, To TS™1 —
aproMopdusM {a, b, c}, 1. e. TS™1=U, T=US.

Bmecre ¢ Tem paBenctBo U;S= U,S BO3MOXKHO TOJIBKO MpH
U,=U,.

TaxuM o6pasoM, HYHCJIO YHHMOAYJAPHBIX NOACTaHOBOK, Mepe-
Bopamux {a, b, ¢} B {a;, b, ¢, }, paBHO uHuCaAy aBTOMOP(H3MOB
{a, b, ¢}, 1. e. corjlacHo npelbiayllledl TeopeMe paBHO: 4 INpH
A=-—4; 6 npp A=—3 ¥ 2 0pu BCeX OCTaJbHBIX 3HAUCHHAX A.

Teopembl 3Toil TJaBBl JAOT BO3MOXKHOCTb HallTH BCe COGCTBEH-
HBle HPeXCTABJICHHA NOJIOXKHTeNbHOro YHcaa N NpPHMHTHBHOH MoJO-
XKHTeJbHO onpefiesieHHoOR gopmoit {a, b, c¢}. Has sroro:

1) Pemaem cpaBHenne B?2=A (mod 4N) u HaxoJuM 3HaueHus B,
VIOBJIETBOPSIOIIHE STOMY CPaBHEeHMIO, Takue, uro 0 << B < 2N. Ecan
TaKHMX 3HaueHHH B meT, To (Teopema 288) He cymecTByeT mpeactas-
nesnit N ¢opmoit {a, b, c}. Eciu xe takue B CylecTBYIOT, TO
KaxJIOMy npencrasjenuio N ¢opmo# {a, b, ¢} coorsercrByer (Teo-
pembi 288 u 282) skeuBasentnas ¢opma { N, B, C} c Takumu B
u C, rge C ompepensieTcss H3 paBeHcrBa (12).
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2) Haiins Bce B, yzoBJeTBOpsiiomHue cpasHennio B2 = A (mod 4N),
Takne, yt0 0=<< B<C 2N, u coorBercrByiomue C, Mbl MOXEM COCTa-
BHTb BCce ¢opmul { N, B, C}, a 3areM, BLIeJIHB M3 HHX, KaK 370
6blI0 NOKasaHoO Bhille, (OpMBI, SKBHBaJeHTHbEe {a, b, c} Hafitu

a p

BCe YHUMORNyJISIpHbIE IIOACTaHOBKH BHJAA (’Y 6)’ nepesoaime

{a, b, ¢} B takue {N, B, C}.
CoryacHo (opMyJam (5) roe A= N, xaxaagd napa @, y €cTb
pellleHHe HeollpejeleHHOTO ypPaBHEHHS

N =ax®+ bxy+ cy?,
IIpumep. Haiitu Bce npeicrasjeHuss yucia 73 ¢opmoit

3x*—3xy -+ y3.
OueBypHO, YTO B JAHHOM CJlyyae BCe MpeJCTaBJIEHHs COOCTBeH-
uble. [{uckpumunant A = — 3. CpaBHenue B?=—3 (mod 292), skBu-
BaJeHTHOE¢ CcHcTemMe B?=—3(mod73), B?=—3(mod4), umeer

(TeopeMa 226) yernipe pemieHHs. Haxogs 3TH pellleHHS, MOJydaeM:
B= -+ 17 (mod 292), B==4 129 (mod 292).

V3 Bo3MoxHHX 3HadeHull B ycnosuio 0= B<{2.73 ypoBjer-
BopsiioT B=17 u B =129. 3Hauenuss C, onpejessiemble H3 paBeH-
crea B®*—4.73.C=--3, paBHH cooTBeTcTBeHHO | H 57.

®opma {3, — 3, 1}, Kax Mbl BbISICHHJIM B IPHMepe Ha CTPaHHIle
289, skBuBajeHTHa ¢opMme {73, 17, 1} u nepexoguT B Hee C Io-

MOIIILIO MOACTAHOBKH ( 1(1) ?) , Taxk uro x; =1, y, = 10 npeacrasnser
COOOH pellleHHe ypaBHEHHS
3x? —3xy +y2=T73. _ . (23)

YMHOXad (1(1) (1)> c/ieBa Ha YKasaHHBble B TeopeMe 296 ajsa ciay-

uyasi A =— 3 aBToMOpDHU3MEI (g :%) , (:é é) dopmnt {3, —3, 1},
HaXOJUM eme JBe NOACTaHOBKH, nepesopsmue {3, —3, 1} B

{73, 17, 1}, a umenno (“g :}) (l? é), 4TO fAaeT ewme XABa
pelleHus: X,=—28, Y,=—7 H X,=9, y,= ;

OcTtanbHbie TPH NOACTAHOBKH MNOJYHAIOTCs PIS HalAeHHLIX nepe-
MeHOH 3HaKOB BCeX 3JIEMEHTOB, YTO JAAE€T €me TPH peIICHHS:

x4=—"1, y4:~'—‘10; x5—'——8, y5==7, x6=_9, ye=—17.

IMpu B=129, C=57 d¢opmMa {73, 129, 57} noxacranoBxoil
((]) —(1)) nepesogutcss B dopmy {57, —129, 73}. @opma
{57, — 129, 73} noxcTanOBKOK G - (1)) nepeBoputcs {1, 15,57 } n,
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HaKoHell, 9Ta GOpPMa NOACTAHOBKO# (1) - {) nepeBonutcs B {1, 1, 1},

Ipoussenenne U=((l) _(])> (i —(1)> ((1) _D:(—i ___g)

nepesomut {73, 129, 57} HemocpeactBenno B {1, 1, 1}, a npous-
Begenue SU™L, tae S= <(l) _ }), nepeBoguT dopmy {3, —3, 1}

B {73, 129, 57 }. Haxomum

somr=(Y (28 D) =(Lh _b):

X;=1, y,=—7T— pellleHue HeONpPeJeJeHHOTO YpaBuenus (23).

YMHOXad <_; . é) cJieBa Ha aBTOMOPGH3MBI (g _ i) ) (:é é) )

8 — 8 —
HaXOJUM ellle JBe NOACTAHOBKH: ( | 9> H <_ 17 — 15), nepeBo-
aamue {3, —3, 1} B {73, 129, 57 }, u noayuyaem cooTBeTCTBYIOIHE

pemenus: x;=9, y,=10 u x,=—38, y,=-—17. Mensaa snaxu,
HaXOMMM eme TPH pelleHua: Xo=—1, y,,=7; x;,=—09,
Y11 =-—10; x,,=28, y,,=17, TaK uro ypaBHeHHe (23) HMeeT Bcero

12 pewmieBMH B UeJHX YHCAaX.

Hcemopuuecrkue rommenmapuu xk 31-it zaase

1. Teopuss KBajpaTuuHeX ¢OpPM BO3HHKJa Kak eCTeCTBeHHOe
o6o0Iienre psila YacTHHIX 3ajlay ¢ HeonpejieJleHHBEIMH ypaBHEHHSIMHU;
HEKOTOpEle M3 3THX 3ajad MB PacCMOTPHM B cJiaeaylomed rJase.

B 1773 r. Jlarpaux B cBoelt pabore ,Recherches d’Arithméti-
que” onyGJHKOBaJ OCHOBHHIE DEe3yJbTaThl O NpeACTaBJEHHH 4YHceN
6MHApHBIMH KBajlpaTHUHHIMH ¢opMamu. B To Bpems Kak no Jlarpau-
wa (Depma, Didep H xpyrve MaTeMaTHKH) H3yYaJH TONBKO (OPMbl
YyacTHOTrO BHJA, JlarpaHX, paccmMarpuBas OHHapHble KBaipaTHUHEIE
¢opmel Buza (1), 3anoxuy OCHOBh oOllell Teopuu. Jlarpaux pac-
CMaTpHBaJl JIHHeHlble NOACTAHOBKH € OIpefieJIHTeJIEM, PaBHBIM o 1.
OH noka3aJ BO3MOXHOCTb 3aMeHH 3ajaHHoll ¢dopMbl apyroil ¢op-
MO, yRoBJeTBOpsiomell ycjoBuaM (13) teopemnl 289, W yCTaHOBHJI
OCHOBHYIO CBSI3b MeXJIY BONPOCOM O.IPEJCTABUMOCTH 4YHCeJ KBaf-
paTuyHo#l (HOPMOH H CYUICCTBOBAHHEM pelieHHH COOTBETCTBYIOIIETO
cpaBHeHHs 2-f CTeneHH.

Jlexxauap B 1798 r., manaras B cBoeit xuure ,Essai sur la théo-
rie des nombres* pesyabTarn Jlarpamxa no TeopdH KBaJpaTHYHHIX
¢opM, BHec cYlecTBeHHBe YIOPOIIEHHSI M JONOJHEHHs. B CBOHX
HCCJIEIOBaHHAX OH IOJIL30BAJICH 3aKOHOM B3aHMHOCTH, J0Ka3aTellb-
CTBO KOTOpOTO, OKa3zaBileecd, OJHAKO, HEMOJHHM, GBJIO HM IOMe-
meHo B 3Tof xe KHHre. TakuM o06pasoM, yacTb pesynabTatoB Jle-
Xaugpa 6nja NOJHOCTHIO OGOCHOBAaHa TOJILKO TOCJE BHIXOHA rayc-
cosckux ,Disquisitiones arithmeticae“,
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[MpuMeHsieMas B HacTosiiee BpeMsi B TEOPHH KBaJPaTHUHBHIX ¢opM
TepMHHOJIOTHS BBefeHa B OCHOBHOM I'ayccoM, KOTOpHIA B CBOHX
,Disquisitiones arithmeticae“ paa cucrematuueckyio Teopuio 6unap-
HEIX KBaJpaTHUHLIX GOpM, IPHYEM B OTJIHYHe OT JlarpaHXa OH Tak Xke,
kak Jlexanap, O6pan ¢dopmbl Buma ax®+2bxy--cy?. Taycc manexo
NPOABHHYJ TeOpHI0 TakuX ¢opMm. PaccMarpuBas JHHefHBIE 11pe0l-
pasoBaHHs C NPOH3BOJIBHLIMH ONpefle/IUTeNfIMI, OH BBeJ NOHSATHE
3KBHBAJIEHTHOCTH KBaJpaTHUHBIX (OpM, CYIIECTBEHHO pasjuyas Ipe-
o6pa30BaHust C onpeleJuTesNsiMH, paBHbiMH -1 B — 1. Taycc, He
OrpaHuyuBasich JeJleHMeM Ha KJjacch, JaJ 0oJee NOJHYIO KJaccH-
¢ukauuo OMHAPHBIX KBajApaTHYHBIX ¢opM. Hccaemosanus Iaycca
CYLIECTBEHHO OMHPAJHCh HAa Pa3BHTYIO HM TEOPHIO KOMIO3HIIHH (GOpM.

2. Yucqao xnaccoB k(A) maHHOro AMCKpUMHHAHTa A paccMaTpH-
BaeTcql Kak uucJoBasg QyHKUHsS or A, Dra GysKius UrpaeT 6oJbIIYIO
poJib B Pa3suYHbIX 3ajayaX TeopHH uuceJ. MayueHHe 9TOH QyHKuuMH
Oelio Hayato B paborax Iaycca m §SIko6HM, HO 0COGEHHO BaXHbIe
pe3yJsbTathl ObJIK NOJyYeHH 3flech lupHXJe, KOTOPHII JaJjl BBIBOJ
dopMmyJ1, BhIpaxXamomuX 3Ty GYHKIHIO Yepe3 ApYyTHe, CPaBHHTEJLHO
[pocThe apHdMeTHUecKHe BEJIHUHHBI,

3. Kpazparuunsie QopMbl ¢ G46JbIIHM, YeM J1Ba, YHCJIOM Iepe-
MeHHLIX Hauasau uayuarthes ellle ayccom (TepHapHbie ¢opmul). Hau-
Gosee ofmue KBajpaTHuHble GOpMbI OT # MepeMeHHLIX TaKXKe H3y4ya-
Jucb yxe B XIX Bexke. B Hacrosimee Bpemss Teopusi Takux ¢opMm
¢ GOJBIIHM YCIIEXOM pa3BHBAaeTCs MHOTHMH MaTeMaTHKaMH.

TJIABA 32
HEKOTOPBIE JHOP®AHTOBbl YPABHEHHA

1. IPEJCTABJIEHHE YMCEJ B BHJAE CYMMbl JBYX KBAIPATOB
H B BHAE X242y3

Of6wue MerToAb pewleHHsi AHO(DAHTOBHIX ypaBHEHHfi € JByMs
HeH3BeCTHLIMH
A+ x* "ty ... +ay" =N

B leJbIX YHCJAX X M Y NOYTH He paspaboTaHbl.

Mbl HauHeM ¢ HECKOJIbKHX AHOGAaHTOBHX YPaBHeHHUH, sIBJIAIOMIHXCS
YACTHBIMH CJIy4yasiMH ypaBHEHHH, H3YyueHHBIX B Npefbliyliedi rJase.
B kauecTse mepBOH 3ajauM pacCMOTPHM BONPOC O IPEICTaBJAECHHH
YHCeJ B BHJE CYMMBl JABYX KBajpaToB.

Teopema 298. Ypasrenue

x4+ y?=N, (h)

20e N (N>0) yeaoce, umeem peuwleHus 8 yeavix, 63AUMHO Npo-
CMmBLX wucAax X u y moeda u moavko moz0a, K020a KaHOHU4ECKoe
pasaoocerue N He colepocum npocmbix 4ucer p euda 4n-+3 u
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4 ¥ N. Qucao cobecmeennoix npedcmasrenuit N e eude (1) paeuo 40,
20e v—yucno pewiennti cpasHenusn

22=—1(mod N). Bt

NMpumeuanue. UYucao pewenuft cpasuenns (2] 6uno onpegeneHo
B Teopeme 226.

HDoxasarenbcrBo. Ha crpanune 190 (uactHwii cayuail Teo-
peMel 213) OblIo HalifieHo, 4TO IIPH B3aHMHO IMPOCTHIX X M Yy YHCJIO
BHIa x?- y? He JenuTca HA NPOCTHle uHcaa p =4n-+ 3, nostomy,
ecsid N uMeet XOTsi Obt OZIMH TaKOH JesuTeb, ypaBHeHue (1) He HMeeT
pemneHuii ¢ B3auMHO mpocTeiMH ¥ H y. [lpu (x, y)==1 no kpaiineil
Mepe OJHO H3 UHceJ X, y HeueTHO; JeBasd 4yacTb ypaBHeHHs (1)
cpaBHuMa ¢ | uau 2 no moxpyso 4 u ecau 4/N, 1o ypamuenne (1)
TakKXe He HMEeT DelleHHs C TAKHMH X, Y.

Ecau N He HMeer npocThix Jeauteseii Buza 4n-+3 u 44N,
To (Teopembl 226 u 207) cpaBHeHue (2) uMeeT pewieHHd, T. e. v==0.

3amenas B depes 2z, JerkK0o ONpelle/IUTh, YTO YHCJO PeLIEHHH
CpaBHEHHS

B*=—4 (mod 4N) * 3)

B fABa pasa GoJblile, 4eM UYHCJO pelieHHH cpaBHenus (2), T. e.
paBuo 2v. ITockosbky BMecTe ¢ KaxkibsiM B cpasHenuio (3) Bcerza
ynosaersopsieT 4 4N — B, To YMCJIO pelleHHl 3T70T0 cpaBHeHHs, TaKHX,
yro 0 << B<C2N, paBHO v H, CJeJloBaTeJbHO, COTJIAaCHO Pe3yJbTa-
TaM, IDOJYYeHHHIM B [pelbiymiel TrJjaBe, cyllecTByer v (dopM
{N, B, C} ¢ muckpumuHaHToM—4, y Kotopuix 0<<B<C2N.

Bce 3t ¢opMmbi corsacHo Teopemam 291 u 293 3KBHBAJIEHTHHI
{1, 0, 1} u ana xkaxpolt u3 HUX (reopema 297) cymecTBYIOT yeThipe
YHHUMOAYJIsipPHble JHHefiHble NOACTAaHOBKM, nepesopsmue {1, 0, 1}
B takyio ¢opmy {N, B, C}, T. e. ofmee UYHCIO TaKHX npeo6pa-
30BaHUil paBHO 4v.

Pa3JiM4HBIM YHHMOJIYJ/ISIPHBIM JIMHEeHHbIM NOJACTaHOBKAM COOTBET-
CTBYIOT pas/iiuHble NpeAcTaBjieHds N B BHAE (1) (Teopema 287), u,
TaKMM 00pa3oM, PesyJIbTaTH, NosyuenHsie B 31-4 riase (cM. cTp. 293),
MOKa3biBAlOT, 4TO 4YHCJO IpeictasieHuii N B BHue (1) pasno 4o.

Ecau N=piei p?‘ WIH N—----~2p’1"l ... p* . rpe Bee p; —npo-
cTele yucjaa Bupa 4n-41, To cpaBHeHue (2) umeer 2° peieHuil, u
yucJo npeacrasnaenuit N B BHAe (1) paBro 2°%2,

KaxaoMy pelleHHio x,, Y, yPaBHeHus: (1) MOXHO coOnmocTaBHTB
BOCEMb pelIeHHH, MOJYy4YalOMHXCH NEepPeCTAHOBKON 3THX BEJHUHH H
Pa3HYHBIMH H3MEHEHHSIMH B MX 3Hakax. Ec/M paccMaTpuBarh TOJIbKO
TIOJIOKUTEJIbHEIE 3HAYEHMSI HEM3BECTHHIX, TO peleHHi 6ymer v.

- Yactebit cayuail TeopeMbl 298 pyist npocTeix 3HayeHHit N Obli
AOKa3aH DUJiepoM.

Teopema 299. Ecau He cuumamb pA3AUMHBIMIL PABAONCEHUSA,

OMAUNAIOUUEC NOPACKOM CAG2AEMbIX, MO Kax00e npocmoe HUCAo
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p=4n-+1 elurcmsennoim ob6pasom pasaaeaemcs HaQ cymmy Oeyx
Keadpamos. ,

HoxasarteabctBo. Ilpy N=p=4n-+1 cpaBHeHHe (2)
uMeeT gBa pelleHusi (v=2). YpaBHeHne x?-}-y?==p HMeer JBa
pelileHHsi B NOJIOXKHTEJBbHBIX YHCJIAX, NpH ToM (X, Y)=1, x5y,
TaK 4TO ec/H pasjoXeHus p=x%-+y? u p=y%-+x? cudTarb OJu-
HaKOBBIMH, TO OYJeT B TOYHOCTH OJHO H TOJBKO OMHO pasJioKeHHE.

Pemtenua ypaBHenuss x2-+y?=p MOXKHO HalTH, paccMaTpHBas
uucna p— 12, p—22, p—32%, ..., NOKa He HallgeM CpeiM HUX KBal-
pata. IlpuMenende o6muX TeopeM npeiblaylled rJaaBe TpefyeT
OOBIYHO 6oJiee JJIHHHBIX BBbIYMUCJIEHHH, UeM HeNocpeACTBEHHBIH MOxA-
6op. CoBepuieHHO aHaJOTHYHO TeopeMe 298 MOXKHO paccMOTpeTb
NpefCTaBJEHHS [OJOXHUTENbLHEX 4YHceJa B Buje x%- 2y%.

Teopema 300. Ypasgnerue

x24+2y2=N, 4)
20e N-——noicocumenvroe Hedemnoe HUCAO, UMeem peuleHus 8 ye-

AbLX 83QUMHKO APOCMBIX Huciax X, y moeda u moavko moeda, Koeda
KanoHudeckoe passoscgiue N He codepocum npocmeix 4uces p

éuda 8n-+5 u 8n-4-7. Yucao makux npedcmasreruti pasno 2v,
ede v—uucaro peuienull cpasHerus
22=-—2 (mod N). (5)

HoxaszateabcTBo. Heo6XonuMocTh ycs0BHA Oblsla noKasaHa
na crpannne 190 (uactuwit caydail Teopemn 213).

Ecau HeuetHoe N He HMeeT NpOCThIX JeJiMTesiedl BHAA 8n-45 n
8n-7, To cpaBuenue (5) umeer peieHus, T. e. v 5=0. CoBepiuenno
Tak e, Kak M B Teopeme 298, noayuaem, uro uucao ¢opm {N, B, C}
¢ AUCKPUMHHaHTOM A = —8, Ttakux, uyro 0<<B <C2N, pasHO v.

Tak ke, Kak B TeopeMax 293 u 294, mokaxeM, 4TO BCe (GOpMEI
C OMCKPHMHHAHTOM A = — 8 skpuBajientHsl gopme {1, 0, 2}.

JleficTBATEIBHO, €CJIM Y HpPHBeLEHHON NOJIOKHTEJbHO onpefe-
aenHoii ¢opmbl {a, b, ¢} muckpuMuHaHT A==b?—4ac=—8, To,
NOCKONIKY |b|<<a<<c, nmeem: 8<< 8- b*=4ac=8-4-b*< 8+t ac,

2<ac<§, T. . ac=2, a=1, ¢=2, b=0.

TakuM o6pasoM, npu A =-—8 TaK xe, KaK npd A=—4 u npu
A =-—3, uUMeercs OfHH KJacC MOJOXKHTEJBHO ONpeHeJIeHHbIX (opM.
Hnst xaxpoit us v gopM Buga {a, b, ¢} cymectByloT (Teopema 297)
IBa YHHMOAYJSIPHHX JIHHeHHBIX npPeoGpa3oBaHud, MePeBORAMHNX
{1, 0, 2} B {N, B, C}, u Torza, npHHMMAas ONSTb-TAKH BO BHHMaHHE
Teopemy 287, mosyyaeMm, YTO ypaBHeHHe (4) HMMeeT 2v peleHHH
C B3aMMHO NPOCTEIMH 3HAUeHMSIM X H Y.

Yucno pemeHnit cpasHeHus (5) onpepenseTcs Teopemoi 226.
CorstacHo 310 Teopeme, ecaum N=pi ... p, rme Bce p;—mpo-
cThle uyucsa Bupa 8n--1 um 8n-+3, To v==2°, B YHCJIO HpencTa.-
sennit N B Bufle (4) paBHo 2°*1., B wacTHOCTH, OTCIOJ|a BHITEKAET,

298



yro Jwo6oe npocroe uucao p Buga 8n+4-1 mau 8n 43 eguHcTBeH-
HHIM 06pa3oM MOXKeT ORITb NpeACTaB/JAeHO B BHAE CYMMBI KBajpara
H YJIBOGHHOTO KBaJpaTa HATypaJbHBIX YHCE.

INNpumeuanue. Ilpu uetnom N=2N; MOryT GHTb ABa Clyyad:

1) Ecau N, HeyeTHOe, To, 3aMeHds B ypaBHeHHH (4) x uepes 2x; u cOKpa-
masi Ha 2, MBl BO3BpamaeMcs K Cly4alo, PacCMOTPeHHOMY B TeopeMe 300.

2) Ecau N; uertHo, T. e. 4| /N, To us paBeHcrBa (4) cinenyer 2|x, 2|y, T.e.
He CyuieCTBYeT pelleHUil ypaBHeHHS (4) C B3aMMHO NPOCTEIMH X H Y.

Uucso pemenuit ypapneuuit (1) u (4) ObL10 JIETKO ONpeaesuThb
Gnarojaps TOMYy, 4YTO [Jig AMCKPHMHHAHTOB A=-—4 H A=—38§
CYILeCTBYeT BCEro TOJNBKO N[O OAHOMY KJaccy KBaApaTHUHHIX dopm.
Jlerko Bugerb, uTO ecau {a, b, C}—NMOJOKHUTEJBbHO ONpee/eHHas
dopMa ¢ B3aUMHO TPOCTHIMH @, b, ¢ B €CNH CYIIECTBYeT TOJBKO
OJIH KJIacC NMPHMHTHBHBIX GOpPM ¢ AHCKPHMHHaHTOM A =b%*—4ac,
TO COBEpHIEHHO Tak Xe, Kak B TeopeMmax 298 u 300, MoXHO onpe-
JeJUTh 4HCcJ0 COGCTBEHHBIX pellleHHHd ypaBHeHHS

ax®-+bxy+cy?=N.

HsBecTtHO, 4TO Anid cjaefylomux 3HadeHuil — A << 100:
—A=3, 4,7, 8, 11, 12, 16, 19, 27, 28, 43, 67 (6)
— CYIeCTBYET TOJIBKO NO OJHOMY KJIACCy TaKHX KBaJpaTHUHbLIX
dopm.

2. NPEACTABJIEHUE HATYPAJIbHbIX YHCEJ B BUJE CYMMBbI
YETBIPEX KBAJIPATOB

B 1770 r. Jlarpamx pokasaJ/, YTO KaxJoe HaTypa/JbHOe UHCJIO
NpefCTaBEMO B BHJE CyMMbl UeThipeX KBaJpaTOB LEJbIX YHCe.
JloKasaTe/qIbCTBO 3TOrO 3aMeuaTesbHOTO (DakTa OMHDAeTCs HA H3BeCT-
nHoe anreGpanyeckoe TOXKJIECTBO Diljiepa:

(a1 a3+ a4 ai) (b1 4 b3 -+ b3 +-b9) = ci +ci +ca +ch, (T)
rae
€y = by -+ agby+ agby -+ agby, €y =a;by —asb; +agby—asb,,
Cy=1b;—azh; +agby—asby, €4 =0a,bs—asb, 4 aby—azb,.

CnpaBeJIHBOCTb 3TOTO TOXKJIECTBA MNPH JIOOHIX @y, Gy, a3, a4,
by, by, by, by JIETKO NpOBePseTCH HENOCPEACTBEHHBIM BhIYHC/IEHHEM.

Haunem ¢ paccMoTpenus pa3bueHuil NPOCTHIX YHCEJ HA CyMMy
KBagpatoB. B TO BpeMa Kak HpOCThie umc/ia Buja 4n--1 npesacra-
BHMbl B BHJe CYMMbl JBYX KBaADaTOB HATypaJbHBIX uucesa (Teo-
pema 299), npoctble 4ucaa Buia 4n--3 He Bcerja NpeaCTaBHMEBL
Jaxe B BHJE CyMMBbl TPeX KBaiPaToB He/bIX yHcea. JIerko, Hanpu-
M€p, 3aMeTHTh, 4YTO 4YHC/IO 7 HeJb3S MPeACTaBHTb B BHJE CYMMB!
TpexX TaKHX KBajgparoB, BmecTe ¢ TemM OKasblBaeTcd, 4TO Kaxjoe
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NPOCTOE YHCJO NPEeACTaBHMO B BHJE CYMMB UYeTHIPeX KBaApaToB
HeJBX YHced.

Jns npocteix uHcen BHAAa p=4n+1 310 npexacrasiser coboi
HEMOCPEACTBEHHOE CJICACTBHe Teopembl 299, Tak Kak M3 p=a?|-b?
cnenyer p=a®+4+b2*+4-024-02. JlokaxeMm, 4T0 M NpPOCTHE YHCIA p
BHIa 4n-}-3 TakkKe mnpeiCTaBHMH B BHJ2 CyMMbl 4eTHIPDeX KBajpa-
ToB. YTO6H HMMETb JOKAa3aTeJbCTBO, HE 3aBHCHAIEE OT pPe3yJbTaToOB
31-it rnasel, 6yJeM 6parth OOMHH cayYaidl NPOH3EOJBHOTO NPOCTOrO
yucna. Ham monagob6utcs ciefyiomasl BcOOMOraTelbHasi TeOpeMa.

Teopema 301. [las wobozo npocmozo wucaa p =2 cyuecmayrom

yeavie 4ucaa m, Xo, Y, maxue, umo 1< m<— u

Xo Yo+ 1=pm. (8)
JdokasateancrtBo. Hucaa
— 2
03, 12, 22, ..., (9-2—‘) 9)
NONapHO HeCpPaBHHUME! IO Mony.mo p. HefictButenbHO, TO, YTO Cpeju
gucen 12, 23, ..., (’1—;—1-) HeT CPaBHUMBIX MO MOAYJIO p, MH

Jokazanu B Teopeme 203, a 1O, YTO 3TH yucaa HecpaHHME ¢ O,
oueBuaHo. OTCI0fa BHITEKaeT, UYTO H 4HcCJA

S T L e (0 (10)
NONapHO HECPABHHMEI 110 MOZAYJIO p.

OGutee umeso uucesn B nocaepoBatenvuoctax (9) u (10) pasno
p+41, T. e. npeBocXOAHT oOlIee YHCIO KAaCCOB MO MOAYJIO p, a
3TO 3HAYMT, 4YTO CpelH HHX, B3HATBIX B COBOKYIIHOCTH, €CTb MO
KpaftHefi Mepe OJHA napa uYMces, NPHHaj/eXalluX OJXHOMY KJaccy,
T. e. CPaBHHMHX 10 Mony.Jio p. OZHO W3 uuce] TaKOH Iapel MpH-
HaJJMeXUT nocqeropatedibHocTH (9), a apyroe— (10), T. e. npu He-

— —1
KOTODHIX X, H Y,, TI€ 0<xo<p2—l, Ogyogp—é—- , HMeeMm:

Xs=—1—y;(mod p), xo-+ys+1=0(mod p),
xo+yo+1=pm,
1 p—1 p—1\2 _p*—20+3 _p
Sed D= [(B0) + (58 ) +1] -t

U3 pasenctsa (8) HemocpeACTBEHHO BHAHO, 4TO m = 1.

Teopema 302 (Jlarpamxk). Kaocdoe npocmoe 4ucao npedcma-
BUMO 8 sule Cymmor yemoipex Keadpamos yeavix wucen.

JHokxasatenbctBo. CornacHo npempipymiell Teopeme Hs
KaxkJOTro MPOCTOrO 4YHCJa p>>2 cCylmecTByeT m, TakKoe, YTO

1<m<g- H

m =

pm=x;+yo + 12402,
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T. €. pm NpelCTaBUMO B BHJE CYMMBI HeThIpex 'KBajpaToB. OGo-
3HAYUM Yyepe3 pm, HaMMeHblllee MOJOXKHUTEIbHOE YHUCJIO, KpaTHOE p,
npepcraBuMoe B BHE CyMMbl ueThipeX KBajpDaTOB MHeNbIX WYHCE;
TOrja

pme=ai+a3+a;+a; (1
NPH HEKOTOPBIX HEJBIX @, Gy, Gy, (g B 1 << 0<’27 .

JloKaxeM CHayasla, 4TO m,—HedyeTHOe uHcJo. JeficTBHTENbHO,
ecan On 6bL10 my=2m’, T0 u3 paeenctBa (l1) ciemosano Obl, 4TO
CpeflH uucead a,, @y, 4y, Gy He MOXeT OLITb OJHOrO HJH TpeX He-
YeTHBIX YHCEJ, T. €. HHCJIA 4y, Gy, G5, (4 JHOO BCE UYETHBIE, JHOO Bce
HeueTHble, 'JIN6O, HaKOHell, ABAa YeTHHIX M JBa HeueTHHX. Ml Mo-
JXeM Torja pa36GuTh 3TH YHCJAa Ha JBe Naphl, TAK, 4TO B KaXKAYIO
napy BXOJSAT UYHC/IAa OJMHAKOBOH YETHOCTH H, eC/H, HalpHMep,
2|a,+a,, 2la;+ a,, 3anucats pasencTBo (11) B BHAE:

o = -pel ety = (55" () 4 (52

4 <93__2"_“4>2 , .
rae 1 scm’<m,, YTO TPOTHBOPEUHT TOMY, 4TO pm, OBJIO HaH-
MEHbUIHM YHCJOM, KDaTHBIM p, MNpPeACTaBHMBIM B BHIE CYMMBI
yeTbipeX KBaZpaToB IHeJbIX yucesa. TakuMm o0pasoMm, my— HedyeTHOE
YHECIO.
OGosHauuM uHepes ry, ry, ry, ry COOTBETCTBYIOULHE HAHMEHbIHE
N0 abCOMIOTHOH BeJMYKHE BHIUETHl YHCENT &y, G,, O3, G4 IO MOAYJIO

m
m, Tak, 4TO, MOCKOJBKY m, HeueTHo, Bee |r;| << 5. Tlockoarky Bce
r;=a; (mod m,), u3 pasencrsa (11) crenyer:

2 2 2 2__ 2 2 2 2 __
r1+r2+rs+r4=a1+a2‘|“a3'+a4=O(m0dmo),

Mot =ryi+ra+r3-+ri, (12)
1 2
O tma (4 ritri+r) <o (5) 4=m.

IMepemuoxkas pasencrsa (11) u (12) u noabsysce dopmynoft (7),
[oJIyyaem:

mopt =(ai+a;+as+ai) (ri+ri+ri+r))=

=ci+c+es+ci, (13)
Thae <

] 2 2 2 ___
Cy== 0471+ Gyfy +agls+ QaT s = Ay + 03 + a5 +a, =0 (mod m,),
Cq==0y1,— Qs+ Qgry — ayr == 0 (mod m,).

JLnst ¢z 1 ¢4 aHAJIOTHYHO NONyYaeM c¢g==0(mod m,), ¢,==0(mod m).
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Hens Bce unenbl paBeHctBa (13) ma mj, nmoayyaeM:
ie(E) G @) o

rie BCe —— UeJble.
0
ITockONBKY pmy GBUIO HAaMMEHBLIIMM MOJONKHTEJbHLIM UHCJOM,
KPaTHHIM p H MNPEJCTABHMBLIM B BHAe CYMMH YeTHpeX KBajpaToB,
a 0<<t<m,, 10 paBeHctBo (l14) mokasmBaer, uto t=0. W3 pa-
BercTBa (12) mosyuaem:

ri=ry=ry=r;=0, a;=0(modm,) npu i =1, 2, 3, 4,
my|al+al-ad-+ad, mi|mep, mylp, .
T. €. TOCKOJBKY | <im,<C g, 10 my=1. PasenctBo (11) npunu-

MaeT BHA p=d;-+a;--a;aj, T. e. p NPeACTaBUMO B BHJE CYMMBI
YyeThipeX KBAafpaTOB LEJBIX UYHCEJ.

Mpu p=2 umeem: 2= 124124 024-02.

Teopema 303 (Jlarpanx). Kascdoe HamypaavHoe 4ucio npeo-
CMasuUmMo 6 6ude CYMMbL Hembipex Keadpamos yeavlx 4uces.

JoxaszaTteAbCTBO. MH jokasaju, 4TO KayKjaoe TpPOCTOe
YHCJO MNPEJCTAaBHMO B BHJIE CYMMH YeTHIpeX KBaJPaToB LEJbX
uyucesq. Popmyna (7) nokaspiBaeT, yTO IpOH3BelleHHE IBYyX, a cJe-
JOBaTeNLHO, H JIOOGOTO YHCJa NPOCTRIX UYHCEN, KaXJ0e H3 KOTOPBIX
ODEACTAaBHMO B BHIE CYMMBl ueThipeX KBajpaToOB LEJNLIX uHCed,
TAaKKe MPEJCTAaBHMO B TaKOM BHJE.

ITocko/bKy Kaxzaoe HaTypaJibHOe uucao, Gosbiee deMm 1, ecTob
NpOH3BeJleHHe MPOCTHIX uHucesa, a 1=12--0%2+4024 0%, yreepXge-
HHE CIpaselJiiBO AJA BCeX HATypaJbHHX 4Hcel.

3. MPOBJIEMA BAPHHTA -

PaccmaTpuBas pasbueHuss uHcesll Ha CyMMy KBajpaTtoB, Mul,
€CTeCTBEHHO, NOAXOoJuM K OoJjee ofmeill npoGJeMe O mnpejcTaBJe-
HHUSIX 4HCeJl B BHJe cyMM n-x creneHefi. B 1770 r. anrauiickuit
MaTeMaTHK BapuHr BhICKasas 6Ge3 noKasaTelbCTB P MPeAJOXKEHHH,
OTHOCAIMXCA K 3TOH mpoGieme. BapHHT yTBepkKAaJ, UTO KaxJoe
HaTypaJIbHOE YHCJO NMPEACTABHMO B BHJe CyMMbl He GoJee 9 xyGos,
19 6ukBagpatoB u T. 1.

O6mas npoGseMa, BO3HHKILAS B CBSISH C STHMH B CYLIHOCTH
TOJIbKO SMNHPHUECKHMH cOOOpaKeHHsiMH M INOJYYHBIlasi HasBaHUe
npo6nemel BapuHra, sakJ/iouaeTcsi B TOM, YToObl J0Kas3aTb, YTO NS
KaXJOro HaTypaJsbHOTO .1 CYLIECTByeT S, Takoe, 4To Jwboe menoe
noJjioxuTenbhoe N NpejcTaBHMO' B BUIE CyMMBl § CJlaraembiX, siB-
JAOMUXCA TOYHBIMH 7-MH CTeNeHSMH LeJIbX HEOTPHIATENbHBIX YH-
cen. Pemenne 3108t npo6sembl 6bLI0 TIOMYYeHO TOJIBKO B 1909 T
Mb gagum QopMyJsHPOBKY TeOpeMbl, gokasanHoil Bnepsbie JI. T'niib-
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6epTOM; H3J0MKeHHe JIOOOr0 M3 HM3BECTHBIX [0KAa3aTeNbCTB 3aHSNI0
Obl CIHIIKOM MHOTO MeCTa M IO CBOEMY XapakTepy BHIXOAMT 3a
pPaMKH 5TOH KHHTH.

Teopema 304. s 406020 uxcuposaHH020 HAMYPAN6HO20 HUCAA
n cywecmeyem onpedeseHHOe HUCAO S, 3asucAliee MOAbKO om N,
maxoe, umo 0a2 Kawdoeo namypaserozo N ypasHeHue

N=xi+xz+...+x (15)

uMeem peuleHue 8 Ueavlx HEOMPUUAMENbHOIX HUCAAX Xy, Xy < vy Xge
B TeopeMme yTBepKJaeTcsl CYIIECTBOBAHME AJsI KaxJIOr0 n COOT-
BETCTBVIOIIErO S, 00JIajlalolero TakuM CBOHCTBOM, Tak uTo §==§(n).
KoHeuHo, OCHOBHOe 3Jech TO, YTO § He 3aBHCHT oT N, uHHaue
yTBepxjeHHe Obli0 Ob COBEPIIEHHO TPHUBHAJbLHBIM, IOCKOJBKY
N=xi+...4xy npu x,=...=xy=1. JlIsg KaKAOr0 n MOKHO
paccMaTpuBaTh HaWMeHblllee 3Ha4yeHHWe S, NPH KOTOPOM Kaxzoe
HaTypaJbHoe uucno N npeactasumo B BHAe (15); 3T0 HaummeHbILee
3HayeHHe S, 3aBHcslee OT #, 00603HA4alT OOBIYHO uepe3s g (n).
Hanpumep, g(2)=4. [eiicTBuTesibHO, KaxJoe HartypajbHOe
YHCJI0 NPEeACTABHMO B BHAE CYMMEl YeThlpeX KBaApaTOB UeJBIX He-
oTpHUaTedbHbIX uncen (TeopeMa 303), u, Kak ObIIO OTMeueHO, CY-
IECTBYIOT 4HC/Ia, He NpeJCTaBHMble B BHJe CYMMHB TPex KBajpa-
TOB, HaAlNpUMep, KaK 3TO JeTKO BHAETb, BCe uucsaa Bufa N=8k 7.
Ilpn n=23 Obio pokasaHo, uto g(3)=<<9. CymecrtryioTr JBa
uncaa, a uMeHHO 23 u 239, KOTOphle HeJb3s MPEACTaBHTbL B BHJE
CYMMBI BoChMH Ky00B, uto O3HauaeT: g (3) =9, a sHauur g(3)=09.
OkasbiBaercs, YTO, KPOME 3THX ABYX 4YHCeJ, BCe OCTaJbHble Ha-
TypaJibHble YHC/Ma MNPefCTaBHMbl B BHJE CYMMB BOCbMH KYOOB.
Boofuie, maa KaxJIOro n CymecTBYIOT CPaBHHTENbHO HeboJbilHe
uhgcna N, 419 KOTOPHX B ypasHenuH (15) mpuxoautes 6paTh MHOTO
c/laraeMblX; HajHuKe TakHX 4YHces Ompege/isieT TO, YTO IpH yBe/u-
yeHUN n QyHKRUHA g(n) OBICTPO pacTerT.
Teopema 305.

g(n)=2"+ [3‘_]—2

3n

HdoxasaTteabcTBO. Bosbmem N =2" o7 —1; Torga N << 3",
Tak Yto B npeactaBjgenusix N B Buje (15) mesble NONOXKHTENbHBIE
Xy, X3, .., X; MOTYT paBHfITbcA TOMIbKO 2 W 1. Cilaraemblx BHpa

3”
2" npu takoM N MoXeT ObITh He GoJblie, ueM 2—,,]—1, TaK 4TO,
n(]3"

nockoJbky N —2 ([7] — l) =2"—1, HMeeM:

N=2"4...+ 22 1"4 ... 41"

n . 16
B—n]—l pas 2" —1 pas (16)
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Ecnu B pasnoxenun N yMeHbUIUTH UYHMCAO CTeneHeil ABOHKH M
YBEJIHUHTbL YHCJIO eJHHHI, TO O6llee YHCJO claraeMbiX TOJBKO BO3-
pacreT. HawMenbluee umucjo chaaraemeix B pasnioxennu (15) mas

tTakoro N, xak 310 BHAHO H3 (I6), paBuo B—:]-}—?’——Z, T. €.
g(n)=2"+ [f]-z

WwMetorca ocHoBaHusl mpepnoJiarartb, urto 2% [3 ]——2 ABJISETCS

sl BceX n==1 MCTHHHLIM 3HaueHHeM g (n). I/Isaecmbl caeAyIolLHe

pesyabTathl (TeopeMs! 306 1 306”), koToprle MBIl npuBOAUM Ge3 H0Ka-
3aTeJIbCTB.

Teopema 306. Ecau npu HamypaibHom .n, omiusHom om 4 u
5, .umeem mecmo HepaeeHCMmeo

3" 9" [3] <2 [g—] , (7)

g(n)=2"+ [-g—] —2.

Teopema 303 npeiCTaBAeT co6oH 4acTHHIH cayyalt Teopembl 306.
Teopema 306’. Ecau npu HamypaioHOM n umeem mecmo Hepa-

mo

B8EHCMEB0 -
ror (2] >r-[2).
mo
em=] H + 3| =2 npu Lg—‘] [‘é—] + [‘3—} = [g_]
!l 2"+[ ] -+ [gn]——3 npu 2" < [-g—,,] [%J + [gﬁ} + [g_n]

Ecau craBuTh Bompoc O npejcTaBjieHHM HaTypaJibHBIX YHCEN B
Buge (15) He AnA BCex HATYpaJbHBIX YHCeJ, a TOJLKO BCEX YHCeJ,
HayHHAsl C HEKOTOPOro, TO YHCJO § HeoOXOJMMBIX A 3TOrO Cja-
raeMbIX OKa3blBaeTCSl 3HAUHTEJbHO MeHbIIHM.

O6o03naunmM uepe3 G (n) HauMeHblllee 3HayeHHe S, NPH KOTOPOM
ypaBHeHue (15) uMeer pellleHHe B HeJIbiX HEOTPHIATebHBIX YHCIAX
X1, Xg, ..., X; A Bcex uucesa N, HauuHasa ¢ HeKoToporo N > N,
T. €. AJIs BCeX HaTypa/ibHbIX 4Hcen N, HCKJ/ouasi, MOXeT OBITb,
TOJIbKO KOHeYHOe HX YHCJIO.

Ilpu n=2 snauenus g(n) u G (n) cosnajant: G(2)=4, Tax
KaK (CM. BhblIle) CyIECTBYIOT CKOJb YrOAHO OGoJbillie 4YHCJa, He
npejCTaBHMbIE B BHJE CYMMBI TpeX KBaapaToB. B 1942 r. 10. B. Jlun-
HHK Jo0Kasal, uTo G (3) << 7. buuio Takxke jokasaHso, uto G (4) =16,
G (5) << 23. Kak ObicTpo pacreT ¢yHKuust G (n) npu yBeJHYeHHH np
Kax Muoro mnpuuercst 6paTh cjaraembix B ypasHeHHH (15) npu 6odb-
WHX n, utoObl OHO ObIIO paspeillnMO B IEJHX HeOTPHUATeJBHHX
YHCJAX JJif BCceX HarypaibHbiXx N, HauHHas e HeKotoporo? Psaz
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KPYIOHBIX COBPEMEHHBIX MATeMaTHKOB Pa3pabaThiBaJid METOJB OLEHKH
OYHKuHH G (n). OcobénHo sdpeKTHBHEIM OKasajcs meton M. M. Bu-
HOTDajioBa, JOKa3aBLIEro, urto

G(n)=0(nlnn).

4. HEONIPEJEJIEHHOE YPABHEHHE ®EPMA

PaccMoTpuM Tenepb HeompejedeHHoe ypaBHeHue PepMa
x*—Dy*=1, (18)
nMelonlee Gosbloe 3HayeHwe BO BCedl TeOpHH JHO(DAHTOBLIX YpaB-
HeHHH. Mbl JokaxeM, 4TO MPH KaXKIOM HATypaJbHOM 3HaueHUH D,
OTJIMYHOM OT IOJIHOTO KBaJpara, 510 ypaBHeHHe HMeeT GeCKOHeu-
HOe MHOMXKECTBO DpellleHHH B HenwlX YucJax, ¥ Jajaum OOmuH MeTof
I HaXOXKJIEHHS BCeX ero pelleHHH.

Teopema 307. [Tycme D—yeroe nosoxcumersroe Heksadpamroe
HUCA0 U Xy, Yo (X =0, y,>0)— pewenue Ouopanmosa ypaeHenus
(18); moada x, u Yy, npedcmasarsrom cobOd COOMBEMCMBEHHO HUCAU-
meab U 3Hamenamend 00HOU u3 nodxodsuux Opobeid k V' D.

HNoxasartenbcTBo. Us xp—Dys=1 caepyer, uTto $>
— 0
>)D>1u

_VD.‘/o) (xo”‘V_yo) = 1
V p|- yo]"°+VD]<2yo

T. €. COrJIacHO Teopeme 245 f:%—i—om{a H3 NOIXOMSHX JApO-
- 0 $

6eir x V' D. ITockONBKY X, B Y,, YAOBJETBOPSIONHE YpaBHEHHIO
X p

(18), —B3auMHO nNPOCTHIE 4YHCJAa, H3 paBeHCTBa ;’-=§S- cielyer:
0 s

x0=PS’ yons,

B Tteopeme 265 mbl nmoayumau oOmuii BuA pasaoxenus YD B
uemHylo Apobb, a HMEHHO:

V5=ao—l-‘ya1—|—ya2+...+ﬂak_1+y2aol+... (19)

OkaspiBaeTcs, 9T0 pemieHUAMH ypasHeHHs (18) moryT GLITH UHC-
p
JUTEJH H 3HaMeHaTeH TOJbKO TeX NOAXoismux apobeil =%k (19),

Qs
y KOTODHIX HHJAEKC S MMeeT BHX kn—I1.
Teopema 308. Ecau x,, y, (x>0, y0>1)-—pemenue Juogan-

mosa ypaenenun (18), mo xo=Py_1, Yo=Q4,_,, 20€ %’;Tn-_._noa.

n—1
xo0sawas dpobe x (19).
JloxasatenscTBO. B npeipiaymeii Teopeme Mbl [0KasalH,
YTO €CJH Tapa HeJblX MOJOXKHTeNbHHX MHCeN X,, Y, NpeicTaBisier
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coboii pemenne ypaBHenus (18), To x,=P,, y,=Q,, rTIe QP—‘—
s

noaxopamas apobp k a=1}"D. Uncno @ ectb KopeHb KBajApaTHOTO
YpPaBHEHHsI C HeJbiMH Ko3(duLneHTaMH

x*—D=0. (20)

1
Tlonnoe wactHOE @, =0, +—/as+2 <+ ... pasnoxenus VD B

HenHylo Apobb npencraBisieT cOGOH KOpPeHb HEKOTOPOIO KBajapaT-
HOTO YpaBHeHHS

2
As+1°‘5+1 + Bs+1°¢s+1+ Cs+1 =0

C TeM Xe JUCKPUMHHAHTOM, Kak y ypasHeHus (20) (Teopema 262),
H coryacuHo dopmynaaMm 28-i raaswbl (CTp. 254) (npun=s-+41, 4A=1,
B=0, C= —D) umeem:

A1 =Pi—DQi=1, a B,,; =2(P,P,_;—DQQ,_,);

B, ,{—4eTHOe 4HCJIO, KOTOpOe Mbl OC03HauuM uyepes — 2/. Pemas
KBaJIpaTHOE ypaBHEHHe HJA O, ,, MOJdyYaeM ocs+1=l+1/D, T. €.
pasyioxeHHne o, , B HenHyio ApoOb JO/IKHO HMeTb TOT Xe NepHon,
Kak B pasjoxenuy (19) umcna VD, u OT/MHYAeTCS OT HEro TOJMbLKO
HayaJbHbIM YjleHOM. DTO MOMXKET GBITb TOJBKO HpH [=a,, s-+1=
=kn, 1. e. s=kn—1. Tenepb ocTaeTcss TONLKO BHIICHHTb, KaKHue
HMEHHO H3 uuces Py, _;, Q,,_; ABAAIOTCH pellileHusIMH y paBHeHHs (18).

Teopema 309. [Tycmo D—yearoe noaodcumenrvroe Hexksadpammoe
uucao, k—oauna nepuoda pasrosenus V'D ¢ yennyw OpoGo. Mo
noayaum ece pewerusn ypasnenus (18) 8 yeavix noroxumMerbroLX
YUCAAX X U Y, eCAU NOAONHCUM: '

xzpkn—lf y=an—1f

ede n— a0boe Hamypasbroe 4UCA0, MAaKoe, 4mo kn uemwo.

HokaszatenbcTBO. B npeamayueil TeopeMe Mb yXKe Yycra-
HOBHJIM, YTO Bce HeJible MOJIOKHUTeJNbHElE pellleHHsA ypaBHeHHs (18)
HaxomnATCa cpefm nap Buga P,,_,, Q,,_;. HaMm ocraercs Tonbko
BRISICHHTB, NPU KAKUX A YHCNA Xo=P,,_;, Yo=Q4,~1 YLOBJIETBO-
pswT ypasHeHuo (18).

[onHoe uacTHoe @, B passoxenun (19) uucia /D umeer pun:

Oak,, =12a0 —I— 'l/al‘*" .o +yak_1l+ ce oy

T. €.
Oy =g +VD. 21
Coraacno ¢opmydae (8) 24-i raasn

V'5= Pry_ 1%t Pry_s
Qrrn-1%nt Qrpz’
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Tak 470, MOJCTAaBJ/sAfA CIOJa 3HAYEHHS O, U3 Qopmyan (21), noay-
qaeM:
Dan-—1+(a0le—1+an—2) Vﬁf (aOPkn—l +Pkn—2)+
B +Pys VD. (22)
ITockonsky V' D uppaunonambHo, us paBencrBa (22) cmenyer:

Pkn—lzaOan—1+an—2’
DQyp1=00Ppp_y + Pry_o-
YMHOXas TepBoe M3 3THX paBeHCTB Ha P,,_;, a BTOpoe Ha
Qp,_; ¥ BHIUATAs, TOJNY4aeM:

Pkn-—l_“Dan—1=Pkn—1an 2—Pkn 2an 1=(_1)kn’

CurenoBatesbHO, napa Py,_;, Qu,—1 OVAET SBIAATBCS pelieHHeM
ypasHenusi (18) Torza m ToabKO Torja, Korga (— 1) =1, 1. e
NpHY YeTHHIX 3HaueHHsiX kn. HauMeHBIIMMHM NOMOXKHTEJbHEIMH 3Ha-
UEHHSIMH Xy, Yo, YIOBJeTBOpsIOMHUMH ypaBHeHnio ®Pepma (18), sap-
JASIOTCH:

xo=Py_y, Yo=Q,_,, ecu k ueTHO.

Xo=Pyu_1, Yo=Qsp_q, €CIH k HEUETHO.

IIpumepn. 1) Hajitu nHauMeHnblnne uesble TOJMOKHTENbHbIE
3HAYeHHHA X, Yy, YAOBJETBOpSIOLHE ypaBHeHHIO x2—22y%=
Pasnaras /22 B uennyo npoGb, moaydaem:

Vﬁ=4+ﬂl1+ﬂ2+—“4+ﬂ2+ﬂ1 +ﬂsl+.

3pech k=6 —ueTHoe YUCNIO, NOSTOMY X, = P;, y, = Q5 — HCKOMBIE
HaMMEHbIIHE 3HAYyeHHA X H Y. BHuHcasg, Haxeaum x,= 197,
Yo =42.

2) HaiiTu HaumeHblide HeJible MOJIOKHTENbHbE 3HAUEHHA X, Y,
YZOBJIETBOPSIIOIHe ypaBHeHHIO x%— 13y%=1.

Pagnaras J/ 13 B Henuyto apobb, nmoayuaem:
VIB=34 14+ 01414 1 Y6 4
' .

3aecs k=05, HanMeHbllee ueTHOe kn paBHo 10, MosToMy ucKo-
Mble 3HAUeHHA X,=P,y, y,=Q,. Buluuciass, HaxoguM: x,= 649,
Yo ==180.

CopepilieHHO aHaJIOrH4YHO ypaBHeHHIO (18) MoxHO pemuth ypas-

HeHue
—Dy?= —1. (23)

Teopemsr 307 u 308 nepenocsitcs Ha 5TOT cayyail 6e3 BCAKHX
uaMeHeHH#, a B Teopeme 309 BMecTO yCJOBHS YETHOCTH kn Hajo
noctaBuTh ycnaoBue 24 kn. Takum o6pasoM, npH YETHHIX 3HAYEHHAX
k puopanToBO ypaBHeHHe (23) He uMeeT pelleHHH.
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5. NPOBJIEMA ®EPMA

PaccmoTpum nuodbaHTOBO ypaBHeHHe

x4 yt=22 (24)
Tle X, Yy ¥ Z—HarypajlbHbie YHcJa.

Hssectno, uto 4ymcaa X, y, 2 MOXHO pacCcMaTpUBaTh KaK JJIHHEY
JABYX KaTeTOB H THIOTEHY3bl NPAMOYTOJBHOIC TPEYroJbHHKA.

I'eomeTpHUecKH 3a/jaua peleHHs HeON PeJeJIeHHOro ypaBHeHust (24)
dopMynupyeTcd Kak 3ajaya HaXOXJEHHS NPSIMOYTOJbHBIX TPEYrodb-
HHKOB, Y KOTOPHIX AJIHHBI BCEX CTOPOH — LieJIble YHUCIHA.

Odra 3ajaya paccmaTpuBajacb MaTeMaTHKaMH pas/HYHBIX CTPaH
emie B ray6OKOH ApEBHOCTH.

OG6umue nenuTenn HBYX H3 BeJHUMH X, Yy, 2 B ypaBHeHHH (24)
JO/KHBE ObiTh AesIUTeJNSIMU TpeTbell W3 HHX H MOryT OBITb COKpa-
meHsl. Mbpl MOXeM M03TOMY OTPaHHYMTHCS PACCMOTPEHHEM B3aHMHO
OPOCTHX 3HAYeHHH HeH3BECTHEHIX.

Teopema 310. 1) Fcau x, y, z—nonapHo 63QUMHO RpOCHbIE
wucaa, yooéaemsopawougue ypasHenuro (24), mo wus 08yx uucer x
U y 00HO 4emno, a Opyeoe Heqemwo.

2) Bsaumno npocmeie uucia x, y, 2 (x>0, y>0, 2>0), u3
KOmopbLx x uemno, yoosaemeopsom ypasHeruo (24) moada u mosvko
moedn, Kozda

x=2ab, y=0a*—0b% z=a%+0b?, (25)

ede a >b=>0, (a, by=1 u u3 uuces a u b odHo uemHo, a Opyeoe
HeHemHo.

Hoxkasareancrso. 1) Ilpu (¥, y)=1 uucna x m y He
MOTyT ObITb OJHOBPEMEHHO ueTHbiMM. Ecau Om x u y Owbau oba
HeUYeTHLIMH, TO Z Obljo 6bl YeTHBIM M Mbi UMeau Obl:

2= Ky = (2 + )2+ (2 + 1)?==2 (mod 4),
2=2k, 2*==0(mod 4), 2=0(mod 4),

TakdM 00pa3oM, H3 ABYX UYMCEN X ¥ Y OXHO YeTHO, APYroe He-
YeTHO, a CJEA0BATEBHO, Z HEUYETHO.

2) octatounocTh ycaoeuil. Ilpu mobuix a u b uucia
x=2ab, y=a?—b% u z=a®-b* yJIOBJIETBOPAIOT YpaBHEHHIO (24).
HeficTBuTenbHO,

(2ab)? 4 (a?-— %)% = (a*+b%)2.

Ecau (a, b)=1, (a®>—b% a?+b*)=d, 10 d|2a? d|2b% wu
NOCKOJBbKY @ H b pasnnaHoit ueTHoctH, To (d, 2)=1, d|a?, d|b?,
d=1, 1. e (x, y, 2)=1.

IMpu a >b>0 uucna x, y, z HaTypaJbHbIe. {

Heo6xoaumocte ycaoBuil. Ilycte x, y, 2, roe 2|x,—
HPOH3BOJIbHBE B3aUMHO INPOCTHIE HATypaJbHbE YKCia, YAOBJETBO-
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pAIOIHe ypaBHeHHUIo (24); TOrja, KaK 3TO YCTAHOBJIEHO Bhile, Y H 2

HeueTHH H .
()= (5(7).
Ilycts (z—';—g, i’-:i')=d, torna djz u dly, 1. e. d=1. Ilpons-

2

: -I-y z—y
BeJleHHe ABYX B3aMMHO NPOCTBIX YHCEJ —g5—~ 5~ [pejcTaBaser
cobofi KBaZpaT uejoro 4Yucjaa, a c.nenosaTe.ano (Teopema 46),
KaXjoe W3 3THX UMceJl TaKiKe SIBJIfETCH IOJHBIM KBaJpaToM, T. €.
NpH HEKOTODPHIX Heabix ¢ u b (a >0, b >0) nmeem:

z—‘—?’:a“‘, 28— b2, z=ad+ b, y=a?®—b? x?=4a%?, x=2ab,
rie a>b>0. Kpome Ttoro, us (x, y, 2)=1 caenyer (a, b)=1.
IlpupaBas a u b pasHele sHaueHHs, YAOBJETBOPHIOMKE YCJOBHAM
TEOPeMbl, Mbl MOXeM MOJYUHTb BCE pellleHHs1 ypaBHeHus (24).

Hanpumep, npu a=2, b=1 mnoayuaeM: x=4, y=3, z=5;
npu a=3, b=2 noayvaem: x=12, y=5, z=13 u T. L

Muorue IuodaHTOBH ypaBHEHHSI, B OTJIHYHE OT ypaBHeHHS (24),
BOOOImIe He HMEIOT pellleHHH B Ue/blX NOJOXKHTEJbHEX YHCAAX.
Hanpnmep, ypaBHenue x%-+y?-+422=0, oueBHIHO, He HMEET TAKHX
pemleHHil, Tak KaK JieBasl 4aCTh ero IpPH NOJOXKHTCIBbHBIX X, Y, 2
Gosbme HYyJ4.

CymecTByloT AMODAaHTOBH ypaBHeHHS, He HMelollHe pelleHHH B
UeJIBIX [OJIOXKHTENBHBIX YHCJAAX, XOTHA JeBas 4acTb ypaBHeHHS IPH-
HUMaeT 3HAYeHHsd pasHbIX 3HAKOB. [IpumMepoM Takoro ypapHEHH:
MOXKET CJAYXHTb ypaBHeHHe x*-}y?—2z2=0.

Teopema 311. ¥ pasrerue

o yt=22 (26)
He PA3PEULUMO 8 UeablX NOAOICUMENbHOLX HUCAAX.

Hokaszarteascrtpo. [TpuMenuM HHAYKUHIO N0 2, nNpupabas
Z BCeBO3MOXHHBI€ HAaTypa/bHble 3HaueHHd. B HamleM JOKasaresJbCTBe
Bce OYKBbl OYAYT O3HAuYaTh TOJBKO LieJible MOJOMXKHTEIbHbIE WHeaa.

IIpr z=1 HenocpescTBeHHO BHAHO, 4TO YypaBHeHue (26) He
HMeeT TaKUX pelleHHi.

[Ipegmonoxum, 4to ypaBHeHHe (26) He HMeeT pellleHHH C IEJbl-
MH TOJIOKMTEJNBHBIME X H Yy NPH BCex z< N, a IPH Z=n HMeeT
TaKoe peIleHHe X=Xy, Y=Y, T. €.

(x3)? +(yo)? =n2. (27)

PaccMOoTpHM JABa cjyuasi:

1) (x4, Yo, n)=1; TOrHa cornacHo npeipAymel TeopeMe JHGO
2|x,, u60 2|y,. Ecam 2|x,, To (Teopema 310) umeem: y;=a?—b?,
(a, b)=1, y,—neveTHoe unc/a0. KBajpaTH HEUYETHMX YHCEJ HMEIOT
Bux 4k 41, a orcioga Jerko BHJAETb, YTO Pa3HOCTb KBaJpaTOB ABYX
B3aMMHO NpPOCTHIX YHCEN @ M b MOXKeT paBHATbCH KBajpary Heyer-
HOTO Yo, TOJBKO KOTJa G He4eTHO, a b ueTHo.
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Hs a?=y;-+-b? npu (a, b)=1 nomyuaem, uto a=u?- 02,
b=2uv, rpe (u, v)=1. Hanee, u3 (27) nomyuum Tamxe Xo = a (20)
u (a, 2b)_1 TaK 470 1o TeopeMe 46 umeem: a=s2% 2b=1¢2, rgae
§ M ¢ ueJnle, a NOCKOAbKY b =2uv, To [2?=4uv. BBPIJ.Iy TOro 410

i \2
(u, v)==1, papeHCTBO <7> == UU MOXKeT HMeTb MecCTO (TeopeMa 46)

TOJIBKO NPH U =x;, v=yi. Tlogcrarasia B paBeHCTBO a——u"—}-v2
HalJeHHBle BblpaXeHHs AJS 4, ¢ | U, NOJydaeM:

Xi+y1=s (28)

VM3 Toxpectsa (27) BUAHO, 4TO X < 7 ,H, KpOMe TOI'0, Mbl HMeJH

Bollle s2=a U Z2alx;, TaKk uT0 S<Ca< Xy< n, T. €. PaBeHCTEO
(28) npoTHBOPEYHT TOMY, YTO COIJIACHO MPEAMNOJOKEHHIO YPaBHEHHE
(26) He uMeer pelleHHE B LeJBIX NOJOXKHUTEIbHBIX YHCAAX MIPH 2< .

Ecan 2ly,, T0, paccyxpas aHaJOTHYHO, NMOJy4YaeM TO Ke MpO-
THBOpeUHe,

4 4 2
2) (o, s, M=a>1, torma (%)°+(%)" = ()", rae neaoe
';—2< n, 4YTO TaK¥Ke IMPOTHBOPEUHUT HaIleMy MPEATNOJIOKEHHIO.

IlonyuenHoe B o60oHX c/aydasiX NPOTHBOpeuHe IOKa3blBAeT, 4TO
U3 MpepnoJioxKeHHS OTCYTCTBHs pelleHHH ypaBHeHus (26) ¢ Haty-
paJbHBIMH X, y B 2<n cleflyeT OTCYTCTBHE TaKHX pelleHHil U
npu 2=n. CorjacHo teopeme IV ypaBuenue (26) He HMeeT TaKuX
pellieHH# NpH BCeX HaTypasbHHIX 2.

HeopHopopuoe auodhaHTOBO ypaBHeHUe C JBYMS HEH3BECTHHLIMU
C ONHOPOJHO# JIeBOH HacTbIO CTeneHH, Oojbiieii ueM J[Ba, OGBIYHO
HMeeT TOJIbKO KOHeYHOe MHOXeCTBO pellleHHi (Teopema 274). Muo-
rue AuodaHTOBb YpPaBHEHHH C TPeMSI HEeH3BECTHHIMH TaKXe HMeIOT
KOHEYHOe UHCJO pelleHHH HJH COBCEM He HMEOT pelleHHH B leJbiX
YHUCAAX.

Mb He uMeeMm ofwmiero meroja (aJropuTMa), KOTOPLIH MO3BOJAI
6bl gasi qoboro maHHOrO AMO(aHTOBA ypaBHEHHs pellaTbh BONpOC,
HUMeeT JId OHO WJIM He HMEET pelleHus B Ue/BX YUC/IaX; HeH3BecT-
HO Jaxe, CymeCTBYeT JH Takofl aJroputM. Mbl MOXeM CTaBHTH
BOIIPOC O CYIIECTBOBAHHH peilleHHH B IeJBIX HJH LENhX MOJOKH-
TeJbHBIX 4HCJAAX HJS OTAEJNbHREIX YpaBHEHWH WJH JJI HEKOTODHIX
KJaccoB AHO(QAHTOBHIX ypaBHeHH# onpejeneHHoro Bujga. HauboJee
U3BeCTHasd M3 TaKuX 3ajay npobiema, PO3HHKIIas ewe y Depwma.

B opuoft u3 xuur [duocdaHTa paccmarpuBaercsi 3ajauva o pasbue-
HHHM 3aJaHHOTO KBajpaTa Ha CyMMY JABYX KBajpaToB, npudyem Jluo-
(baHT HMeeT B BHAY KBaJpaThl IOJIOXHUTE/bHBIX palHOHAJbHBIX UH-
cen. Ha nonsax CBOEro sK3eMivispa counnenuit lmodanra, ram, rae
pemaerca sta 3agada, II. ®epma sanucaa: ,BmecTe C TeM HeBO3-
MOIKHO pasjoXHTh Ky6 Ha jnBa kKy6a mau OuxkBajgpar Ha jBa Ou-
KBajJipata H BOQOIle HEBO3MOXKHO pa3JOXUTh Kakyl-JTHOO CreneHb,
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fosnbUIyIO YeM JBa, Ha JBe CTENEHH C TAKHM Ke IOKasarejieM.
$l Hamen NMOWCTHHE YIWBHTEJbHOE NOKA3aTEJNbCTBO ITOr0, HO NOJS
KHHTH CJHIOKOM Y3KH, 4YTOObl BMeCTHTL €ro“. ®depma Tak u He
0o6HapofioBa/] CBOe NOKAa3aTeJbCTBO, H HAM HEH3BECTHO, UMEJ JH
OH TMOJIHOE JOKa3aTeJLCTBO STOr0 YTBEPXAEHHS B TOM CMBICIeE,
KaK Mbl €r0 NOHHMaeM, T. e. AJS MHOMXECTBa BCEX HATYDaJdbHBEIX
yHcesa. HecMmoTps Ha TO uTo € Tex nop mpomio Gosee 300 Jer,
yrBepxjaeHre @epma, dYacTo HasbiBaeMoe IOCJefHeH TeopeMoH
®epma, He HOKasaHO, XOTH W He oNpoBeprHyTo. MceruuHoe mnoJo-
»KeHHe 3ech TAKOBO, 4YTO JJ/is1 Hac 6Ojiee YMeCTHO TOBOPUTH HE O
Teopeme, a 0 npobneme Pepma.

IIpo6amema Pepma. Bepuo au, uro s Jio6Oro uesoro
1 =3 ypaBHeHHe

tyt=2" (29)
He MMeeT peIleHHH B IeNbIX NOJOXKHTEJNbHHX YHCHAX?

Ecau pas kakoro-jqubo n JokasaHo, 4TO ypaBHeHHe (29) ne
uMeeT pelleHHH B UEJHIX HOJIOXKHTEJIbHBIX YUCJAAX, TO TOBOPAT, UTO
yTBepx)aeHne Pepma BepHO AJAS 3TOTO N.

CnpaBennuBocTh yTBepxKieHHs Pepma npd n =4 npeacrasiager
co60il HemocpeACTBEHHOe CJeACTBHe TeopeMbl 311, Tak Kak mauas
TaKOro n ypabHeHHe (29) MOXHO 3anucaTb B BHJE

x4 yh = (22)2.

Jlerko BupeTb, 4TO ecnu yTBepxjaeHHe DepMmMa BepHO NMPH HEKO-
TOPDOM My, TO OHO BEPHO M JJs BCeX uuces], KPaTHHX M, 910
BbITEKAeT W3 TOTO, UTO YPaBHeHHe X"k |- ymok — zhk MOXKHO 3amu-
cath B BHIe (x*)m0 4 (yF)1e = (2F)me.

Iasi oueHb MHOTMX YaCTHHIX sHadeHWH n yTeepXjenne Pepma
0Ka3aJoch BepHbIM. BMecre ¢ TeM oOrpoMHoe 4ucsO Ge3yCrellHbIX
HONBITOK pPelluTh 3JeMeHTapHbIMH MeTojamH npobiemy Pepma B
ofmem BHMle NpPHBETO MaTeMaTHKOB K MEICJIH, YTO €e pelleHHe He
JIEKHT B paMkKax 3JeMeHTapHoil apHpMeTHKH M ajnrebpwl.

Hemopuneckue wommenmapuy k 32-iy 2aa8e

1. Benukuil ppeBHerpeveckHil MaTeMaTHK JiHotaHT xua u paGo-
Tasn B AJlekcaHIpHH. BpeMsi ero XHsSHH B TOYHOCTH HEHSBECTHO;
GOJIPIIMHCTBO HCTOPHKOB OTHOCHT ero K III wau 1V Beky nainei
spel. TO HeMHOTOe, UTO MBI 3HaeM O €ro KH3HH, H3BECTHO TOJBKO
Gaarojgapsi OfHON apHpMeTHUeCKOil 3ajave, COCTaBJEHHOH B IO3TH-
uyecko# cdopme Bckope nocse Jluodanra. B orBere, KOTOPHH MOJy-
yaeTcs NMpH pelleHHMH 3TOH 3ajgayH, COEEPMHUTCHA, B UACTHOCTH, TO,
uto Juopant ymep 84 jer ot poay.

Juodant nanucan ,ApudmerHky”, cocrosmyio u3 13 KHHr,
LJlopusmnl”, TlonuronanbHele umena“. Déabuias 4acTe €ro COYH-
HeHu#i He coxpamuiachb. M3 13 xuur ero (Apudmeruku” xo Hac
JOWIO TOJALKO 7 KHHUT. DOJblnasd 4acTh H3BeCTHRIX HaM KHHT
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~APHPMETHKH" NOCBALIEHA PEIUEHHUIO CHCTEM HeONPeJie/ieHHBIX Ypas-
HeHHH 2-§ crenmenH. Pemas BecbMa pasHoOGpasHbie CHCTEMBI HEOI-
peleaeHHbIX ypasHenH#, JnodbaHT nposBua GoJbIIOE MacTEpPCTBO H
H3006peraTe/ibHOCTb. JIHOMAHT paccMaTpHBaeT palHOHAJbHBE, HO,
KOHEYHO, KaK BO BCefl JpeBHEerpeueckoH MarTeMaTHKe, TOJIBLKO IOJIO-
JKHTeJbHbIe 3HAUYCHHS HeH3BecTHHIX. B oTanume or Epknuga ¥ 6osb-
IMMHCTBA JPYrHX JpeBHerpeueckHx MaTtematukos Jluodanr He.
H3jaraeT CTPOTO JIOTHUECKHX J0Ka3aTeJbCTB, OOOCHOBBLIBAIOLLUX
npumeHsieMele UM npuembl. OCHOBHAS ero He/b — JaTh METOJ HaX0X-
JdeHus peweHusi. OH He cTaBHUT cebe 3ajauy HaXOXKAEHHS BCex
pellleHuil HeOlpelesleHHOTO ypaBHeHHst Jaxe Torja, korja ux Gec-
UHC/MCHHOE MHOMXKECTBO, U BIIOJIHE YJOBJIETBOPSETCH OTHICKaHHEM
opHoro pemenns. CounHenns [uocdanta Okasanu pemalolnee BJIHS-
HHe Ha BeChb MOCJAEAYIOUHHA NMepHoj pasBHTHA TEOPHH. YHCe.

2. depma 3HaJ JOKa3aTeJbCTBO TOTO, YTO Kaxkjioe [POCTOe
4Heno BuJa p=4n-1 mnpeiacTaBEMO B BHJE CyMMBl [BYX KBaj-
paToB, HO COXPAHMJHCh TOJBKO HEKOTODblE YKAasaHHAd O MeTole
ero JOKa3arenbCTBA (TaK HasbiBaeMblll ,MeToJ cmycka“).

Oiiiep B 1749 r. ony6amkoBasl NepBOe K3 H3BeCTHHIX HaM
JIoKasaTesibeTB Teopemnl 299. OH poKasas TakXe, 4T0, eCi¥ UHCJO
Buja 4n--1 coctaBHoe, OHO WM BooOlIe He NPeACTaBHMO B BHJe
CyMMBl JBYX KBajpaTOB, HJH HMeeT OoJblle, deM OIHO TaKoe
npeacraBienne. Takum o00pa3oM, eIUHCTBEHHOCTb MNpelcTaBICHHUS
gyucsia BHEA 4n+1 B BHJe cyMMHl ABYX KBajpaToB-— HeoOXxoJHMOe
H JIOCTaTOYHOE YCJOBHE TOro, 4TOGEl 3TO YMCAO OBIIO MPOCTHIM.

YecmoBus cyulecTBOBaHuS peleHH# ypabHeHus (1) (teopema 298)
Obl1H Ge3 JOKasaTeslbCTBA HM3BECTHHI eilie TOJVIaHICKOMY MaTeMaTHKy
XKupapy (1595 — 1632). [ToxasaTeJbCTBO TeOpeMbl, JaHHOe DHJepoM,
OCHOBBHIBAJIOCH Ha TeopeMe 299 u TOxKIecTBe

(ai+ a:) (bF +b3) = (a;b, + a,b,) + (a,h, —a,by)*.

3. Teopema O TOM, uTO mnpocThie 4Hcaa Buga p=28n-+1 u
p=8n-3 npeacraBumbl B Buje x2--2y?, Obia Bhickasana ®epma
B 1654 r. u nokasana diiiepom B 1763 r. Dilnep AoKasan TaKkKe,
YTO MpPOCThie UHCJa BHEA p=6n--1 npeicraBumsl B BHIE x2-- 3y2.
Teopusi KBajgpaTHUHHIX (OpM JAJA JOKA3aTeNIbCTBA TEOPEM TAKOTIO
THna Oblia npuMeHeHa BhepBole Jlarpanmxem B 1773 r.

4. Ecnu Bce (OpPMBI ¢ JHCKPUMHHAHTOM A [PHMHTHBHBI, TO
JHCKPHMHHAHT A HasbiBaercsi ¢pyHuameHTasbHeM. HanGonbummi no
abCcoJ/IIOTHOH BeJIMYHHe H3 H3BeCTHBIX (YHAaMeHTaJbHBIX OTpHUIA-
TEAbHBIX JUCKPDHMHHAHTOB A, &JIsi KOTOPOTO CYHIECTBYET TOJIBKO
ofuH KJaacc,—3To A= —163 (h(—163)=1). IloxasaHo, yto npH
— 500000000 << A << — 163 ana Bcex (yHJaMeHTaJIbHBIX XHCKPHMH-
HaHTOB A BenuuuHa h(A)>1, a cpeau dyHAaMeHTaJbHbIX AUCKpH-
MuHaHTOB A <<—500000000 cymectByer camoe GoJjbluee OZRHH
IHCKPHMHHAHT, Takoil, uto h (A)=1 (Xeinp6porH, JIundyt, Jlemep).
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- 5. Teopema 303 Onuia BhHcKasaHa Dame ge MesupbskoMm 8
1621 r., KoTophiff MpoBepHa ee cnpaBeATHBOCTb JJiSl MHOTHX HaTy-
paJIbHBIX YHCeI; STY TeopeMy uacTo HasHBalOT Teopemoil DBaine.
depma Ha NOJSAX CBOEro sK3eMmisipa counHeHHi Jlnopanra nanucan,
UYTO METONOM CNnycCKa MOJYYHJA JOKa3aTeabCTBO TeopeMul baine.
IlepBoe H3BeCTHOE AOKA3aTENbCTO TeOpeMbl nNpuHaijexkur Jlarpan-
Ky, H TMOITOMY MH HashiBaeMm ee Teopemoii JlarpaHkKa.

6. Awurauwiickuii marteMatuk Bapunr (1734—1798) wuspecten
Gosibille Bcero Mo CBOHM paGoTaM B TEOPHH CHMMETPHUECKHX MHO-
roujieHoB. B TeopuM 4YHCeN ero HMs CBf3aHO TOJBKO C IOCTAaBJEH-
HOH MM npob6jeMO#l O npeiCTaBJACHHH YHCeN B BHJE CYMMHl CTeme-
He#l (Teopema 304). Dra npoGiema, MONyYMBLIAA €r0 HMs, MOCTaB-
JeHa uMm B ero coumnenun ,Meditationes algebraicae”. Ilocne
I'nanbepra psii MaTeMaTHKOB JaJjld  pasJiMuHBe, GoJiee mpoOCTHE,
yeM y ['unbbepra, foKasartenncTBa Teopembl Bapuura. CpaBHUTeIBHO
3/IeMeHTapHOe J0Ka3aTe/IbCTBO TeOpeMbl ObiJIo JaHO JIMHHHKOM.

7. Teopema 306 — pe3yJbTaT pabOT psja MaTeMaTHKOB, HAUHHAS
¢ Jlarpamxa, paccmoTpeBuiero cjayvait n=2. HacTHbLIMH cJyyasiMH
TeopeMnl 306 sBaserca Tto, uto g(3)=9, g(6)=73, g(7)=143,
g(8)=279. Cayuaii n=23 6bi1 paccmorpern Budepuxom B 1909 r.,
a cayuyail n=6—uHguiickuM MateMatukoM Ilunznau B 1940 r. Ilpu
n =7 pesyabtat Teopemn 306 Ony moayueH B paborax [dukcona,
HuBena u PaGerenges. Teopema 306’ npunajgntexutr JIHKCOHY.
CymecroBanue g(4) 6bI0 JoKasaHO BrepBole JInyBuJajem B 1859 r.
Tounnle sHauenuss g(4) u g(b) mo cux mop HeusBecTHH. Hmcso 79
HeNb3sl NMpelCcTaBUTh B BUAe 18 GukBajpaToB, Tak urto g(4)=19.
C gpyroit cropousi, OblJIO J0KazaHO, uTo g(4)=<3b, T. e. 19<<
<< g(4) << 35 (duxcon). OtHocurenbHO g{(5) u3BecTHO, uTo 37 <
< g(5) =< 40 (Uenn lI3biHB-XYHB).

HepaserctBo (17) Oblio npoBepeHO [Jisi OUeHb MHOTHX H, H
NnoKa He OblJIO HailleHO HH OJHOTO HaTypaJsIbHOIO 7, HJsl KOTOPOTO
OHO OLLI0 OBl HEBEPHBIM.

B 1957 r. Maaep JfoKasaJ CYIIeCTBOBaHHE n,, TaKOTo, 4TO (op-
MyJa

gl =2+ 5] —2

BepHa NpH BCeX N == A,

C Apyroi CTOPOHEL, 5JEKTPOHHO-BHIYHCANTEIbHbIE MAIIHHB JaJH
BO3MOXHOCTb Cremyepy B 1964 r. ycraHOBUTB cnpaBelJHBOCTDb 3TOM
dopmynn ans scex n<g 200000,

8. Ilpu Bcex n>=2 cnpaBelJIHBO HepaBeHCTBO G(n) =n- 1, Tar
4T0 onenka G(n)=O0(nlnn) He MOXKeT GLITL CJAHLIIKOM CHIBHO yay4-
mena. . M. Bunorpazos aoKasan, uto G(n) <n(3lnn+411), a Ayu
I'yan-uaH, nonp3ysicb MeTojoM Bunorpanosa, moayuua B 1957 r.
on%e:gg: G(n) < nBlnn+9) npu n=2%u G(n) < n(3lnn+47) npu
n ‘ :
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CyuiectsyeT mnpepnosoxenne, uyro G(n)<<2n-+1 npu n=%2* u
G(n)=4n npu n=2% k> 1. :

CnpaBefJIUBOCTL 3TOH THIOTe3H J0 CHX NOpP He YCTaHOB-
JieHa.

9. ¥YpaBuenue (18) uacto HasmBaoT ypasHenuem [lenns, Tak
KaK }MMEHHO 0], TaKHM HasBaHHeM OHO GUIrypHpyeT B TpyAax
iinepa. Ileans He 3aHMMaJIC STHM ypaBHeHHeM, H HasBaHue OBLIO
naHo Diinepom no omubke, depma, NMO-BHAMMOMY, HepBHII MaTeMa-
THK, 3HaBIUMH 0oOmufi MeTop pemleHUa ypapHedusi (18), u nosromy
5T0 ypaBHEHHe MHOTHE MaTeMaTHKH HasblBaloT ypaBHenueM Pepma.
®depMma 3HaJ J0KAas3aTeJbCTBO TOrO, UTO 3TO ypaBHeHHe NpH Jio6oM
LeJIOM MOJIOKHUTEILHOM D, OTIHYHOM OT MOJIHOTO KBajpaTa, HMeeT
GeCKOHEUHOe MHOMKECTBO peIleHHi, HO CBOe [A0KAa3aTeJbCTBO He
ony6nuxoBan. PepMa I1PeANOXHI aHTIHHCKHM MaTeMaTHKkaM Bpoyu-
Kepy (1620—1684) m Bannucy B xauecTBe 3ajaud JoKasaTb yxe
H3BeCTHBHIH eMy ¢(axkT cymecTBoBaHHS OeCKOHEYHOIO MHOMKECTBa
LleJIOUUCJeHHBIX pemeHdil ypaBHeHHs (18). Bpoyukep gan Meron Ha-
XOXIeHHs pewennfi ypasHedus: Pepma, Ho Bonpoc O yucje peme-
HUH 3TOTO ypaBHEHHS OCTaJIcsl y Hero HeBhlsicHeHHBIM. Mccieznosa-
Hua BpoyHKepa Guisii npuBejeHbl B TpyAax Bannuca, a 3ateM BouLtH
BO BTOpPO# ToMm aurebpbl Diinepa. Bmecte ¢ TeM HH BpoyHkep, HH
JApyrue aHT/IMHCKHe MaTeMaTHKH W Jaxe Jijep He JOKasasH, 4To
ypaBHeHHe Pepma npH J0O0M 1le/IoM NOJOXHTEJbHOM D, OTIHYHOM
OT NOJIHOTO KBajpaTa, MMeeT pelleHHS B IeJblX YHCaax; 9T0 ObliO
CeslaHo ToJbKO JlarpaHixeMm.

MOXHO OTMeTHTb, 4TO OTJesbHble ypaBHeHHsi BHAa (18) Bcrpe-
yaJHch 3agonaro po pabor ®epma, bpoyHkepa u Jlarpamxka. Tak,
HalpuMep, TaKHe ypaBHeHHS pacCMaTpPHBAJHCh HHIYCCKHM MarteMma-
koM VII Beka Dpamerymnra, KoTopblil yMes pemaTb X, a ypaBHe-
Hue x?—2y®=1 BcTpeuaeTcsl ellle paHbile y IPeyecKHX U HHJIYycC-
CKHX MaTeMaTHKOB NpPHMEPHO 3a YeThipe CTOJeTHsi A0 Hamei#l sphl.

10. OtpenpHBE HeJIOUHC/EHHblE pelueHHs ypaBHeHHS (24) Obin
M3BeCTHH B raybokoil apeBHocTH. O6inue perleHust ypaBReHHS (24)
6vutH KaHbl B TpyAax EBkauga u Juodanra. @opmyan (25), pamoiue
[[eJIOUHCJEHHbIE pellleHHs YpaBHeHHs (24), pacCMaTpUBAJIUCh TaKxke
JPEBHHMH HHIYCCKHMH MAaTeMaTHKaMH.

HoxasateancTBo Teopemnl 311 6bi10 nano Pepma, a 3arem Jitge-
pom. depma B OJHOM M3 CBOHX NHCEeM JaJ B OOmMMX yepTax AOKa-
3aTeJIbCTBO TeopeMul, a ero apyr @Ppeuuriar jge beccu no stuM
yKa3aHHSIM BOCCTAaHOBMJ M onyOaukosaJ ero B 1676 r. Ilo Bompocy
o ToM, uMesa nu Pepma nojHOe peuleHHe nPobJeMB!, MOJYUHBIIEH
ero MMsi, MOXHO TOJBKO CTPOHTb NOTAfKH, i HMEIOTCS CEephe3Hhe
OCHOBAHHS COMHEBATbCH B 3TOM.

ITepBoe onyOsMKOBaHHOE HOKa3aTeJbCTBO yTBepxjeHus Pepma
npu n=23 6bwio gano B 1774 r. Dinepom. Becbma BepOsSTHO, 4TO
He3aBHCHMO OT obuero ciyyas oHO Obljio M3BectHO Pepma. Jloka-
3aTesIbCTBO Diljiepa ObIO HE COBCEM NOJHBIM: HejocTapulee 3BEeHO
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6blJI0 BOCHOJIHEHO Toc/e onyGJamkoBanus JlarpaHxkeMm CBOMX HcCcJe-
JOBAaHHH MO TeopuH OWHAPHBIX KBaJPaTHYHHIX (OpPM.

IMpu n=95 pmokasareabcTBO yTBepKieHus Pepma ObJIO HaHO
Jlexaugpom u dupuxye B 1823—1827 rr., a npu n=7—/Jlams
B 1837 r. O6muii nogxon x npo6aeme Pepma Ori1 HameueH B pabo-
TaX HEMENKOro MaTemaTHKa Kywmmepa, KOTODPbifi NMpHMEHHJ CO3faH-
HYI0O UM JAJsi 9TOro Teopuio ainreGpaunyeckux uncen. IlepsoHauasp-
HEIH pesyJ/bTar, nosydyeHHb KyMmmepoM, CBs3aH ¢ apHpMeTHUeCKOi
npupogoit uyucen bBepuyamu.

Yucaama Bepuynau (no HMeHu lisefiapckoro MaTeMaTnka $lkosa

Depuyanu) naseBaiorest yucaa By, B,, ..., onpefeseHHbIe COOTHO-
IIeHHAMH
1 —
an 1—13 2n+1B +Czn+1 g H (=1 C§Z+1 =
1
=n—z. (30)
INpunasas B popmyae (30) n nocnefoBate/bHO 3Hauenus 1, 2, 3, ...,
MOXKHO BBIMHCJATbL 3HaueHHs B;:
.1 1 1 1 5
Bl =—6—’ 32“3_0’ Bs—ﬁi B4_'3—'7 B5_"5?5’ e
Kymmep foKasaj, 4TO eCM NPH HEKOTOPOM INIPOCTOM p UHCJIUTEJH
y By, Bs, ..., Bp-s He jensTcd Ha p, TO NpH n==p ypaBHeHUe (29)

2
He HMeeT pelieHHH B UeJBIX TNOJMOXKHUTENbHHX uHcaax. B panbueill-

mweM KyMmep H ApyrHe MaTeMAaTHKH 3HaUHTEJbHO YCHJIHJH 3TOT
pe3yJbTaT, B B HacToflllee BpeMsi TakUM IyTeM yJaJjoch, B 4acT-
HOCTH, XOKa3aTh CNpaBeiJHBOCTb yTBepXKJeHHs PepMa s BCex 7
B npelenax ot 3 jgo 4002.

TTTABA 33
YHUCJIOBBIE ¢YHKLHUH

1. YUCJI0O U CYMMA JEJHMTEJENA

B Teopuu yuces paccMaTpHBaloTcs pasHoo6pasHble GyHKUHH [ (1),
3HaYeHHMs KOTOPHIX NPH HATYypPaJbHEIX 3HaYeHHSIX N CBS3AHH C apHb-
MeTHYeCKOH mnpupojofl n. MHOXeCTEO paccmaTpuBaeMblX (YHKUME
yao6Hee He OrpaHUYKWBAThL 3apaHee KaKUMH-IHG0 TpeGOBAHHSIMH,
KpOMe eXHHCTBEHHOIro TpeGOBaHHs: Kaxjas (PyHKUHSA JOMKHA GHITb
onmpefiesena s BCeX HaATyPaJbHBIX 3HAYEHHH apryMeHTa.

Onpepenenue 88. @yuryus f(x) Haseieaemcs wucroeol, ecAu oHQ
onpedeneHa npu 6Cex HAMYPAALHOLX 3HAMEHUAX ApeyMeHma X.

CorsacHO 3TOMY OIpefe/IeHHIO 3HAUHTeJbHAd 4acTb QYHKIHI,
paccMaTpHBaeMbix OOBIMHO B MaTeMaTHUeCKOM aHaJju3e, TAKHX, KaK,
Hanpumep, e*, sin x, arcigx, log, x,— uncsoseie pyHKUMN. 06bquo
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B TEODHH 4HCEJ PaCCMATPHBAIOT YHCJOBble DYHKNHH, KOTOpHle JHGO
BOOOIIIE OnpefiesieHbl TOJbKO NPH HAaTypaJbHHX 3HAYEHHSIX aPryMeHTa,
au60 HyBRHME, 17 KOTODBIX HATYpPAJIbHEIE 3HAYEHHS -apryMeHTa
ABNAOTCSA XapaKTePHbIMH TOYKAMH, ONPEASIAIOMIME BeTHYHHY PYHK-
UHH H B JPYrHX TouKaX. B kadecTBe mnpuMepa TaKHX YHCJIOBBIX
(GYHKIHE MOrYT CHYXKHTb PacCMOTPeHHble HaMH paHblie: QYHKIHS
diiepa ¢ (n) (onpegenenue 35), dyHKuusa [x] (onpenenenme 16).
Dynknus Diinepa BooOlle Onpeje/eHa TONbKO IPH HATYypasbHBIX
3HAyeHHAX aprymeHTta, a y QyHKmuu [x] Bce 3HaueHus onpegensi-
I0TCS ee 3HAuUeHHUSIMHU NIPH LeJHX X.

PaccmoTpuM cHavasa uucioBule ¢YHKOHH T(n) U o (n), 3aBHCHA-
IHe OT JeluTeNefl apryMmesTa. 1(n) onpelensiercss Kak YHCJIO MOJO-
KHTEeJbHBIX JeJIdTeNIell HATypasdbHOrO N, a o (n) onpefielisierc Kak
CyMMa MOJOXMTEeNbHHX AenuTesiefl n, T. e.

T(n)=31, o (n)=>d. )]
din din
Mpumepo. t(l)=1, v(18) =6, Tak KaK y umucaa 18 mecthb
NOJIOKUTE/BHHX JequTeneii: 1, 2, 3, 6, 9 u 18,
Ecau p npocroe, T0 tT(p)=2.

o (18)=1+2+3+6-+9+18=39; a(p)=1+p.

Teopema 312. Ecau p$+-pl:. ... .p% —KaHOHUYeCKOE pa3Aodie-
HUe HAMYPAA6bHO20 HUCAG, MO

T(pR-pgee ... pE)=(oy+ 1) (2y+1) ... (a4 1). (2)

JJokaszateabcTBO. JII060H MOJOXUTEABLHHI HEeJHTENb YHCJIA

n=p%.p%. ... .p% (teopema 20) umeer sum pbipf: ... pBs, rpe
0P, <o, 0<Py<<a,, ..., 0< P, <, u, TakuM 06pa3om, UUC/I0
NOJIOKHUTENbHLIX JeHTeel 1 PaBHO UHCIY KOMILIEKCOB((By, Bs.. - ., B),
rae B, npuHuMaer o,-+1 sHauenu#t or 0 po oy, P, NpHHHMaer
@, -1 sHauenuii ot 0 K0 @y, ..., P, MpuHuMaeT o,+ 1 sHaueHuf
or 0 no o, CoraacHo Teopeme VI umci0 TaKHX KOMIJIEKCOB PaBHO

(e, +1) (o 41) ... (e,+1), T. e.
T(pBpY ... p) = (o + 1) (@a+1) ... @+ 1).
Mpumepn. T(1000000)=7(2%.58)=7.7=49, t(48510)=

=1(2-32.5.72.11)=2.3.2.3.2 =72,
Teopema 313. Ecau p$pl: ... p% — KaHOHUMeCKOE PA3AONCEHUE

HamypaabHoeo uucia, mo

Qy+1 1 241 l Qe+ 1 i
P Py - Ps” "
1 ¢ 2 L, — . . . - J
O (pp% ... pl) = T Fes kR ey w 3)
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JdokKasaTeabCTBO.
Cppy...pp) = X d= X pppl...ph=

dlp% p%: . p%s oghi<ay
AP T
=(+p+pi+.. +p)A+pstpi+.. . 4p3). ..
(M ptp2 .. ). (4)

HeiicTBHTeIPHO, MEpeMHOXKAs 4ucJ/a, CTOsmHe B CKOOKax, B Npa-
BOH YacTH, MBI noJyunM claraemsie Buga pbipb:. ... pbs, rne B, npu-
HuMaeT 3HaueHus ot 0 mo oy, f,—or 0 jo oy, ..., f,—o1 0 mO o,
NpHYeM KaxJOoe Takoe cjlaraeMoe CyMMH B JeBOo#i uactd (4) nosay-
YHTCA OAMH M TONIBKO OAuH pa3. YrtoOw mnoayuute dopmyny (3),
OCTaeTCH TOJIbKO KaK Bl MHOXKHUTeJb NPaBOil YaCTH 3aNHCaTh B BUJE:

q;+1__1

. p[
Ltpitpit ... +pt=—Ffeg—-

Mpumep. 6(19800) =0 (28.32-5%-11) =

@—] P—1 HB—1 12—]
THEIT 3T 51 T 11—1 =72 540.

Teopema 314. Pyuxyuu t(n) u o (n)— mysemuniukamuenoie
dynryuu.

Hoxasatenbctro. Ecin a=p$ ... p% u b=gb ., gb —
KaHOHHUYECKHe DPa3J/IoKeHHsI B3aWMHO IIPOCTBbIX uHCed a H b (Bce p;
M g;—TpocThie uyucaa), T0 p% ... p%gh ... gB —xaHoHHUecKoe

pasnoxenue abu t(ab)=(o,+1)... (@ 1)(By+1)... B;+1)=
=1(a) 1 (b), :

O+ 1 Qg+ 1 B,+1 Bi+1
_p]_1 +1 ps" -1 73 -1 a; —1
O'(Clb)-——— Pl—l f et Ps—l . (11_1 LI '—F‘i———o(a)ﬁ(b).

CyMMa coOCTBeHHBIX NOJIOKHTEIbHBIX JAeJNHTeJeldl HaTypasbHOro
yHciaa n 6LiBaeT MeHbINe, ueM 7 (,HelOCTaTOUHBlE uHcaa“), a Obk-
BaeT H Gojblie, yeM n (,H3OLITOUHBIE YHCAA").

HHorpa, npaBia OueHb pefKO, BCTPeyaloTCsl 4HC/Ia, Y KOTOPHIX
CyMMa COOCTBeHHBIX MOJIOXHTe/bHBIX Je/HTe/Nell B TOUHOCTH paBHa
camoMy 3TOMY uHcay. Takue dHcjga NoJyuu/IM HasBadue ,coBep-
HIeHHbIX UHcea“. BmecTe ¢ caMHM YHCJIOM A CyMMa I[OJOXKHTe/b-
HBIX JeJuTeslefl TAKOrO 4YMCAAa 7 paBHA 2M, TaK YTO MB MOXEM
JaTb ciepyioumee Olpeie/ente.

Onpepenenne 89. Yucro n Hasoeaemcs cosepuienHoM, ecal
o (n)=2n.

CoBepilleHHbIe YHC/Ia pacCMaTpPHBAIKCh ellle MaTeMaTuKamu [Tuga-
ropeiicko#i mwxkoan B VI Beke g0 Hameil spel. Epkani Hamen dop-
MYJly, NO3BOJISIIOMYI0 HaXOAMTb YETHHIE COBEepIleHHble UHC/A. DHJep
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JoKasaJs, uro ¢opmyna EBkAnga ucuyepnbiBaeT BCe MHOMKECTBO HET-
HbIX COBEPIICHHBIX 4YHcesd. Mbl MOkKeM OGBEAMHHTb PE3YJLTATHI
Eskauna u Dilzepa B Buje ciaepyiomell TeopeMbl. '

Teopema 315. Yemnoe uucio n sersemcs coseptuedHoim mo20a u
moabKo moeda, Ko20a OHO umeem 8u0:

n=2k=1(2k_1), (5)

rae k=2, a P=2%—1—npocmoe wucao.

JJokasaTeJabCcTBO.

1) DoctatounocTnr ycaosua Ecm P=2°—1—npo-
cTOe 4HCJIo, TO 2%~1 P — KaHOHHMYeCKoe pasJIoKeHHe 7, H COIVIACHO
dopmysie (3) umeem:

o(m=2=L(P+1)= (@ —1)2 =2,

T. €. n—COBEePUIEHHOE YHCJIO.
2) Heo6xoagumocTp ycanoBusa. Ilyctb n-—ueTHOe cosep-
meHHoe uucso. IlpeacTaBum n B Bufe n=2*"1p, rge b — HeueTHOe
uncyo, k=2. IlockonbKy 6 (X¥)—MYyJIbTHNJIHKATHBHAA OYHKUHSA H
(2F1,b)=1, 10
o(n)=0 (2 Yo (b)=(2F—1)0 (b).

Mo ycnosuo 0 (n)=2n=2*%b, Tak uto
(2% —1) 0 (b) = 2%b. (6)

W3 papencrea (6) BugHo, uro 28—1|2%, u Tak &Kak
¥ —1, 2%=1, 10 2*—1|b, b=(2*—1)c, rae c—co6CTBEHHHI
zenurennp b. Tlopctaeasia B (6) BMmecto b Beqmumny (2*—1)c u
cokpamasi Ha 2¥—1, nosyuaem:

o(b)=2%c=(2F—1)c+c=b+tc. )

Boime 6b10 oTMeueHo, yto c¢|b u c<<b. Ecam O6b ¢ He pas-
HsJioch 1, T0 y b 6bu1o OBl MO KpaliHell Mepe TPHU MOJOXKHTENbHBIX
genutens: b, c u 1; o(b)=b-+c+41, ur0 NpOTHBOPEUUT paBeH-
ctBy (7). Takum obpasom, c=1 u b=2*—1 umeer coraacho (7)
TONBLKO JBa MOJOXHUTENbHHIX Jenurens: b u 1, 1. e. b—npocroe
gpcsno. Torja

n=2F1p=2k1(2%k_1),

rae 2fF—1= P—npocroe uuco.

IMpocTele uncna Buga P =2%—1 Mol HasBanH NPOCTHIMH YHC-
namMu Mepcenna. Bouio gokasano (ctp. 35), uto umcao Bupa 2% —1
MOXKeT OBITH NPOCTHIM, TOJBKO KOrJa caMoO k—-MPOCTOE YHEJO.
Takum o00pasoM, ueTHbie COBepIIeHHBIe UHCJAA N1 WMEIOT BHM:
n==2"1(27—1), rge P=27-—1—npocroe 4HCIO.

Kaxpoe nmpocroe uncsao MepcenHa P=2"—1 paeT HaM HEKO-
TOpOE COBEpILEHHOE YHCJIO, M, BBIYHC/SS MOCTefOBaTeNbHble YHCJA
Mepcenna, Mbl NOJTyuaeM Bce 4YeTHble COBepIUeHHbe YHCcJa.
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Yxazaunbie Ha cTpaHHle 35 3Hauenus p=2, 3, 5, 7, 13, ...
pu KOTOpHIX 27— 1 -—mpocTeie 4Hena Mepcem{a no gopmyJe (5)
(k= p), naor copepuieHHbIe YHcaa: 6, 28, 496, 8128, 33550336, ... .

CaMoe GoJibuloe H3BECTHOE [0 CHX MOpP YeTHOE COBEpilleHHOe
qycJjo 211212 (211213 __ ]) cooTBETCTBYET CaMOMY GOJILIIOMY W3 H3BeCT-
HbIX ynces Mepcenna 21213 — 1, Jlo HACTOsIIEro BpeMEHH HEH3BECTHO
HM OJHOTO HEYETHOIO COBEPIIEHHOTO YHCJA, H €CThb OCHOBAHHUS NPe-
MmoJlaraTh, 4YTO HEUeTHHIX COBEPUIEHHBIX 4YHCeJ BOOOGIe He cyuie-
creyer. Hecmorpss Ha OGosbmoe wucio paboT, HAYMHKX B 3TOM
HanpasJ/IeHHH, AOKa3aTb 3TO NMOKAa He yaajoch, H mpob/eMa cylle-
CTBOBAaHMSA HEUYETHBIX COBEDLIEHHBIX UYHCEJ OCTAETCH CPelH HepelleH-
HBIX TPYAHBIX 3ajay TEOPHH YHCeJ.

Mnorue MaTeMaTHKH, OCOOEHHO B pAHHHH NEPHOJ pa3BHTHSA
TEOPHM YHCEJ, pacCMaTPHBAJU TaK Has3biBaeMble , IPYKECTBEHHbIE®
yhcaa. Yucna a u b Ha3bIBAIOTCA APYIKECTBEHHBIMM, €CJAH CyMMa
cOOGCTBEHHBIX pesuTenell a paBHa b, a cyMMa COOGCTBEHHBIX Je/IH-
teseil b paBHa a, T. e. o0(@)—a=b, o(b)—b=a, wm o(a)=
=0 (b)=a+b.

Hanpumep, umcna 220 u 284 o6pasylor mapy apyKecTBEeHHBIX
yrces. Bompocy 06 oThickaHHH nap TaKHX YHCEJ paHblle yaeas-
JOoCh JOBOJIbHO MHOTO BHHMAHHS, HO COBpeMEHHas TeODHUSl UHCEJN
MaJjIo HHTepecyeTcs 3TOH 3apaueil.

2. ®YHKLHHUSA MEBUYCA

BaXxHyl0o posb B TEODHH UHCeJl HrpaeT 4YHC/IOBas (GyHKUMS
Mé6uyca, oGo3Hayaemass OOBIMHO 4epe3 W (7).

Onpenenenne 90. Dynxyueil Mébuyca nasosaemen pyuryus p(n),
onpeae/zeuuan cneaquumu YcaosUAMU:

p(l)y=1;
_ 2) u(n)-(— 1), ecau xanoHuueckoe pasioscerue n umeem 6ud:
n=p; ...

3)1 u(n) 0 ecau p?\n, m. e. ecau 8 KQHOHU4ECKOE PABAONCEHUE I
gxodum xoms 5bl odun npocmoti mHoxcUmess & cmeneHu, 6oavuietl,
uem nepeas, o

Mpumepn. p(90)=p(2-F.5)=0, p(77)=p((7-11)=1,

B (56) =1 (28.7) =0, p(105) = (3.5.7) =—1.

. 1, ecau n=1,
dzln”(d)_—{ 0, ecau n>1. (®)

Teopema 316.

HoxkasarteabctBo. 1) Ilpy n=1 cymma pasua p(l)=1,
HO Olpele/eHHIO.

2) Ecau n>1, TO CYNECTBYeT KAHOHHYECKO® pA3JIOKEHHE
n=p% ... p%, Jas moboro AenuTeds d|n, copepikKaumero xotss Obl
ONHO MPOCTOE HYHCJAO B CcTemeHH, OoJibmied, yeM nepeas, W (d)=
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nosToMy B cymme (8) MOXKHO OCTaBHTb TOJBKO ,ue.nmenv[ nponsne-
ACHHA Py ... pPs T. €.

Sud= 3 p@=pM)+ ¥ wrp)+ 2 w(pipy)t -

d|a dlpy... p, i
. 1€iKs 1<i<i<s

=1—Ci+C— ... +(=1)’C=(1—1)=
Mpuwmep. ITpu n=284, p(1)+n(2)+p @) +pn(7)-+pn(6)+
+p(14)+p@D)+p(42)=1—3+3—1=0.

Teopema 317 (Mébuyc). Ecau f(x) u F(x)—uucaosvie ¢ynx-
" yuu, makue, umo Gan a00020 HAMYpPAILHOZO N

S =F ), (9)
TO "
S F () @=1n). (10)

din
HoxasarenbctBo. W3 pasencrsa (9) cnexyer, uro

SF(F)e@=2r@ XfO).

din din |
d

Kaxnoe f (8) 6y}1eT BCTpeuaThCcs B JBONHON CyMMe cnpaBa pu Beex d,
n

TaKHX, YTO 6\ , T. e. npu dd|n, d\ 5 - . ITostoMy coOupas cnarae-

MBEIE C OJHUMHM H TEMH e 3HaueHdsMH O, MoJydaeM:

Su@ BIO=3FO) Zu@)=/m),

din
a|5
TaK KaKk ) W (d) paBHa HyJIO JJas BeeX O, Kpome 6_-n, a npu

dl—“
6=r Mb nonyuyaem omHo cnaraemoe, paBHoe f(n) (Teopema 316).
Dopmyny (10) uaseBator obpamenHueMm ¢opMydan (9) cyMMupo-
BaHHS MO JENHTENSAM.
IMpumepn. OGpamenuem cooTHowenus tT(n)= 1 sBisgercsa

din
dopmyna Z T (%—) p(d)=1.

din

O6paitenneM ¢opMmyanl (Teopema 118) Z(p(d)=m ABaseTcA
dim
topmyna

dim

o (d) =9 m). (11
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Ary dopmyny npm m>1 MOXKHO npeo6pa3opath CAEAYIOMHM

o6pazom:
o (m)= ZP'(d)_mH(l___)

dim pim )
TaK YTO MOJyYaeM elle OJIHO HOBOE ROKa3aTedbctBo Teopem 116 m 117.

3. JA3ETA-0YHKIHSA PHMAHA

BaxHeiimne uucioBrie (GYHKIWH, DacCMaTpUBAaeMble B TEODHH
4HCeJl, HENOCPEACTBEHHO cBfA3aHBlI ¢ (yHKIMe#, mnoayudBuled Ha-
3BaHHe jgera-QpyHKuuH Pumana. CucreMaTHueckoe H3yueHHe ITOM
¢yHKUMH OBIJI0 HAYATO B TPYAAaX HEMELKOro MarteMaTHkKa Pumana
Bo BTOpO#l mosoBuHe X1X Beka.

Onpepeaenne 91. [sema-¢pynxyued Pumana [ (s) Hasvisaemcs
Ppynryusa, onpedeaennan npu s=a+if, e0e o>1, Kak cymma
abcoaomuo cxodaueeocs paoa:

b gtget gt .o

g(s)=§_]nls, (s=0+it, 0>l). (12)

B Kypcax MareMaTHMUYeCKOTO AaHaJ¥3a ROKa3blBaeTcs, 410 [ (S)
OpH HAaTypaJbHLIX YeTHHIX § BbipaXkaerTcs panHOHA/JbHO depes x,

Hanmpumep:
1 2
L= =%
n=1"-

Ilse'ra-q)yﬂxunﬁ Pumana sBisieTca 4acTHBLIM CJy4YyaeM Tak Ha3bl-
BaeMblX psnoB I[Hpnxne, T. €. pAJOB BHIA
®

(13)

n=1
B Teopuu uymces OObLIYHO paccMarpuBaloTcs psigbl [lupuxae, rxe
B KauecTBe f(n) GuUrypupYIOT pasauuyHble YHUC/AOBHIE DYHKIHH. MHO-
THe TaKHe DAAbl Bhipaxkalorcsl gepe3 {(s) C MOMOLLbIO CPABHUTENBLHO
npocThix dopmyJ.
w
o : T\n
I[Tpumep. Ilpu geficTBUTENBHBIX § > 1 E () =[2(s).
n=1
JeficTBHTEILHO, BO3BOAA B KBajzpaT abCoJIIOTHO cXopdumiuiics

npu s>1 pan (12), nonyqaemz

L2 (s) = Z 2 =X X e ZT,L'?),

ny=1 ﬂl n.=1 ny=1 ny=1 m=1

11 A. A, Byxmra6 / 321



TaK Kak B JBOHHOH CyMMe KakKlOe 4YHCIO M= By moJydYaercs

CTOJIBKO pa3, CKOJIbKUMH crocofamu m npez(crasnmo B BHJE Ipo-

H3BEeJeHHS JBYX MOJIOKHUTEJNbHBIX Aesautesedl, T. e. T (m) pas.
Teopema 318, ITpu delicmsumensrom s> 1

M

(m__ 1
ns _.—CTS—. (14)

~—

£
1l
o

L
n
HokasartenbcTBO. Pag ”rix)

(n)

cxopurcst ab6COJMIOTHO MpH
n=1

s>1, taKk Xak I gns. YMHoXaa npu s>1 stor paA Ha a6-
comotHO cxopamuiics pax (12), nonyvaem:

l @* ® o
Zor 25 = B X vy

n=1
O6o3HauuM n,n=m, Torga m OylIeT NPUHMMATb BCe 3HAUEHHSH
or | m0 oo. Jlast KAXKAOTO TAKOTO m n GyjaeT NIpHHUMATh 3HAYEHHS,
paBHble BCeM JEJMTENIAM M, TaK YTO MOJYYeHHOe DABEHCTBO Mbl
MOXKeM 3alucaTh B BI/I,ILe'

£(s) Z h@) Z ¥ rm=1, (15)

n\m

*®

£ (s) p(n)

lIM9

TaK Kak corjacHo teopeme 316 Y u(n) pasna Hymo mns Beex m,
nim
KpomMe m=1, npu KOTOpOM noJyuaeM ciaaraemoe, pasHoe 1. Ilpu
s>1, §(s) >0, rak uro, mens oGe yactd paBeHcrBa (15) Ha [(s),
nonyuaem (14).
Ilpy s$=2 mosnyuaeMm, B 4aCTHOCTH:

IIpumeuanue Popmyna (14), Tak XKe Kak M pesyJbTaT IpelHAymEro
npHMEpa, BepHA M NPH KOMILIEKCHBIX 3HAYGHHAX s=0-if, ecan ¢>1.

Hcmopuneckue xommesmapuu x 33-it 2aase

1. Eskaug B IX kuure  Hauan“ nokaswiBaer, 4To BCe 4HCIA,
YAOBJIETBOPAONHE YCJAOBHAM TeopeMbi 315, ABJAAIOTCA COBEpILEH-
HBIMH (IOCTAaTOYHOCTb YCJOBHMH). Jfjep Hokasan, uTo, KpoMme YH-
cesl, YHOBJIETBOPAIOMIMX YCJNOBHAM TEOpPEMbl, HET JPYIHX YeTHBIX
COBepUIEHHBIX YHCeJ (HeoOXOZMMOCTH YCIOBHI).

Heuernple coBeplieHHble 4MCJ/A, €CJIH OHM CYLIECTBYIOT, JOJIKHbI
HMeTb CPAaBHHUTEJbHO MHOTO DAa3JUYHBIX MPOCTHIX AenuTednelt ¥ ObITH
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BecbMa GOJIbLINMH MO BeJIHYHHE, a UMEHHO HMeTh He MeHee 15 iIE-
CSITHYHBIX 3HAKOB.

2. CoBeplieHHbIe YHC/IA SIBJSIOTCS NPOMEXyTOUHBIMH Memny TaK
Ha3blBAEMbIMH HENOCTATOYHHIMH H HW3OLITOUHBLIMH uHcJaaMH. Yucno n
HasbiBaeTcsl HEROCTATOYHBIM HJH H3OBLITOUHBIM, CMOTPS IO TOMY,
6yger num o (n) MeHble Ham Goabwe Yem 2n. HewerHele yucsa
ObIBAIOT KaK HeJOCTAaTOYHBIMH, TAaK H H3OBITOUHBIMH; caMoe MaJleHb-
KOE€ Cpend HEYEeTHbiX H3GBITOUHBIX YHCEN — 3TO YHCJa0 945,

HspectHo, uyro ¢yHkuus A (x), Belpaxawomas YHCJA0 H3GHTOYHBIX
YHCeJ, MEHbIUMX HJHM DPABHBIX X, YZIOBJIETBODSET HEDABCHCTBAM:
0,241x << A(x) << 0,314x, Tak uro GOJNBLIHHCTBO YHCEJ SBJSETCS
HepocTaTouHbIM. B 1933 r. 6bl10 KOKa3aHO CyllecTBOBaHHE Mpejena
OTHOUIEHU S AXL"—) , HO BeJINYHHA 3TOTO NIpejesa IoKa He Ompeje/ieHa,

3. Eme Disep pan 60 nap ,apyxkectBeHHnix“ uwncen. Cpenn
3THX mnap 34 rakue, B Kotopeix o0a 4YHciaa vuerHble, u 26 nap,
B KOTOpeIX 006a yHcja HedeTHoe. B HacTosimee BpeMs H3BECTHO
ye HECKOJIBKO COT Map IPYKECTBEHHBIX YHCEJ, OZHAKO CPeAH HHX
HET HH OAHOH, B KOTOPOH OXHO uHCJI0 OblIo 61 YeTHBIM, a ApYyroe
HEUEeTHBIM, W HEHU3BEeCTHO, CYMECTBYIOT JH BooGile TaKHe Iapbl.

4, Hemeuxnn MaTeMaTHK H acTpoHom MéGuyc (1790—1868)
H3BeCcTeH MNpexje Bcero Kak reoMerp. OH mepBH CHCTEMaTHYECKH
paccMoTped cBodcTBa (QYHKUHM W (1), nojydyuBiued ero umsi. OyHK-
nus u(n) BcTpeuaercsa BnepBhle B ero pabore 1832 r.; dakTHueCKH
B HESBHOM BHAe 53Ta GYHKOHA paccMaTpHBaJach elle g0 3TOro
Diljiepom.

5. M3pecten uennii pajx TeopeM, aHaJOTHYHBIX Teopeme 317,
Aaonux ofpanleHHe CYMM pasjgHYHOTO BHEA (CM., Halmpumep, ¢op-
myanl (9) u (11) 34-it rnaen). OcuoBHyIO posib B dopMynax o6pa-
meHuss HrpalT cBodcTBa (yHknuM MéEOHuyca, chopMyJHpOBaHHbIE
B teopeme 316. Cymma meBoil wactH ToXjectBa (8) urpaer poJb
pPaspbHiBHOTO MHOXKHTEJIS, NO3BOJISIIONEr0 B HEKOTOPOM MHOXECTBe
3HAYEHHH 1 BbHIAEAATb T€, KOTOpHEe paBHbl 1.

Cymmy ) f(d) uHOrAa HashblBAIOT WYHCJOBBIM HHTErpajoM OT

d/n
¢ynxunn f(n).

6. Bepurapan Puman (1826—1866) —oaun u3 KpynHeHmux He-
menkux MaremarukoB XIX pexa, octaBuBUIHA (YHAaMeHTaNbHbIE
pa6oThl B pasiHYHBIX O0O6JMACTAX MaTeMaTHKH H ee NPUJIOXKEeHHH.
Ocobenno Gouapinoe 3HaYeHHe HUMEIOT ero paboTel MO Teopuu (GyHK-
UM KOMIJIEKCHOTO MepeMeHHOro H 10 TeOpHH pAfoB. Memyap
Pumana , O uucse MpPOCTHIX YHCE/, He NPEBOCXOASAMMX JAHHOH BesH-
YMHBI“ 5IBJISIETCSl OCHOBOH BCero JajbHeHllero pas3BUTHSA COBpEMeH-
HOH TEOPHM MPOCTHIX HHCEJ, B 3TOM Memyape Puman paccmarpu-

Baer na3eTy-pyukumio {(s)= Z —5 CHAuaJia JAJIf KOMIJIEKCHBbIX 3Ha-
n=1
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yeHH# S= 0 --if, Takux, 4T0 0 >1, a 3aTeM aHAJNHTHYECKH NIpoO-
JOJDKAeT ee Ha BCIO KOMIJIEKCHYIO mjocKocTb. OH ycTaHaB/IMBaeT
OCHOBHBIE CBOficTBA 3TOH (YHKIMH, B TOM UHCHe (PYHKIIHOHAJbHOE
ypaBHeHuUe, Jaloniee HENOCPeICTBEHHYIO CBA3h MexAay & (s) u L (1—s).
DyuKnHOHANbLHOE YpaBHenue I [ (S) MOKashBAaeT CBOETO 'poja

o . 1
CHMMETPHIO 5TOH (YHKUHH OTHOCHTEIbHO NPSMOR O =-5. Pumau

YCTaHOBHJI CBSI3b MeXJy TNOBeJeHHeM [ (s) B TaK Ha3bBaeMoi
KpuTHieckoi nosioce 0=< 0 <<l U pacnpeneseHHEM NPOCTHIX YHCEN.
Puman BbiCKasas THIOTe3y, YTO B 3TOH moJoce Bce HYJH { (S) siexar

“ 1
Ha npsiMOH 02-—2- EcTe BCE OCHOBaHUA npeanoJaararb, 4YTO 3Ta

runoresa PuMana BCpHa, OJHAKO J0Ka3aTb €& He yJaJ/ocChb. ﬂ,oxas\a-
TEJBCTBO THIIOTE3bl PuMaHa najno 6b BO3MOXKHOCTD peuIuTh pAL BaXK-
HbIX npoﬁneM, BOSHHKAIOMKUX NPH H3YYCHHH NPOCTHIX YHUCEJ.

FTABA 34
CPEJHME 3HAYEHUS YUCJIOBbIX ¢YHKUHUH

1. CPEAHEE 3HAYEHHWE YHCJA JEJUTEJEN.
CPEJHEE 3HAYEHUE CYMMbl REJIMTEJIEN

[Ans MHorux umcjoBplX GYHKUHH, paccMaTpHBaeMbiX B TCOPHH
qucesa, XapaKTepPHO, 4TO MPH YBEJIHYEHHH AapryMeHTa 3HaueHHUs
$YHKIUU MeHsIOTCcSl KpaliHe HeperyaspHo. Hanpumep, dyHkuusa © (n)
IJIST COCTaBHHIX £, COCTOSIHX M3 JOCTaTOYHO OOJBLIOFO YHC/A
HPOCTHIX MHOXKHTe/e#d, MOXeT MPHHUMATb CKOJIb YLOJHO GOJIbIIHE
3HaueHHS M BMeCcTe C TeM JJIs BCeX I[POCTHIX 3HAUeHHH n uMeeM
T(n)=2.

Ecnu BMecto TakMX GYHKHUH paccMaTpHBaTh HX CpeJHME 3Ha-
yeHHsl Ha cerMeHre [1; N], To OObIYHO OKa3biBaeTcsl, YTO 3TH CpPeX-
HHE MEHSIOTCS JOBOJBHO IJAJKO H MOTYT OHTb C JOCTaTOYHO GOJIb-
MOR TOYHOCTHIO anIPOKCHMUPOBaHBI CPABHHTENbHO IIPOCTHIMHU BbIpa-
WKEeHUAMH.

Onpepenenne 92. Cpednum 3Hadenuem uqucaosoll ¢yuxkyuu f(x)
na ceemenme [1; N] (N yenoe) nasvisaemcs seiutuna

FO+i@)+ ... +FWN)
N .

Haynem ¢ paccMoTpenuss mopsiika pocTa CpeJHMX 3HaYeHHH
HEKOTOPBIX YHCJOBBIX (GYHKLHH, BBeJCHHBIX B Npefblaymei TiaBe.
Teopema 319. Cpedree sHauenue pyuxyuu T (n), swpascawouiel
qucao nosoxcumenvHolx deaumeneli n, Ha ceemenme [1; N] pasno:

In N+(2C—l)+0<7117—> ,
2de C—23iiaeposa NOCMOAHHAA.

324



JlokasaTeabcTBO. 'r(n) PaBHO YHCAY TOUEK C LeJEIMH “noJo-
XK HTEJIbHBIMH KOODAHHATAMH Ha runep6oie Xy =1, T. €. UHCHY peille-
HH ypaBHEHHSl Xy=1 B LeJbIX NOJOXUTENbHBIX HHCIAX X, Y.

JelcTBUTENbHO, ANA KaxJoro jenutens d uyuciaa n napa

n w .
((d. 7)) npeacTaBiaser coGoii pemeHHe 3TOrO YpaBHEHHS M, Ha-
000POT, KaXJ0€ PelleHHe ypaBHEHHUS Xy =N B I10JIOXKHUTENbHBIX HeJbIX
YHCJAaX X U Yy ONpEeXesifieT B KayecTBe 3HAYEHHS X HEKOTOPBIH BNOJIHE
onpeneexduplii geautenb d. ITocKoAbKy KpHBHIE Xy=n npH pas-
HBIX n He MMEIOT OOIIMX TOYeK, TO, NpujaBas n 3Havenus 1,2, ..., N,
NOJNyuHM, YTO CyMMma

TN+ +. .. FT(N)

paBHa ofmeMy HHCAY TOYEK C LeJILIMH TOJOXKHTEJNbHBIMH KOODAH-
HaTamMe B oOaactu xy<< N, x>0, y>0. Uucjao Takux TOUEK

B Teopeme 55 Obli0 0603HaueHO yepe3 S(N), H COFJIaCHO TOMY, UTO
TaM OBLIO NOKa3aHO, NOJyYaeM:

N
T(D+T@)+... FT(N) =D, [i;’.] —
k=1
=NInN+@C—-1)N+0(V'N),

T. €. JxeﬁCTBMTeJIbHo

[Mpu Goabmux N BeduuHHA 2C—1TO(V_> HHYTOXHA IO

2C_1+O(T/I—Tv>

InN

N
le—nzzl'c(n) ~ InN.

MoxHo cKasatb, uro npu O6oapmux N Ha JOJMIO KaxKJAOTO M3
nepepix N HaTypasibHbIX 4YHCeN B CpPefHeM NPHXOXHTCS [PUMEPHO
In N peaurteneit.

Teopema 320. Cpeduee snauenue pyuxyuu o (n), swupaxcarowed
cymmy Qeaumeaet n, Ha ceemenme [1; N] pasro

HN+0(nN).

cpaBHeHuio ¢ In N; lim =0 u Mbl NoJyyaeM acumi-

TOTHYECKOE PaBEHCTBO

JdoxasatenbcTtBo. Tak kak Bmecre ¢ d BeJuuuHa 6=%
TaKxke npoéeraeT Bce HOJIO}KMTe.HbeIe uenmeam qucaa 1, TO

Zc(n) ZEd ZZ Z. X i@

n=1 din n=1din n<N
n=o(modd)
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3amensas n 4epe3 sd, BHIHM, UTO, KOrJia n npobGeraer 3sHaueHus,
KparHole d ¥ MeHblnHe, yeM N, BeqMuMHA s npoberaer HeJble 3Ha-
dyeHHs1 OT | B0 HauGOJBLIEro HEJOro Yucjaa, He NPEeBOCXOASAIIETO

N N
- T e X0 [7], H, TaKuM obpasom:
(7]
5 i petE([E). o

x<<N s=1
n=0 (modd)

3 (2) u (3) nonyuaem:

Yom=EX[Y]([¥]+1).

d=1

[%’-]<—ZX< [%] -1, Tak d4rto [-;X] H [—ZX] + 1 oranyarorcs

N
OT — Ha BCJAHYHHY, N0 MOAYJK MCHBUIYIO 4YE€M 1, 1. e.

d
[4]-3+om. [3]+1-F+00.

rze kaxgoe O (1) mo moaymo meHbume yem 1.

3 ! - N N 1 o N 2
Som—3 X[7] ([7]+1) =2 & (F+om)'-

N N N
3 1 oQ N2 1
=1“V2_§:ﬁ'{'Ndz::l—d(_)'l'o(N):T;::F'*'O(NIHN)’ @

L1\ 1
Z d3< 2 d(d—-l) d=2+ (ctTI“""zt“):Tv" ()

d=N+1 N+t
TaK 4To
N e 31 g 1
T
Ya=ta— 2 a=5+0(7)- (6)
d=1 d=t1 d=N+1

U3 pasencrs (4) u (6) nonyyaem:
N
Y om=ENH0oW N, 7)
n=1 )
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Tax 4To

o) +a@+ ... fo(N) \

OTKYJA [OJy4aeTcsi TaKkKe aCHMITOTHYECKOE PABEHCTBO
1 o 2
J
W 21 o(n)~iN.
n=

Has neppwx N HaTypanbHBIX YHCel CpPeRHSIs BeJHYHHA ReMil-

2
Tesel MpuMepHO pasHa I5 N.

2. CPEJHEE 3HAYEHHUE ®YHKUUH INJEPA

Teopema 321. Cpeduee snauenue pyuxkyuu 3iaepa ¢ (n) Ha cee-
menme [1; N] pasro %N—}—O(ln N).

HokasareabcrtBo. Iloap3sysace ¢opmymoit (11) 33-it raasn,
noJy4aem:

N N N ‘ ’
Zcp(n)=2 yra_yed ¥ .
n=1 n=1 dn d=1 nsN

n= ¢ (mod d)

Ilpu JgokasartenbcTBe NpeAbAyIieH TeopeMbl 6blIO no.nyqeao

TOXKAECTBO (3) . ‘ ‘
Y e=2[7]([F]+):

aA<N
n=0 (mod d)

S om-s 2 @[ 4] ([4]41).

. N N
3amenssi, Kak U B Npefplayllefi Teopeme, [T] L +1 Ha

X o), (J0(I<1) uveen:

3 o) =22u(d)(d+0(1)) =

TaK 4TO

e
M 2
=
NG

+

n=1 d=1
N @
+0 NZIH,(jd)[>+O(N) <Zu(d)l Z P(d)>
d=1 d=N +1

+0(NlnN)=,—1§N2+O(N1nN).
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Mul BOCTIONB30BANIHCH 31I6Ch TEM, YTO BBHAY OMEHKH (7) 4-f raBu
B oueHku (5) HacTosuleH raabbi

N N © ®
1 B (d) L
—=0(lﬂN), = = <7
d= d d=1 d d=§1\;+1 a d=§V:+1d’ N
a corjacHo Teopeme 318 Z"(d)—g—i?)=%.

He-ﬂﬁ MNONTYyYEHHOE IJiA 2 (p(n) Bblpa}KeHHe Ha N, IPHXOAUM
n=1

K paBeHCTBY

elite@d - 4e®™_3 y o onN). (®)

Ilosyuennblit pesy/ibTaT MOXHO BEIDAa3sdTh TaKXke B BHJe Cille-

Iyromnies TEOPEeMBI.
Teopema 321’'. B noaycezmenme (0; 1] omuowenue uucaa neco-
Kpamumotx Opobell (apeesuix Opobeli) co SHAMEHAMEAAMU, MEHL~
wumu uaw pasoimu N, K obwemy wucay acex aesxcawyux mam 0pobed
C MaKumu e 3HAMEHAMEAAMU CMpemumca K npedery, pasHomy
6
—=0,6079...
n
HeficTBuTeIbHO, /ISt HKAHHOrO b YHMCJIO HECOKpPATHMBIX apobeit
a
+ B TOJIycermente (0; 1] papHO uMcHy MOJOXHTENBHBIX @, MEHb-
IIMX HJIH paBHBIX b W B3aWMHO mpocThix ¢ b, T. e. paBHO @ (b).
IlpunaBass b 3mawenus 1, 2, ..., N, noayuum, uro obuee
yucio A(N) HecokpaTHMbIX apoGeii B 3TOM MOJNYCETMEHTe CO 3Ha-
MeHareJsMH << N BblpaxKaercsa corJjiacHo (8) B Buje:

AN)=9()+9@+... +9(N)=5N L0 (NInN) =
=2NW4D+ON InN).

B monycermente (0; 1] Ml umeeM b ApoGeit co 3HaMeHateleM b,

a HMeHHO ApolH:
12 b
TR R —b—

O6umee uucno B(N) Bcex pnpoGeit co 3HameHateasmu b<< N
B nonycermenre (0, 1] paBHO

13(N)~Zb=7 (N +1).

Jlens A(N) Ha B(N) u nepexols K NpeAedy, HaXONHM:

i 88t (30 (B2)] ~S=ogor...
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Sror pesysnbTaT MOKA3bIBAaeT, YTO HECOKPAaTHMble JApoGH coCTaB-
asior npumepHo 60°/, or uMcaa Bcex ApoGed, T. e. ux npubaH3H-
TeAbHO B MOJTOpPAa pasa 6OJblie YeM COKpPATHMEIX,

3. YHCJA, CBOEOAHBIE OT KBAAPATOB

Onpenenenne 93. Yucao naseigaemces ceobo0noim om Ksadpamos,
ecau oHO He Oeaumcs HU Ha 0duM Keadpam npocmozo Hucaa, m. e.
ecau e20 KQHOHUHMECKOE pA3AOXCEHUe umeem 6uQ: n=pP,...ps, 20e
P1 P2y ++.r Pg— PA3AULHGIE RPOCHIbIC HUCAQ.

O6o3nauvm uepes @ (x) unca0 cBOGOAHHEIX OT KBaJpaTOB 4HCel,
MEHbIIUX HJH PAaBHBLIX X.

Teopema 322.

—[VF]
Q (x)=k kgl [k—’;] u (k).

HokasartenbctBo. Jlokaxem cHauana ¢opmyny

> Q(&)=1x. (©)

nsVx

Kaxa0e 4ucsio n Mbl MPEACTABUM, W OPHUTOM €IXMHCTBEHHBIM 00-
pasom, B BHae n=~k?%, rae k®—mnanbonbmiuil KBajpar, Aensmuil n,
a s— uuCJio, cBOGOXHOE OT KBaApaTOB. Mpl moMyyMM Bce HaTypalb-
Hble yuCJ/a, ecad OyneM 4Hc/aa, cBoOOAHbIE OT KBaJpaToB, yMHO-
)katb Ha 12, 22, 3%, 4%, ... . CocraBuM Tabmuuy:

213 |4}|5]|6]|7]8 ;9 10 1t {12 13 14 15 {16 17 | 18] 19 | 20

12.1/18.9(12.3] — {12.5{12-6[12.7} — | — {12-10{12.11| —~ [12.13|12.14/12.15] — {1217 — [12. 19| —

3. — | =} = | —

rue B k-# CTpoKe BHINHCAHBI Mpou3BeneHus k% Ha uucna, cBoGOAHBIE
oT kBajpaTtoB. COTJacHO CHEJNaHHOMY BBHIIE 3aMEUaHHI0 KaxJoe
HaTypaJibHOe YHCJIO BCTpedyaeTcss B 3TOfi TaGJ/HIle OXMH H TOJBKO
OJIMH pa3, TaK 4YTO Bcero B TabGiaHHe (noX ueptodl) umeercs [x]
quceJ, He MMPeBOCXOAAUIUX X.

- X
B nepsoit crpoke umeercs Q -1-5) qyuces, He MPEBOCXORAMMUX X,

o X
BO BTOpO#l CTpoke HMmeercss Q (72 yuces, He MpPeBOCXOASAWLMX X,
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¥ T. A IefictButenbHo, npu- moGoM kR B k-fi CTPORe ‘UHCeN, He
HPEBOCXOASAINX X, CTOJIBKO, CKOJIbKO CYLIECTBYET YHcenl S, cBODOI-

X X
HbIX OT KBajparoB, TaKHX, ¥To ks x, $<z, T € Q (@) yuceJ.
Taxum 06pa3soMm, JOJ/IKHO BEINOJHATHCS PaBEHCTBO

Q(E)+Q(z)+ . +Q(F)+...=n,

x - - —
rae Q 7% ) OTJIHYHO OT HyJIsl TOJIBKO MNpH k<) 'x, T. e. COOTHO-

LieHHe (9) moxasaHo.
Tenepp nepeiizeM K nOKa3aTeJbCTBY CaMOH TeOPEMbl.
Q (x) moxeM sanucaTb B BHJE:

Q= X (%) Xn . (10)

n<Vx kin

TaK Kak coryacHo teopeme 316 cpepd BceX WJIEHOB B MpPaBOM 4acTH
pasercrsa (10) coxpausercs ToJbKO cjaraeMoe ¢ n=1.
B ujenax npapoil vacTu paBeHcTBa 10 3HaueHHs & JesHTenH n,

T. . k<<n<<)'x, Tak uTO K NpHHMMAaeT 3HAa4YeHHd B mpejenax
or 1 po Vx.

s kaxporo takoro k& umeem n=0(mod &), n<V x, nosromy,
MeHsAsl TMOpSAINOK CYMMHpOBaHHsi B NpaBoil vyactH pasenctsa (10)
H, nojaras n=4ks, noJyyaem:

Q= X ny X Q(%)=k§_”<k> X o)

E<Vix n<Vx X

n=0 (mod k) LS k2 -

Coraacuo gopmyse (9) Hmeem:

2 (ps)-[#]

X

EES 7

~— W OKOHYATEJIbHO INOJy4YacM:

Q= % [&|p@. (an

kr<Vix

I[Tpumep. Bouncaurs Q (100), T. e. yucao yuces, CBOGOLHBIX
OT KBajpaTOB, CPEAM MEPBBIX CTA HATYpPaJNbHBIX YHCEJ.

cum-rion=[4] ~[7]— [+ (4] (] + %] -o-
Teopema 323. .
QW =g x+0(WVx). | (12)
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HoxasarteabcrBo. W3 pasenctsa (11) cosepumenHo auajo-
THYHO TOMY, Kak INpH JOKasaTelbcTBe TeopeMbl 321, nosb3ysich

OoueHkKok
p (k) 1 1
X wl= X a=0(y)

k>Vx E>Vx

1 Teopemoil 318, mosygaem:

QW= X [E]rm=x X %l+o< V~1>=
ksVx

IT23 kVx

=X<é”_gl_k s W)Jroo/x) X0 (V/7)

=—62-x+0(l/x)

dopmyna (12) nokaseiBaeT, YTO OTHOLIEHHE UYHCIA 4HCeN, CBO-
GOAHBIX OT KBaJpaToB, K YHCJY BCeX HATyPaJbHBIX YHCEN B OTPE3-
KaxX HaTypa/JIbHOTO psija NO Mepe YBeJHUEHHS MJIMHB OTPE3Ka

CTpEMHTCA K Mpefeny, paBHOMY ?=0,6079. .., T. €. 4HceJ, CBO-

6onHBIX OT KBajapatop, GoJiblle, ueM YHCEN, ACAAMHXCA HAa KBaj-
paTthl KaKux-JuG0 NPOCTHIX YHCeJ.

Hcmopuueckue xommenmapuun x 34-is 2aase

1. Teopema 319, sasasiomasdcs HeNOCPeACTBEHHBIM CJIECTBHEM
TeopeMbl 55, npuHamiexuT Jupuxie. BopoHo#i ynayummua ocrarou-
Hbil uneH B dopmyne (1) (cm. 410 rnasy). Jlyumas uspecrHas

B Hacrosimiee BpeMsi ouenka > t(n) (Mu Bsub-nuub, 1959 r.)
n<g

HMEET BHI!
N

Zr(n)lenN—i—(QC-—l)N—i—O(N%%H).

2. B 1o BpeMs kak cpeaHee 3HaueHdHe (YHKUMH T (n) Ha cer-
Mmente [1; N] yBeauuupaercss, Majo oTquuasicb or InN, cama sta
yHKIHA MEHFETCH upesBbIYaliHO Hepery.aapxo. JLis Bcex mpocTbix
sHaueHHMH n 5Ta QYHKIUA paBHa 2, U BMeCTe C TeM ObLIO HOKA3aHO
(Burepr, 1907 r.), uyt0 maa 06010 & >0 cymecryet GeckOoHeyHOe

(1-8) ——
MHOXKECTBO 1, TaKHX, 4T0 < (n)>2 ‘“ 1"" Burepr nokasaan
TaK¥e, 4yro IpH .moéoM e >0 paa Bcex n, Haqvmaﬁ C HEKOTOporo,

(1+e) —"—
HMeeT MecTo HepaBeHCTBO T (n)<C 2 Ininn,

3. Benauuuna v(n) paBHa 4YMCJY peIUEHHH YPAaBHEHUS XX, =1
HeablX TMOJOXKHTENbHBIX YHCJAAaX Xy, X, Paccmarpubaercs OoJiee
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ofmas ¢yHKuHA T,(n), paBHAas YHCJY PpelIeHHH ypaBHEHHS
X Xg...X,=n B UeJblX NOJOXHUTEABHEIX HHUCJAX, T. €. paBHAR YUCAY
NpeACTaBJCHUA n B BHIe NPOU3BEAEHHS K HaTypaJbHBIX MHOMHTe-
aeii. Pynxkuus tT(n) sgBAseTCs 4YacTHHIM clyuaeM QYHKOUH T, (n),
a UMEHHO T (n)=1,(n). d. Jlangay B 1912 r. moxasan, uro

N k=1
X 1, (n)= NP, (In N)—{-O(Nk“ “), (13)

rne P,(InN)=c¢yIn*"*N+c, In*"2 N+ ... +c,_,—MHOTOUMEH OT
In N crenenn k—1. Pesynbrar Boponoro-—uactupiii cayuai ¢op-
Myasl (13) opu k=2.

B nanpnefimieM pnsi ocraTouHoro ujeHa B (13) npn pasaHuHHIX

k Obutd mOJIyYeHbl HECKOJIbKO GoJsiee TouHble omneHkH. Hampumep,
14

npu k=3 ocratounpiit uaen B (13) b1 3amenen Ha O \ N%9 )/,
4. B wHacrosimee BpeMs H3BecTHa Jyuinas, ueM (7), OleHKa
> a(n), a umenno paborst H. M. Kopo6osa (1958 r.) panm Bo3-

n<sN
MOXHOCTb JOKasartb, 4TO

2
Y om=5N240 (N(lnlv)s).
n<<N
5. Teopema 321 Gnina gokasana Brnepsble Meprencom B 1874 r.
B Hacrosmee BpemMst Ha ocHoBe pa6or H. M. KopoGosa mouny-
YeHa CJenymomas OLEHKa:

2
Zcp(n)r-:%N“—{—O(N(lnN)“).
n<N
6. Teopema 323 6bna omy6aukoBana BnepBble B 1885 r. I'eren-
GayspoM. B nacrosituee BpeMsi mpuHMeHeHue TeopHH GYHKUHUE KoMm-
JIEKCHOTO NEPEMEHHOr0 Jaj0 BO3MOXKHOCTb NOJYYUTb 60jiee TOYHYIO
OLIEHKY OCTATOYHOIO 4,eHa.

IrJ1ABA 35

PACNPEAEJIEHUE NPOCTbIX YHCEJI
B HATYPAJIbHOM PAAY

1. HEPABEHCTBA UYEBbIHIEBA AJil ®YHKHHUH, BbBIPA)KAIOWER
YHUCJ0 NPOCTHIX YHCEN B 3AJAHHBIX NMPEJEJIAX

CymiecTBoBaHHe OGeCKOHEUHOTO MHOMKECTBA MPOCTHIX HHCeJ JOKa-
spiBaerca (TeopeMa 21) coBceM MpOCTO; ORAHAKO BOIpPOC O TOM, Kak
4acTO cpeiy HaTypaJjibHBIX YHCeJ BCTpedalorcsl NpocThle H KakK mpo-
cThie UKCJa pacnpelelieHbl CPell HATY pAJIbHbIX, OKa3HIBAETCS BecbMa
cnoxHbiM. IlpencraBum cebe, uTo 6yjeM noc/eAOBATENIbHO mepelu-
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patb BCe HaTypalbHbie 4YMCJIa B mopsiaKe MX Bo3pacTaHHs. Byayr
JI1 TIPH 3TOM NPOCTHIE YHUC/Ia BCTPEYaThCs CPaBHUTEJILHO PABHOMEPHO,
OyAer AW 4HCJO BCTPEHAIOMIMXCS MPOCTHIX UHCEJ MOXYMHATBCH Ka-
KHM-TH00 3aKOHAM HJHM OKaXeTCH, 4To OHM GecropsaouHo pasbpo-
CaHbl CpeAau HATYpaJbHBIX YHCEJ?

Yucso OpocThIX uMces, MEHBLIMX HJIH PABHBIX X, Mbl 0GO3HAYUM

Yepes 7 (x), TaKk 4YTO
n(x)= X L

pPsx

Hasi KaXI0ro JAHHOTO X MOXKHO, IOJIb3YSICh, HAalpHUMep, Teope-
Mot 23', BuimucaTb BCe MNPOCThHIE UYHC/AA P << X U ONPERE]HTb HX
YUCJIO, T. €. BBHIYHCAUTb T (X); ONHAKO Mbl HE MOJyYaeM [PHU 5TOM
npejcTaBMeHue O TOM, Kak MeHsercs ¢YHKUHUA 7t (X) C yBeaude-
HHeM X, T. €. INpeACTaB/IeHHe O TOM, KaK OBICTPO YBeJHUHBAaETCH
YUCJAO MPOCTHIX YHceJ, ecJH OpaTh Bce GOJbLIMe OTPe3KH HaTy-
panbHOro psja.

Teopema EBkanaa o GeCKOHEUHOCTH MHOXKECTBA HPOCTHIX YHCEN
(reopema 21) moxeT ObITb 3amnHcaHa B BHJE

n(x)~— o0 mOpH Xx-—> o0.

Opnako 3Ta TeopeMa HHYEro He TOBOPHT O TOM, Kak OBICTPO
OpH YBeJHYCHHW X pacTeT BeJHYHHA mt (x). B 3Tof raaee MH cTa-
BuUM cefe B NepBYIO OuUepenb 3aadyy — JaTh OLEHKH MOPAAKa pOCTa
GyHKUHH 7 (x). ‘

B 1808 r. Jlexauap ony6JuKOBa/ HalJeHHYIO MM 3MIIHPHYECKH
dopmyay
X

(%) ¥ i —T08566

JAIOULYI0 TpHOIUKeHHble 3HaueHHs (YHKOHH 7 (x) Opu Oosapmiux
snauedusax x. Ha camoM pene, Kak Obuio JOKasaHo mo3xe, OoJee

X
G/u3KOe K MCTHHHBIM 3HAYEHMAM 7 (X) JaeT BbIpaXeHHE j——, a
eute Gojee Giu3KHE 3HAUeHHS K 7 (x) npH OOJbIUKX 3HAYCHHAX X

HaeT ¢YyHKIHUSA
cdt ‘
STn—t - (M
2 .

Taycc eile B IOHOUIECKMe TOJABl BLIYHCJISAJ CPERHIOID TJIOTHOCTB
NpPOCTHIX 4HHCeJ B fpefesaXx HMEBIIMXCS TOTZAa TabJMil, H ST BbIYHC-
JICHHs OKAa3bIBaJIM, YTO KMEHHO BhIpaxeHHe (1) aBnsierca dyHKIHei,
XOpOMUIO anmpoKCHMUpPYIOIel 7 (X); OAHAKO.CBOH COOOpameHHus: OH
onyGJHKOBaJ MHOIO MO3XKe.

B 1848 u 1850 rr. nosiBUJIMCH [Be 3aMeuaTesbHoie pPaGoThH
I1. JI. YeObimesa, B KOTOPHIX HCCJEJOBAJICS BONPOC O MOPSAKE
pocra ¢pyukuuu n(x). B pabore 1850 r. YeOwimer noxasai, uTo
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(x) npu GoJbIIMX X -SaKJIOyeHa MeXAY JABYMS BeJH4YHHAMH!

lnx " blnx
NOKasaJj, YTO B KauecTBe @ M b MOXKHO B3fiThb 3HaueHusa a=0,921,
b=1,106, tak 49T0 @ U b cpaBHuTeNbHO Gau3kH K 1. B jpaneHei-
KX paGorax OblIH NOJYYEHHl H ApPyrHe 3HaueHus ¢ M b, Gonee
6ansxkue X 1.

Mp pokaxem teopemy UYebwnmeBa, orpaHHyHBasicb, ORHAKO,
TOMBLKO JOKa3aTeJNbCTBOM CYILECTBOBAHMSA I[OCTOAHHBIX @ H &
(0<<a<<l, b>1), He cTpeMach MNOJYYUTh A1 HHX BO3MONKHO
6an3KHe K | 3HAaueHHd, TaK KaK 3T0 Obijio Gbl CONPSKEHO C TEXHHU-
YECKHMH YCJIOKHEHHAMH J0Ka3aTeNbCTBA.

Teopema 324 (Uebmuer). Cywecmsyiom Ose nocmosrHele a U b,
maxue, umo 0<a<1, b>1 u 041 scex x==2 8HINOAHAIOMCA He-
paseHcmea

, The @ B b—mnoJoxuTesabuble nocTossHuble, YeOulmen

< n (X)) < b, (2)

x '

MNMprmevanue. Ouenky 7 {x) <b— Mb! 6yneM Ha3bBaTb oueﬂxon 7 (x)

1

CBepXy, a OHeHKY I (x) > a]—;—;——ouenxon 7 (x) CHH3Y.

JloxasarteabCcTBO. Mu YCTaHOBHM IpEeXJe BCEro HyXHble
HaM A/ JaJbHeduler0 OUEHKH CHH3Y H CBEpXYy BblpaxeHus

T (1) — 2T (%) | TIe |
T(x)=ln>[x]!='2'lrnp ([ﬂ + [?3%] + ) 3)

— (YHKIHUS, paccMaTpHBABINAsics HaMU elle B 4-# rtaase (cTp. bl).
Ilpu n=3 umeeM:

T (2n)—2T (n) = }_ Ink— Zlnk_ln”+’+1n"+2+ ..

k=n-+1
R i (n+1)1n2, (4)
TaK Kak Kakgoe caaraemoe Bhja InZF =In (]+ )21112, a
nepsoe u3 mux In 2T 1 =1ln4=21n2.

C zmpyroii cTopoHHl,
O =Cla<14-Clat ...+ Clat .. +Cl= (1 + 1) =27,

nln
TaK 49TO HMEEM:
T (2n)—2T (n) =In r

@l < 2nine. \ (5)
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BoabMeM mpousBo/ibHOE X =6 ¥ mojGepeM rn Takoe, uTo
2n<<x<2(n+1).
Ina rakux x Benwuuna T (x) nubo paBHa T (2n), amGo Gosbiue
uem T (2n) Ha BenuuuHy In (2n+1), a T<%)==T(n), TaK 4TO
T@2n)—2T (n) << T (x) —o1/ \z ) < T(2n)—2T (n)4+In(2n+1),
OTKYyJa, NOAb3YACh oneHkamu (4) U (5) U TeM, yTO n+l>% , o~
Jayyaem:

T(x)—zr<g) > (n+1)ime>22y, (6)
T(x)—zr(-;‘-) <2nn241n(@2n+1)<xIn2+
+In(x+4+1)=0 (x). (7)

1) Ouenkxa n(x) cuusy. dopmyna (3) noxkasbiBaeT, 4YTO

re—r(3)= Linei([7]-2 [5])+

p_x

+([&]-2[])+ -} ®)

TaK KakK [pPH p =X BCe cCjaraeMbie BO BCAKOM Cjyuae o0pallaloTcs
B HYJb.

Ckobxu BHIa ([—p’-‘;] —2 [;’;—;]) apu p¥>x paBHH HYJIO, TaK

q10 KO3(h¢puuuent npu lnp B mpasBoit YacTH MoxeT OHITh 3allHCaH

B BHIE
ks

»=Z([5]-2l)):

1
roe p’<cx, T.e. slnp<ling, sgl-“—f
Cornacuo Teopeme 51 B mpaBoil wacTH ToXkuectsa (8) kaxaas

cko6Gka He Gogpize 1, a 4YHCIO TAKHX CKOGOK, KakK Mbl TOJIBKO YTO

In x lnx
noKasaJiu, He 60.1'[1)[116 qeM , TAK 4YTO (Z él p, H H3 TOXje-

fnp
ctBa (8) monyuaem:
T(x)—2T< )< Z 1np‘“" nx X I=a(x)lnx (9
p<x
CpaBnuBas Hep_aBeHCTBa (9) u (6), umeem:

n(x)lnx>1112

x In2
T. €, n(x)>aﬁ1—x, rae a=-—5-.



‘Dre HepaBeHCTBO JOK43aHO mnpH ‘¥x==6, HO OUEBHAHO, YTO,
HECKOJbKO YMEHbIUMB @, MOXKHO CAE/aTh €r0 ChpaBelHBbHIM llllﬂ
Bcex x==2.

2) Oneunka n(x) cBepxy.Ilockonbky Bce cnaraemeie B npa-
BOH uHacThH ToxjgecrBa (8) HeOTpHLATeNbHBI, TO, OCTABHB H3 HHX

X .
TOJIbKO Te, Y KOTOPHX p > , MBI BO BCSKOM caydae, He YBeJH-
UHM CyMMYy.
ITpu %<p<x HMeeM:

(Fl2 ED)+ (52 ]+ =t 00
JeficTBuTeIBHO, NPH Takux p U x=6, 2p>x, p2>'f43>x,

» X
TakK 4t0 B JieBoll uactH (10) Toabko [F] OTJINYHO OT HYyJ4,

npuyeM Aasl TaKUX p HMeeM: [pij =1.
U3 papencrsa (8) momyuaem:

T (x)—2T (—’25) = Z Inp= ln%— ) ] =
L<r<x —:—<p<x

= (n(9—n (3))n 5. (11)

IpuGaBisisa K neBodl u mnpaBolt vacraM HepaBenctBa (11)
n(x)In2, T. e. BenuuuMHy, MeHbyl0 4YeM xIn2, H moab3yschk
ouenkod (7), momydaem:

7 (x) Inx—n (-’21) In % <T(x)—2T (g) +xIn2=0 (x),
TaK 4TO cymeCTByeT nocrosinHas ¢, Taxkas, YToO Hpﬂ BCeX X = 2
a(x)lnx— n( )ln =< Cx. (12)

Jlas moboro x>==2 MoXHO HaHTH HacTroJbKO O00JbiIoe S, 4YTO
X X
2—s< 2, TaK 4TO T (2—S> =0. IlocaenosaTe/bHO MONBL3YACh HepaBeH-

crBoM (12), nonyvaem:

n()Inx< cx+mn (f-) In 5 <cxtcgtn (i) hg<..<

<cx—|-c—+ +c23_1+n( )ln 5 <<
<cx(l+§+§+...)=2cx,
T. e., NOJOXHUB 2c=>b, moaydaeM:
m(x)<<b I%i
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- Jlas Tore uToOb NOJYYHTh 3HAUeHHS @ U b, Gouee 6auskue Kk 1,
IT. JI. Ye6rmme BMecto T (x)—2T (—’2‘—) 6pas BblpaXeHHe

P (5)-1 (5)-7()+7(3). 0

PaccmarpuBas (13), on noJyuus cnauasia OUEHKH AJ151 QYHKILHH
4 (x)= Inp,
(x) pgx p

noayunsulell HasBanue ¢yuknuu YeOnumesa, a 3aTeM YiKe neperuet
K OlleHKaM I (x).
N3 reopembr UelbiieBa, B 4acTHOCTH, CJIERYeT, YTO MpPH yBeIH-

ni{x
UeHMH x OTHOIIeHHe +)—+O.
eficTBUTe/IBHO, COrJ1acHO HepaBeHCTBaM (2) HMeeM:

a 7T (x) b
Inx x < Inx’
1
TaK YTO MNOCKOJIbKY IIpH YBeJII/I‘{eHHPI X BE&JIHUHHA m——»O, TO U

) L.
%

Cpeau NepBBIX CTa HATYpPaJbHBIX YHCEN COAEpMATCS 25 MPOCTHIX,
T. €. NPOCTHie YHCJA COCTABASIOT 3%ech 25% HaTypanbHhiX. Cpenu
NepBOfl THICAYH HATYpasbHBIX yuces uMetorcst 169 npoctoix (16,9%).
Tabauibl NPOCTHIX YHCEN HOKA3BIBAIOT, YTO NPH YBeJHYEHHH NPO-
MeXYTKa paccMaTpHBaeMBIX HATY paJibHBIX YHCEN JOJISL NPOCTHIX YHCeJ
yMeHbLIaeTcsl. D10 caMO no cebe He HCKJIOYAJIO, OXHAKO, TOTO, 4TO
MpOCTble UMCJA ¥ NPH GOJBIINX X MOTJIH BCE Xe COCTABJATh XOTS Obl
ne menee 0,000001% or umcaa HarypanbHbix uHcesn. Teopema
Uebbimepa NoKasbiBaeT, 4TO Ha caMOM JieJie 5TO He TaK M OTHOLIe-
Hue T—‘—fcf—) OpY YBeJHYEHHH X CTAHOBHTCH MeHbIUe Jio00ro Hamepen
3aJaHHOTO YHCJIA.

Teopema YeOnimiesa no3poJisder cpaBHUBATh YHCJO NPOCTHIX UHCEN
B 3alaHHBIX OpejesaX W YHCJAO YHCed KakKoH-iubo Apyrod mnon-
NI0C/Ie[OBATEJbHOCTH HATYpaJibHBIX 4Hces. BosbMeMm nocieposaTesb-
HOCTb MPOCTHIX YHCEJ H, HanpUMep, NOCJE0BATENbHOCTh BCEX KBaj-
paToOB HaTYpPaJIbHBIX 4HCEJ:

2,35, 7,11, 13, 17, ...
1, 4, 9, 16, 25, 36, 49, ...

Cpenr NepBbIX CTa HaTypaJibHBIX HHCeJ HMeloTest 25 mpoCTHIX H
10 xBagpaTOB, TaK YTO NPOCTHIX YKceJ BHadaje GoJbule, YeM KBaj-
patoB. UTO NOJy4HTCS B TOM OTHOUIGHHH, eCju O6paTh JOCTaTOYHO
GoJsblive OTPe3KH HaTypanbHOTO psisa? Kakux uucen Gyjer 6oJbiie:
NpPOCTHIX HJM KBajppaToB?

OGosnauuM uepes K (x) UHCAO KBanpaTOB HATypaJjbHHIX HHCeJ
B mpezenax or 1 po x, T. e. uHcen k2, TakuX, 4To 1SR <Cx.
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Yucno Takmx uHceql pPaBHO 4YHCJY HaTypadbHBIX R, TaKHX, 4TO

l<k<V x 1 e Kx)=[V x].
HOJIbSyﬂCb HEPaBEHCTBOM Uebpimena (ouenka (2) cHusy), noay-
qaem:

X
7 (x) RAT” Vx
Ko~ [V~ “1as
Vx 7 (x)

a CaeaoBaTeJIbHO, H HEOTPaHUYEHHO YBEeJHYHUBAIOTCA

Inx ’ K (x)
NPpU yBeJHUYEHHH X, TaK UTO (:rg(x) cTpeMHTCS K OeCKOHEYHOCTH
Obictpee, yeM K (x). Takum oO0pa3oM, NpocTeIX YHCEa B 3aZaHHBIX
JOCTaTOYHO OOJNBIIKX OTPe3KaX HATypasbHOTO psja 3HAYUTEJIbHO
6osbie, yeM KBajJpaToB.

HOJIbsyf{Cb Teopemoil HebnilieBa, MOXKHO NOJAYYHTb OLEHKY BeJH-
YHHH [IPOCTOFO YHcJaa ¢ HomepoMm r. OKassiBaercs, 4YTO r-¢ Ipo-
CTOe 4MCJIO NpeicTaBaseT co0oil BeMHUHHY nopsiaka rlnr.

Teopema 325. Cywecmeyiom 0ee noroKUmMeAbHOIE NOCMOAH-
Hote ¢ u d, makue, umo 0O ecex npocmoix uuces p, (r==2)
UMeem Mecmo COOmHOueHue

crinr<<p,<drlnr. (14)
IloxasaTeJleTBo. CornacHo Teopeme UeGbliieBa HMeeM:
]np <n(p)< blr’l”p (15)

TaK 4TO, MOCKOJBKY NO ONpenesieHHI0 5 (p,)=r (UHUCJIO NPOCTHIX
YHCeJ, MEHbIUHX WIH pPaBHBIX YeM r-e MpPOCToe YHCJIO, PaBHO r),
u3 HepaseHCTB (15) nosydaem:

1
pr<zr1npr (16)

1 1
p,>—b—r1np,>-l7rlnr. (17)

Inz
7.—. NpH YBEJHUEHHH 2 CTPEMHUTCS K HYJI0, TaK YTO MPH AOCTa-
z ,

TOuHO GosbliOM p, uMeeM lnp,<<al/p,. ToxcTaBass 3Ty oOLEHKY
Inp, B HepaBeHcTBO (16), BO3BOAS 3aTeM B KBajgpaT H Jiorapuhmu-
pys, nojsydaeM IpH r >>rg:

p,<rVp, p,<r® Inp,<2inr.

W3 nepasenctBa (16) nmosyuaem Ttemeppb

1
p,<;r1np,<%rlnr. (18)

Ob6venunsas ouenku (17) u (18), uMeem npu r=r,:
arinr<p,<<driar,
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1 2 ,
rhe ¢, =17, dy=- . TocTosHHbe ¢; U d; MOXHO 3aMEHHTh NOCTOSR-

HbiMH ¢ M d, Tak 4TO oueHka (14) BeqnuuHH p, OyjeT yxe BepHa
npH BCeX p,, HayuHas c 3.

Iasa Toro uyroObl OXapaKkTepu3oBaTh I'yCTOTY HEKOTOPOH NOAMNO-
CJIep0BaTeIbHOCTA HaTYpajlbHbIX YHCEJ

al, 02, a3, "y a”, ot 0y

4acT0 HAYHHAKT C TOro, 4YTo paccMaTpHBAaIOT BOMNPOC O CXOJHMOCTH
WU pacXxoguMOCTH pala OﬁpaTHbIX BEJMHUYHH:

1 1 1 1
ata et b

WspecTHo, 4YTO0 pAX BeJAUUYHH, OOpPaTHHIX BCeM HATYpPaJbHbIM
YpcJiaM, T. €. FaPMOHHUYECKHH psAJ

b gt gt bt (19)

pacxoaurca. Ecau B pape (19) BbIGpoCcHTL AOCTaToOYHO GOjblLOe
YHCJIO YJIEHOB, TO BMeCTO 5TOTO0 PAJA MOXKET NOJYYUThCH CXOJAd-
muitcsi. pag. Hanpumep, ecnu B (19) ocTaBHTH TONBKO YJeHB BHJAA

3, TO TMOJIYualoUuica IpH 5TOM PsiA

Ibgtateedomte.

KaK M3BECTHO, OyJeT CXOAAIHMCH. ‘ ,
PaccMoTpuM psif BeJIMUHH, OGPATHLIX NPOCTHIM YHCAAM, T. €. PAX

1 1 1 1
gy tg byt (20)

M NOKa¥KeM, YTO OH pacXOfuTcsd. DTO MOKaxeT, YTO, XOTd IPOCTHe
yHcJia B HaATypajlbHOM psSily BCTpeyaloTcsi BCe pexe, HX BCe Ke
HACTOJIbKO MHOTrO, UTO CYMMa OGpaTHHIX BeJHUHH MOXKET JaTh CYMMY,
IIpEeBOCXOAAMYIO JI00yi0 Hanmepell 3aflaHHYIO BeJIMYHHY.
Pacxogumocrs psaga (20) Onta JokasaHa BnepBhie JHJepoM
B 1737 r. JloxasatesnbctBo Jiljiepa OblI0 OCHOBAaHO Ha paccMOTpe-

HUH GeCKOHEUHOTO NpOH3BeAeHUS H(l—%) npy s—1 U 1mpex-
p

‘craBjisieT coboff MepBblli NpUMep INpUMeHEHHS MeTOJOB MaTeMaTH-
YeCKOTr0 aHajl3a K TEOPHH NPOCTHX uYHcel. Mbl japuM 3jech goka-
3aTeJIbCTBO, OCHOBaHHOe Ha TNpPHMeHeHHH HepaBeHCTB YUebhiesa.
Teopema 326. Pad eesuuur, 06pamueix RPOCMbIM YUCIAM, pPOC-
xo0umes.
HdoxkasartenbcTBO. PaccMorpum psajg

1 1 1 P '
stwetimatama T Tyt (?1)

rinr
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b
Sxf:x=lnlnb—lnln2 npM YyBeJHYeHHH b cTpeMHTCS K G€CKo-
]

]

HEYHOCTH, T. e. Sx‘f; pacxoautes. CorJiacHO H3BECTHOMY MHTET paJlb-
2
HOMY TIPDH3HAKY CXONUMOCTH psfoB psf (21) Takke pacxomurcs.
CpaBuum Tenepb pax (21) c¢ pagom

1 1 1 1 1
grstrFgtetite (22)

B Teopeme 325 Owbii0 AOKasaHo, uto p,<drinr, (r =2), oTKyza
cllefiyer, uToO
1 1 1
p—->71- rinr’
T. €. 4jeHnol psga (22) Goabuie COOTBeTCTByK)LU.PIX 4JICHOB pacXo-
Asameroca pafa (21), yMHOXKEHHBIX Ha NOCTOSHHYIO —‘11—. Coraacuo

TeOpeMe O CpaBHEHMH pHJAOB C MNOJIOXKHTEJNbHEIMH CJlaraeMbIMH
pan (22) pacxoaurcs.

B 1845 r. ¢panuysckuii mateMaTuk DepTpaH BhiCKasaJl Tpenmo-
JIOXeHHe, uTo npu JdwoboM x>1 mexay x W 2x Bcerja Haujercs
X0TA Obl OJHO MPOCTOE YHCJIO. 210 NPEANOJIONKEHHE TIONYIHJIO
Ha3BaHHe mocrynaara Deprpana. B 1852 r. YeOuimes nokasalj cripa-
BERJIMBOCTL STOTO MOCTYJIATa M NONYYuJ GoJiee CUbHBIA pe3yJnbTar,

6
a HMCHHO JOKasaJ, 4YTO IIpH JOCTaTOuyHO O0OJIBUINX X H 6>€

BCETJa CYILIECTBYeT IIPOCTOE YHCJO p, JeXaiee MeXAy x H Ox.
Mu pagum pesyabtar UeGbliieBa B HeCKOJIbKO ocsiablienHoll Gopme.
Teopema 327. Cyujecmsyem nocmosinnas 8, makas, 4mo Mexnoy
x(x=1) u 8x ecec0a umeemcs no kpaiineti mepe 00HO npocmoe
Hucao. ‘
ﬂoxasaTeJIbCTBo CoraacHo HepapeHcTBaM (2) uMeeM:

7 (8x) — 7 () > a 7= (M bl—r’f—x= ml—fr(a—x) {(ab—b) In x—b1ns}. (23)

Ecau B3ATBH 6>;, TO NpH JOCTAaTOUHO OOJBILOM X == X, Bhlpa-

xKenue (23) OyfeT NONOKHTENbHBIM, T. €, MeXAy X M Ox Jexur
no Kpafinefi Mepe opgHO mpocToe yucao, Heckoabko yBesnuuB 0,
MOXHO cJejaTh Tak, 4To 3 (0x)—m (x) OyHAeT NOJOXKHTENbHBIM H
g 1< x<<x,.

2, 0B30P JAJIBHEAWIHX PE3YJILTATOB

PaGorei UelbilneBa noCTAaBHJAH Nepeji MaTeMaTHKaMH 3ajiady
JIOKasaTb, UTO B HepaBeHCTBax (2) @ u b Moryr GHTh NpH J0CTa-
TOYHO GOJILIIOM X B3ATHl CKOJIb YrojHO OauskumMu K 1, 7. e. noay-
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YHTh aCHMNTOTHYECKYIo dopMyay

n(x) ~ (24)

lnx

n (x) =1.

Bhlpaxatoumyio, 4ro lim
X
Inx

qedumes B 1848 r. jgokasas, uTO e€cnAM mpenesl OTHOLIEHHS
m (x): l - CYLIECTBYeT, TO OH MOMKeT ObITL paBeH TOJILKO 1 (cM. Te-

opemy 331). OcroBHast TPyJAHOCTb 3aKJioyaercs B TOM, YTOGEHI ycTa-
HOBHTb CYIIECTBOBaHHE 3TOr0 npejgesa, U UebhiuieBy He yjnajoch
storo caefath. CyllecTEOBaHME 89TOro Tnipefiesa W TeM CaMbBIM JO-
KasaTeJbcTBO GOpMyJinl (24), nmoJayuuBllell Ha3BaHHE acMMMTOTHUEC-
KOT'O 3aKOHa paclpejeJieHus NIPOCTbIX yucea, Obljio moJjyueno s 1896 .
He3aBUCHMO Jpyr oT gapyra ApamapoM u Bauane-ITyccenoM. Tor
$akT, 4TO JAJIf TEOpeMH, KOTOPYIO B TeueHHe MHOTHX Jer Gesyc-
HeUIHO NbITaJuch J0Ka3aTh KPyNHefmue MareMaTHKH, ObLI0 WOJY-
yeHO cpasy JABa JNOKasaTesNbCTBa, He sBJseTcd caydaiiHoctbio. Jlo-
KasaTesbcTBa Agamapa u Banse-ITyccena ochoBaHbl Ha mpUMEHEHHH
Teopud QYHKUUH KOMIJIEKCHOTO II€peMEHHOro, a HMeHHO Ha pac-
cMoTpeHnM Azera-d0yHKUHE Pumana {(s) (cM. 33-1o rnaBy) npu Kom-
NJEKCHBIX 3HaueHHAX s. Mpes Takoro mojaxoza X mnpobJeme pacmpe-
JeJICHHa TPOCTHIX uuces Owla AaHa B. Pumanom B 1859 r. (oM.
HCTOpUUECKHE KOMMeHTapHuH K 33-# raase).

[Mpumenenue ¢yHRuun {(S) AJAA TOJYYEHHS ACHMITOTHYECKOH
dopmyant (24) ocHOBaHO Ha TOM, YTO MpH s==0+if (0 >1) sra
GYHKIMA MOXKeT OHTh MpejcTaBjieHa B BHJE

L) =I—, (25)
T

rJle TPOU3BeJieHHEe PACHPOCTPAaHEHO IO BCEM MPOCTHIM 3HAUCHHSM p.
CoorHowenue (25) npu HeficTBUTENbHBIX $ =1 ObLIO M3BECTHO elle
Ditnepy (1748), u ero o6LMHO HasHBalOT ToxKAecTBOM Diiepa Ko Bpe-
MeHu TosiBjeHus B 1896 r. pabor Anamapa n Banne-Ilyccena passu-
THe caMoi TeopHH QYHKLUHH KOMIJIEKCHOTO ME€PEMEHHOTO JOCTHTJIO
TaKoi CTafuu, YTO CAeJajJ0 BO3MOMKHBIM, HCIIOJIb30BaB ulen Pumana,
ROKa3aTh ACHMIITOTHUECKHIH 3aKOH pacnpefle/leHd IMPOCTHX YHCeJ.
Pab6otoi Pumana, Apamapa u Bauane-Ilyccena nokasaiu, 4T0

dt
Int
BeJleM 3JeCh TOJBKO (OPMYJHPOBKY OCHOBHOH TeopeMbl AJjaMapa

u Banne-ITyccena.
Teopema 328,

HRaer Gojee TOuHOoe Npubauxenue K = (x), leM . Mpl npmu-

09y 5

X

u(x)~S,—‘;‘—t. (26)
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x
df
TlockoabKY, Kak Jierko MOXKHO JOKa3ath, Sl— m (bopmy-

Jna (24) aBasercs HeNOCPeACTBEHHLIM CJIeIlCTBHeM dopmyan (26).
YcranoBsenue acHMNOTOTHYECKOTO paBeHcTBa (26) He HcHeprinl-
BaeT npobseMbl M3y4yeHUs: pocTa GYHKUHH 7t (x). OCHOBHOM 3auaqeu

t
3jlechb ABJfeTcA OLeHKa MOAYJS pasHOCTH MeXay mn(X) H lit

CymecTBenHbie pe3yJbTaThl B 9TOM HaNpaBJeHUH GbUIH nonyqeﬂbx
H. I'. UynakosoiM. Tlpu 5TOM GbiJIM KCIOJB30BaHH OLEHKH COOT-
BeTCTBYIOIIMX TPHIOHOMETPHYECKHX CYMM, TOJIYUeHHBIE METOIOM
M. M. Bunorpapoea. Ilocnennue pabGoret M. M. Bunorpajmosa u
H. M. KopoGoBa panu CIeAYIOIYIO OLEHKY:

3

ln(x)——f%!<cxe-“ Inxs 27)
2

rjle ¢ 1 a—HEKOTOphie MOCTOSIHHLIE,
B npezesnax HM3BeCTHBIX B HacTosimee BpeMs TaGJMI 3HAUCHHUIT
X

dt
7 (x) BenuYHHA Sm OObLIYHO NPHHUMAET 3HAYCHHHA, HECKOJbKO
2
Goabume yeM n (x), ognako B 1914 r. aurauiickuit MateMaTuk JIuti-
X
dt
BYI JOKa3aJ, uTo (yHKIUA Sln_t npunuMaer GecKoHeuHoe MHOXKe-

2
CTBO pa3 3HaueHHS, U MeHbUIHe W OOJibIIME ueM it (X).

B Teopum 4yuces JOKa3aTeNlbCTBa, OCHOBAHHBIE Ha MpPHMEHEHHH
TeOpUH (YHKUME KOMMJEKCHOrO TNepPeMEeHHOro, HPUHATO YCJOBHO
Ha3bBaTh ,HesjeMeHTapHLIMH®. Takum oO6pasoM, [OKa3aTeNbCTEO
Has3HIBaeTCd ,3JIeMEHTapHLIM® He B €MBICJE €r0 MPOCTOTH, a B TOM
CMbICJle, YTO OHO OCYIUECTBJAETCH, OCTaBasich B paMKax JelcTBu-
TesbHOro nepeMeHHoro. JlokasartenbcTBa TeopeM UeOHleBa B 3TOM
CMBICJIe gBJSAI0TCH ,9JeMeHTapHbIMH".

MHuorue mMaTeMaTHKH IO HeJaBHEro BpeMeHHM COMHEBAJINCb B BO3-
MOXHOCTH NOCTPOEHHH ,3JIeMEHTaPHOro“ [OKa3aTeJbCTBa acHMIITO-
THYECKOro 3aKOHa pacrpefesieHus NPOCTHX YHCEeJ, OJAHAKO 3TO MHe-
HMe OkKasaJjioch omuGounsiM. B 1949 r. HopmeXcKUE MaTeMaTHK
A. Cennbepr u Benrepckuil MareMmaTuk Il. 2paéwr ony6aukosanau
»dJIEMEHTapHOE" JI0Ka3aTeJIbCTBO STOrO0 ACHMOTOTHUECKOTO 3aKOHa.
AcuMnToTHuecKHH 3aKOH pacnpeflesieHHs TPOCTHIX YHUCET NO3BOAsET
HOJIYYHTh Pe3yJbhTAT 3HAUHTEJILHO 0oJsee CHJIBHBIA, YeM HOKa3aHHbIH
YeonuiwieBIM noctyaT Beprpana.

U3 dopmynsl (24) sierko NOJYYHTh NPOCTOE CJEACTBHE, UTO IpPH
NPOU3BOJILHOM CKOJIb yrOJHO MajioM & >0 aas Jo6oro x > x,, T. €.

342



Aas oGOro ROCTaTO4HO OOJBWOro X, CYMECTBYET IO KpaiiHed
Mepe OJHO NpocToe YHCJO, JekKalnee MeXAy x u (1--e)x.

B Hactosmee BpeMs B 3TOM OTHOIIEHHH H3BecTeH 3HAYHTENBHO
6ojiee CHNLHBIA Pe3yJbTaT, a HMMEHHO JOKa3aHO, YTO CYLIeCTBYeT
¥ < 1, Takoe, YTO NpPH IOCTaTOUHO OOJBIIMX 3HAYEHHAX X MEXKILY
x u x+x° Bcerfa JeXuT N0 KpafiHeldl Mepe OAHO NPOCTOE YHCJO.
OnpepenenneM TAakOro BO3MOXHO MeHbIUEro 3HadeHdus U 3aHHMa-
Jucb MHorue Mmarematuku. Hanpumep, B 1936—1937 rr. B pesyib-
tatre pabor H. I'. Uyzakosa m Hurama pns ¢ 6bio noaydeno

48 38
3HaueHHe ---}-&, a 3aTeM Jame 5 +e. EcTtb mnpexnosioxeHue, 4To,

Ha caMoM JeJie, NpH BCEX JOCTATOUYHO 60JIbUIHX X CYmeCcTByeT o

KpaliHell Mepe OAHO MPOCTOE YHCJO, Jexamee Mexay xu x-+V x;
OJlHAaKO JI0Ka3aTb 5TO MOKa HE YJaJochb.

3. OUEHKH HEKOTOPbBIX CYMM C HPOCTHMH YHCJIAMH

®opmyaa (3) He jaeT BO3MOXHOCTH IOJIYYHTb HENOCPEACTBEH-
HOe JOKa3aTeJqbCTBO aCHMITOTHYECKOTO 3aKOHa; BMeCTe C TeM H3
5TOH (OpPMyJibl MOXKHO NOJYYUTh ACHUMNTOTHYECKHE OLIEHKHM HEKOTOo-
PbIX CYMM, SaBUCALLUX OT DACMpEJEJIeHHs NPOCTHIX HUHCEN. Mu
OCTaHOBHMCS Ha OLEHKaX cymMM

In Inp 1 )
p;x p\;x P

Hawm nonajo6utcs NpH 3TOM cJegyiollas Teopema.
Teopema 329.

; Ink=xInx—x-+0(Inx).
k< x

JokasatenbcTBo. COrJIacHO H3BECTHLIM OLEHKaM HHTET pana
(reopemMa XX) umeem:

b
mb—a)< {F () dt < M (b—a),

cae m U M—CoOTBETCTBEHHO HaHMeHbIee H HauboJipllee 3HAYEHHSA
HenpephlBHO# (GYHRUMH [ () B cerMeHTe a<<f<<b.
[pu f(f)=Int nmeem:

k41
S Intdt< S Intdt. (28).
IMycrs [x]=n. Hpuuaaaﬂ B HepaBeHCTBaXx (28) uueny k 3Have-
Hus 2, 3, ..., n W CKAajpiBadA, NOJydaeM:
n+1 n+1
Slntdt <Y Ink< S Infdt < S Intdt. - (29)
h<lx
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Jlerko BuIEeTb, YTO TMOCKOJBKY N << x < n—l-l, T0

n+1 x+1

| Slntdt—Slntdtl:s Slntdt<ln(x+l)-0(lnx),
H aHaJIOTHYHO
x n
|§1ntat—§neat|=0 any
1 1

Torja W3 HepapeHCTB (29) HaxoAHM:

3 ink= Slnta’t-—[—O(lnx)—xlnx-——x—l—O(lnx)

R<x

Teopema 330.
3 P nx+0(1). (30)

p
p<Cx

HoxazateabctBo. Cornacso dopmyne (5) 4-ff rnasel M Te-
opeMe 329 umeem:

%péxlnp{[%]+[;%]+...}=%k§xlnk=1nx+0(1)- 31)
Ho

by o {[3] 4[] b g e -

p<x p<lx

=X oL <2n(‘;‘" =0(1), (32)
pPx

inn
TaK Kak pHILZ n{n—1) CxomuTCs.
n=2
Mb umeeM TakKe corjlacHO HepaBeHcTBaM (2) UebniueBa OneHKY

X X . _
0<< Z lnp(—p—— [—p—]) < 2 lnp<<n(x)-lnx=0 (x),
pXx [
TaK uTO
l¥m [1]— ne o) (33)
x Pl7l= 2 p :
px p<x
Us (33), (31) u (32) noayyaeM Teneph
> Eﬂ_lnx+0(1)

pPx
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T. €. cyllecTByeT NMOCTOAHHAA €, TakKas, 4TO

2 l3};2=lnx-l-r(x), |r(x)|<ec. (34)
p<x

[IpuMeHsss oYeBHIAHOE TOXJIECTBO

f@gw+fu+1)(gu+1)—gu)+
+/ (42 (@ @+D—g@+ 1) +... +1 () @) —g—1)=
=g () f (@) —F @+ 1) +gu+1)(Fu+ D—fu+2)+...
coo g =D {F—DH—F()+g®)f(v) (35)
H NoJb3ysach TeopeMoil 330, Mbl Tenepb JOKaxeM yiKe YINOMAHYTYIO
Boimie Teopemy Il. JI. UeGbimesa o ToM, YTO mpefesi OTHOILEHHS
m{x) K ﬁ He MoO¥eT OhITb OTJaHYeH OT I,

Teopema 331. (I1. JI. YeGnumes.) Ecau npu yseauueruu x om-
HOWerue It (x):ﬁ cmpemumes K onpedeieHHoMy npedeay, mo amon
npedea pasgen 1.

HoxasateabcTBo. [Ipeanonoxum, yro lim (nix))

=y<
X—> 0 —_
inx
TOTHa MJiA jocrarouHo Gojbuioro uejoro uucaa N npu Bcex f, Ta-
t 1
KX, uT0 N << { << N2, OyJem UMeTh () <%y THe 'Y1=-12_-X <1,
1, ecan k—mnpocroe 4HCHO;
0, ecnd k—cocTaBHoe UHCO.

IMpumensis Toxaectso (35) npu f(t)=ln—tt, g)=n(), u=N,

v= N2, a TaKXXe NpUHMMas BO BHHMaHue, 4TO COrJacHO TeopeMe 324
Int
BeJlHuMKa 7 (f) —— OrpaHHYeHHa, MOJyHaeM:

n(k)—m (k—1)={

np S Ink
= 2 (7 (k)—m (k—1)) 5=
N<ps? R=N+1
Ny
=Y n() (mTk-'-m,f’f:”-)-l-n(Nz) oy lad
k=N )
Nt -1 k+1 Ny ket
= Z 7 (k) S' ‘“tt;ldt+0(l)= Z S”(t)ln;_ldt—l—
k=N b P e
¢ Int—1
11§ = .
+0()={ () =g dt +0(1)
b4
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Mu Bocnosb3oBasuch 37eCh TeM, 9T0 (YHKUHs 7 () NOCTOSIHHA
B uHTepBane (k; k-+1). Ilockoabry = (¢) << Yiig3 f ; IpH BCeX {, Ta-
KHX, uT0 N <Cf=C N2, Tenepb moJjiyuaewm:

1 N’l t—1
np n

p <Y15 tint
N < p<IN? N

=y, (InN—In2)4+0(1)=y, In N+ O (1). (36)
C mpyro#i croponsl, corsacHo dopmyse (30)

1 1 1
y ey ey

N<p<N® pP<IN® p=N
=InN2—InN+0(1)=InN+0(1). (37)

CpaBuusas ¢opmyis (36) u (37), umeem: InN +0 (1) < y,In N+4-
+0(1), 1—y)InN<O0(l), InN= o( Y) 0(1),T.e. In N—
OTrpaHHYEHHAS] BEHYMHA.

ITpeanonoxenue, uro lim “(x)

X > ® -
lnx

peqmo COBepLUEHHO daHaJIOTHYHO TPHBOJMUT K IPOTHBOPEUHIO H IpEA-

<1, npuBesio Hac K NPOTHBO-

m(x
nojoxenue, 7o lim ) >1, T. e. mpefes OTHOWEHHs = (X)
X=>®
(m x)
x
K {5 MOXeT paBHATLCHA TOJIbKO 1.

TNonbsyscy teopemoii 330, ¢ momompbio npeoGpasoBanus AGesas
MOXHO TOJIYYHTb aACHMITOTHUECKHE OHEHKH LEJOro psija APYTux
CYMM c npocTeiMi yucjaaMH. OcoGeHHbIN HHTEpec NPEeACTaBJSET cie-
AYIOIas OlleHKa, CYMECTBEHHO YTOUHAIMas TeopeMy 326.

Teopema 332,

) ——lnlnx—}-B-{-O(lnx) (38)
P x
20e B—Hexomopas nocmosHHas.

HokasarteabctBo., Ilpn g(t)= 2,

pt

In
p HMeeM:

gk)—g(k—1) _ 1 —:;, ecau k= p-—TIpocTOE HHCJIO;
Ink { 0, ecam k— COCTABHOE HHCJIO.
[Mpumensis ToxmectBo (35) mpu u=2, v=[x] (x=2), a TakxKe
npHHUMas BO BHHUMaHHE, YTO coTrJjacHo TeopeMme 330

g(lx]) _Infx]4+0() __
In[x] In [x] =1+0 (]n x)
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noayuaem: .
i e@, B
27——-2" Z——,;(g(k) gk—1)=
1
e

pPx
[x]-1

= Xetw

[x] 1 k+1

2g<k>5tmzt+l+ (mx)=

+g([x]

in (k + 1)) In [x]

[x]—-1 k+1
=D
k

k=2

A1 -+0 () = [ 1+ 0(3f) =
2

ngt(t)dt“Jfo(lnx)

2

Mbr BOCHOMIb3OBaMKCh 3jech TeM, u4TO g (f) MOCTOsSHHAa B MHTEp-
Bane (k, k+1), u TeM, uro (reopema 330)

'l

3amensa g (f) Boipamennem Int--r(f), rue |r(f)|<<c[ouen-
Ka (34)], moayuyaem:
X
p<x §

=lnlnx+(1——ln 1n2+§ UL )-f;{f}’;’fﬁro (ﬁ) . (39)

Hnmeem:

r(t) de 1\
tin? ¢ +1+0(ﬁ§ =

wC’jh

<c§§1‘2—t=ﬁ=0(1—;—x>. (40)

x

Xy g
~
-
-
=
2,
-

0
. t)dt ‘
Heco6cTBeHHBIE HHTErpad rt(l_n)“t- CXOmuTCH, Tak Y10 B=1—

2

o
— Inln 2—{—Sft(l—g)2—i-t—-ﬂexoropaa NIOCTOSIHHAA BeJIHYMHA, M u3 (39)

2
u (40) HaxoauM OKOHYATENbHO

> —=-1nlnx—{—B+O(lnx)

p<lx
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Boiuncsenve nocrosunof B nokasano, uro B=0,26149....
Ouenka (38) noxkasmiBaeT, 4To, XOTA psjA BeJHuMH, OOpaTHHIX MpO-
CTHIM YHCJaM, PacXOIHTCH, CyMMa STOTO- psila ofpasyer MeJJICHHO
pactymyio Beauunny. Hanpumep, npu x= 100000 000 (cTo Munauo-
HoBl) BejuynHa Inlnx MeHbme ueM 3, a ec/iH YBEJHUHTH X eHie

B JeCATh pa3, To B 2 %)J,oﬁanmcn 6onee 45000 000 cnaraeMhX,
<X :

KOTOphHe, OJHAKO, yBeJuMYatT 5Ty CyMMy MeHbine, ueM Ha 0,2.

PaccmorpuM ¢yHKIMIO v (72), BbipakKalollylo YMCJIO PasaHUHBIX
npocThX Aeautesedi n. COralacko onpeneeHHIO ecii A== p3* ... ps'—
KaHOHHUECKOe pa3jioxeHHe 7, To v (n)=s. Hanpumep, v (600)=
=v(28.3.5%)=3, v(n!)=mn(n).

Mbl nocraBuM 3ajauy oOnpejeJeHHs CpeJHEro 3HaueHUs 3TOH
bynguuy,

Teopema 333. Cpednee sHaverue ¢ynxkyuu v{(n) Ha ceemenme
[1, N] pasro ‘

1n1nN+B+o(m‘—N),

20e B—nocmosrnan meopemot 332.

Taxum o6pasoM, B cpeiHeM Ha KawkJoe u3 nepsbix N HaTypaJb-
HBIX uMceJsi NPUXONUTCS COBCEM HEMHOrO, a HMEHHO npHMepHo Inin N
pasjMUHbIX NPOCTHIX AejiuTeJei.

JokasarenbcTBO.

Svw-EEi-% T -3 [5]- 2 (50)

n=1pln PN n<{N <
n= 0 (mod p) PN PN

rae |0,]<C1, Tak uTO, mMoOsb3ysch HepaBeHcTBaMM (2) Helniumiesa
(ouenka cBepxy), moJaydaeMm:

| 6, |< 3, t=n)=0 (7).
PN PN

a Ternepp Ha OCHOBaHHH TeopeMbl 332 umeeMm:
N
1 N N
r‘Zﬂv(n)_z\/g‘]\,p—+o (,H—N) ~NinlaN+BN+0 (m—N) . (41)

Iens neBylo W mpaByio 4acTH paBeHcTBa (41) Ha N, moayuaewm:

|- l
=1 ’
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4. GOPMYJIA MERCCEAA

AcuMnToTHuecKHH 3aKOH pachpefieJleHHSt NPOCTHIX HHCes Aaer
NpPeACTaBJeHHe O NMpHMepHOH Bejuuuue 7 (X) NpH GOJbUIMX 3Haye-
HuAx x. HaxoxjeHue TOUHRIX 3Hayenuil 3TOH QyHKuUMM npu GOJb-
UINX 3HaYeHHAX aprymeHTta COnpsikKeHO ¢ AJMMHHBIMH BhIMHCJICHHAMH.
MB 0CTaHOBHMCS 3JleCh Ha HEKOTOPHIX TOUHBIX hopMynax s t (x),
NO3BOJIAIOIHX BLIYKCAATL 3HaYeHHsi 5T0H (QYHKIHH, He COCTaBJss
npeABapuTeNbHO Tabaunbl caMux mpocthiX 4Hcesn. Haunewm ¢ Toro,
YTO ONPEAESHM OXHY HOBYIO TeODETHKO-YHC/IO0BYIO QYHKIHMIO JABYX
apryMeHToB, KOTOpPOH YZOOGHO MOJib30BaTbCA MPH BBIYHCJCHHH 3Ha-
yeHui m (x).

O6osnauum uepes @ (x, y) yucjio yuces, MEHbIINX HJH PaBHBIX X,
He JIeNSIIHXCs HAa NPOCTHle 4YMCJaa, MeHpLIHe HJIH paBHbE Yy, WM,
¥Hauye roBOps, YMCJO YHMCeJ 1< X, B3aHMHO TpocThix ¢ [y]!.

Teopema 334. ITycme p, =2, p,, ..., p,— NpOCMblE HUCAQ, MEeHb-
wue usu pasuole dem y; mozda
O y= Y [F]|n@. (42)
dips...pr ’

Hokasateanctso. CornacHo Teopeme 316 umeem:

1, eciu (B, p;...p)=1;
2 p(d)y=14 0, ecniu n geaurca x0T Ob Ha OJHO
412 ps. . -or) H3 NPOCTHX YHCENI Py, ..., P,

@(x,y)=z<‘ 1= X 1=2 2 w@d=

el n<.x n<Cx d)(n,py...py)
(n, [y]hH=1 (n,pr-..Pe=1
X
S e 3 - 3 [F]ee.
dipg... = d|py...
P Pr neg(moxd @ | P Pr

[Mpumep. BuuHCAHTD YHCAO UnceJ cpexy mnepBuix 12560 naty-
pajibHBIX uHces, He ENAMUXCA Ha NpocThie yHcaa << 3/ 1250.

3/ 1250 =10,7... . Tpoctoivu uncaaMu << 10,7 aBasiorest YucAa
2, 3, 5, 7. Ilo dopmyane (42) naxomum :

® (1250, }/ T250)= ¥ [‘—"’(,59]”(51)___[1212]_[1225_0]_

d{2:3:57

(1[I [ 15 o 3] 2 22] o

12507 , [1250 12501  [1250 1250 1250 1250
+B)+[ - B - -]+ [ =2
B caepyiomeit Teopeme Ml RajuM GOPMYny, KOTOpasi OCYIIecT-
BJSIET NOJCYET YUC/Ia NPOCTHIX YHCEJ METONOM 3paToceHOBa peniera.
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Teopema 335. Ecau py, p,, ..., p,—npocmete atcaa <V x, mo
n)—ax(V)+1= ¥ [5]|w@.
dipy...py

JorasarearctBo. O(x, l/}) BhlpaxaeT YHCJIO YHUCeN << X,
He JeJIAIMXCS HAa MPOCTHE UYHCJIA << V'x, 1. e. cornacuo Teopeme 23’

OT/IHUAeTCA OT YHCJA MPOCTHIX UMCeJ, JeMAUX Mexay Vx u x
(Bk/mouas x, eciy X — MPOCTOE YHCJI0), TOJbBKO OAHHM uHCJAOM 1.
TaxuM 06pa3oMm, noJb3yACh €lle IpeJblAYIiel TeOpeMol, noJjyyaem:

n)—a(VD)+1=0xV= ¥ [F]r@. @y
d1py...py

[Tpoussenenue p;-p,- ... p, 0603nauuM vepes M. Popmyay (43)
MOMKHO 3allicaTh B PasBepHYTOM BHJe:

n()—a(V x)+1=[x]— } [pi:]—I- 2 {T;,]"

pi| M pipj |

p> [pipjpk]+"' | (44)

pipjpr\ M

Dra dopMyna AaeT UMCJEHHBIH MOACYET YHCJa' [POCTBIX YHces,

Jexamux Mexay VX W X, nonydaeMbX B Tpolecce npUMeHeHHs
pewiera DpaToceHa. BrinuiieM Bce HaTypajbHble HHCIA << X — HX

6yper [x]. BeiuepkHeM uncsa, KpaTHee p,,— HX Gyzer [pi] ; Kpar-
: e : 1
Hble py, —UX Oyzer [i] M T. A. JO uMceJ, KPaTHHX p,, — HX

X
FJ BhIU€DKUBaHHH.
i
JloGaBuM yucaa << X, KPaTHbE BCEBO3MOKHEIM p;p;, Il pp; I M,

X

T. €. AobaBuM Z [p—] ynces. BuuepkHem uHcsla << x, Kpar-
pipsim €S

Hble BCEBO3MOXKHBIM  p;p;Py, TAE pP;p;pp|M, T. €. BbluepKHEM

] uuceJs, U T. A.

oyner [i] , T. €. BCero mpousBeieM 2 [
Pr il M

[ X
pip jorlM PiPPr
[lpaBas uacte paBencrBa (44) BhIpaXkaeT YHCIO0 YHCeN A <X,
OCTAIOMUXCA MOC/IE BCeX ITHX BhIUEPKHBaHME U J00aBJjieHMH,
TMoacuutaeM 3TO e YHUCJO OCTAIOMMXCS YHCEJ LPYTHM CIOCO-
oM. Ecau cpemu uucen p;, ps, ..., p, HMEeTCsl S MPOCTHIX Jenu-
Tesiell yhcaa n(r<<x), To 7 GbJIO BBHIIHCAHO OJWH pas, BHYEpK-
uytro C, pas, nobasneno C; pas, Bbiuepkuyro C, pas u T. A
TockoabRy
Y L _ S s — S;___ N
1-C+C—. ..+ (=1 Ci=(1—1)’=0,
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TaKoe 7 BblUEPKHBaeTCsl CTOJIbKO pa3s, uTo, HeCMOTps Ha BCe JO-
6aBneHHs, OHO He coxpaHurcs. Umcna n<Sx, He JejAHeCHd HH
HAa OJHO U3 YHCEN Dy, Py, ..., P, COBCEM He BbIUEPKHBAIOTCA H
coxpansiorcss. TakuM o6pasoM, nocse BceX BHUEPKHBaHHE H JIO-
OaBjieHHit OCTAHYTCSl T€ H TOJNIbKO Te UYHCJA, KOTOphle He JensfTcs
Ha P, Ps, ..., P, T. €. OcTaHeTcs 1 U npocThie unucaa p, Takye, 4TO

x<ps<.x. Uucao artux ocraBmmxcs uucea pasBHO 1--m(x)—
—xn(V x). Mbl nonyuaeM, takuM 06pasoM, ApYroe AOKasaTesNbCTBO
ToXaectea (43), HarnsJHO NOKasbiBawollee CBA3b Qopmyan (43)
¢ peumeroM JparocheHa.

[Tpumep. Ilpn x=45 npocTHIMH 4YHC/aMH, MEHBUIHMH HJH
paBubMu }/45=6,7, ..., asasiored 2, 3 u 5.

w0960 41— [£] (][] + [+ ]+

45 45
+ 18] —[30] =14
[Tpumenenne dopmysnl (43) NPHBOAKT K AJMHHBIM BBIYHCJICHHSM,

TAK KaK CyMMa B [paBOH 4YacTH COAEPXHT OoJibllIoe YHCIO Cla-

raembix. Meificcesnn B 1870 r. pgan dopmyay, B Koropoit 7 (x) Bhpa-
1 1

xaercsi He uyepes M\ x, x2/, kak B (43), a uepes ®\x, x3/. Ora
dopMyna ropasno ypoGuee, ueM dopmyaa (43) A BBIMMCJAEHHS
3HavyeHH# 7 (x).

Teopema 336 (Meiiccens).

ﬁ(x)zd)(x, x%>—— 3 n(-;—)—l—
x3<l’<"¢'z

4 % <n (x2)+m(x3)— 2> <n (x2)—n(x3)+ 1>. (45)

[
™

JokasartenbcTBo. HyCTr: Psstr Psszr +oos pt——l'lplOCTbIe
1

YhcNa, JeKallue MeXAY X3 W X%, Tak uTo s =m(x?), f=mn(x?) K

1 1

ps<x3<ps+1< Psig< ew- <pt<xa‘
O6Go3nayum qepes M MHoOXKecTBO uHces =Ix, He JesflUXCH HA
1

npocthle uucaa p <= x 3. OueBHAHO, UTO YHCJIa, BXOAAIHe B M, He
MOT'YT MMeTh Tpex HJIH OoJjblie MPOCTHIX JeJHTesiedl.

1) 1eM. !

2) B M BxoasT Bce NpocThie dHCJa, JekKampe MeXIy X3 H X
(BralOuast x, ecqim x—mnpocroe uHeao). YUucao TakuX mpocTHIX YH-
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. .
cen paBHO W (X)—m(x?)=m(x)—s.
3) CocraBuble 4HCsa, BXojsuue B- M, He MOTyT uMeTh GoJbiie

ABYX TIpOCTHIX JENHTeNell, T. e. OHH HMelT BHA p;p;, (Pi<<p)),
TIe, TOCKOJNBLKY p;p;<= X, AJIS HaHMEHbLIETO H3 3THX JBYX HPOCTHIX
MHOXHTeNeH p; MMeeM: :
1
) X
XKELPi<KE, Pispi< . (46)
£

=

Ilag kaxjgoro p;, TAe S<Ii<{!, UYHCJO MPOCTHIX HHCceN pj»
YIOBNETBOPSAIOMMUX YCJIOBHAM (46), paBHO
n(L)—np)+1=n(E)=it1,
pi pi
a ofmee YHcaO cocTaBHEIX YMces B M paBHO
i=t

£ ()= B s()-empesn

{=5+1 1 1
< p<x®
=
Takum o6pasom, a1 @(x, x3)—obuero uucia uucen B M

nojy4daeMm ¢opmyay:

@ (x, x_;)=l+n (x) — s+ Z 7 (i>———21— (s+t—1)(t—s)=

p
xS <p<n’
—nw+ X @ (%)——-21—(t+s——2)(t-——s—i— 1),

2
x3<p<x
1 1

OTKYJa, 3ameHsis § M ! MX 3HAUeHUAMH % (x3) W 7 (x ?), mosydaem
s w(x) dopmyay (45).
[ puwme p. Hafitu uncao npocThIX Yucen B npefenax ot 1 mo 1250.
B npumepe mBa crpaHuue 349 Omno  HafiieHo,  YTO
@ (1250, 3/ 1250) = 287. Mexny 3/ 1250 =10,7... u V1250 =235,3...
nAexaT npocthe uucaa 11, 13, 17, 19, 23, 29 u 31, n(10,7) =4,
n(35,3)=11. HaxomuM npu x = 1250: ‘

Y n(E)=n (A0 +n () +a (7)) 2 (550 +

x3<p<x?

1250 1250 1250
7 (1250) = 287 — 135+ 4 (11 4+-4—2) (11 —4 4 1) =204,

352



Buuncnennsi 3HaveHHH (YHKUMH #(X) OOBLMHO OCYIIECTBJAAIOTCA
¢ noMompio dopmyasl Meliccens unu ananoruyHbX GOPMYJ TaKOTo
’ 1

pona. HispecTHbl (opMyJbi, Beipaxawomue g(x) gepes ®(x, x")
OpH n>>3, H 3HaueHHa N (y) OpH CpaBHHUTEALHO HeOOJBLIMX 3HA-
YeHMAX Y, OJHAKO 3TH (DOPMYJibl OUE€Hb T'POMOSJKH.

Hcemopuneckue kommenmapuu k 35-it 2aaaee

1. Eme B 1798 r. Jlexxanap B nepsoM HsJaHWH CBOeH KHHTH
sEssai sur la théorie des nombres* ony6aukoman npuSIKEHHYIO

dopmyay pas m(x) B BUAE ﬂnxx—-]-B' Bo BropoM wuspanum sroit

KHMIH OH YTOYHHJ CBOIO (pOpMyJy, B3AB B KauectBe A umucyo .

2. Taycc cBod cood0paxeHHss O BeJHYMHe (YHKUHH It (X) NpH
GOJILIIHX 3HAUEHHAX X cooOmuJ ToabKo B 1849 r., a onyGiauKOBaHH
oBM Obiiv B 1863 ., yxe nocne paGorel Pumana.

3. Tapuytuit JlbBoBuy 'eGbmies pozuaca B 1821 r. C 1837
no 1841 r. yuunca B MockosckoM yuupepcurere. B 1846 r. samu-
THJI MaruCTepPCKYIO JHCCePTALHIO N0 TEOPHH BeposTHocTell, C 1847 r,
u JI0 KoHIa ceoell xkusuH (1894 r.) paGoran B IlerepGyprckom yHu-
pepcutere, Iloutn ¢ camoro Hayana cBoed XusHu B [lerepGypre
cran paCoraTb Takxe u B AKajgemMud Hayk, Kyjaa Obw1 usbpau
B 1853 r. ambioHkTOM, a B 1859 r. axkajzemukom. [ToMuUMO CBOHX
3aMedaresibHbIX paGoT no Teopuun uuces, HebblieB u3BecTeH CBOMMH
(yHAaMEeHTaJbHLIMH paboTaMH MO MaTeMaTHYeCKOMY aHa/u3y, Teo-
pHK BEpOATHOCTEH M MPHKJIAJHOH MaTeMAaTHKE.

B 1849 r. II. JI. YeOnimen Hanucan KHUTY ,Teopusi cpaBHeHHH",
Ora KHUra npeictaBaser cobofi OpUIHHANbHBIE U BecbMa IJayGOKHEH
JJIsI TOTO BPEMEHH KyPC OCHOB TEOpPHM uHces. B KauecTBe OJHOrO
u3 jonoJiHeHu# K atoMy Kypey I1. JI. UeGritueB naer cBoél Memyap
,JO6 onpeJiejileHHH YHCJIA TPOCTHIX YHCeJ, HE MPEBOCXOASAHX JaHHOH
BeJIMUMHHY. B aroM Memyape, ony6/HKOBAHHOM Takxe OTAENAbHO,
B UACTHOCTH, ROKAasEBaeIrcs TeopeMa O TOM, YTO Npefiesl OTHOUIEHUSA

X
7 (x) K77 He Moxer ObiTb OTAMUeH oT 1.

Pa6ora I1. JI. Uebbiena ,O npocThix uHC/aaX“, B KOTOPOH AaHHI
HepaBeHcTBa Buza (2) 11a GYHKHHMH = (X) M JOKa3aTesJbCTBO NOCTY-
sata Beprpana, ony6ankosaHa IlerepGyprckoét Akazemuefi Hayk
B 1850 r.

4. Tloctynat, noayuyuBIINME HasBaHHE noctyJaTta Deprpana, Obia
copmyauposan Beprpanom B caepyromeit dopwme: ,Ilpu n =3 cyme-
CTBYET NIPOCTOE YHCJIO p, TaKoe, 4To n < p<:2n—2. DBeprpaH npo-
BepHJ CNpaBeAIMBOCTb 3TOTO MOCTyjaTa mpu Bcex n << 3000000
H [PEMEHHJ €T0 NpPH AOKas3aTenbCcTBe OJHOMH TeOpEMbI TEODHH TPy,
YebnieB paer Gosiee CHJBHBIN pe’y/bTaT, a HUMEHHO, OH JiOKasal,
YTO YHCJIO TNPOCTHIX YHCEJ B TaKOM HHTepBajJe HEOrPaHHYEHHO
yBeJIMUHBaeTCsl OPH YBeJHUEHHH BeJHUHHE 7,

12 A, A. Byxwra6 ’ . 353



5. Peayaprar I1. JI, UeGrimeBa 0 TOM, 4TO Npejes OTHOIUEHHS
X
n(x) K oy He MOXer (ecin OH cyuiecTsyer) oOTAHYatTecsa or I,

MOJIyuaeTcsi y Hero Kak cleAcTBMe H3 cheayiomel Teopembi: ,Ilpu
NPOU3BOJILHOM CKOJIb YTOXHO 6OJIbHIIOM %2 u jio6OM CKOJIb YTrOAHO
MajioM o >0 cymecTByeT 6GeCKOHEYHOE MHOXKECTBO X, TaKHX, UTO

X
x dt x
—g——<n (X)—\ — < o ——
In*x (*) ) WS Inkx

dt
Benuynna wHTerpaJa gln_t Jaer Gojee TOYHOe NpPHOJHKEHHE
2

X
K 7 (x) (npu gocraToyHo GOJBIIHX X), 4eM ————, KakK On MH

Inx+ 8"’
HY BLIOHPANH MOCTOSTHHYIO BeJHYHHY B.

Eme Puman nan c¢opmyJsy, ycTaHaBJIMBAIOIYIO HenocpeAcTBeH-
HYIO CBi3b MeXAy T (x) ¥ HyJsiMu {(S), JeKamHuMK B KpHTHUECKOR
nonoce. $opmyna Pumana Gbijia nosHOCTBIO 0OocHOBaHa B 1894 r.
MaHTOMBAOM.

X

dt
EcTh npeanonoxenue, 4To MOAYJb PAa3HOCTH MEXAY & (X) H

Int

2
3HAUUTEJABHO MeHbIlle, yeM 310 AaHo B dopmyae (27). [Ipeanonararor,
YTO MOAYJb 3TOH PasHOCTH TpefCTaB/seT co60H BeNHYHHY NOPAIKa

O(V)?ln x). Takaa noutu npepesbHO Xopomad oueHka 7 (x) Gyner
noJiyyeHa, ecau Oyger uoxasaﬂa mnoreaa Pumana (cM. ctp. 324).

Oueﬂxa pa3HOCTH MeXAy © (x) H Sl 3aBHCHT OT TOTO, Ha-

CKOABKO JaJleKH OT npamoii ¢ =1 Hme E(s).

6. [lokas3aTe/bCTBO aCHMITOTHYECKOTQ 3aKOHA paclpefieieHUs
npocTeix ynces, RaHuoe A. CenbGeprom u [1. DpagmioM, ocHoBaHO
Ha MCIIOJIb30BAHHH TOXKJAECTBA

gjlnzp‘—l- % Inplng=2xInx+40 (x), (47)

rie p u g npobGeraior npocthie 3Hayenus. ToxaecTso (47) nonyuuso
Ha3BaHue ToxjecTBa CesbGepra. Co BpemeHu Boixona paGoTni Cesib-
Gepra u Jpaémia MOSABHJIOCH HECKOJIbKO pPa3qHUHBIX BapHaHTOB
3JleMEeHTapHOrO JOKa3aTeJbCTBAa ACHMOTOTHYECKOTO 3aKOHA pacmpe-
Jlefledus TMPOCTRIX YHCed,

7. B 1940r. IL Sp)lem JoKasaj, uto- hm&-‘%ﬂ’-<c<l

T. €. Pa3HOCTb MeXAy COCeJHHMH MPOCTHIMH UHCIAMH Py, i— Py AJSA
6GeCKOHEUHOTO MHOMKECTBa 3Ha4yeHHH & MeHbIle, ueM ¢ In py, Tae c << 1.
C apyroii ctoponsl, 6bli0 JAOKAa3aHO (Spném, Pangun), 4To cyue-
CTBYeT HeKOTOpas HOCTOfHHas b, Takas, 4To AN GeCKOHEYHOro
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MHOXecTBa NPOCTHX YHCEN p, GYNeT BHNOJHATLCS HEPABEHCTBO

Inilnp,ininininp
Prr1—Pr> bln Pr (lnkln n pg)? 4 s

B KauectBe b MOXHO B3siTb b=e€—¢, e C—mnocTosiHRas Diijepa
(cM. crp. 53), € >0—npouseosbH0 MaJjas BeJHYUHA.

8. Teopema 332, Tak ke kak u Teopema 330, Onia JoKasaHa
B 1847 r. MepTeHcom. IlpumeHeHHe MeTONOB TEOPHH (DYHKILHH
KOMIJICKCHOTO  HEePEeMEHHOTO TO3BOJIMJIO 3HAUUTEJIBHO YTOYHMTH
OLeHKY (38). MepTeHc J0Ka3an TakmxKe, 4TO

1 e C
II (1)~
p<x
rae C—rnoctogHHas Jfinepa.

9. Teopema 333 uspectna u3 paboru ['apau u Pamanymxana (1917).
Ecnu BMecTO QyHKuuH v () B3ATH QyHKUuUO L (1), PaBHYIO YHCHAY
OPOCTHIX AeJIUTeNe 71, cCUMTas KasABId U3 HHX CTO/IBKO Pa3, CKOJbKO
pas OH BCTpe4aeTCs] B KaHOHHYECKOM PAasJIOKEHHH 1 (Hanpumep,
(1200) = Q (24.3-5%) =T7), TO TaKKe HMEEM:

_ Ny,
ngNQ(n)—NlnlnN-}-BlN—}-O (lnN)’

npuyeM TIOCTOSIHHASA 31=B+Z,T@“T_'T)' rpe B—nocrosnHas
p

TeO peMEl 332.: : :

10. Teopema 835 BcTpevaercs Bnemee B BHIE q:opmyﬂbx (44)
B kuure Jlexanzapa ,Essai sur la théorie des nombres”. Ilocse pa-
6or Meiiccens  pasinunbie GOPMYJBI, BHpaxaloUiue 5t (X) ¢ NOMOMbIO
oyurunu @ (x, y), 6buin nocrpoens Poresem (1899) n Uunoaa (1905).

FTNABA 36

PACNPEAEJIEHHE INPOCTBIX lH’lCEJI B APH‘DMETH‘IECKHX
MPOrPECCUAX. AJJIMTUBHBIE 3AJIAUH

1. IPOCTHIE YHCJIA B APH(bMET_"‘l_ECKOﬂ ‘nporptccnu'.

' Jlns GoJbIIMHCTBA pPe3yJLTaTOB, O KOTOPhIX OymeT uiTH péub
B HacTOsIIER rjaBe, JOKa3aTe/IbCTBA BECHMA CJOXKHB, H MbI He GyReM
HX TPHBOLHUTH. OcHoBHast 3azaya 5TOH TIJaBBl— AaTh OuepK coBpe-
MEHHOT'O COCTOSIHHSI TEOPHH MPOCTHIX YHCEJI C TeM, YTOGBI YHTATENH,
sanHTepeconaBmHeCﬂ paccMaTpuBaeMoi npoﬁJlemamKou oépamnncn
K CHenHaJbHOH JHTepaType.

B npeamizymeil riaBe Mbl PaCCMOTPENH EOMNPOCH, CBA3aHHHIE
C pacmpeflefieHHeM MPOCTHIX YHCEN B HaTypaibhoM psny. Kak cie-
JAYIOMYIO CTyIeHbp H3yYeHHS NPOCTHIX YHCEJ €CTeCTBENHO MOCTABHTH
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3afayy M3yu4eHHA HX paclpelieJieHHs B pPa3/MYHBIX MOANOC/]EROBA-
TeNIbHOCTAX HaTypajbHoro psapa. Hanbosee npocThiMi GeCKOHEUHBIMH
AOANOCTIEJOBATE/IbHOCTAMA HATyPaJbHOTO psjia ABJASIOTCS apHpMe-
THUECKHE TPOTPECCHH.

Ecau B3sATh, HanpuMep, NPOTPeCCHIO ¢ pasHocThio 10:

7,17, 27, 37, 47, 57, 67, 77, 87, 9, ..., )
TO B Hayaje CPeAH ee UJEeHOB BCTPEYaeTcs CPAaBHHTEJLHO MHOTO
ApPOCTHIX uMces (MOZYEPKHYTHIE ujeHh); OYAyT JIH MpOCThHe YHCJA,
cojiepxKaliuecs: B 3ToH mporpeccud, o06pasoBLIBATh GECKOHEUHOE MHO-
XEeCTBO MJM HayKHHas C HEKOTOPOro Mecta npocTele yucsia GoJiblie
yKe BcTpeuaTscs He OyAyT?

OxkasniBaercst, U 3T0 ObLIO BNEepBbie foKasaHo B 1837 r. upuxae,
4yTO He TOJBKO B mporpeccus (1), Ho u BooOuie B M06ofi nporpeccuy,
Yy KOTOpo#l Haya/bHbIli YJeH B3aHMHO NPOCT C Pa3sHOCTbIO, COZEp-
JKHTCH GECKOHEYHOE MHOMXKECTBO IIPOCTHIX YHCEJ.

Teopema 337 ([lupuxne). Ecau (k, [Y=1, mo npoepeccus

I, 1k, I +2k, I +3k, ... 2)

cofepocum OecKoHeuHoe MHONCECME0 NPOCMbLX HUCea.

Ycnosue (k, l)=1 cymecTBeHHO, TaK Kak eciu (k, [)=d>1,
TO BCe YjeHbl NOCJeJOBATeJIbHOCTH (2) ZensAtcad Ha d W nporpeccHs
TOrja comepkuT camoe 6oJblliee ORHO MPOCTOE HUCJO. Mbl IPHBOAKUM
3Ty TeopeMy Oe3 fokasartesibcTBa. [[oKasare/beTBO, AaHHoe JlupHux e,
OCHOBAaHO Ha paccMOTPeHHH OCOOBIX TEOPETHKO-UHCJOBHIX (YHKIHH
X (n), wasbiBaeMbiX XapakTepaMmu (XapakTepsl O MOAYJO k), M Tak
Ha3biBaeMblXx L pagoB Jupuxne

Ls, %=, 2
n=1

NpH KOMIJEKCHBIX 3HauYeHHAX apryMeHTa s.

XapakTepoM N0 MOAYJ/IO k HasbBaeTcs uucjoBas pyHkuus X (n),
rakaf, uro: 1) X (1)=1, 2) X(a)=0, ecan (a, k)5=1, 3) X(ab) =
=X (@)% (b) ana mobrix a u b, 4) % (a) =X (b), ecnint a=b (mod k).
Mo3XHO JlerKo foKasaTb, YTO BCe OTJIMYHbIE OT HYJf 3HadeHHs TakoH
(yHKUUY TIpeAcTaB/AAIOT CO00H KOPHYM cTenmeHH ¢ (k) M3 e€IMHHI(bI.

JlokasaTesbCTBO HCMOJB3YeT TO, YTO XapakTepH HMEIOT OJHO H
TO K€ 3HAauYeHHWe AJifd BCEX UYMCeJ, CPaBHHMBIX 0O MOAyJo B, T. €.
JJIST BceX 4MCeJ, TpHHAaAJeKallMX OJHOH M ToH XKe NPOrpeccHH
C PasHoCTBIO k.

B 1949r. A. CennbeproM Owio onyG/JuKOBaHO 3JeMEHTapHOe
BROKa3aTesNbCTBO 3TOH TeopeMul. [l OTJAeJIbHBIX YaCTHHIX CJAy4aes
TeopeMa JlupuxJje MOXeT ObITb NOJIydeHa COBEPIIEHHO SJIEMEHTapHO,
H MBl pacCMOTPHM HECKOJIbKO NPHMEPOB TaKHX J0Ka3aTeJIbCTB.

Teopema 338. Mroocecmso npocmuix ducen suda 4t - 3 GeCKOHeHO.
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HdokaszatenpcTBo. [Ipefnosokum, YT0 CyHECTBYeT TOJbKO
KOHeUHOe MHOXKECTBO TpPOCTHIX uMcesa Buma 4f-3; TOrAa MOXHO
B3ATb YHCJI0 N, paBHOe NPOU3BENEHHI0 BCeX TAKHX MPOCTHIX UHCEJ.

U3 x=1(mod4) n y==1(mod4) cnepyer xy=1(mod4), no-
3TOMY NpPOHM3BeJleHHe MNPOCTHIX uuceJ BHAa 4f--1 He MoXer paB-
HATbCA 4N —1 (4N —1 % 1 (mod 4)). Takum o6pasoM, uucio 4N—]
JOJKHO HMETh IO KpafiHefi Mepe OJHH TIPOCTOH Je/HTeslb p BHAA
4t43, T. €. JO/KHO CYIIECTBOBATb NPOCTOE UHCJO p, Takoe, YTO
pIN u p|(4N—1), otryna noanydaem p|l, B To Bpems Kak p=3.

[Tpeanonoxenue, 4To CYLIECTBYET TOJIbKO KOHEUHOE YHCJIO TTPOCTHIX
uyKces BHAa 4f-}-3, npuBeso Hac K NPOTHBOPEUYHId; 3HAYUT, MHO-
XKecTBO TaKHX MPOCTHIX YHcesa OGecKOHeuHO.

CoBepIueHHO aHaJIOTHYHO [AOKasblBaeTcsi GeCKOHEUHOCTh MHOXKe-
CTBa OPOCTHIX YMcen BHaa 6f-+ 5. W3 npexmosoxkeHusi, uto cyie-
CTBYET TOJBLKO KOHEUHOE MHOMKECTBO TAKHX 4YuCeJ, CJIeAyeT cylie-
CTBOBaHME XOTA Obl OMHOTO WPOCTOTO 4YuCJIa p, Takoro, uto plN
u p|(6N—1), rae N-—npouspeiende BceX NPOCTHIX YHCEN BHJA
6¢-+5, u Torna pjl, 4To He MOXKeT HMeTb MeCTa.

HeckoabKe croXHee JOKasbiBaeTcs CJeLyiomasi TeopeMma. :

Teopema 339. Mroocecmao npocmotx wuces suda 4t + 1 beckoneuno.

JlogkaszarenbcTBO. IIpefnosioxuM, 4YTo CYHIECTBYET TOJILKO
KOHEYHOE WYHCJO MNPOCTHIX uucesa BHAa 4f - 1; Toria MOXKHO B3AThb
N paBHBIM TIPOM3BEJEHHIO BCeX 3ITHX uHuces. Bosbmem moGoil mpo-
croit gemutenp p uyucaa 4N24-1. U3 toro, uro p/4N2%-+1 caenyer

@N)* =—1(modp), T. e. (‘Tl)=1, p=A4t-+1 (reopema 207).

IMockosibky N —npousBesieHHe BCeX MPOCTHIX YHceJ BuAa 4f 1,
TO p sBasieTcs ofHuM M3 jeauresneds N, p/N u p|4N?-41, orkyza
nosyuaeM p|l, B To Bpemsa kak p> 1. Ilpeanosoxenne, 4ro cy-
IECTBYET TOJBKO KOHEYHOE YHCJO MNPOCThIX uHcesa BuAa 4f--1,
NpUBEJO Hac K NpPOTHBOPEUYHIO, T. €. MHOXECTBO TakuWX NPOCThbIX
yucesa GECKOHEUYHO.

Teopema 340. Muoscecmso npocmotx uuces euda 6t -+ 1 beckoneuno.
HokxasateabcTBo. [IpennosioxkuM, 4To CyUIECTBYeT TOJBKO
KOHEYHOE YHCJIO NpOCTHX uduces Buaa 6f--1; Torja MoXKHO B3ATh
uucao N, paBHOe mpoU3BEJEHUIO Bcex STHX 4ucel. Jlio6oe HeueTHOE
npocToe YHCJO0 p MOXHO 3amucaTb B Bufe 12¢-4r, rpe r=1, 5, 7

uan 11. Bemuucaum cumeos Jlexanjapa (-_;—3):
(3)=(mr) =07 () -

r=1 ’_7_1.(_'_)={ 1, ecni r=1 nmm r=7,
=(—1)2 (—1)* \3 —1, ecau r=>5 uan r=11L.

TakuM 06pasom, (:p§)%l, TOABKO ecaH p=1 (mod6).
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BosbMeM M0G0l npocrofi penutens p uucaa 4N®-4-3, uueno p He-
4eTHO H

(2N)2 =—3 (mod p), (‘73) ~1,

T. €., KaK Mbl TOJIBKO YTO JAOKa3anH, p uMeer Buf 6/ 1, u, cie-
nosaTenbHO, p|N.

U3 p|N u p|4N?+ 3 caenyer p|3, p =3, 4TO IPOTHBOPEUHT TOMY,
yro p==6f-+1. TlonyyeHHOe HNpOTHBOpeuYHe JOKa3niBaeT OecKOHeu-
HOCTh MHOMKECTBA MPOCTHIX 4Hcesn Buja 6f -+ 1.

O603uauum yepes n, (£, X) YHCJIO MPOCTHIX YUCEN B MPOrpeccuH (2),
MEHBUIMX MJIM paBHBIX X. Teopema JlupuxJse 3akjauaeTCs B TOM,
uyro npu (k, [)=1 u x— oo BeauuuHa n, (k, x) — oo. aa pynknuu
n, (k, x), TaK XKe Kaxk Aa4 QyHKUHH 7 (X), craBUTCA npobseMa omnpe-
JeNieHHs TMOPANKA pPOCTa MPH yBeJHYEHHH apryMeHTa X.

MeTozp!, ¢ MOMOIUBIO KOTOPHIX OBbLI OmpefiesieH MOPAJOK pocTa
7 (x), OblIM nepeHeceHHl HA CJydald NPoH3BOJILHOH apHdMeTHUECKOi
NpOTpeccHH, y KOTOPOH HadalbHBIi 4YjJeH M pPa3HOCTh— B3aUMHO
npocThie YHCHA, W Oblla JIOKa3aHa clegymomas Teopema.

Teopema 341. [Tpu ar0botx nocmoaHHoIX, 63AUMHO npocmbix k u l
uMeem Mecmo ACUMAMOMUYECKoe PABEHCHIBO:

1
7, (R, x)Ncp—

dt )
@ ) T 208 @ (k) —dynkyun Jiaepa.  (3)

8y

M3 sroii TeopeMsl BhITEKaeT, 4TO

1
“z(k:x)"’mr:—'x, (4)

a Takxe BBHAY dopMmyan (24) 35-ii raaswi, 4TO
1
m, (R, x) ~emT (x). | (5)

Ouenka (3) Tounee, uem (4), B TOM CMbIC/IE, YTO PA3HOCTb MEXAY
JeBofi M npaBo# yacTAMH B (3) N0 MOAYJIO MeHbIle, YeM B (4).

3HauuTeNBLHO TPpyHEe H3YYeHHe NopsAaKa pocTa GYHKIHH 7, (&, X),
KOTAa R pacrer BMecTe C X. Bakuble pe3yJbTaTHl B 3TOM OTHOLICHHH
Obliu moJiyyeHs: B nocaegnue roxsl K. A. Pojocckum, Tarypasasa u
3. K. ®oresncom.

AcuMOTOTHYECKOE. paBeHCTBO (5) TNOKasplBaeT, 4TO B KaxJOM
u3 mporpeccuit kf I, Tako#t, uro (&, {)=1, comepxuTca B H3BeCT-
HOM CMBICJIe OAMHAKOBOE KOJIMYECTBO NPOCTHIX yHces. HeficTBuTeNbHO,
wic/0 TporpeccHii ¢ pasHocTbio R, rme (k, [)=1, paBHo ¢ (k), n,
KaK MOKasbiBaioT paBeHCTBO (D), HA JO/MO KakAO# M3 HHX npu-

XOAUTCH NPHUMEPHO Ol yacTb OT ofumero 4ucia HPOCTBIX YHceN,
Jexamux B npegenax ot 1 mo x.
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IlokaskBag, YTO B KaXIOH Takel MOPOTPEcCHU COAEPKUTCA
BeCbMa 3HaAUHTeJbHOE KOJHMUECTBO NPOCTHIX 4Hces, GopMyas (3) u
(4) BMecTe ¢ TeM HHYETO He TOBOPSIT O TOM, KaK JaJieKo OT HayaJa
NPOTPECCHH HAuHYT BCTPEYaTbCsl NMPOCTHIE YHCJA. B 9TOM OTHOWeEHHH
YpesBhIYaHHO HMHTEPECHBII pe3yabratT Obla mnojydeH B 1944 1.
10. B. Jlunnukom. Teopema JIMHHHKZ YCTaHaB/JMBAaeT TPAaHULy JJs1
HaHUMeHbIUETO NPOCTOTo yucJa Jo6o# 3afaHHONR NPOTPECCHH.

Teopema 342 (Jlunnuk). Cyuwjecmsyem NOCMOAHHOE HUCAO Cg,
maxoe, wmo npu mobvix esaumuo npocmoix b u | (1 <l<<k) Hau-
MeHbuiee nPOCMOe HUCAC, NPUHAOAexHAUee Npoepeccull

I, l+Fk, I4+2kR, I+3k, ...,

He npeeocxodum ke,

Aqu)Meanecxue NPOrPecCHH  mnpelcTaBJsioT - coboll 3HaueHus
JauneiHofl ¢oyukumu f(¢f)=kf41 npu £==1, 2, 3... Ecau BMecTO
JIHHEWHOH (QYHKIUH B3SITh APYTYIO q)yHKumo f(t) TO MOMKHO TaKiKe
CTaBUTb 3ajauy: COJEpXKHMT JH MOCJEeI0OBATE]bHOCTh

f1), 1), @), ... B ()
6ecxOHEYHOE MHOMECTBO NPOCTHIX qnceJﬂ '
Hanpumep, ecau B3sth f () =121, To MOXeT GHITD HOCTaBJECHA
3ajJjaua: COJAEPKHT JH IIOCJIe,HOBaTeJIbHOCTb uycen BHE2 1%+ 1, T. e,
NoCJe/10BaTeMbHOCTD

2, 5, 10, 17, 26, 37, 50, 65, 82, 101, ..., Y]

6ecKoHeuHOe YHCJIO0 NMPOCTHIX YHCEN?

Buavase 3pmech nonajaercss JAOBOJBHO MHOTO NPOCTHIX HHCEJ;
cpean nepBuix 3000 unenop 710l nocaepoBatesbHOCTH HMeercsi 300
OPOCTHIX yYHcea. ByAyT /M NpOCThie 4yuCJaa BCTPEYATbCA B 3TOH
NOCJeJOBATENbHOCTH H Jajibllle, KaK Obl JaJeKo MBI HH YUIJIH OT €e
Hauasna? CoBpeMmeHHas TeopUfA YHCEJl NOKa He CyMeja PewHTb 3TOT
BOMpPOC, M, TakuM o6pasoM, HEH3BECTHO, COJAEPIKHT JH NOCJIEA0Ba-
TeJIbHOCTD - (7) GecKoHeuHoe YMCJIO INPOCTHIX YHCEN HAM HaynHas
C HEKOTOPOTO MecCTa NpoCThie yHcJa 6ojibuie- He OYAYT B HeH BCTpe-
qaTbCs.

He. najio nymarb, uT0 TPYZHOCTH 3TOH npoéneMbl cBsi3aHa. C Ka-
KOi1-T0 0cOGeHHOCTBIO GyHKUMH #2-+1; npobaeMa OyJeT CTOJb. Ke
TPYAHOH, eCIH aHaJIOTHUHBIA BOMPOC NOCTABHTL M sl APYIOFO
HENPHUBOAMMOTO HaJ NOJEM pPalMOHAJbHHIX UYHCE/l MHOrouYJeHa 2-i
creneuu af®-+bt+c, rge (a, b, c)=1. Eme Tpyasee CTaHOBHTCSH
npo6jeMa, ecin nepefiTH K MHOTOujJeHaM €oJiee BLICOKOH CTENEHH.

Jlo cux mop HM AJs OXHOTO MHOTOUWIEHa C UeJBIMH xos@dm-

ILHeHTaMH
f(t) —aot"+a1t"‘1 +_ ves +a

cTeneHH n>> 1 He yJaJoCh YCTaHOBUTD CyilecTBOBaHHE GeCKOHEUHOro
YHCJIa OPOCTHIX yHces B mochejosareanHocTH (6). Taxum o6pasom,
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COBpeMeHHOH TeOpHH WYHCeJ YJHaeTcs HCCJeJOBaTh pacnpefesieHue
NPOCTBIX YHCEJ TOJbKO B apHPMETHUECKHX MpPOTPECCHAX, 1a H TO
Ja/leKo He NOJIHOCTHIO.

2. NPOBJIEMb! AJAUTHBHOR TEOPHH MPOCTHIX YHCEN

3daynTesbHble TPYAHOCTH BCTPeYalOTCss H B TAK HasblBaeMBIX
aJJIITHBHLIX 3ajayax C NPOCTHIMH YHCJaMH, T. €. B 3ajadax, B
KOTOPBIX MPOCTHIE YMCJa BCTPEYAIOTCsl B KauecTBe cjaraeMwelx. Han-
foJiee M3BECTHA M3 3THX 3ajjad— 3HaMeHuTas npobaeMa [oapabaxa —
Diinepa. :

B 1742 r. Tonbabax B mnucbMe K Dijepy nocTaBus npoGaemy
JOKa3arb, YTO Ka¥Joe He4eTHOEe YHCJO MOXeT OHTb IpejlCTaBJeHO
B BHJle CyMMbl TpPeX IPOCTHIX 4HCeJ (HeueTHHle uHclIa OepyTes, Ha-
ypHasg ¢ 7). DiJlep B OTBETHOM IIHCbMe BHICKa3aJ THIOTE3y, 4TO
HMeEET MecTO ropas3fio GoJiee CHJIbHOE YTBEpXKAEHHE, a MMEHHO, YTO
KaxJoe 4eTHOe uHc/aI0 (HauMHasA c 4) Moxer ObiTb NpeaCTaBJEHO
B BHJE CYMMbl JABYX NpPOCTBIX uHCeJ. ITH NpobjeMbl ROJYUHIH
HasBanue npobaeMsr lonppbaxa— Ditaepa.

Koneuno, ecam Obl yAaJoch peMINTh 3ajauy, I[OCTaBJEHHYIO
DiinepoM, TO OTCIOAA CHPABEJJIHBOCTh TeopeMbi 'osbaGaxa nosyua-
Jacy Gbl Kak OUeBHAHOE cJjejcrBHe. [leilcTBHTeNbHO, JI060€ Heyer-
Hoe uycio Buia 2N --1 =7 MOXHO npeicTaBHTh B BHAe 2N -1 ==
=34+2(N—1), rre 2(N—1)=4; Tak Yro u3 pasjoXKHMOCTH
2 (N—1) Ha cyMMy JABYX INPOCTHIX BBITCKAeT pasjioXuMocTb 2N 4+ 1
Ha CyMMY TpeX NpocThiX yHcesJ. BMecte ¢ TeM peileHHe npoGaemb
TonbpGaxa He JlaeT BO3MOXHOCTH CAeJiaTh BBIBOJ O CIPaBEMJIHBOCTH
yrBepxaeHus Jinepa. Takum ob6pasom, npoGiemMa Ditmepa TpyAuee
H, KaK NOTOM BBISICHHJIOCH, 3HAUMTEJNBHO TPYyHHee, ueM npobJaema
Tlosabpbaxa. :

Aty aBe npobJeMbl MOXHO 00befHHHUTH ofulefi GOPMYIHPOBKO:
,J0Ka3arb, 4TO Kaxjoe HarypaabHoe unciao N >1 momer O6ubTh
NpeicTaBjeHo B BHIAE CYMMbI He Gojiee 4eM TpeX NpPOCTHIX HHCeJ“,

B Teuenue noOYTH JABYXCOT.JIeT, NpPOLIEAUIMX TMOCJE NEPEHCKH
lFoababaxa u Ditnepa, a HMeHHO K Hauany XX Beka, 3TH Opo6jeMbl
Ka3aJHCh COBEPLIEHHO HEJOCTYNHBIMH, a4 BMECTE C TEM YHCJEHHBIE
BBIYHMCJICHHS NOKa3hBajli, YTO HATypaJbHBIE YHCJIA B Npefefax o
HECKOJIBKMX MMJITMOHOB OGBIYHO pasjaralorcd Ha CYMMY ABYX HJH
TpeX NPOCTHIX YHceJ Jaxe HEeCKOJbKHMH cnocobaMu. ,

HsBecTHH#t chnenuaJaucT 1o aHaJuTHYECKOH TeopHu unucena 2. Jlau-
nay B 1912 r. nocraBHa BONpOC O TOM, YTOOH! JOKa3aTh, YTO Kawjaoe
HaTypaJabHoe yuciao N >>1 MoxkeT ObITh NpeacTaB/eHO KaK CyMMa He
Gesee Hy X0TH 6b MHJIMOHZ HJH Kakoro-iu6o ApPYroro orpeje-
JIEHHOT0 YHMCJa TIPOCTHIX UHCes, OJHAKO W B TAKOM BHJe 3ajaya
B TO BpeMsl NpeNCTaBJAAAACh UPe3BHUAHHO TPYAHOM.

[NepBHifl pesysbTaT B HanpabBJleHHH pelleHHs1 npo6aemsl IoJibx-
6axa Ob1  clieaH  saMeyaTesibHBIM  COBETCKHM  MareMaTHKOM
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JI. T'. HluupensmanoM, koropslit B 1930 r. aokasan ciipaBefHBOCTD
TeopeMel B TOH (opMe, Kotopas Gblia npepioxena Jlanaay. Teopema
[lIuupensmana MoxeT ObITh copMyaupoBaHa B cieaylouleil ¢opwme.

Teopema 343 (llnupenbman). Cyuiecmsyem nocmoanwas k,
makas, 4mo Kascdoe HamypaisHoe 4uucao, Goavusee wem 1, Mmoscem
b6bime npedcmasieHo 6 6ule cymmol He Goaee k npocmbix Hucean,
m. e. 0aa moboeo wamypaasrozo N (N > 1)

N=p+p+...+Pp

ede p;—aubo npocmete wucaq, AbO HYAu.

Uucno k y HlanpensMaHa OblJI0 KOBOJBHO BENHKO; OJHAKO B Ha-
crosiee BpeMs MerTofoM llInupensMaHa cnpaBeAJHBOCTB TeOpPEMbI
JOKa3aHa NpH CcpaBHHTeJbHO HebGoabmMX 3HaueHusix k. Ecam 6parts
HaTypaabHble yncaa N = N,, T. e. 6paTh HaTypaJbHHE YHCJa, Hauu-
Hag ¢ HekoTtoporo, To Metos LHmpenbmaHa mnoseosser pokasaTh
CHpaBelJINBOCTh TeopeMbl nipn k= 18.

Pa6ora J1. I'. IllnupensmaHa, ABUBIIAsACH B TO BpeMs CeHcauuel
B MaTeMaTHKe, HWHTepecHa OcO0eHHO TeM, 410 paspaGoTraHHBE HM
MeTOJBl CTaJii OCHOBOH HOEBOrO HanpaBJIeHHA TeOpHH uucesa. Merox
HIgupesibMaHa HAaXOJHT pUMEHeHMe HE TOAbKO B 3aAaue I'onpabaxa —
Diinepa, HO ¥ B APYTHX aNAUTHBHBIX npobnemax. FHTepecHble pe3ynb-
TaThl, CBA3aHHbe ¢ npuMeHeHHeM Mertoza lHupesnbMaHa, NOMyuHJ
H. Il. Pomanos, HcclefoBaBiuHii MHOXKECTBO HUHCEJ, NPEJCTa BHMBIX B
BHJIe CYMMbl HPOCTOrO YHMCJIa H YHCJ2 BHJAA a" 1pH 3aJaHHOM LejioM
a>1. » : :

B 1934 r. coBepilieHHO HCKJ/IIOYHTEJNBHOTO yCAeXa B pelleHUH
aJUIATHBHEIX 3aJa4 C NPOCTHIMH YHCJaMH fobuicsi akajaeMHk Wpan
MartseeBnu Bunorpazos. EMy ynasoch nosHOCTBIO pelllnTh Npobiemy
TonbaBaxa Ana BCEX uHCeJ, HAUMHASA C HeKoToporo. JlokasanHas UM
TeopeMa MOXeT OHTb CHOPMYJAHPOBaHa ClelywIuM o6GpasoM.

Teopema 344 (Bunorpapos).” Cyujecmeyem nocmosanroe wucao N,
makoe, 4mo 6ce Hewemubie uucra, Ooavuiue wem N, moeym OGoimb
npedcmagaenst 8 8ule CymMmol mpex NPOCMbLX Qucea.

Takum o6pasoMm, npoGnema ['ospabaxa pellleHa AJIS BCeX YHCeJ,
32 HCKJIIOUEHHeM, OHITh MOXeT, KOHEYHOTO HX uncaa. MoxHo 66110 Ohi
OpraHH30BaTb NPoBepKY Teopembl [ospifaxa u AJs 4HCes He npe-
BoCXOAAMMUX N,, OZHaKo 3TO noka He ciesnano. [TonyueHnHoe ans N,
3HayeHHe HACTOJBKO BEJHKO, YTO JiaXke AJs COBpPeMeHHBIX OBICTpO-
JeACTBYIOIHX 3JIEKTPOHHBIX BHIMUCAHTEbHBX MallHH NOTPe6OBaIOChH
OBl cAMIIKOM GOJIbLIOE KOJHYECTBO BpeMeHH,

‘Pemenne M. M. BunorpagoBeiM npobiiemn [ospafaxa sBHJIOCDH
ype3BblYailHO BaXKHBIM COOBITHEM B Pa3BHTHH aHaJHTHUECKOH TEOPHH
yuces. [1pu pemenuu sTodl npobnemel M. M. BuHOrpanos npHuMeHHJ
CO3JaHHH# MM BeCbMa MOHIHHIH MeTOoJ, OCHOBaHHBEI Ha NpPHMEHEHHU
KOHEUHBIX TPUFOHOMETPHYECKHX CYyMM. 3TOT MeTOA Hames ce6e npH-
MEHeHHe [pH peileHHH MHOTHX TpPYJAHBIX 3ajay TeOpHH 4HCeJ,
B 4aCTHOCTH, MHOTHX aJAHTHUBHBIX 3aJay C IPOCTHIMH HHCJIAMH.

361



Meton BuHorpaznosa oxasajicsl Bee e HeZOCTATOUYHBIM JIf1. pelle-
HHS aJJMTHBHHIX 3aJlay C JABYMS NPOCTHIMH cJlaraeMbIMH, H MpoO-
6aema TlNoapabaxa—Dinepa 0 NpelcTABJCHHH YETHBIX YHCEJ B BHJE
CYMMBI ABYX NPOCTHIX UHCeJ OCTAeTCs HO CHX ROP HepeiueHHOH. Bwme-
cte ¢ TeM Obliio fokasaHo (H. I'. Uynakos, Bau-Kopnyt, T. dcrepman),
4TO NOYTH BCe YeTHHIC YHCJA PasjaralorTcs Ha CyMMY JABYX HPOCTHIX
uHces; 3TO 3HAUMT, YTO OTHOWIEHMe YHC/Ia 4dHcen oTpeska [l; N,
HEpa3J0XKUMBIX Ha CYMMY INpPOCTBIX YHCEJ, K CaMoil BeJaHuuHe N
CTPEMUTCA K HYJIO APH yBeJMYeHHH N.

B aHannTHueCKOH TEOPHMH YHCEJ CTaBATCA TaK¥Ke 3ajauul O Mpej-
CTABHMOCTH YMCEJ B BHJE CyMMbl OJHOTO IPOCTOTO YHCJA H APYTHX
yyces 3ajJaHHOTO BHJA.

3ajayu Takoro THna oOBYUHO SIBJISIOTCH BecbMa TpyaHbIMH. Tak,
HanpHuMep, TOJbKO BeCbMa TOHKHE aHaJUTHYECKHE METOAB! - 103BOJIHIU
10. B. Jlnuuuky pewuts B 1959 r. npobieMy, HoCTaBJAEHHYI® B
1923 r. aHraufickuMH MaTeMaTHKaMHu Xapzau H JIUTABYZOM, a UMEHHO
eMy yJaJoch HOKasaTh CJAEAYIOULYI0 TeOopeMy.

Teopema 345 (JIuunux). Kascdoe docmamouro Goavuice Hamy-
paabHoe 4uca0 n mosxcem Obimb npedcmasero 6 6ude CYMmbl nPOCIoLo
uucra u 0eyx keadpamos yeavix qucer, m. e. 6 6ule

n=p-k*4 2

Cpenn aizuTHBHBIX 3ajay C NPOCTHIMH HHCJAaMH oco0oft u3Bect-
HOCTBIO HOJB3YeTcs npoljeMa Tak Has3blBaeMbIX - MPOCTHIX UHCEN-
6su3HenoB. Kpome 2, Bce ocTajlbHBlE MPOCTHiE YHCJA— HEUETHbIE
H HaMMeHbLIasi BO3MOXHAs Pa3HOCTb MEXJY HHMMH paBHa 2.

- Oripenenenne 94. [lsa npocmeix wucaa ¢ pasrocmeio, pasHod 2,
HA3bIBAIOMCA NPOCMbLIMU HUCAAMU GAUBHEYOAMLL,

Hanpuwmep, cpexn nepBeix 50 HaTypaJbHEIX YHceJ uMeercs 6 nmap

HOPOCTHIX YHces OJH3HELOB, a HMMeHHO:

3,5 5, 7; 11, 13; 17, 19; 29, 31 u 41, 43.

[lpexnonaraior, uTo cymecTBYyeT OecKOHeyHOe YHCJO TaKHX fiap,
OJHAKO HH J0Ka3aTb, HH ONPOBEPrHYTb 9TO NMPEANOJOXKEHHE N0Ka He
-yzanock. [TpocTele uncaa GAH3HEeUBH! MOMXKHO BBIAEJAHTDH H3 HaTypalib-
HOro pAja crnoco6oM, COBEpIIEHHO AHAJOTHYHBIM OGHIMHOMY Sparoc-

¢eHOBY peuieTy.

Teopema 346. Ilycts p,=2, p,, ..., p,—6c€ rnpocmsie Hucaa
<V N+2(N=T7). Ecau 6 nHamyparerom pady nocredoeamesbHo
BbIMEPKHYMb 6Ce yucaa n, Oerawjuecsi Ha py, HA Py, ..., HA p,, a
makoce éce wucaa n, makue, umo n-2 deaumca xomsa Ovl HQ 00HO
U3 HUCEA Py, Pay «++ s Pry MO OCMABULUECA YUCAQ OOPABYION MHONCECTEO
npocmbix wuces p, maxkux, 4mo p -+ 2 maxsce npocmoe wuci0, npuyem
VNF2<p<N.

HoxasateabctBOo. Yucmo 1 Oygmer 3auepkHyTO, TaK Kak
14+2=3 penurcs Ha 3. Bce ocrajibHble HaTypajibHHE Yucia
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n<V N2 6yAayT TakkKe BHUEPKHYTbl, TaK KaK KaxJOe H3 HHX
JeNHTC HAa KaKoe-HUOYJAb H3 YHCeN Dq, Pay ooy Ppe

U3 uncen n, nexauux mexay YVN-F2u N, V' N+2<n<N),
BCe n TakHe, YTO N HJIH n-+2—cocTaBHoe, GYAyT BHIUEPKHYTHI,
TaK Kak TOTA2 7 HJIH n---2 uiau o6a 3TH 4Hcsaa JenATcs no Kpafi-

Hefl Mepe Ha OIHO H3 YHCeNd Py, P, ..., P, UHCAA p TaKue, 4TO
p~+2 Toxe mpocroe uncio U VY N-+2 < p<< N, He OyayT BblUepK-
HYTBl, TAK KaK B 9TOM cjlydae p H p—+ 2 He JeJATCHA Ha Py, Py, « .. Pps

KOTOpBIE TOrAa MeHblle 4eM p.

Mbi uMeeMm, TakuM 06pasoM, aJAropHTM, TIO3BOJISIOUINH HAXOAHTH
BCe nmaphl HPOCTHIX uuces Omn3Henos p, p+2, rae Y N+2<<p<N.
Jlo6aBnss K HHM napnl Gauspenos p, p-+2, rae p<<V NF+2, mbl
Haxo4¥M Bce Gau3Heusl p, p-+2, rae p<<N.

DTOT AJrOPUTM NO3BOJSAET, TaKUM 00pa30M, BHIUHCAATD 3HAYEHHH
¢yuxkuuu B (N), Buipaxarouiefi UncJ0 NPOCTHX uHcesa p << N, Takux,
yTo p--2 Toxe mpocroe yucao. IlpoGaema npocThix yucen GinsHe-
OB 3aKJouaercd B TOM, 4ToObl JOKa3aTh, 4TO NpH YyBeauueHuu N
BeIHYHHA B (N) TOXEe HEOrpaHMYEHHO yBEJIHYMBAETCH.

[MonoGHBH aJrOPUTM MOXHO HOCTPOHTb AJASl HAXOXKIEHHA MpO-
CTHIX uMcen p<< N, Takux, uro p’==2N-—p Toxe mpocroe, T. €.
A1 HAXOXKJIEHHs paccMarpuBaeMbiXx B npobieme Ioabpfaxa— Dii-
aepa nap npoctuix uncen ((p, p’)), cyMMa KOTOPBIX paBHA 3alaHHOMY
uyeTHOMY uucay 2N. _

Teopema 346’. I[Tycme p,=3<p,<...<p,<VN< Prin<<
<...<p,<V2N—e6ce Heuemnble npocmsie 4ucid, HE NPEEOCXo-
dsugue V'2N.

Ecau cpedu HewemHbix HAMYPAAGHLIX HUCEA N, MAKUX, MO
3<<n<c N, eviuepxnyme ace uucaa, deasujuecs xoms 6ol HQ 00HO U3
4uces Py, Pgs ---» Py, @ maxoge 6ce uucaa n, maxue, umo 2N —n
Oeaumca xoms 6ol HA O0HO U3 YUCEA Do, Pyy ooy Pry +« <y Pgy MO 0CIAB-
wimecs wucaa o6pas’yrom MHOJNCECMBO NPOCMbIX HUCEA P, MAKUX, 4IMO
p’=2N —p mose npocmoe, npusesn VN<p<N.

HoxasarenbcTtBo. Ecam p-npocroe uuelo, Takoe, YTO
VN<p<N, u 2N—p=p’ ToXe IpocToe, TO p He JHeJHTCH Ha
npocTble uncaa, He npesocxofamue VN, a p’ =2N—p=N >V 2N,
He JeJMTCS HM Ha OXHO IPOCTOE YMCJO, He mnpepocxoismee } 2N.

Ecnu Xe 1as Takoro p uucao 2N —p cocTaBHOe, TO N0 KpaliHek
Mepe OAUH HeueTHBI NPOCTOH Jeautens 2N-—p He nNpPeBOCXOXHUT
V2N, 1. e. Takoe p Oyner BbluepKHyTo. Bcee cocraBHble umcia,
MeHblIHe HJH paBuble N, U HPOCTbie YHC/A, MEHbUIHE WJIH DPaBHbIE
VN, 6yayT, OUYEBHAHO, BBIUEPKHYTH, TAK KaK Yy KaXJOro H3 3THX
ypced HMeeTcsi 1o KpadHed Mepe OAHH NpoCTO# AeAuTe]b, HE Ipe-

Bocxomauui )/ N.
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Jlo6apnas K OCTAaBIIHMCHI uucaaM npoctwe umcia p<<V'N,
takue, yto p’=2N—p mnpocTOe, MBI HONYYHM Bce Iaphl MPOCTHIX
uncen p U p’, yIOBJeTBOpsoNLHe yeaoBo p+p' =2N, B<<p=N).
Beps uapsay ¢ napamu ((p, p’)) eme u napu ((p', p)), Mbl HafiieMm
Bce peiueHusi ypaBHeHus I'onbabaxa-—Oinepa:

x+y=2N, (8)

re 062 HeM3BECTHRIX IPHHEMAIOT TOJBKO 3HAYEHHS1, NpejcTaBAdomue
co6oil npocTble YHCaA. )

OG6Go3nauuM upCcJI0 pelueHHH ypaBueHHd (8) B DnpocThiX 4YHcgaX,
T. e. yucsao map npocreix uucea ((p, p’)), Takux, uro p-+p’=2N,
yepes P (2N). Ilpo6nema T'onbabaxa—D3inepa sakiouaercs B TOM,
uT06B! foKazaTh, uro P (2N) >0 npu Bcex N =3.

[Tpumep. HaliTu Bce mapm npocthix umcea ((p, p’)), Takux,
yt0 p-}p’=232. HeueTHrle npocTele uncaa, MEHbIIME HJIH PaBHbIE

V116, pasun 3, 5, 7, a JAJs 4HCeN, MEHbIUHX HJM PaBHBIX V232,
npubapasiorcs elle npoctele yucaa 11 u 13. B MHoxecrse Heuer-
Hbix uucea 3, 5, 7, 9, ... , 115 BuGpaceiBaeM (BblYepKHBaeM) Bce
yycJaa n, feJsiiuecs Ha 3, M uucaa n, Taxkue, ut0 232 —n = 0 (mod 3),
t. e. n=1 (mod 3). Ocraworcs HeyeTHsle uncaa n==_2 (mod 3), T.e.
uyucaa: 5, 11, 17, 23, 29, 35, 41, 47, 53, 59, 65, 71, 77, 83, 89,
95, 101, 107, 113. M3 ocraBmnxca uuces BuGpachiBaeM Te n, A5
kotopuix n==0 (1nod 5), 1 Te, AAA KOTOPHX 232—n =0 (mod 5), T. €.
n=2(mod5). ITocne atoro ocratorca uucaa: 11, 23, 29, 41, 53, 59,
71, 83, 89, 101, 113. Bri6pacniBaeM 3ateM uHcsa Bugaa n= 0{mod 7),
a takxe BHja 232—n=0(mod 7), T. e. n==1(mod 7). Mocne stoTO
ocraloTca umcna: 11, 23, 41, 53, 59, 83, 89, 10I. BriGpacriBaem
emie yucaa n, Takue, 4ro 232—n=0(mod 11), . e. n=1 (mod 11),
n uucaa n, takue, uto 232—n=0(mod 13), 1. e. n==11 (mod 13).

B utore ocratorcs uucaa: 41, 53, 59, 83, 101. [o6asaseM x HUM
npocThie yucaa 3 u 5, Menbmne yeM V116, s xotopeix 232—3=
=299 n 232—5 = 227 — Toxe npocThle uHcaa, [IpeacTaBaeHusa uncaa
232 B BMJE CYMMB! ABYX IpPOCTBIX YHCEJ HMEWT BHX

232=3+229=5+227=41+191=53+4179=59+173 =
=83+ 149=101+4-131,

u eme 7 npeiAcTaBJeHHH, NOJYyuamOIMHUXCH NepeMeHOH MecT cJarae-
MeIX. ¥ paBHeHHe X -+ y==232 umeer 14 pemleHu#i B NPOCTHIX yuCaaX,
T. e. P(232)=14.

Pemero, aHaJorHYHOE TOMY, KOTOpPOe MB NpPHMEHHAH I Ha-
XOXJIeHHs map npocTeix uHced ((p, p')), Takux, urto p'—p=2, u
peiiennit ypaBHeHusa TI'onbabaxa—D3iinepa p+ p’' =2N, Moxer GLITh
NOCTPOEHO H JNfl APYTHX aJAJIUTHBHBIX 3ajla4 C NPOCTEIMH YHCJAMH.
Pemero nopo6Horo THHa YacTO Ha3HBAIOT ABOHHBIM 3paTOCHEHOBLIM
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pelietom (&Ba  mpoceHMBaHMA" A1 KaXAOro H3 NPOCTHIX YHCeNX
p,-s;VI_V). Takoe pewero Owljio BrepBblE MOCTPOEHO (PAHUY3CKHM
MaTeMaTHKOM MepJ/HHOM,

IMopo6Ho ToMy Kax oOGrIKHOBEHHOe 5paTOCHEHOBO pemero Bhipa-
XKeHo B Bufie dopMmyasl (44) 35-fi rnaBbl, MOXHO H IAS JBOHHOTO
apaToceHoBa pelleTa NOCTPOUTH (POPMYJIHL, Boipaxaloue PYHKUHH
B(N) u P(2N) B sBHoM BuZe. B npaBOMNqacm dopmyssr (44)
35-# rnaBbl QHTYpHPYIOT BeAMUHHBl BHAA [—k- , BolpamKaronye 4Hc-

JIO 4YuceJs, MEHbIIHNX HJH paBHBLIX N 1 Jeasunuxcs Ha k, npuiyeM k
PaBHO NpOH3BEJEHHIO NPOCTHIX MHOXKHTEeil, B3ATHIX U3 UHCa OPOCTHIX

uncesn py, Py, ..., pr<<}V N. Beauunna [%] ne Gojee ueM Ha |

& - B cayuae aBoitHoro sparoceHoBa peluera ajs

Kaxjoro k£ Bujia k=p,; ... p;, B NpaBoit yactH Oyjer 27 BelHYHH,
N

KaxJas M3 KOTOPHIX OT/IHUaeTcsi OT - Toxe He Gosee ueM Ha l.

HcnoawszoBanne GopMyan (44) 35-# raassl 40151 OnpefesieHys Nopsjaka

pocra m(N) BCTpedaeT Ty OCHOBHYIO TPYJAHOCTb, 4TO, XOTs nocje

OTJ/IHYaeTcs OT

X
3aMeHbl Kaxaoro cJjaraemMoro Ha s olunOKa He BeJIHKA H He npesoc-

xoaur 1, ofilee uYMCJIO claraeMblX B CyMMe, paBHOe, KaK Jerko
BHAeTs, 27 ==27(VN) npencraBiser co6ofi oueHb GoJbIIOE UHCJIO,
HaMHoro GoJibliee, ueM camo ft (x).

Eme 66/biiie TPYJHOCTH BCTPEYalOTCs [1PH HCMOJIb30BAHUHU NO-
ao6Hmx dopmya ans B(N) wau P (2N). Hanpumep, B dopMyae aasa
B(N) uucao cnaraemnlx paBHo 1 42C; +22C7+ ... -+2771C77 =
=3"—2", r=n (V' N+2). B 1919 r. HopBexcKuil MaTeMaTHK Buro
Bpyn paspabGoran 3ameuaTesnbHblii MeTOA, AAIOIMH BO3MOXHOCTb

HCHOJb30BaTh JBOHHOE 3paToCcdeHOBO peIleTo AJIs1 OUEeHKH (PYHKUHH
euga B(N) n P(2N). l'Ipexme BCEro BHI‘O bpyr 3amenun a’m

¢yuruuu dpysaxnusmu B (N, N “YupP(2N,(2N¢ “) ®yukuusa B(N,N ¢ 0‘)

BhIpaXKaeT 4HCJ0 UHCET n < N TaKHX, YTO BCe NPOCThIC RCJHTEJIH N
1 1

H n+2 Goapme uem N, Oyuknua P (2N, (2N)¢) pasHa uHcay
yncea n << 2N, Takux, YTo npocTele Jeaureqd n U 2N —n Goabule
1

ueM (2N)®. Jlas Takux ¢ynkuHi npu o= 10 BpyH cTpour asoiinoe
1

peluero (pemeTo Buro Bpyna), Tak uto Beamuunw P (N, Ni%) u

‘P (2N, (2N)1°) OKa3bIBAIOTCA 3aKJIOUCHHBIMH MeXJY ABYMA CyMMamHu
CO CpaBHHTeJbHO HEGOJBIIHM YHCJIOM CJIaraeMblX, MPHYEM BeJHUHHbI
CaMHX 3THX CYMM OLEHHBAIOTCA CBepXy M CHH3Y XOTd H CJOXHBIM,
HO BHOJiHE 3/1eMeHTapHbIM MeToJioM. Ilpumensis s10T Merof, Buro
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L 1
Bpyu pokasan, uro B (N, N'°) n P (2N, (2N)1°) HeorpaHHUYEHHO
YBEJHYHBAIOTCS NPH yBeJNHUeHHH N.

Ecau uncyio n << 2N TaKoBO, YTO BCe NpOCThie JeauTeNH n GoJbile
1

yeM (2N)17, TO n COCTOHT He 0o/ee 4eM H3 JeBATH NPOCTHIX MHO-
x)utejedl. Ecan Xe npH 3TOM M Yy uncjga 2N-—n Bce OPOCTHIE MHO-
1

®uteau Gosbile uyeM (ZN)!°, 10 n'=2N—n TOXKE COCTOMT HE
Gosiblle yeM U3 JEBATH HNPOCThIX MHOXHUTedelt. Takum o6Gpasom,
1

noayuus, uto P (2N, (2N)1%)— oo, B. BpyH mokasaJ, u4To Kaxjoe

JocTaroyHo OoJbioe yetHoe 4ucyo 2N moxeT GbITh NpeCTABJEHO

B BHle 2N =n--n', rae Ka¥jaoe H3 cjaraemblx n M 7’ COCTOMT He

6oslee yeM M3 HeBATH NPOCTBIX MHOMHTeNcH. TOUHO Tak XKe M3 TOTO,
1

uto B (N, N1%) — oo, cJeAiyeT CYULeCTBOBAHHE OeCKOHEYHOTO MHO-
JKecTBa YHCesa n, TakKuX, YTO H n ¥ n'=n-+2 cocroar He OoJee
4eM M3 JEBSITH BPOCTBIX MHOXHTeJeH.

Psix ycosepuieHcTBOBaHHI, BHeceHHBIX B MeTol Buro Bpyua, no-
3BOJINJI CHM3HTb YHCJO INPOCTHIX MHOXKHTeJneH Yy n M n' (B npo6-
aeme Fonppbaxa—dinepa 2N =n-+n" u B- npobaeme GJIH3HENOB
n'—n=2) no uernipex (A. A. Byxwra6, 1940 r.).

Jlpyroe pewero, CyHIECTBEHHO OTJHYamLieecss oT pemeTa Buro
Bpyna, 6ui0 nocrpoero A. Ceanbeprom.

Hcnonbaysa pasnnunble MeTORB! pewieTa, pasputeie Buro bBpysowM,
Byxmrabom, CeanbeproM, KyHoMm, B KoHeuHeM cueTe YAAJOCH CHH-
3HTb YHCJ0 MOPOCTBIX MHOMHTENEH y n 10 ABYX, a y n' Jo Tpex
(Ban-lOausb, B. B. JleBun 1958 r.).

B 1948 r. Benrepckuii MmareMaTHK A. Pean AOKa3al CAEeLYIONUY IO
TEOPEMY.

Teopema 347. Cywecmeyem nocmosHHas l makasn, umeo Kascdoe,
docmamonro Goavuioe Hamypaabroe demmuoe wucro 2N npeacmaeumo
6 sude 2N =p-+n, 20e p— npocmoe 4ucio, a. n. cocmoum He 6oaee
uem u3 | npocmoix mHoscumenet.

B 1964 r. A. A. Byxwrab pokasan Teopemy 347 co 3HaueHHeM
1=23. AnajoruuHas TeopeMa Obljla HM joKa3aHa H B NpoGJieMe npoc-
THIX YHceJ GJH3HEOB.

Teopema 348. Muosicecmso npocmelx wucea p, makux, 4mo p-+2
cocmoum He GoAee, 4em U3 MPEX NPOCHLLX COMHONCUMeeti, 6ECKOHEUHO.

PaccmatpuBas npocTele uucaa 6iH3Henn, Buro bpyH Joxasan
TaK¥Ke CJeIYIOIYI0 Teopemy.

Teopema 349. Psd eeaudin, obpammusix npocrmoim “ucaan 6.4u3-
Heyam, cxodumcsi.

Teopema 349 noxasepiBaer, YTO €CJIH Aaxe NMpPOCThIE uHcJa G/M3-
Helbl 00pa3yloT GeCKOHedHOe MHOXECTBO, TO HX BCE e HaMHOro

Meﬂbme yeMm BCCX HpOCTbIX YHCE. PSUI Z—’-)— BE&JIHYYH, OépaTHle
P
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BCEM NPOCTBIM YHCJAM, pacxoautcs (Teopema 326), HO ecaH octa-
BHTb B HeM TOJIBKO NPOCTble YHCJa p, TakHe, yto p'=p-42 TONKe
IpocToe, TO MOAYYHTCA CXOASAMMHCH paA.

[MpocTbie uHcaa 6/H3HeN B — napa HEYETHHIX NPOCTHIX YHCEN C BO3-
MOXHO MaJleHbKOH pasHocTbio 2. MOXHO paccMaTpHMBaTh TPOHKH,
UETBEPKH M T. A. NPOCTHIX HHCesJ ¢ BO3MOXKHO MajleHbKHMH pa3HO-
cTaMu. Jlasa Tpex npocTeix uucea p, p° u p”, rage p >3, He MOXeT
GuITb OXHOBPEMEHHO p'=p-+2 u p"=p'+2=p-+4. JleficTBuTeND-
HO, uKcaa p, p+2 u p-+4 06pa3yioT NMOJHYIO CHCTEMY BBIYETOB 1O
MOAYJ/IO 3, #, Tak¥M 06pa3oM, OJHO H3 3THX uMces] 06s3aTENBHO
Aenurca Ha 3. HanMeHbiine BO3MOXHO MaJieHbKHE PasHOCTH MeXK1y
TPeMsi NPOCTBIMH UHC/TAMY, OT/IHUHBIMH OT 3, 10 pasHocTH p'—p =2,
p'—p' =4 (mm p —p =4, p"—p'=2). Tpoilku npoCTHIX 613+
HEUoB p, p'=p+2, p +6 BCTPEYaloTCsl BHauajie CPaBHHTEJNBHO
4acro, HanpnMep ((5, 7, 11)), ((11, 13, 17)); BMecTe ¢ TeM TabJHILbI
NPOCTHIX YMCeJ MOKa3blBalOT, YTO 1O Mepe yjajeHHs OT HayaJja Ha-
TYpaJbHOI'O DPfiZa TakHe IPOCThHIE UMCJA BCTPEUalOTICs BCe pexe H
pexe. AHrauiickue MateMaTHKH Xapad u JIMTABYJ mocTaBuIM npo6-
JEMY J0Ka3arelJIbCTBa CYIIECTBOBaHHA OeCKOHEYHOTO MHOMXKeCTBa
TAKHX TPOEK NPOCTHIX uucea: p, p'=p-+2 u p”’=p-+6. dra npob-
JeMa 1o TPYAHOCTH 3HAUHTEJbHO RNPEBOCXOAMT MpoGJeMy CyIIecTBO-
BaHHMA OGECKOHEYHOTO YHC/a MNpOCTHIX uucea 6nusHeunoB. [Ipobiema
CTAHOBHMTCS elle TPYAHEe, eC/ii PaCcCMATPHBATL HETBEPKH NPOCTHIX
unces: p, p'=p+2, p"=p-+6, p’"=p-+8.

MoxHO nocTaBHTb PSA M APYTHMX 3ajiay TEOPHH MPOCTBIX YHCeJ,
KOTOPBIE ellle XAYT CBoero pemleHHs. [lepeunc/ M HEKOTODHIE H3 HHUX.

1. JokasaTe, 4TO CyHleCTBYeT {IOCTOSIHHOE WHCJO R, TaKoe, UTO
HepaBeHCTBO p’ — p < k HMeeT GecKOHEUHOE MHOXECTBO peHeHHH B
NpOCTHX YUCAaX p H p'.

2. Hafitu nocrosiHHoe umcio £, Takoe, utoGH CYIIECTBOBAJIO
6elzcxoﬁeqﬂoe MHOXKECTBO MNap HPOCTbIX uHcesJ p M p', TAKHX, 4YTO

—p=k.

P 3. Jlokasats, 4TO KaxJoe YeTHOE HATYpaJbHOE UHCJIO NpeiCTaB-
JAsieT co60f pasHOCTb ABYX KaKHX-JIHGO MPOCTHIX HHUCE.
4. JlokasaTp CyileCTBOBaHHe GeCKOHEUHOI'0 MHOXKECTBA MPOCTHIX

—1
yHceN p, TaKHX, 4TO p'::p—2— TOXKE HPOCTOe YHUCO.

5. JlokasaTb, 4YTO CYIMECTBYeT OeCKOHEUHOe MHOXECTBO TpOeK
COCEHAHHX MPOCTHIX YHCE P;_y, P;, Pi4q, ©Opasyiomux apudmerHuecK yio

nporpeccHio, T. €. Takux, uto p, == ‘2+p'

6. Hoxasarb, uTo Aaa M06Or0 CKOJb YromHO GOJIBIIOIO YHC/IA N
CYUleCTBYeT n MPOCTHIX HYHCEN Py, P, +.., Pi, TAKHX, UTO

pis—pit;—p‘a_p"z: e =pin—pin—1‘

7. JlokasaTpb, 4TO CYLIECTBYeT MO KpafiHeii Mepe OJMH MHOTOUYJIEH
[(x)=ax?4-bx+c¢ ¢ ueasiMu xosddHurentamu @, b, ¢ TakoH, 4To
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nocaeposareapHocts f(1), f(2), f(3), ... conep®HuT GecKoHeYHOE
MHOXeCTBO HpPOCTHIX YHCel. :

8. Ompegzenutb cyllecTByeT JH KBaipaTHHI TpeXuseH f(x)=
= ax?- bx-+c, Takoil, uTo IpH BCeX X, TaKHx, 4To [ (X)=p, THe p
npocroe uucsa0 OyZeT TaKKe NPOCTHIM M UHC/IO p--2?

9. IloxasaTb, YTO B NOCJEA0BATENbHOCTH

1,1,2,3,5,8,13,21,. ..,

TAe Kakjoe Cjefyiollee YHC/IO PaBHO CYMMe JBYX NpPeABIAYLIHX
(nocaepoBatenprocTs PuboHayuH) cymecTsyer GeCKOHEYHOE MHO-
JKECTBO HPOCTHIX YHCeJ.

10. Byger au pisa J06blX B3aMMHO NPOCTHIX uucesa k u [ Gec-
KOHEUHBIM MHOXKeCTBOM NPOCTBIX UHCeN p, TakKHX, UYTO BCe MNPOCThie
JeJTUTeNH yucaa p -+ 2 npuHajiiexar nporpeccun [, [k, [-+2k,...?

11. IokasaTh, 4TO KaxJoe AOCTATOYHO OOJbIIOE HaTypafbHOe
yucno N snbo camo sABJAseTcda KBaxparoM, JHG0 OpPeiCTAaBHMO B
Buje cymMmbl N =p-s?, rlie p—npocToe YHCJO.

12. Jloxasarb, 4TO Bce HeYeTHble YHMCJ/a, HAUMHASI C HEKOTOPOTO,
MOT'YT OBITb NPEJACTABJECHB! B BHIE CYMMbI IPOCTOTO YHCJIA H Y ABOEHHOTO
KBajpara npoctoro uyucnaa (uucaa 5777 u 5993 He npeacraBHMHI B
TaKoM BHJZE).

13. Onpenenntb, 6y AeT /1 OeCKOHEUHBIM MHOXECTBO HaTypabHHIX
unces n, Takux, uro n=p* n+41=p}, rae p U p,— npocThie uncaa,
k u | —ueanle.

14. JloxasaTb, uT0 NpH JI060M HaTypajJbHOM n MeXAy n® H
(n+1)% nexut no Kpa#fiHell Mepe OAHO NPOCTOE YHCJO.

15. Noxkasartb, 4to npH JioboM & > 0 Kaxjoe HaTypaJbHOe YHeso N,
HauuHas c HekoToporo N, (N > N,, rae No=N,(e)) MoxeT GuiTb
npencrasjeHo B Buge N =n-n’, rge BCe NpOCTHIE AEAUTEIH UHCEN
n U n’ He 1npeBOCXOAAT N°

16. [Jokasarb cyHlecTBOBaHHe GeCKOHEYHOTO MHOXKECTBA IPOCTHIX
uyces, NPEACTAaBUMBIX B BHJE CYMMBI TpeX KY6OB HATypa/bHHIX YHCEJ.

17. Hokasarb, YTO AJIsl KaXJOr0 HAaTypaJabHOro uucaa N cyimect-
ByeT LeJoe YHCJO 4, TaKoe, 4T0 X —x - a NpHHHMAeT NpOCThie 3Ha-
yeuusa npu x=0,1,2,... N. .

18. llokasaTb, Y4TO MHOXKECTBO MNPOCTHIX YHCeN, A KOTOPHIX
g=2, sBasercs NepBOOOpa3HBIM KOPHEM, HMeeT NOJIOXHTeNbHYIO
NJIOTHOCTD.

KoHeuHo, He HCKJ/I0ueHa BO3MOXKHOCTh TOTO, YTO HEKOTOpHe HS
sTHX npo6ieM GYyAYT PelleHH! B OTPHLATEJBHOM CMHICJIE.

Hcmopuueckune xommenmapun k 36-i 2aase

1. Teopema 337 ans cayuast I=1 Obna Bbickasana B 1775 r.

Ditnepom.
Jlexxannp B cBoeit xHure “Théorie des nombres“ (1808) npusen
JIOKa3aTe IbCTBO TeopeMbl 337, OHAKO 3TO JIOKA3aTeJbCTBO ONMHPAJOCh
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Ha OJHO BCNOMOTaTesbHOE NpelJoKeHHe, KOTopoe, KaK 3T0 BHISICHH-
JIOCh 1103XKe, 0Ka3aJoch HeBEPHBIM.

Ioxkasarennctso Jlupuxse GblI0 CYIECTBEHHO ynpouleHo 3. Jlan-
jay.
2. Xapaxrep HasblBaercsi JEHCTBUTENbHBIM, €CJH €0 3HAYCHHSIMH -
ABJSAOTCA ToqbKo yuceaa 0,1 u —1. OcHoBHAs TPYZAHOCTb, BO3HH-
KaBliasi TIpH JokasaTejncTBe TeopeMsl 337 wmerozom [lupuxJe,

®
3aKJ/wo4anach B TOM, 4T00bl JOKa3aTh, 4TO Zlﬁﬂ #=0 ana Beex
n=1
JeHCTBHTE/ILHBIX XapakTePoB Mo MoayJo 2. Jokazareibctso Celb-
Gepra o6xoputca 6e3 3TOrO.

3. DiemeHTapHBIE JOKa3aTe/IbCTBA CYIIECTEOBAHUS GECKOHEUHOTO
MHOXKeCTBa NPOCTHIX uucea JAJs OuYeHb MHOIHX apUQMETHUECKHX
aporpeccuil yacTHoro Bupga Oblin nonayueHwl no Ceabbepra pasHeiMH
aBTOpaMH, Hanpumep, GbLTO H3BECTHO 3JleMEeHTapHOe J0Ka34TeJbCTBO
AN Bcex mnporpeccuit Bugpa kf4-1 (,=1,2,3,...). Jaa MHOTHX
nporpeccHii npuMeHsscs Merof UeGblleBa, AaHAJOTMUHBIA TOMY,
KOTOPHII OH NPHMEHSJ NPH J0KasaTeabcTBe TeopeMbl 324. Jlokasa-
TeabcTEo A. Cesnnbepra ObI0 NepBoe 3JeMeHTapHOE J0Ka3aTeslbCTBO,
rojHoe B ofmieM cirydae.

4. Teopema 341 Gbina pokasaHa Baase-IlyccenoM. Basane-ITyccen
JOKasaJj, 4to npy JioGoM [OCTOSHHOM k

X d .
m (ky 0= o | 4+ 0 (e ), ©)

rie ¢—NOCTOsIHHadA, 3aBHCALAs TOJABKO oT k. B Hactosiuee Bpems
OCTaTOYHHH ujeH B ¢opmyJne (8) ouenen CoJiee TOYHO.

5. Tabauupl npocThiX uMces B IIMPOKHX TNpeJeJax NOKa3blBaloT
npeobJyiajanye KOJHYECTBA MPOCTHIX YHCes BuAa 4f -3 Mo cpaBHEHHIO
¢ NPOCTbIMH uucJaMH Buaa 4f-1.

BrifiCHHIOCH, OAHAKO, 4TO Takoe npeobiajiaHhe NPOCTHIX YHCeN
BHJA 47 -+ 3 He 6YJeT NPOAO/MIKATLCA HEOT PAHHUEHHO fajeko. MerojoM
JIntaeyjna GBLIO OKa3aHO, U4TO CYILECTBYeT NOCTOsIHHas A, Takad,
uTO A GECKOHEUHOTO MHOMECTBa 3HaueHHil x OyJeT UMeTb MecTo
HepaBeHCTBO

n, (4, x) >ng (4, x)+ A :nff (Inlninx)?

H BMecTe C TeM JJjsi OeCKOHEUHOTO MHOXeCTBa 3HAYEHHH X 6y11€T
HUMETh MECTO HepaBCHCTBO

ny,(4, x) >n, (4, x)+ A ln; (Inlnlnx)2.

B 1957 r. JTuu namen uncsio 26861, ay1s1 kotoporo i, (4, x)<<m, (4, x).
.26 861 HaumMeHbillee umcso, obJiaRalomlee TakHMM CBOHCTBOM. B mpe-
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Zenax jo 3000000 wuMeercs TONBKO ONHH HHTepBajl SHAYEHHT X
(61 600 << x<< 63400), ans KOTOpHX T4 (4, X) < 7, (4, x).

6. B macrosimee BpeMsl BBIUMCJEHO, YTO Al JIOCTATOYHO GOJb-
mHX k nocrosnHaa C, TeopeMn 342 takoBa, uto 1 << C,<<C 5448.

Cornacno runorese YoBja HamMeHbllee NPOCTOE YKCJAO B Npo-
rpeccHH (2) He NpeBOCXOAMT R1+€ mus Jio6oro e >0 u Bcex jocTa-
TOYHO GOJBLIHX .

7. Eme B 1882 r. BebGep mokasan, uto Kamjaf npHMHTHBHAS,
OunapHas KBajparuunas ¢opma ax®4bxy-+cy® ¢ HeKBajgpaTHHM
JUCKPHMHHAHTOM J/isi GeCKOHEYHOTO MHOMKEeCTBa Nap UuelbX X, Y
NPHHHMAaeT 3HAUeHHU#, NPeAcTaBadioulue co6oil NPocTeie YHcaa (npH
D <0 ¢opma npennosaraeTcs NoJIOXKHTENbHO ONpe]eseHHOi).

B 1954 r, Bpurc noxasan, YTO 3Ta TeOpeMa MOXeT OblITb JAOKa-
saHa merojgom Cenbbepra.

8. Xpucruan T'onpabax (1690—1764) — Maremartuk, usen Ilerep-
6yprckoil AkajeMuH HaykK.

9. JI. I'. IIuupeaspman (1905— 1935) useecten cBouMu paGoramu
1O TeOPUH uMceJs, TeOMETPHH H BapHaUMOHHOMY HcuHcaeHHw. OH
JIOKa3aJi, 4YTO MHOXKECTBO HaTypaJbHBIX 4YHCeJ, NPeACTABHMHX B
BHIe p-+p’, Tae p u p’'— npocThle UHCsa, nocje A06aBaeHHs K HeMy |
HMeeT TOJIOXHTENbHYIO MJOTHOCTB.

[MocsienoBaTe/IbHOCTD HATYPaNbHBLIX YHCEN @y, Gy, ..., 4,, ...
Ha3LIBaeTCA NOC/EHOBATENBHOCTHIO NOJIOKUTEABHOM NIOTHOCTH, eciH

CYIIECTBYeT MNOCTOSIHHAas o, TakKas, 4TO Z 1 =alN pna Bcex ue-
a, <IN
JIBIX TMOJIOXKHTENbHHX N.

10. H. Il. PomanoB (1934) pnokasas, 47O €CAM K MHOXECTBY
HATyPaibHBIX YHCEN, NPEACTAaBYMbIX B BHIE CyMMbl IPOCTOTO YHCJA
H CTeneHH 3aJaHHOTO LeJOr0 OCHOBAHHA a =1, n06aBHTbL uucHo 1,
TO HOAYYATCS MHOXECTBO NOJOXKHTeNbHO# miaotHocTd. OH jokasan,
4TO TO XKe caMoe OyHeT, eclu BMeCTO cTeneHeil 3aJlaHHOrO OCHOBAHHS
B3ATh k-€ CTeneHH HaTypaJbHHIX 4Hces (kR ==1 moGoe uesnoe).

11. 1. M. BuHorpazoB He TOJBbKO JAOKa3aj NPEACTABUMOCTb BCeX
JHOCTATOUHO GOJIBIINX HEUEeTHBIX YHuces N B BHAE CYMMEI TPEX MPOCTHIX,
HO M Ja/N acuMOTOTHYecKyilo (opMyay aas uucaa J (N) takux npej-
cTaBHTeNiel, a HMEHHO AOKa3aJ, 4To

Nz 1 1
I ) ~ 55 I (1 4 G=p) T (1 —=5p3) -
p pIN

rae nepsoe NpGHU3BeJeHNE PACIPOCTPAHEHO MO BCEM NPOCTHIM YHCAAM,
a BTOPOE IO NPOCTHIM JEJIHTeJISM uHcaa N.

Iocrosinwaa N, B TeopeMe 344 Onina onpefenena (K. boposaxun)
B Buje N =e'%?*® Xya Jlo-KeH paccMOTped psij 3aja4 O NpeAcTaB-
JIEHHH HaTyPaJbHbIX YHCEJ CYMMaMH k-X cTeneHeil NpPOCTBIX 4HCE.

12. B 1931 r. T. OcrepMaH [0Ka3aj, YP0 KaXKJ0e HATypajbHOE
uucsie, GoAbinee YeM 1, MOXKeT OHITh NPEACTABNEHO B BHUAE CYMMEI
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NPOCTOr0 YHCJA M uHcJa, cBOGOAHOTO OT KBajgpaToB, H Jajd acHMn-
TOTHUECKYI0 (POPMYJY J/IS 4uCJa TaKUX NpeAcTaBjeHHH.

13. K. Ilpaxap nokasan (1952r.), uto cyllecTByer GeckoHeuHOE
MHOJKECTBO YHCEs k, Takux, 4To ypaBHeHHe p’'—p =2k HMeeT Gec-
KOHEeUHOE MHOXKeCTBO pememm B NPOCTBIX YHCJIaXx p H p'.

14. B 1963 r. b. M. Bpeauxun, pasBuBasi MeTop JIMHHHKa, KO-
Ka3alJ, uT0 KaXJoe J0ocTaTodyHo OGoJibinoe 4ucjao N npejcTaBHMO B
Buge N=p-f(k, ), rae p npocroe uucno, f (k, l)=ak?-bkl+ cl?
NPHMUTHBHAS MTOJIOXKUTENBLHO onpejeneHHasn gopma, 0 < f (&, {) << N.
Teopema Bpeauxuna sBisercs, TakuM oOpasoM, oGobiueHueM Teo-
pemsl 345. MM ke Gbl1 moJiyueH u PSR APYTHX TEOPEM TAKOro THIA.

15. MepsuH 6bin1 yOuT Ha (hpoHTEe BO BpeMsi Neppoii MU POBOH
BOHHBI M OCTaBHJ CBOIO, palOTy He3aKOHYEHHOH.

16. Ilpn pmokasarensctBe TeopeMnl 347 A. Penbn cymecTBeHno
HCNOJIB30BaJl TaK HasbiBaeMmoe  Gousbuioe pewero” Jlnnnuka. Jloxa-
3aTeJbCTBO TeopeMbl 348 (Tak xe kKak ¥ TeopeMnl 347 c I=3)
onMpaeTcs Ha OLEHKY.

Z n2 (k) max) n, (k, x)-—LkSCI—d—— = ( A )’" )

a (mod In™ »
kh<xV (a, B)=1

3
roe v=g—¢e, 8>0, A-—npou3sosibHas NOCTOAHHasA. JTa OlLEHKa

6ulsa mosyueHa B 1962r. M. B. Bap6anom.
B nacrosimee Bpems A. M. Bunorpazos moayuua oueHky (9) co

1
3HaYeHHEM Vv — —2—--—8 4TO AaeT BO3MOXHOCTbL pelilaTh MHOTHE paHee

HEJIOCTYNHBIE 32auyi aJJUTHBHOH TEOPHH uHCeJ.

17. B 1959 r. 6mua ony6iukoBaHa Tab/HUA TPOCTHIX UHCEJ-
6ausHenoB B npegesax g0 1 100 000. MapectHs! Takne Gounbiine Napol
NPOCTHIX YHCea-6/i3HeloB, Kak, nanpuMep, 10016957 n 10016 959.
@ piloTAb NOACYUTAJ, YTO CPefH IEPBOTO MHJLIHOHA HATYPANILHEIX HHCeN
uMeeTest 166 yeTBepoK NMpPOCTHIX uMces BHAa p, p' =p+2,p"=p-+6,
p’''=p+48, a B npefenax J0 ABYX MUJJIHOHOB' HMeercs 295 Takux
yeTBEpOK. ITH Nojcyersl Oblu npogomxenol B. A. Toay6eBbiM.

18. Cpenu npo6aeM, chopMyIHPOBaHHBIX HA cTPaHHnax 367—368,
npo6aema 6 npexnoxena I1. dppémoM, a npobaemunr 11 u 16 Xapau
u JluTasyaom.



TABJIMLIBI HHAEKCOB JJ11 MOAYJIEA,
HE MNPEBOCXOASLIUX 112

JleBble Tab/HUb ciyKaT ANs HAXOXIAeHHs HHAeKcoB. [Ipasbie
TalauUbl CAYXKAT JJAS HAXOXKASHHA unces (KJaccoB) MO 33aJaHHBIM
3HaueHUsIM uHjekcos. Ilycts mo mopymo m uMeem ind a =s. JleBhle
TabaKIBl NO3BOJIAIOT N0 3HAYEHHSIM m ¥ a Hafitn s. Jlas atoro B 1-i
cTpoke (mox Hammuchio  Moaynn“) Haxozum Momysab m, a B 1-M
cronbue (MOA Hajpnucblw ,uucja“) HaxoAuM uucao a. Muaexe s
HAXOJHUTCSl Ha NepeceyeHHH CToabpna, B KOTOPOM JIEXHT MOAYJAb m,
d CTPOKH, B KOTOPOH JeXKHT YHCJIO Q.

[Tpumep. Haiitu wuugekc 58 no momymo 89. Ha crp. 377
B neBofi TabiHlle Ha mepeceyeHuM CT0J61A, CBEpXy KOTOPOTO Ha-
nucaH Moxysab 89, u CTPOKH, cjieBa KOTOpoiHl HanucaHo 4ucjao 58,
HaxoauM, uto ind 58 ==75.

IIpaBbie Tabauubpl NO3BOJSIOT NU 3JHAYEHHAM m H 8 HAHTH a.
Jlast sToro B 1-# cTpoKe (NOA HAAMKCHIO  MOAYJIH'") HAXOAUM MOAYJIb 1M,
a B 1-M cronbue (noj HaAMHCBHIO K MHIEKCH") HAXOAHUM HHJAEKC S.
UucJsio @ HaXOJHTCA Ha mnepecedeHHUH CT0J6La, B KOTOPOM JIEXKHT
MOAYJb M, H CTPOKH, B KOTOPOH JIEXKHT HHIEEKC S.

B uacTHOCTH, MO HHAEKCY S= | MOTYT ObITh HalzeHbt NepBoobpas-
Hble KOpPHU g, SBJAION[HECS OCHOBAHMAMH B3ATBIX CHCTEM HHIEKCOB.

[Tpumep. Haiitu no monynwo 49 uucio, HHAEKC KOTOPOro pa-
sBed 40. Ha crp. 375 B npasoit Tabauue Ha nepeceyeHuH crosbia,
CBEPXY KOTODOTO HanucaH MOAyab 49, H CTPOKH, cleBa KOTOpoOi
sHanucad upjexkc 40, naxoxaum uucsao 11. Muaeke 11 no moxyaro 49
(ocHoBanue g=3) pasen 40.
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